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Systems of Hydrodynamic Type

Definition
A system of the form

n

i iGN

uy = E vi(u)u, i=1,....n
j=1

on the functions u(x, t) is called a system of hydrodynamic type.
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Hamiltonian Systems of Hydrodynamic Type

Definition
A Hamiltonian of hydrodynamic type is a functional H[u] = [ h(u)dx
with the density h(u) independent of the derivatives uy, Uy, Usxx, - - -

Definition
The system

" . 0H ’ d &
— Uj Al = gl(u)— i o
x), H} J§_1A 5 (%) d +§ blu

is called a Hamiltonian system of hydrodynamic type with
Dubrovin—Novikov type Poisson bracket.
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Corresponding Flat Metrics

. . . OH y d
— ! — y__- [/ — . ij k
{u'(x), H} jE_l A 5 (x) A d + E bj ug.

Theorem (Dubrovin, Novikov, 1983)
If det g% # 0 then

o gl is symmetric;
o under local changes u' = u'(w', ... w") the coefficient gV is

transformed as tensor with two upper indices;

o the metric g is flat, i.e. the curvature tensor vanishes;

o bl = Z g™, where I_ is Christoffel symbol of torsion free

d/fferentlal geometric connection compatible with the metric g.

v
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Diagonal Hamiltonian Systems

ul = N(u)-ul, Pi=1,...,m

Theorem (Tsarev, 1990)

If all the coefficients \;(u) are distinct in some domain then
@ the corresponding metric is diagonal;
@ variables u' form a curvilinear orthogonal coordinate system;

o the following relations hold:

Oi Ak
Ai — Ak

=0;iIngw =T5, i+ k.
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Semi—Hamiltonian Systems

Definition
A system of the form _ _
up = Ai(u) - u

is called Semi—Hamiltonian if all the coefficients \;(u) are distinct in
some domain and the following relation holds for distinct indices:

D ) ( O\ )
) =g ().
J()\,-—)\k X — Mk
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Lamé Equations

n

> 0ix*(u) - 9ix*(u) = 0, Zax (u) = H?(u).

a=1

Lamé equations
1
8j8kH,-:— 8H 8H+ 8Hk Ok H;
j
O;H; OiH;
) (J—) +0; <—J> + Z —z-akH,-@k/L/j:o
H; Hi ki kj Hi

E. Glukhov Algebro—Geometric Semi—Hamiltonian Syste 8 /19



Rotational Coefficients
Definition
The functions Jjj(u) defined for distinct /, j by the formula

_ ot

By m

are called rotational coefficients of a diagonal metric g;(u) = H?(u).

4

Lamé equations in terms of rotational coefficients
OBij = BB

0iBi + 0iBi+ Y BuBy =0.
ki ket
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Zakharov Method

Dressing Method (Zakharov, 1998)

n-wave System

0

Differential Reduction

!

Rotational Coefficients

0

Lamé Coefficients

3
Embedding Functions
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n-point Baker—Akhiezer Function

Spectral data

{r, e {P; kj_l =1 R, ooy Ripws my - s VeI +N—1)

Definition

The function (v, ..., u"; Q|d), Q€ T, d = (di,...,dn) with

following properties
@ in the neighborhood of every point P;

0(u Q) = &5 (&) +E(w) - k7 + )

@ every point 7; is a simple pole of ¥(u; Q);
e Y(u;R,) =d, € C.
is called n-point Baker—Akhiezer function.
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Restrictions on Spectral Data

Restriction on the curve [
There is an involution o : ' — [ with following properties
e 02 =id, o(k)) = —k;;
@ o has only 2(n+ N) fixed points: Py,...,P,, Ri1,..., Riun
Q1, ceey Qn+N;
o U(R1+"‘+R/):R1+"'+R/,
o(yr+ -+ Vgrran—1) =71+ + Vgrren-1.
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Algebro—Geometric Diagonal Metrics

Theorem
For spectral data with some restrictions functions

Xk(u)zw(U;QkL k:17'~'>n+N>

are embedding functions for n-dimensional submanifold of R™N with
orthogonal coordinates (u', ..., u"), and the Lamé coefficients of
induced metric are

Hi(u) = € - &(u),
where €¢; € C are defined by the spectral data.
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Vector Space of Baker—Akhiezer Functions

Linear Properties of Algebro—Geometric Diagonal Metrics
0w Q1) + (1 Qld¥) = (u; Q) +d*)
U(u; Qld™)) — x(u); v(u; QldY)) — y(u);
Y(u; Qld™ + dW) — x(u) + y(uv);
H(u) + HY (u) = HE)(u).
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Vector Space of Baker—Akhiezer Functions

Lemma

Embedding functions x(u) = (x*(u), ..., x"™N(u)) and

y(u) = (y*(u),...,y"tN(u)) defined by Baker—Akhiezer functions
with same spectral data and distinct norming vectors have the
following property:

(9 (u), ..., 0x" N (1)) = Ni(u)-(8iy™(u), ..., 0y M(u)), i=1,..}

o’

Lemma

For any choice of spectral data and two norming vectors d*), d¥)
there are n functions A\1(u), ..., \,(u) such that

O (u; QX)) = Xi(u) - 9p(u; Q|dY)), i=1,...n.
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Algebro—Geometric Diagonal Systems

Theorem
If the functions

drp(u; Q|d™
9 (u; QdW))
are distinct in some domain then they are coefficients of a diagonal
Semi—-Hamiltonian system of hydrodynamic type with the
corresponding metric defined by Baker—Akhiezer function
Y(u; QldW), ie.
ik
Ai — Ak

= 9 In HY
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Hydrodynamic Integrals

Definition
A hydrodynamic integral is a functional /[u] = [ P(u)dx with the
density P(u) independent of the derivatives uy, Uy, Uxxx, - - -, that
satisfies

I, =0. )
Corollary
For any point @y € T the function Py(u) = v(u; Qo|d™)) is a density
of a hydrodynamic integral of a system with coefficients \q, ..., \,.
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Hydrodynamic Commuting Flows

Corollary

Two flows generated by systems with the following coefficients
commute

_ Op(u; Q|d™)
~ 0p(u; QdW)’

~ 9(u; Q1dP)

At = 2 QD)

pi(u)

E. Glukhov Algebro—Geometric Semi—Hamiltonian Syste 18 /19



Combescure Equivalence

Definition
Two diagonal metrics are called Combescure equivalent if their
rotational coefficients are the same.

Theorem

Metrics H,.(X)(u) and H,-(y )(u) are Combescure equivalent.

Corollary

Any metric defined by Baker—Akhiezer function is a metric of
hypersurface.
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