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What is a matrix integral?

@ Hy: a certain submanifold of the space of N x N matrices with
entries in R or C

e du(M): a (probability) measure on Hy

o f: Hy — Ror C: a certain measurable function

Matrix Integral

Zy = / F(M) du(M)

Fundamental problem
What is the limiting behavior of Zy when N — oc0?
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Example (7): Wigner's Semicircle Law

Wigner Matrices

An N x N random matrix M is called a Wigner matrix, if it is real
symmetric, and its entries M; (i < j) are iid, and satisfy

E[M;] =0, E[Mg =1,

and all higher momemts exist.

Semicircle Law

Let A1,..., Ay be the eigenvalues of a Wigner matrix M, then
1< =4 — x2dx, |x| <2,
lim — (SA,- = 2m
N-voo N "k 0, x| > 2.

4
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Example: Gaussian Unitary Ensemble (GUE)

@ Hpy: the space of N x N Hermitian matrices
@ dM: the Lebesgue measure on Hy

o
du(M) = cye 2" MIam

— = / e 3 g — ¥ %
Hn

Problem: how to compute the following integrals?

(tr (MP) - - - tr (MP%)) ;:/H e (MP) - - - tr (MP*) dpu(M)
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The partition function of GUE

Introduce the generating function Zy € Q|[g1, &2, - - -]

Zy=3 3o PPl (M)t (M)

k>0 p1,...,pk>1

:/H exp <ngtr(l\/l”)> du(M)

p=>1

then we have
ok Zy

tr (MPYY - tr (MPF)) = ———
(tr (M*) (MP¥)) g Og,

g1=g==0
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GUE and the Toda lattice hierarchy

Introduce the functions:

0 Znt1
= —| =N—"a—
o 0g1 o8 Iy’ N In-Zy

Znir - Zna

and define the operator
L=AN+un+wA ™ AC- =0 nsr

then L satisfies

oL

— =[(L"),,L =12,...
agp [( )+7 ]7 P )&

which is called the Toda lattice hierarchy.
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GUE and Virasoro constraints

The partition function Zy also satisfies the following linear differential
equations, which are called Virasoro constraints:

0z 07
P =N —Zkgka N aNZy,
81 P 8k—1
S =Y ke N 2y
2 >

Z Z Zy 2 oz
02w ~Y ke 0Zy +2N5_N+23_N, S 1
08214 1 O8k+q 0gq =1 08p08q—p

The Toda lattice hierarchy and Virasoro constraints uniquely
determine Zy.
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Example: the Kontsevich matrix integral

@ Hpy: the space of N x N Hermitian matrices

@ dM: the Lebesgue measure on Hy

e X: a positive definite N x N Hermitian matrix
@ dux(M): a probability measure on Hy

dux(M) = cxe (M X)am, [ dux(M) =1
Hy

o t;=—(2i —1)trX172 i =0,1,2,...
(] ZWK € Q[[t0> ty, to, ... ]]

N—oo

Zwi = lim /H exp (\/6__1tr(l\/l3)> dux(M)
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Kontsevich Theorem (1)

Denote by Fwk = log Zwk, Fwk = Zgzo Fwk.g, then

3kFWK,g
Otp, - -~ Oty

k

= <Tp1"'7pk>g:/ wfl"' Zka
Mg k

to=ti=tpr=---=0

where

@ M, ,: the moduli space of k-marked stable curve of genus
A
== i —k+3]eN

@ 1;: ¢ of the i-th tautological line bundle on Mg,k
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Kontsevich Theorem (2)

Define U = 2, Fyyk, then U satisfies the Korteweg-de Vries (KdV)

28
hierarchy
oU  ORp1

ot, Oty

. . . ou 82U
where {Ry, R1, R», ... } is a series of polynomials of U, i

that is given by Ry = 1 and the recursion relation
(p 1) ORpp1 U@Rp 10U R 19°R,

t2) o, T Con 206 " 8ot

Witten conjecture (Kontsevich Theorem)

The generating function Zy for (7, - - - 7,) is a tau function of the
KdV hierarchy.
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Virasoro constraints for Zyi

The partition function Zwy is also uniquely determined by

LmZwk =0, m> -1,

where
ot )
[ =— —— 4+ 0 —_
! ot 2 ; t”“atp’
Ln = — §i + — + + 1 t i
"7 20n 16 = \PT2) Pay
r5/2+q) o Mg+p+3/2), 0
L — + t
S €T D S Em Y
1ET(p+3/2)T(g—p+3/2) 2
1 > 1.
T2 r(1/2) r1/2) otot,_, -
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What are Hodge integrals?

° ﬂg,k: the moduli space of k-marked stable curve of genus g
@ 1;: ¢ of the i-th tautological line bundle on Mg,k

o [, «: the Hodge bundle on mg*

o \i: ¢i(Egx), where j=0,....g

® vy Chag_1 (Eg k), where g =1,2,...

_ p P
<7'p1"‘7'pk)‘q1"')‘qz>g— = (L kk>‘q1"')‘qza

_ p P
<7'p1"'7-pk7q1"'7qe>g— | U1t U Ve Yaus
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The generating functions for Hodge integrals

Introduce formal variables {s, | ¢ = 1,2,...}, then define

Hg = <eXp (Z tpTp — Z (232)!%%) >

p=>0 q>1

g

H :Z’Hg, Z=expH.

g>0

Problem
Find the integrable hierarchies that #(t,s) or Z(t, s) satisfies.

Si-Qi Liu Matrix Integral and Hodge Integral Feb 28, 2017 14 / 32



Faber-Pandharipande relation

Define operators D, (g =1,2,...):

Faber and Pandharipande proved that

0Z

a_sq = Dq (Z)a Z|s=0 = ZWK(t)a

so we have

Z =exp (Z quq> Zwi-
q=1
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How to compute Zywk?

Suppose V/(ty, t1, ty, ... ) is the solution to the equation

2

%4
V:to—{—th—FtQ?—l—"'.

Decompose Fwgk = log Zwk into Fyk = ZgZO Fg, then

1 V. 7Vs V. %
Fi=—logVi, F ! > 2 2

2 T 1152V2 T 1920V 360 V&

where V, = %Z—t:{. They are obtained by using the following theorem.
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Quasi-triviality Theorem

There uniquely exist functions F; = Fo(V, V4,..., V5,5) (g > 1)
such that the transformation

02
U=V + g (Z Fo(V, V4, ..., v3g_2)>
g>1
converts the KdV equation
ou ou 193U
— = — 4 ——
oty Oty 12 ot

into its leading term
ov. oV

on oty
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How to compute Z7

Theorem (Dubrovin-L-Yang-Zhang, 2014)

There uniquely exist functions AH (V, Vi,..., Vag_ais1,...,5;)
such that H, = F, + AH,.

7_LO :F07

S
H1:F1_51V7

11\/2 \/3 { S S
_F 2 V 1 V2
H2_2+51(180\/12_IO\/1)+ 051 2~ (]0+ 8) 15
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The Hodge hierarchy

Define
W = v+— (Z’H (V, vl,...,v3g_2;sl,...,sg)>,
g>1
then 2 ap are all differential polynomials. They form a new integrable

hierarchy with s,'s as parameters, which is called the Hodge hierarchy.

When s, = 0, the Hodge hierarchy goes back to the KdV hierarchy,
so it is a deformation of the KdV hierarchy.

The Hodge hierarchy always possesses a Hamiltonian structure.
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Example: Linear case

Take 5
_ 2q 2g—1

S = TAaAa. 1\ ° ) q Z 17

T 29(29-1)
then

H = Z </\g(s) exp (Z tpr) > ,
g>0 p=>0 g

where

N(s) = Ao+ SsA + 5 Ap+ -+ 55 )\,

Theorem (Buryak, 2013)

In this case, the Hodge hierarchy is equivalent to the Intermediate
Long Wave (ILW) hierarchy.

Si-Qi Liu Matrix Integral and Hodge Integral Feb 28, 2017 20 / 32



Example: Cubic case

Take

B,
=(2*7-1 g2t g>1

H= </\g( g (—25)\g(—2s) exp (Z t Tp>> :

g

then

Conjecture A (Dubrovin-L-Yang-Zhang, 2014)

In this case, the Hodge hierarchy is equivalent to the discrete KdV
hierarchy (also called Volterra lattice hierarchy).
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Details of Conjecture A

Define

3%6+t2 1 9%6W
45+1(2g 1 2)! 9t

U=W+> ¢*s*

g>1
0 0
— =) (2ks)P—,
0Ty ; 8tp
then

4532, oU(x) —e2sU(x+V5e) _ g2sU(x—V/5¢)

0T, ’
oU(x) 25Ut (ezsu+ e2sU* +ezsu++>

24 §3/2
ot
. e25U* <e2sU+e2sU* +e2$U**>
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What is the Volterra lattice hierarchy?

Denote 9, = %, A = e and define the operator
L=AN+eYN 1,
then the Volterra lattice hierarchy is given by (up to rescaling)

o

It is actually a reduction of the Toda lattice hierarchy by taking
uy =0, or gop—1 = 0.

Both (even) GUE and Hodge are related to the Volterra lattice
hierarchy, then is there a relation between them?
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Hodge-GUE correspondence (1)

Consider the following even GUE partition function
1 M?
2" (g €) = CN/ exp | —tr | —— + Zggp/\/l2p dMm.
Hy € 2 o1

Its asymptotic free energy is defined as

even |Og6 -
Flx.g) = log Zi™ (& -z — 5 = D *Falx.8).
g>0

then define the asymptotic partition function

Zaue(x,g;€) = exp F(x,g; €).
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Hodge-GUE correspondence (2)

On the Hodge side, consider the following special cubic Hodge
integral

H(t; €) = 206%:—2 </\g (%) g (—1) A (1) exp (Z t T,,>> :

>
p=>0 g

Its partition function is
Zu(t; €) = exp H(t; €).

(We don't lose generality here because of the homogeneous condition
on Hodge integrals.)
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Hodge-GUE correspondence (3)

Conjecture B (Dubrovin-Yang, 2016)
We have

Zcug(x, 8 €)
—ea (D z, <t (x - g,g> ,\/56) Zy (t <x — g,g> ,\/56) :

(the explicit expression of A and t(x,g) are omitted here).

Theorem (Dubrovin-L-Yang-Zhang, 2016)

Both Conjecture A and Conjecture B are correct.
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How to prove?

Virasoro Constraints (VC)!

@ Starting from the VC for Zyk, by using Givental’s quantization,
obtain VC for Zy;

@ Starting from the VC for Toda, after the reduction, obtain VC
for Zaug;

© Show that VC for Zy and VC for Zgug are equivalent;
@ Show that the solution of VC is unique.
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What is the next?

For p, g, r € C satisfying local Calabi-Yau condition

1 1 1
_ — 4 - = 0’
p q r
consider
Hpq(tic) = Z </\g (=P) Ag (—q) Ag (—r) exp (Z tﬂé) >
g>0 £>0 g

Feb 28, 2017 28 /
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Denote by

e P g

vpra U Vpiq

and Ay = A = 2% Ay, = NP = &f% Ny = Ay\,, then define

u=(Ns—1) (1= A" Hpa,

and
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then we have

ou  (As—1)(1—NA{*

const‘ant‘a—x1 :( 3 /\)2(— 1 L )e”,...
1

0 Py
constant —— = (N =AY e

71

%) -2y
constant 6_zul =(At—1)e PN
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Fractional Volterra Hierarchy

Define
L=N+e'N = NP 4 e\ = eBedx 4 gugmacdx
then there exist operators A, B of the following form
A=A+ ai(hs),
i>0

B :bfl(/\3)71 + Z bi (A3)i )

i>0

atfB

such that A= L“%" B = L%

Fractional Volterra Hierarchy

6L [A L], % = —[B*, 1], % = unknown.
Yk 6zk
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Thank you!
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