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What is a matrix integral?

HN : a certain submanifold of the space of N × N matrices with
entries in R or C
dµ(M): a (probability) measure on HN

f : HN → R or C: a certain measurable function

Matrix Integral

ZN =

∫
HN

f (M) dµ(M)

Fundamental problem
What is the limiting behavior of ZN when N →∞?
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Example (?): Wigner’s Semicircle Law

Wigner Matrices
An N × N random matrix M is called a Wigner matrix, if it is real
symmetric, and its entries Mij (i ≤ j) are iid, and satisfy

E [Mij ] = 0, E [M2
ij ] = 1,

and all higher momemts exist.

Semicircle Law
Let λ1, . . . , λN be the eigenvalues of a Wigner matrix M , then

lim
N→∞

1

N

N∑
i=1

δ λi√
N

=

{
1

2π

√
4− x2 dx , |x | ≤ 2,

0, |x | > 2.
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Example: Gaussian Unitary Ensemble (GUE)

HN : the space of N × N Hermitian matrices

dM : the Lebesgue measure on HN

dµ(M) = cNe
− 1

2
tr(M2)dM

1

cN
=

∫
HN

e−
1
2
tr(M2)dM = 2

N
2 π

N2

2

Problem: how to compute the following integrals?

〈tr (Mp1) · · · tr (Mpk )〉 :=

∫
HN

tr (Mp1) · · · tr (Mpk ) dµ(M)
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The partition function of GUE

Introduce the generating function ZN ∈ Q[[g1, g2, . . . ]]

ZN =
∑
k≥0

∑
p1,...,pk≥1

gp1 · · · gpk
k!

〈tr (Mp1) · · · tr (Mpk )〉

=

∫
HN

exp

(∑
p≥1

gp tr (Mp)

)
dµ(M)

then we have

〈tr (Mp1) · · · tr (Mpk )〉 =
∂kZN

∂gp1 · · · ∂gpk

∣∣∣∣
g1=g2=···=0

.
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GUE and the Toda lattice hierarchy

Introduce the functions:

uN =
∂

∂g1
log

ZN+1

ZN
, vN = N

ZN+1 · ZN−1

ZN · ZN
,

and define the operator

L = Λ + uN + vNΛ−1, Λ (· · · )N = (· · · )N+1 ,

then L satisfies

∂L

∂gp
= [(Lp)+ , L], p = 1, 2, . . .

which is called the Toda lattice hierarchy.
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GUE and Virasoro constraints

The partition function ZN also satisfies the following linear differential
equations, which are called Virasoro constraints:

∂ZN

∂g1
=
∑
k≥2

k gk
∂ZN

∂gk−1
+ g1 N ZN ,

∂ZN

∂g2
=
∑
k≥1

k gk
∂ZN

∂gk
+ N2 ZN ,

∂ZN

∂g2+q
=
∑
k≥1

k gk
∂ZN

∂gk+q
+ 2N

∂ZN

∂gq
+

q−1∑
p=1

∂2ZN

∂gp∂gq−p
, q ≥ 1.

The Toda lattice hierarchy and Virasoro constraints uniquely
determine ZN .
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Example: the Kontsevich matrix integral

HN : the space of N × N Hermitian matrices

dM : the Lebesgue measure on HN

X : a positive definite N × N Hermitian matrix

dµX (M): a probability measure on HN

dµX (M) = cXe
− 1

2
tr(M2 X)dM ,

∫
HN

dµX (M) = 1

ti = −(2i − 1)!! trX−1−2i , i = 0, 1, 2, . . .

ZWK ∈ Q[[t0, t1, t2, . . . ]]:

ZWK = lim
N→∞

∫
HN

exp

(√
−1

6
tr
(
M3
))

dµX (M)

Si-Qi Liu Matrix Integral and Hodge Integral Feb 28, 2017 9 / 32



Kontsevich Theorem (1)

Denote by FWK = log ZWK, FWK =
∑

g≥0 FWK,g , then

∂kFWK,g

∂tp1 · · · ∂tpk

∣∣∣∣
t0=t1=t2=···=0

=: 〈τp1 · · · τpk 〉g =

∫
Mg,k

ψp1
1 · · ·ψ

pk
k ,

where

Mg ,k : the moduli space of k-marked stable curve of genus

g =
1

3

(
k∑

i=1

pi − k + 3

)
∈ N

ψi : c1 of the i -th tautological line bundle on Mg ,k
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Kontsevich Theorem (2)

Define U = ∂2

∂t2
0
FWK, then U satisfies the Korteweg-de Vries (KdV)

hierarchy
∂U

∂tp
=
∂Rp+1

∂t0
,

where {R0,R1,R2, . . . } is a series of polynomials of U , ∂U
∂t0

, ∂2U
∂t2

0
, . . .

that is given by R0 = 1 and the recursion relation(
p +

1

2

)
∂Rp+1

∂t0
= U

∂Rp

∂t0
+

1

2

∂U

∂t0
Rp +

1

8

∂3Rp

∂3t0
,

Witten conjecture (Kontsevich Theorem)

The generating function ZWK for 〈τp1 · · · τpk 〉 is a tau function of the
KdV hierarchy.
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Virasoro constraints for ZWK

The partition function ZWK is also uniquely determined by

LmZWK = 0, m ≥ −1,

where

L−1 =− ∂

∂t0
+

t2
0

2
+
∑
p≥0

tp+1
∂

∂tp
,

L0 =− 3

2

∂

∂t1
+

1

16
+
∑
p≥0

(
p +

1

2

)
tp

∂

∂tp
,

Lq =− Γ(5/2 + q)

Γ(3/2)

∂

∂tq+1
+
∑
p≥0

Γ(q + p + 3/2)

Γ(p + 1/2)
tp

∂

∂tq+p

+
1

2

q−1∑
p=1

Γ(p + 3/2)

Γ(1/2)

Γ(q − p + 3/2)

Γ(1/2)

∂2

∂tp∂tq−p
, q ≥ 1.
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What are Hodge integrals?

Mg ,k : the moduli space of k-marked stable curve of genus g

ψi : c1 of the i -th tautological line bundle on Mg ,k

Eg ,k : the Hodge bundle on Mg ,k

λj : cj (Eg ,k), where j = 0, . . . , g

γq: ch2q−1 (Eg ,k), where q = 1, 2, . . .

〈τp1 · · · τpkλq1 · · ·λq`〉g =

∫
Mg,k

ψp1
1 · · ·ψ

pk
k λq1 · · ·λq` ,

〈τp1 · · · τpkγq1 · · · γq`〉g =

∫
Mg,k

ψp1
1 · · ·ψ

pk
k γq1 · · · γq` ,
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The generating functions for Hodge integrals

Introduce formal variables {sq | q = 1, 2, . . . }, then define

Hg =

〈
exp

(∑
p≥0

tpτp −
∑
q≥1

(2q)!

B2q
sqγq

)〉
g

H =
∑
g≥0

Hg , Z = expH.

Problem
Find the integrable hierarchies that H(t, s) or Z(t, s) satisfies.
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Faber-Pandharipande relation

Define operators Dq (q = 1, 2, . . . ):

Dq =
∑
p≥0

tp
∂

∂tp+2q−1
− 1

2

2q−2∑
p=0

∂2

∂tp∂t2q−2−p
.

Faber and Pandharipande proved that

∂Z
∂sq

= Dq (Z) , Z|s=0 = ZWK(t),

so we have

Z = exp

(
∞∑
q=1

sqDq

)
ZWK.
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How to compute ZWK?

Suppose V (t0, t1, t2, . . . ) is the solution to the equation

V = t0 + t1 V + t2
V 2

2
+ · · · .

Decompose FWK = log ZWK into FWK =
∑

g≥0 Fg , then

F1 =
1

24
logV1, F2 =

V4

1152V 2
1

− 7V3 V2

1920V 3
1

+
V 3

2

360V 4
1

, . . .

where V` = ∂`V
∂t`0

. They are obtained by using the following theorem.
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Quasi-triviality Theorem

There uniquely exist functions Fg = Fg (V ,V1, . . . ,V3g−2) (g ≥ 1)
such that the transformation

U = V +
∂2

∂t2
0

(∑
g≥1

Fg (V ,V1, . . . ,V3g−2)

)

converts the KdV equation

∂U

∂t1
= U

∂U

∂t0
+

1

12

∂3U

∂t3
0

into its leading term
∂V

∂t1
= V

∂V

∂t0
.
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How to compute Z?

Theorem (Dubrovin-L-Yang-Zhang, 2014)

There uniquely exist functions ∆Hg (V ,V1, . . . ,V3g−2; s1, . . . , sg )
such that Hg = Fg + ∆Hg .

H0 =F0,

H1 =F1 −
s1

2
V ,

H2 =F2 + s1

(
11V 2

2

480V 2
1

− V3

40V1

)
+

7

40
s2

1 V2 −
(
s2

1

10
+

s2

48

)
V 2

1 ,

H3 = · · · · · ·
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The Hodge hierarchy

Define

W = V +
∂2

∂t2
0

(∑
g≥1

Hg (V ,V1, . . . ,V3g−2; s1, . . . , sg )

)
,

then ∂W
∂tp

are all differential polynomials. They form a new integrable

hierarchy with sq’s as parameters, which is called the Hodge hierarchy.

When sq = 0, the Hodge hierarchy goes back to the KdV hierarchy,
so it is a deformation of the KdV hierarchy.

The Hodge hierarchy always possesses a Hamiltonian structure.
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Example: Linear case

Take

sq = − B2q

2q (2q − 1)
s2q−1, q ≥ 1,

then

H =
∑
g≥0

〈
Λg (s) exp

(∑
p≥0

tpτp

)〉
g

,

where
Λg (s) = λ0 + s λ1 + s2 λ2 + · · ·+ sg λg .

Theorem (Buryak, 2013)

In this case, the Hodge hierarchy is equivalent to the Intermediate
Long Wave (ILW) hierarchy.
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Example: Cubic case

Take

sq = (22q − 1)
B2q

2q (2q − 1)
s2q−1, q ≥ 1,

then

H =
∑
g≥0

〈
Λg (s)Λg (−2s)Λg (−2s) exp

(∑
p≥0

tpτp

)〉
g

.

Conjecture A (Dubrovin-L-Yang-Zhang, 2014)

In this case, the Hodge hierarchy is equivalent to the discrete KdV
hierarchy (also called Volterra lattice hierarchy).
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Details of Conjecture A

Define

U = W +
∑
g≥1

ε2g sg
32g+2 − 1

4g+1(2g + 2)!

∂2gW

∂t2g
0

,

∂

∂Tk
=
∑
p≥0

(2 k s)p
∂

∂tp
,

then

4 s3/2 ε
∂U(x)

∂T1
=e2 s U(x+

√
s ε) − e2 s U(x−

√
s ε),

24 s3/2 ε
∂U(x)

∂T2
=e2 s U+

(
e2 s U + e2 s U+

+ e2 s U++
)

− e2 s U−
(
e2 s U + e2 s U− + e2 s U−−

)
, . . .
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What is the Volterra lattice hierarchy?

Denote ∂x = ∂
∂x

, Λ = eε∂x , and define the operator

L = Λ + eU Λ−1,

then the Volterra lattice hierarchy is given by (up to rescaling)

∂L

∂Tp
= [
(
L2p
)

+
, L].

It is actually a reduction of the Toda lattice hierarchy by taking
uN = 0, or g2p−1 = 0.

Question
Both (even) GUE and Hodge are related to the Volterra lattice
hierarchy, then is there a relation between them?
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Hodge-GUE correspondence (1)

Consider the following even GUE partition function

Z even
N (g; ε) = cN

∫
HN

exp

(
1

ε
tr

(
−M2

2
+
∑
p≥1

g2pM
2p

))
dM .

Its asymptotic free energy is defined as

F (x , g; ε) = log Z even
N (g; ε)|N= x

ε
− log ε

12
=
∑
g≥0

ε2g−2Fg (x , g),

then define the asymptotic partition function

ZGUE(x , g; ε) = exp F (x , g; ε).
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Hodge-GUE correspondence (2)

On the Hodge side, consider the following special cubic Hodge
integral

H(t; ε) =
∑
g≥0

ε2g−2

〈
Λg

(
1

2

)
Λg (−1) Λg (−1) exp

(∑
p≥0

tpτp

)〉
g

.

Its partition function is

ZH(t; ε) = expH(t; ε).

(We don’t lose generality here because of the homogeneous condition
on Hodge integrals.)
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Hodge-GUE correspondence (3)

Conjecture B (Dubrovin-Yang, 2016)

We have

ZGUE(x , g; ε)

=e
A
ε2 +ζ′(−1)ZH

(
t
(
x +

ε

2
, g
)
,
√

2ε
)
ZH

(
t
(
x − ε

2
, g
)
,
√

2ε
)
,

(the explicit expression of A and t (x , g) are omitted here).

Theorem (Dubrovin-L-Yang-Zhang, 2016)

Both Conjecture A and Conjecture B are correct.
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How to prove?

Key point

Virasoro Constraints (VC)!

1 Starting from the VC for ZWK, by using Givental’s quantization,
obtain VC for ZH;

2 Starting from the VC for Toda, after the reduction, obtain VC
for ZGUE;

3 Show that VC for ZH and VC for ZGUE are equivalent;

4 Show that the solution of VC is unique.
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What is the next?

For p, q, r ∈ C satisfying local Calabi-Yau condition

1

p
+

1

q
+

1

r
= 0,

consider

Hp,q(t; ε) =
∑
g≥0

〈
Λg (−p) Λg (−q) Λg (−r) exp

(∑
`≥0

t`τ`

)〉
g

.
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Conjecture C

Denote by

α =
p√
p + q

, β =
q√
p + q

,

and Λ1 = Λα = eα ε ∂x , Λ2 = Λβ = eβ ε ∂x , Λ3 = Λ1Λ2, then define

u = (Λ3 − 1)
(
1− Λ−1

1

)
Hp,q,

and

∂

∂xk
=
∑
`≥0

(k p)`
∂

∂t`
,

∂

∂yk
=
∑
`≥0

(k q)`
∂

∂t`
,

∂

∂zk
=
∑
`≥0

(k r)`
∂

∂t`
,
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Conjecture C

then we have

constant
∂u

∂x1
=

(Λ3 − 1)
(
1− Λ−1

1

)
Λ2 − 1

eu, . . .

constant
∂u

∂y1
=
(
Λ2 − Λ−1

1

)
e

1−Λ−1
2

1−Λ−1
1

u
, . . .

constant
∂u

∂z1
=
(
Λ−1

1 − 1
)
e
− Λ2−1

Λ2−Λ−1
1

u
, . . .
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Fractional Volterra Hierarchy

Define

L = Λ2 + euΛ−1
1 = Λβ + euΛ−α = eβ ε ∂x + eue−α ε ∂x ,

then there exist operators A,B of the following form

A =Λ3 +
∑
i≥0

ai (Λ3)−i ,

B =b−1(Λ3)−1 +
∑
i≥0

bi (Λ3)i ,

such that A = L
α+β
β , B = L

α+β
α .

Fractional Volterra Hierarchy

∂L

∂xk
= [Ak

+, L],
∂L

∂yk
= −[Bk

−, L],
∂L

∂zk
= unknown.
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Thank you!
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