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The setting

@ M a closed manifold, dim M = n.
@ F a codimension one foliation on M.
@ ¢! : M — M.t c R afoliated flow (i.e., ¢! takes each leaf to a leaf).

A Lefschetz number of the flow ¢:

n—1
L(¢) =D (=1)Tr (¢": H — HI)

j=0

H/ is some cohomology theory associated to F, Tr is some trace.

The corresponding Lefschetz trace formula:

L(¢) = a contribution of closed orbits and fixed points of the flow.
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Introduction

Simple flows

Definition
A closed orbit ¢ of period / (not necessarily minimal) of the flow ¢ is
called simple, if

det(id —¢. : T F - TxF) #0, xec.

Definition
A fixed point x of the flow ¢ is called simple if

det(id —¢l : TeM — TyM) #0, t#0.
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Introduction

Simple flows

@ Fix(¢) the fixed point set of ¢ (closed in M).

@ MO the F-saturation of Fix(¢) (the union of leaves with fixed
points).
Observe that MO is ¢-invariant.

@ M' = M\ MO the transitive point set.

Definition

The foliated flow ¢ is simple, i.e.:
@ all of its fixed points and closed orbits are simple,
@ its orbits in M are transverse to the leaves:

TM=RZ(x)® T(F, xeM',

where Z is the infinitesimal generator of ¢ (a vector field on M).
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Introduction

Guiilemin-Sternberg formula

There is a canonical expression for the right-hand side of the Lefschetz
trace formula, which follows from the Guiilemin-Sternberg formula.

In D/(RT),

L(¢) =D _1(0)D euo)(C)0nie) + Y _eplt — '],
c k=1 o

c runs over all closed orbits and p over all fixed points of ¢:
@ /(c) the minimal period of c,
@ ¢(c) :=sign det (id —¢. : TyF — T}F),x € c.
® ¢ :=sign det (id —¢! : TpF — TpF),t>0.
@ s, # 0is areal number such that

P ToM/TpF — ToM/TpF, X — eix.
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Introduction

Problems

Problem
To define a Lefschetz number of the flow ¢:

n—1

L(¢) =D (—1)YTr (¢*: H — H))

j=0

@ H' is some cohomology theory associated with F,
@ Tr is atrace,
in such a way that the above Guillemin-Sternberg formula holds.

Motivation:

Deninger’s program to study zeta- and L-functions for algebraic
schemes over the integers, in particular, the Riemann zeta-function
(Berlin, ICM, 1998).
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Nonsingular flows

Nonsingular flows

ASSUMPTIONS:
@ M a closed manifold, dim M = n.
@ F a codimension one foliation on M.
@ ¢/ : M — M.t c R asimple foliated flow.

@ ¢ has no fixed points:

o all the closed orbits are simple,
e all the orbits in M are transverse to the leaves.
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Nonsingular flows

Leafwise de Rham complex

(Q(F), dr) the leafwise de Rham complex of F:
@ Q(F) = C>(M,N T*F) smooth leafwise differential forms;
@ dr : Q(F) — QT (F) the leafwise de Rham differential.

In a foliated chart with coordinates (X1, ..., X,—1,¥) € R™' x R such
that leaves are given by y = c,
a p-form w € QP(F) is written as

W= Z aa(X,y)dXay A ... A AXq,

ag<ap<...<oap
and drw € QPT1(F) is given by

n—1
dro=>» > a—a‘f(x,y)dxj A dXay A A OXa,

. ox;
J=1 a1<ae<..<ap
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Nonsingular flows

Leafwise de Rham cohomology

@ The reduced leafwise de Rham cohomology of F:
H(F) = kerdr/imdz,

the closure is in C*°-topology.
@ ¢ is a foliated flow = dr o ¢! = ¢! o dr.
The induced action:

o™ . H(F) — H(F).

Question
The trace of ¢* : H(F) — H(F)?
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Nonsingular flows

The leafwise Hodge decomposition

@ g the Riemannian metric on M such that the infinitesimal
generator Z of the flow ¢ is of length one and is orthogonal to the
leaves — a bundle-like metric (so F is a Riemannian foliation.).

@ Ar = drdr + drdr the leafwise Laplacian on Q(F)
(a second order tangentially elliptic differential operator on M).

@ H(F) the space of leafwise harmonic forms on M:
H(F) ={w € QUF) : Arw = 0}.
Theorem (Alvarez Lopez - Yu. K)
The Hodge isomorphism

H(F) = H(F).
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Nonsingular flows

The Lefschetz distribution
For any f € C°(R), define
A = / o - f(t) dto N L2Q(F) — L2Q(F),
R

where M : L2Q(F) — L?H(F) is the orthogonal projection.

Ay is a smoothing operator:
The Schwartz kernel Ky, = Ka,(x, y)|dy| of Af is smooth:

Aru(x) = /M Ka, (X, y)u(y)dy|.

In particular, Ay is of trace class and

TrAf:/ tr Ka, (X, x)|dx|.
M
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The Lefschetz distribution

For any f € C*(R),
Ar = / o - f(t) dto N : L2Q(F) — L2Q(F),
R

where M : [2Q(F) — L2H(F) is the orthogonal projection.
The Lefschetz distribution L(¢) € D'(R):

n—1
<L@)f>=Tr A=Y (-1YTr AV, feCX(R),
j=1

where A is the restriction of A to Q/(F).
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Nonsingular flows

The Lefschetz formula

Theorem (Alvarez Lopez - Y.K.)
Assume that ¢ is simple and has no fixed points.

@ OnR\ {0}
=>_1e) > chie)(€)nico):
C

k0

when c runs over all closed orbits of ¢ and I(c) denotes the
minimal period of c.

@ In some neighborhood of 0 inR:

L(¢) = xa(F) - do-

xA(F) the A-Euler characteristic of F given by the holonomy invariant
transverse measure A (Connes, 1979).
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The setting

ASSUMPTION:
@ M a closed manifold, dim M = n.
@ F a codimension one foliation on M.
@ ¢! : M — M.t c R asimple foliated flow.

@ Fix(¢) the fixed point set of ¢ (closed in M).
@ MO the F-saturation of Fix(¢).
@ M' = M\ MO the transitive point set.

Definition

The foliated flow ¢ is simple, i.e.:
@ all of its fixed points and closed orbits are simple,
@ its orbits in M' are transverse to the leaves.
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Singular flows

Difficulties

F is a foliation almost without holonomy:
If ¢ is simple, then:

@ MO is a finite union of compact leaves,

@ only the leaves in M® may have non-trivial holonomy groups.
In particular, F is not a Riemannian foliation.

@ The leafwise Laplacian A r is transversally elliptic only on the
transitive point set M', not on M.
@ As a consequence, the operator

A = /R¢f* Sf(t)dto N : L2Q(F) — L2Q(F)

is not a smoothing operator. Its Schwartz kernel is smooth on
M' x M' and singular near M° x MP°.
So its trace is not well-defined.
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Singular flows

The transitive point set and its blow-up

e M!,I=1,...,r,the connected components of M'(= M\ MP):

(M1a]:1) :|_|(Ml17fl1)'
/

e M'is the closure of M;':
M =M.

Thus, M, is a connected compact manifold with boundary,
endowed with a smooth foliation F; tangent to the boundary.

@ Put
Me = I_IM/, Fe = |_|]:/.
I I
@ The flow lifts to a simple foliated flow ¢! of F¢ tangent to oM.
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Singular flows

Riemannian metric on the transitive point set

There exists a Riemannian metric g' on M':
e M} equipped with g; := ¢’ vy is @ manifold of bounded geometry;
@ g'is bundle-like for F';
° f,1 a Riemannian foliation of bounded geometry;
@ ¢! a flow of bounded geometry.

Remarks:
@ g'is singular at MC.

@ Each (M}, g}) is a Riemannian manifold with cylindrical ends.
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Singular flows

Local model for g' near a compact leaf

Take a compact leaf L ¢ M°. Then, by the local stability theorem,

@ atubular nbhd V of L in M is diffeomorphic to a tubular nbhd V| of
L in the suspension foliated manifold (M, = L xr R, F}):

VcM=V,c M =LxrR,
@ the flow ¢! on V = V,:
¢t([}~/v X]) = [(b;(.;/)?e%LtX]a [.;/7)(] € VL C ML = Z Xr R7

@ the Riemannian metric g' on M' = M, \ L = L xr (R\ {0}):

1 ax® . ~
9 =9n+ 7 [V, x] € L xr (R\ {0}),

where g7z, is a leafwise Riemanian metric on (M., 7).
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Singular flows

Differential operators on the blow-up

@ The blow up of the transitive point set M':
Me=| M, Fo=]| |7,
I /

M, a connected compact manifold with boundary,
F a smooth foliation tangent to the boundary:

M/EMI1, ﬁ/E.F;

@ We transfer the Riemannian metric g' to I\°ﬂ,. Then I\°ﬂ, is a manifold
of bounded geometry and F; is a Riemannian foliation of bounded
geometry.

@ d; the leafwise de Rham differential on Q(F)).

@ §; the leafwise de Rham codifferential on Q(F)).
o D]‘}/ = d]_"-l + (5]_"-’
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Smoothing operators
Definition
Let A be the Fréchet algebra of functions ) : R — C such that the

Fourier transform ) satisfies that, for every k € N, there is some
Ak > 0 such that, for all € € R,

()] < Ace™ ! .

A contains all functions with compactly supported Fourier transform,
as well as the Gaussians x — e~ with t > 0.

Definition
Forany ¢ € A, f € C3°(R) and /, the operator

Pi= [ ot dtou(Dy)

is a smoothing operator on M;, but its kernel is singular near OM,.
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Singular flows

b-calculus (R. Melrose)

Theorem (Alvarez Lopez, Yu.K., Leichtnam)
P = [, ¢ - (1) dt o y(Dy,) gives rise to Py € Wy ™ (Mj; \ TFy).

@ The Schwartz kernel Kp, is smooth in the interior M, x M,.

@ Kp, has a C* extension to M; x M;\ OM; x M, that vanishes to all
orders at (OM; x M) U (M; x OM).

@ Consider a tubular neighborhood of L C 7(9M;) with coordinates

(p,Y),p € (0,00),y € L.
Then Kp, = Kp,(p, v, 0, y')u(p', y')|dp’||dy’| has the form

/

1
KP/(p7.y7 p/7y/) = ;HP/(/)J@ %7.}/)7

where kp,(p, y, s, y’) is smooth up to L (that is, up to p = 0).
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Singular flows

b-trace
In a tubular neighborhood of L with coordinates p € (0,¢p),y € L,
Puulp.y) = [ Ke(p.y.o'.y')u(s'.y)\dp|dy

/

1
KP/(payaplvy,) I;K‘F’/(pvy7p 7.y)
and kp,(p,y,s,y’) is smooth up to L (that is, up to p = 0).
Definition

e (P)) = lim ( Kei(p. 30l dplly] +Ine [ KP,(o,y,1,y)rdy|> .
p>e€

e—0

Key fact

The functional *Tr doesn’t have trace propertry, but °Tr [P, P'] is
expressed in terms of traces of some explicit integral operators on OM,;.
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Singular flows

Operators on the transitive point set

Since M¢ = | |, M), F¢ = ||, F1, we get the operator

P=DPr = /Oo o™ - f(t) dt o (D)
/ —00

eV X (MGATF) = PV~ (M; ANTF}) .
/

In particular, its b-trace Tr (P) is well-defined.
The b-supertrace of P:

n—1
*TrS(P) =Y (—1) e (PV),

=1
where PU) is the restriction to j-forms.
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Derivative of the b-supertrace

We follow the heat kernel approach to index theory:
Fix an even ¢ € Aand f € C*(R).
For u > 0, let .

Posi= [ 6" -f( dtow(uDx)

Since the b-trace is not a trace, %bl“r 5(Pyy,f) # 0.

Theorem

d 2 s *
%brr S(Pd)u,f) = Z |7L’ Z Tr ‘[—L (T7 RZ:“JL,y) f(t[_’ﬁ/) .

LEﬂ'()(MO) yel,
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Singular flows

Notation
Theorem
d
%brr S(Pwu’f) = Z ‘ L‘ ZTI‘ rL ( ~ LutLry) f(tL"y) 5
Leﬂ'o(Mo ’YEr
@ L the universal covering of L, I, := L.
@ T3 the induced action of v € ', on I'; -invariant operators on L.
@ Tr, the I';-trace on I -invariant operators on L.
° RLut = UfA ¢> “'(uDy).

7 a closed one-form on L, the lift of a closed one-form n on L.
If we consider 7 as a closed leafwise 1-form on the suspension
manifold M; = L xr R, then there exists a 1-form w on M;
satisfying TF; = kerw such that dw = n A w.

@ ¢l : L — L the restriction of the flow to L.
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Singular flows

More notation

Theorem

d
@bTrS(Pwu,f) = >

Lemg(MO)

ZTr FL( gl LutLW) F(tq)

[EA L\ =

@ ¢ # 0 areal number such that, for p € L,
oL NpF — NpF, x — e™tix.

@ f,= —%[1 log a, ., relative periods, where a homomorphism
vyel—a, e R is given by the holonomy homomorphism

yel — ELKY S Diffeo+(R, 0), BL,'y(X) = a,X.
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Singular flows

Variation of the b-supertrace and Lefschetz distribution

For u,v > 0,
T S(Py, 1) — Tr 3(Py,, = Z Tl ST (TS, ) ).
MO) very ’
. v oy 0(vDy) — w(uDy)
&uvt:/ R~’W’tdW:77/\¢£ £ D- ‘ ’
L v
Definition

The Lefschetz distribution

(L(9), f) = "Te(Py, 1) — im Z ’ZTTFL St ) fltL).

u—
(MO ~er,

Here the right-hand side is independent of v.

v
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Singular flows

Trace formula

Theorem
L(¢) is a well-defined distribution on R given by

Z I(c) Z@d ) * Oki(c)

on R, where ¢ runs over all closed orbits of ¢!, I(c) denotes the
minimal period of ¢, and x is an arbitrary point of c.
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Singular flows

Concluding remarks

Remark

The next problem is to give a cohomological interpretation of the limit
as v — +oo of

| 2 .
bT[' S(Pw\/’f) — llle]O Z m Z Tr SrL(T’Y SLU’VJLW) f(tL,’Y)

Lemo(MO) verL

Remark
Contribution of fixed points as in the Guillemin-Sternberg formula.
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