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Based on Chekhov-Mazzocco-R. arXiv:1511.03851,
Int.Math.Res.Notes, 28 Nov. 2106

Talk at the
Conference ”Dynamics in Siberia”

(Russia, Novosibirsk, Sobolev Institute of Mathematics)

February 28, 2017
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Painlevé equations, Confluence, Isomonodromy and Affine
cubics.

Decorated character varieties.

Quantisation.
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Painlevé equations

The Painlevé equations are non linear second order ODE of the
form

d2w

dz2
= F

(
z ,w ,

dw

dz

)
, z ∈ C,

where F (z ,w , y) is a rational function of z ,w , y and the solutions
w(z ; c1, c2) satisfy

1 Painlevé–Kowalevski property: w(z ; c1, c2) have no critical
points that depend on c1, c2.

2 Otherwise, they are the only second order ODE (besides the
elementary ones: linear, Riccati, elliptic equations,...) such
that the movable singularities are poles (i.e., movable essential
singularities (branching points) are excluded).

3 For generic c1, c2, w(z ; c1, c2) are new functions, Painlevé
Transcendents.
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Painlevé property:

Example for 1-st ordre ODE:

w ′ = w =⇒ w = ez−z0 , ✓

w ′ = w 2 =⇒ w =
1

z0 − z
, ✓

w ′ = w 3 =⇒ w ∼ 1√
z − z0

. X
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Painlevè list
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+
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z2(z − 1)2
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z

w2
+ γ

z − 1

(w − 1)2
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z(z − 1)
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]
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Painlevé transcendents - paradigmatic integrable systems

Reductions of soliton equations (KdV, KP, NLS);

They admit a Hamiltonian formulation;

They can be expressed as the isomonodromic deformation of
some linear differential equation with rational coefficients;

Recently: PII - has a genuine fully NC analogue (V.
Retakh-V.R.)

More recently: PIV - has a (non genuine) fully NC analogue
(M. Cafasso-M. Iglesias)
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Confluences of the Painlevé equations-1

Example

Take w(z) = ϵw̃(z̃) + 1
ϵ5
, z = ϵ2z̃ − 6

ϵ10
, α = 4

ϵ15
then PII

d2w

dz2
= 2w3 + zw + α

becomes
d2w̃

dz̃2
= 6w̃2 + z̃ + ϵ2(2w̃3 + z̃ w̃),

that for ϵ→ 0 is PI .
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Confluences of the Painlevé equations-2 (Sakai)

PIII

!!

// PD7
III

!!

// PD8
III

PVI
// PV

//

>>

  

Pdeg
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!!

==

PJM
II

// PI

PIV
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II
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All Painlevé equations are isomonodromic deformation
equations (Jimbo-Miwa1980)

dB

dλ
− dA

dz
= [A,B]

A = A(λ; z ,w ,wz), B = B(λ; z ,w ,wz) ∈ sl2.
This means that the monodromy data of the linear system

dY

dλ
= A(λ; z ,w ,wz)Y

are locally constant along solutions of the Painlevé equation.
The monodromy data play the role of initial conditions.
The monodromy data are encoded in an affine cubic surfaces called
monodromy varieties.
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M0,4,θ

Painlevé VI corresponds to the rank 2 flat meromorphic
connection (= 1-st order fuchsian linear system) on CP1 with
4 regular singular points 0, t, 1,∞.

d

dλ
Y = A(λ)Y , A(λ) =

A0

λ
+

At

λ− t
+

A1

λ− 1
.

A∞ = −A0 −A1 −A∞.
Eigenvalues of Aj are (θj ,−θj), j = 0, 1, t,∞
Monodromy matrices M0,Mt ,M1,M∞ ∈ SL2(C).
The module space of flat rank 2 connections:

M0,4,θ =

{
Mj

∣∣∣Tr(Mj) = 2 cos(2πθj),

M0MtM1M∞ = 1

}/
SL2

dimM0,4,θ = 2
As coordinates on M0,4,θ one can use σi
defined by Tr(MjMk) = 2 cos(2πσi ), i , j , k = 0, t, 1.
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Painlevé VI τ function

Jimbo relation: Gj = Tr(Mj) = 2 cos(2πθj),
xi = Tr(MjMk) = 2 cos(2πσi ),

x1x2x3 + x21 + x22 + x23 + G 2
1 + G 2

2 + G 2
3 + G 2

∞ + G1G2G3G∞ =

= (G1G2 + G3G∞)x1 + (G3G2 + G1G∞)x2 + (G1G3 + G2G∞)x3 + 4

One can use (Bershtein, Lisovyy,...) coordinates σ1, s1:

s±1
1 =

(ω2 ± ix3 sin 2πσ1)− (ω3 ∓ ix2 sin 2πσ1) e
±2πiσ1

(cos 2π(θt ∓ σ1)− G1) (cos 2π(θ1 ∓ σ1)− G∞)
.

This coordinates are are also closely related to the
Nekrasov, Rosly and Shatashvili coordinates α, β.
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Riemann Hilbert correspondence RH : MDR → MB

MDR : Logarithmic connection ∇ on a holomorphic rank 2-vector
bundle E → Σ0,s

In coordinates: ∇ d
dλ

:= d
dλ − A(λ)

A(λ) has s simple poles λ1, . . . , λs . Resλj
A(λ) ∈ Oj ⊂ sl2(C)

MB : Hom (π1(Σ0,s) → SL2(C)) /SL2(C)
Fixed local monodromy.

Theorem (Hitchin ’97)

The Riemann Hilbert correspondence RH : MDR → MB is
symplectic. On the l.h.s we have the standard Lie–Poisson
structure on O1 × · · · × Os ∈ sl2 × sl2 × · · · × sl2 obtained by
identifying sl2 with sl∗2, the symplectic leaves are fixed by the
conjugacy classes of the residues. On the r.h.s. there is the
Atiyah-Bott symplectic structure.
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Generalising the Riemann Hilbert correspondence

Question

What happens to M if we relax the hypotheses on E?

What is the correct notion for M when higher order poles arise?

Boalch 2000: 1 irregular and 1 Fuchsian singularity.

Boalch 2014: Wild character variety.

Gualtieri-Li-Pym 2015: Stokes groupoid.

Our work: decorated character variety

Generalised cluster algebra structure.

Toric Poisson structure

Explicit quantisation
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Painlevé monodromy manifolds Saito and van der Put

Mφ := Spec(C[x1, x2, x3]/ < φ = 0 >)

PVI x1x2x3 + x21 + x22 + x23 + ω1x1 + ω2x2 + ω3x3 = ω4

PV x1x2x3 + x21 + x22 + ω1x1 + ω2x2 + ω3x3 = ω4

PIV x1x2x3 + x21 + ω1x1 + ω2x2 + ω2x3 + 1 = ω4

PIII x1x2x3 + x21 + x22 + ω1x1 + ω2x2 = ω1 − 1

PII x1x2x3 + x1 + x2 + x3 = ω4

PI x1x2x3 + x1 + x2 + 1 = 0
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The (most generic) family of cubics is a variety
Mφ = {(x̄ , ω̄) ∈ C3 × Ω) : φ(x̄ , ω̄) = 0} where
x̄ = (x1, x2, x3), ω̄ = (ω1, ω2, ω3, ω4) and the ”x̄−forgetful”
projection π : Mφ → Ω : π(x̄ , ω̄) = ω̄. This projection defines a
family of affine cubics with generically non–singular fibres π−1(ω̄)
The cubic surface Mφ has a volume form ϑω̄ given by the Poincaré
residue formulae:

ϑω̄ =
dx1 ∧ dx2

(∂φω̄)/(∂x3)
=

dx2 ∧ dx3
(∂φω̄)/(∂x1)

=
dx3 ∧ dx1

(∂φω̄)/(∂x2)
. (1)
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The volume form is a holomorphic 2-form on the non-singular part
of Mφ and it has singularities along the singular locus. This form
defines the Poisson brackets on the surface in the usual way as

{x1, x2}ω̄ =
∂φω̄

∂x3
(2)

The other brackets are defined by circular transposition of
x1, x2, x3. For (i , j , k) = (1, 2, 3):

{xi , xj}ω̄ =
∂φω̄

∂xk
= xixj + 2ϵdi xk + ωd

i (3)

and the volume form (1) reads as

ϑω̄ =
dxi ∧ dxj
(∂φω̄/∂xk)

=
dxi ∧ dxj

(xixj + 2ϵdi xk + ωd
i )
. (4)
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Observe that for any φ ∈ C[x1, x2, x3] the following formulae define
a Poisson bracket on C[x1, x2, x3]:

{xi , xi+1} =
∂φ

∂xi+2
, xi+3 = xi , (5)

and φ itself is a central element for this bracket, so that the
quotient space

Mφ := Spec(C[x1, x2, x3]/⟨φ=0⟩)

inherits the Poisson algebra structure [Nambu ∼ 70].
Today we are going to re-parametrize and to quantize it.
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PVI Affine Cubic as a toric Poisson

Example

PVI (D̃4) cubic with only ω4 ̸= 0 admits the log-canonical
symplectic structure ϑ̄ = du∧dv

uv under isomorphism
C∗ × C∗/ı→ Mφ by

(u, v) → (x1 = −(u +
1

u
), x2 = −(v +

1

v
), x3 = −(uv +

1

uv
))

and ı : C∗ → C∗ is the involution ı(u) = 1
u , ı(v) =

1
v .

Example

The PVI cubic can be ”uniformize” by some analogues of
theta-functions related to toric mirror data on log-Calabi-Yau
surfaces (M. Gross, P. Hacking and S.Keel (see Example 5.12 of
”Mirror symmetry for log-Calabi-Yau varieties I,
arXiv:1106.4977).
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The other Painlevé equations

The PVI monodromy manifold is the SL2(C)–character variety
of a four holed Riemann sphere.

What are the underlying Riemann surfaces for the other
Painlevé equations?

Is there a ”toric” (or cluster algebra) structure on it?

Use the confluence scheme of the Painlevé equations.
Introduction Background The other Painlevé equations Decorated character variety

Results

PAINLEVÉ MONODROMY MANIFOLDS AND CALABI-YAU ALGEBRAS 3

in Sakai’s paper [29])
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on the cubics by simple operations.
For example, we can produce the PV eD5 cubic by considering the PVI eD4 one

and rescaling x1 ! x1
� , x2 ! x2

� , !1 ! �1
� , !2 ! �2

� , !3 ! �3
�2 and !4 ! �4

�2 and
then keeping the dominant term as ✏ ! 0. This simple idea allows to us to extend
the parameterisation of the PVI cubic in terms of flat coordinates obtained in [3] to
all other Painlevé equations. Geometrically speaking, the confluence scheme on the
Painlevé cubics can be explained by our chewing-gum and cusp-removal operations.

Following the Fock–Goncharov philosophy, we also address the problem of whether
there is some cluster algebra structure hidden in each cubic. We prove that indeed
for eD4, eD5, eD6 and eE6 there is a generalised cluster algebra structure [5]. In partic-
ular this implies that the procedure of analytic continuation of the solutions to the
sixth Painlevé equation satisfies the Laurent phenomenon as explained in Section
4.

Interestingly we also produce a quantum confluence procedure in such a way
that quantisation and confluence commute.

This paper is organised as follows: in Section 2, we recall the link between the
parameters !1, . . . , !4 and the Painlevé parameters �, �, � and �. In Section 4 we
explain the generalised cluster algebra structure appearing in the case of PVI, PV,
PIII and PIV. In Section 3 we present the flat coordinates for each cubic. In Section
5 we present the quantisation and the quantum confluence.

Acknowledgements. The authors are grateful to P. Clarkson, M. van der Put, V.
Sokolov and T. Sutherland for helpful discussions. This research was supported by
the EPSRC Research Grant EP/J007234/1, by the Hausdor� Institute, by ANR
”DIADEMS”, by RFBR-12-01-00525-a, MPIM (Bonn) and SISSA (Trieste).

2. The Painlevé the monodromy manifolds

According to [26], the monodromy manifolds M(d) have all the form

(2.1) x1x2x3 + ✏(d)
1 x2

1 + ✏(d)
2 x2

2 + ✏(d)
3 x2

3 + !(d)
1 x1 + !(d)

2 x2 + !(d)
3 x3 + !(d)

4 = 0,

where d is an index running on the list of the extended Dynkin diagrams eD4, eD5, eD6,
eD7, eD8, eE6, eE�

7 , eE7, eE8 and the parameters ✏(d)
i , !(d)

i , i = 1, 2, 3 are given by:

✏(d)
1 =

�
1 for d = eD4, eD5, eD6, eD�

6 , eD7, eD8, eE6, eE�
7 ,

0 for d = eE7, eE8,

✏(d)
2 =

�
1 for d = eD4, eD5, eD6, eD�

6 , eD7, eD8

0 for d = eE6, eE�
7 , eE7, eE8,

(2.2)

 

Marta Mazzocco Topology of Stokes phenomena
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Geometric surgery and Painlevé confluence

Volodya Rubtsov, ITEP Moscow and LAREMA, UMR 6093 du CNRS, Université d’Angers. Based on Chekhov-Mazzocco-R. arXiv:1511.03851, Int.Math.Res.Notes, 28 Nov. 2106 Talk at the Conference ”Dynamics in Siberia” (Russia, Novosibirsk, Sobolev Institute of Mathematics)Painlevé monodromy varieties: geometry and quantisation
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”Confluented ”Poisson algebras

PoissD6
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III_?
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� s
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Katz invariant-1

Painlevé monodromy manifolds moduli spaces of flat connections
on P \ S , where S is a set of isolated singularities:

S = {0, 1, t,∞} for PVI , S = {0, 1,∞} for PV ,PIIID6 ,
S = {0,∞} for PIV , S = {∞} for PII and PI )

Points in S are regular (for example in the case of PVI) or
irregular.

Irregular singular points are called “non-ramified” when the
connection has non resonant (semi-simple) residue at those
points or “ramified” when the residue is resonant (nilpotent).

These moduli spaces have complex dimension 2 and are
classified by the so-called Katz invariants.
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Painlevé equations Geodesic lengths Quantisation

Katz invariant-2

Consider the flat connection as a local system whose local sections
q(z) have the following form:

q(z) = a1(z − zi )
−k−1 + . . . ak(z − zi )

−1, non-ramified case,

q(z) = (z − zi )
1
2 [a1(z − zi )

−k− 1
2 + . . . a∗(z − zi )

−1], ramified case

The number k is called Katz invariant of the singular point zi .
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Poincaré-Katz invariants and Stokes rays

Painlevé eqs no. of cusps Katz invariants no. Stokes rays pole–orders for φ

PVI (0, 0, 0, 0) (0, 0, 0, 0) (0, 0, 0, 0) (2, 2, 2, 2)

PV (0, 0, 2) (0, 0, 1) (0, 0, 2) (2, 2, 4)

PVdeg (0, 0, 1) (0, 0, 1/2) (0, 0, 1) (2, 2, 3)

PIV (0, 4) (0, 2) (0, 4) (2, 6)

PIIID6 (−, 2, 2) (−, 1, 1) (−, 2, 2) (−, 4, 4)
PIIID7 (−, 1, 2) (−, 1/2, 1) (−, 1, 2) (−, 3, 4)
PIIID8 (−, 1, 1) (−, 1/2, 1/2) (−, 1, 1) (−, 3, 3)
PII FN (0, 3) (0, 3/2) (0, 3) (2, 5)

PIIMJ 6 3 6 8

PI 5 5/2 5 7

Table: For each Painlevé isomonodromic problem, this table displays the
number of cusps on each hole for the corresponding Riemann surface, the
Katz invariants associated to the corresponding flat connection, the
number of Stokes rays in the linear system defined by the flat connection
and the number of poles of the quadratic differential φ defined by the
linear system.
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Diagonalizable (non-ramified) case

Notation: the fundamental matrix at an irregular singular point λk
has the form

Yk = Gk(λ)λ
Λk

(
eQk (λ) 0

0 e−Qk (λ)

)

A(λ) Casimirs extended exponents dim(C)
PV A0

λ + A1
λ−1 + A∞ eigen(A0),eigen(A1),Λ∞ Q∞ = t

2λ 7

PIV A0
λ + A1 + A∞λ eigen(A0),Λ∞ Q∞ = λ2 + t

2λ 8

PIIID6 A0
λ2 + A1

λ + A∞ Λ0, Λ∞ Q∞ = t
2λ,Q0 =

t
2
1
λ 8

PIIMJ A0 + A1λ+ A∞λ
2 Λ∞ Q∞ = λ3 + t

2λ 9

Table: Here Qk(λ) is polynomial in (λ− λk) of order n − 1 with n being
the order of λk and Λk is the formal monodromy (diagonal). Expand
A(λ) near λk to calculate Qk(λ) and Λk , then diagonalize it using the
gauge transformation Gk(λ)..
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Painlevé equations Geodesic lengths Quantisation

Non-diagonalizable (ramified) case

The same notations.

A(λ) Casimirs extended exponents dim(C)
PVdeg

A0
λ + A1

λ−1 + A∞ eigen(A0),eigen(A1),Λ∞ Q∞ = t
2

√
λ 5

PIIID7 A0
λ2 + A1

λ + A∞ Λ0,Λ∞ Q0 =
1√
λ
,Q∞ = t

2λ 6

PIIID8 A0
λ2 + A1

λ + A∞ Λ0, Λ∞ Q∞ =
√
λ,Q0 =

1√
λ

4

PII FN A0
λ + A1 + A∞λ eigen(A0), Λ∞ Q∞ = λ3/2 + t

2

√
λ 6

PI A0 + A1λ+ A∞λ
2 Λ∞ Q∞ = λ5/2 + t

2

√
λ 7

Table: Here
dimPVdeg = dimPV − 2, dimPIIID7 = dimPIII − 2, dimPIIID8 =

dimPIIID7 − 2, dimPII FN = dimPIV − 2, dimPI = dimPII JM − 2.
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Geometric confluence scheme of the Painlevé equations:
application. (P. Gavrylenko, O. Lisovyy, arXiv:1608.00958)

VI

V

Vdeg

III(D )

III(D )

III(D )

IV

IIFN

IIJM

I

6

7

8

Figure 3: CMR confluence diagram for Painlevé equations.

Whittaker BesselGauss

Figure 4: Some solvable RHPs in rank N = 2: Gauss hypergeometric (3 regular punc-
tures), Whittaker (1 regular + 1 of Poincaré rank 1) and Bessel (1 regular + 1 of rank 1

2 ).

functions of regular type, first proposed in [GIL13] and expressed in terms of irregular conformal blocks
of [G, BMT, GT]. It is not clear to us how to extract from them irregular (long-distance) asymptotic expan-
sions. Let us mention a recent work [Nag] which relates such expansions to irregular conformal blocks of
a different type.

4. Given a matrix K 2 CX£X indexed by elements of a discrete set X, it is almost a tautology to say that the
principal minors detKY22X define a determinantal point process on X and a probability measure on 2X.
Fredholm determinant representations and combinatorial expansions of tau functions thus generalize
in a natural way various families of measures of random matrix or representation-theoretic origin, such
as Z - and Z W -measures [BO1, BO2] (the former correspond to the scalar case N = 1 with n = 4 regular
singular points, and the latter are related to hypergeometric kernel considered in the last subsection). We
believe that novel probabilistic models coming from isomonodromy deserve further investigation.

5. Perhaps the most intriguing perspective is to extend our setup to q-isomonodromy problems, in partic-
ular q-difference Painlevé equations, presumably related to the deformed Virasoro algebra [SKAO] and
5D gauge theories. Among the results pointing in this direction, let us mention a study of the connection
problem for q-Painlevé VI [Ma] based on asymptotic factorization of the associated linear problem into
two systems solved by the Heine basic hypergeometric series 2'1, and critical expansions for solultions
of q-P (A1) equation recently obtained in [JR].

Acknowledgements. We would like to thank F. Balogh, M. Bershtein, A. Bufetov, M. Cafasso, J. Harnad, N. Iorgov, A. Its,
A. Marshakov, H. Nagoya and V. Rubtsov for their interest to this project and useful discussions. The present work was
supported by the CNRS/PICS project “Isomonodromic deformations and conformal field theory” (F14-2016). P. G. has also
been supported by the “Young Russian Mathematics” fellowship and Russian Science Foundation under grant No. 16-11-
10160. This paper was prepared within the framework of a subsidy granted to the National Research University Higher
School of Economics by the Government of the Russian Federation for the implementation of the Global Competitiveness
Program.
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Basic ideas:history

The character variety of a Riemann sphere with 4 holes
Hom(π1(P1 \ {0, t, 1,∞}); SL2(C))/SL2(C) is the
monodromy cubic of the Painlevé VI (Goldman-Toledo).

The ”wild” character varieties, fissions and meromorphic
connections (Ph. Boalch 2011-2015).

Quasi-Poisson structures (A. Alexeev, Y.
Kosmann-Schwarzbach, E.Meinrenken, M. Van den Bergh
1999 -2005).

Moduli spaces for quilted surfaces. (D. Li-Bland, P. Severa
2013).

Stokes groupoides (M. Gualtieri, S. Li, B. Pym 2014).
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Basic ideas: Painlevé context

Poisson structures and Isomonodromic deformations on the
sphere and torus (Korotkin-Samtleben, Chekhov-Mazzocco
1995, 2010).

Wild character variety for PV (J.P. Ramis, E. Paul. 2015).

The confluent Painlevé monodromy manifolds are ”decorated
character varieties” (Chekhov-Mazzocco -R.2015).

The real slice of the SL2(C) character variety is the
Teichmüller space.

The shear coordinates on the Teichmüller space can be
complexified ⇒ coordinate description for the character
variety.

To visualize the confluence and the ”decoration” we shall
introduce two moves correspond to certain asymptotics in the
(complexified) shear coordinates.
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Decorated character variety

Mimic the regular case: Hom (π1(Σg ,s) → SL2(C)) /SL2(C)
Replace Σg ,s by Σg ,s,n: add n bordered cusps.

Quadratic differential dφ := detA(z)dz⊗2 with s poles of
order n1, . . . , ns , n =

∑s
k=1(nk − 2) [Gaiotto, Moore and Neitzke ’13]

Replace π1 by the fundamental groupoid of arcs:

U := {γij : [0, 1] → Σg ,s,n| γij(0) = mi , γij(1) = mj}/homotopy.
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Decorated character variety

Definition

Decorated character variety (L.Chekhov, M. Mazzocco and V.R.-
2015):

Hom (U, SL2(C)) /∏n
j=1 Uj

Lemma

The decorated character variety is an affine variety of
dim = 6g − 6 + 3s + 2n.

New character (a new Ui−invariant function on this variety):

trK : SL2(C) → C

M 7→ Tr(MK ), where K =

(
0 0
−1 0

)
.
.

trK (Mij) = trK (UjMijUj).
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tr is defined on the isotopy groups isomorphic to π1:

Πj := {γjj |γjj : [0, 1] → Σ̃g ,s,n, γjj(0) = γjj(1) = mj , }/{homotopy}.
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Chewing-gum moves

Hooking holes:

Pinching two sides of the same hole:

Bordered cusps á la Fomin-Shapiro-Thurston.
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Poincaré uniformsation

Σ = H/∆,
where ∆ is a Fuchsian group, i.e. a discrete sub-group of PSL2(R).

Examples

γ1
γ2
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Poincaré uniformsation

Σ = H/∆,
where ∆ is a Fuchsian group, i.e. a discrete sub-group of PSL2(R).

Examples

γ1
γ2

Theorem

Elements in π1(Σg ,s) are in 1-1 correspondence with conjugacy
classes of closed geodesics.
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Coordinates: geodesic lengths

Theorem

The geodesic length functions (Gγ := Trγ = 2cosh(lγ)) form an
algebra with multiplication:

GγGγ̃ = Gγγ̃ + Gγγ̃−1 .

(Tr(AB) + Tr(AB−1) = Tr(A)Tr(B) ∀A,B ∈ SL2(C))

γ̃

γ
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Coordinates: geodesic lengths

Theorem

The geodesic length functions (Gγ := Trγ = 2cosh(lγ)) form an
algebra with multiplication:

GγGγ̃ = Gγγ̃ + Gγγ̃−1 .

(Tr(AB) + Tr(AB−1) = Tr(A)Tr(B) ∀A,B ∈ SL2(C))

γ̃

γ

=
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Coordinates: geodesic lengths

Theorem

The geodesic length functions (Gγ := Trγ = 2cosh(lγ)) form an
algebra with multiplication:

GγGγ̃ = Gγγ̃ + Gγγ̃−1 .

(Tr(AB) + Tr(AB−1) = Tr(A)Tr(B) ∀A,B ∈ SL2(C))

γ̃

γ

=

γγ̃−1

+

γγ̃
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Poisson structure

{Gγ ,Gγ̃} =
1

2
Gγγ̃ −

1

2
Gγγ̃−1 .

{
γ̃

γ

}
= 1

2

γ−1γ̃

−1
2

γγ̃
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Ptolemy Relation-1

γ̃a

γ̃c

γ̃b γ̃d
γ̃eγ̃f Gγ̃eGγ̃f = Gγ̃aGγ̃c + Gγ̃bGγ̃d

Volodya Rubtsov, ITEP Moscow and LAREMA, UMR 6093 du CNRS, Université d’Angers. Based on Chekhov-Mazzocco-R. arXiv:1511.03851, Int.Math.Res.Notes, 28 Nov. 2106 Talk at the Conference ”Dynamics in Siberia” (Russia, Novosibirsk, Sobolev Institute of Mathematics)Painlevé monodromy varieties: geometry and quantisation
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Ptolemy Relation-2

aa′ + bb′ = cc ′

c

a

b
c ′

a′

b′
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Cluster algebra

We call a set of n numbers (x1, . . . , xn) a cluster of rank n.

A seed consists of a cluster and an exchange matrix B, i.e. a
skew–symmetrisable matrix with integer entries.

A mutation is a transformation
µi : (x1, x2, . . . , xn) → (x ′1, x

′
2, . . . , x

′
n), µi : B → B ′ where

xix
′
i =

∏
j :bij>0

x
bij
j +

∏
j :bij<0

x
−bij
j , x ′j = xj ∀j ̸= i .

Definition

A cluster algebra of rank n is a set of all seeds (x1, . . . , xn,B)
related to one another by sequences of mutations µ1, . . . , µk . The
cluster variables x1, . . . , xk are called exchangeable, while
xk+1, . . . , xn are called frozen. [Fomin-Zelevnsky 2002].
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Example

Cluster algebra of rank 9 with 3 exchangeable variables x1, x2, x3
and 6 frozen ones x4, . . . , x9.

•

•

••

•

• x ′1x1

x2

x3

x4

x5

x6

x7

x8

x9

(x1, x2, x3, x4, x5, x6, x7, x8, x9) → (x ′1, x2, x3, x4, x5, x6, x7, x8, x9)

x1x
′
1 = x9x7 + x8x2
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Outline

Are all cluster algebras of geometric origin?

Introduce bordered cusps

Geodesics length functions on a Riemann surface with
bordered cusps form a cluster algebra.

All Berenstein-Zelevinsky cluster algebras are geometric
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Cusped laminations

Definition

A cusped lamination is a lamination made of arcs that can only
meet at the cusps.

Definition

A cusped lamination is complete if all closed geodesic functions
and all λ–lengths of arcs in the Riemann surface are Laurent
polynomials of the λ–lengths of the arcs in the cusped lamination.

Theorem

Given a Riemann surface Σg ,s,n of any genus g, any number of
holes s and at least one cusp n ≥ 1, there always exists a complete
cusped lamination of 6g − 6 + 3s + 2n arcs [Chekhov-M.Mazzocco;

ArXiv:1509.07044].
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Poisson brackets after chewing-gum

Theorem

The Poisson algebra of the λ-lengths of a complete cusped
lamination is toric. [ArXiv:1509.07044].

{λsi ,tj , λpr ,ql} = λsi ,tjλpr ,qlIsi ,tj ,pr ,ql

Isi ,tj ,pr ,ql =
signi−rδs,p + signj−rδt,p + signi−lδs,q + signj−lδt,q

4

In our case the Poisson structure on the decorated character
variety is an example of a ”Trace-Poisson” quadratic structure
of Massuyeau G., Turaev and Avan J., Ragoucy E., V.R.
defined on the representation space Hom (U,SL2(C)) - work
in progress.
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Poisson bracket in shear coordinates

Non-cusped case:

Theorem
Chekhov-Fock ’99

z1

z2

z3

The Poisson bracket:

{zi , zi+1} = 1, zi+3 = zi

is the Goldman bracket.

Cusped case:

Theorem

The same Poisson bracket gives rise to the asymptotic limit of the
Goldman bracket. [Chekhov-M.Mazzocco’15]
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Poisson bracket for the lamination

Lemma

All λ-lengths in a complete cusped lamination are monomials in
e+Zα/2 and e+πi/2, where {Zα, πi} are the extended shear
coordinates of the fat graph dual to this lamination.

Theorem

The Poisson bracket for a complete cusped lamination has the
following form:

{λsi ,tj , λpr ,ql} = λsi ,tjλpr ,qlIsi ,tj ,pr ,ql

Isi ,tj ,pr ,ql =
signi−rδs,p + signj−rδt,p + signi−lδs,q + signj−lδt,q

4
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Complexification

To each arc we associate a matrix Mij ∈ SL2(R).
The λ–lengths in the cusped lamination are monomials in the
exponentiated shear coordinates.

By complexifying z0, . . . , z6g−6+3s+2n we associate a matrix
Mij ∈ SL2(C).
The characters are the complexified λ-lengths.

We postulate:

{zi , zj} = {z i , z j} := {zi , zj}R, {zi , z j} ≡ 0

Theorem

The SL2(C) decorated character variety is a Poisson algebra on an
affine space of dimension 6g − 6 + 3s + 2n.
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Extended Riemann-Hilbert correspondence: Mirr
DR → Mirr

B

Mirr
DR : Irregular connections ∇ on a holomorphic rank 2-vector
bundle E → Σg ,s

Mirr
B := Hom (πa(Σg ,s,n), SL2(C)) /∏n

j=1 Uj

Conjecture

The Riemann Hilbert correspondence RH : Mirr
DR → Mirr

B is
a Poisson map.
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PV− example-1

The character variety of PV is 7-dimensional (rather than
2-dimensional like in PVI case). The fat-graph admits a complete
cusped lamination as displayed in the figure below. A full set of
coordinates on the character variety is given by the five elements in
the lamination and the two parameters G1 and G2 which determine
the perimeter of the two non-cusped holes.
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s3

k1

k2
s1

p1

s2

p2

Figure 5. The fat graph corresponding to PV. The geodesic x3 remains closed,
while x1 (see red arc) and x2 become arcs.

d c a b e

k1

k2

s3s1

s2

p2

p1

Figure 6. The system of arcs for PV.

are naturally isomorphic. To write the isomorphism explicitly although is not so easy. To compare
the triples di and xi for i = 1, 2, 3 one should observe that (taking the counterclockwise orientation of
the loops and arcs on the Fig.6) the laminations γe corresponding to the trace-coordinate e = Tr kγe
and γb corresponding to Tr kγb give in the composition x3 = Tr k(γeγb) ̸= eb = Tr keTr kb. The
triple of matrices (M1,M2,M∞) which parametrize the differential system data in [32] and satisfies
the condition M1M2M∞ = I contains of M1 (which corresponds our loop γb),M2 (corresponding to
γa and the topological monodromy M∞ = exp(2πiΛS1S2) where S1,2 are Stokes matrices and Λ is
the diagonal ( the ”formal monodromy”). The parametres di are the matrix elements of MI and
hence they should be some Laurent polynomilals in the laminations. The family 5.16 appears in
frame of the Riemann-Hilbert fibraiton map and the corresponding affine coordinate rings admit
the inclusion:

C[s1, s2, s3, s
−1
3 ] ↪→ C[d1, d2, d3, s1, s2, s3, s

−1
3 ]/(C)

This inclusion corresponds the projection of varieties

Spec(C[d1, d2, d3, s1, s2, s3, s
−1
3 ]/(C)) #→ Spec(C[s1, s2, s3, s

−1
3 ])

This is the 5-dimensional fibration whose fibers over 3-dimensional base s1, s2, s3 ∈ C×C×C∗ are
singular cubic surfaces in C3 and exibits the full analogue of PV version for the fibrated family
S(x̄, ω̄) of the subsection 2.1.

Notice that there are two shear coordinates associated to the two cusps, they are denoted by
k1 and k2, their sum corresponds to what we call p3 in (5.14). These shear coordinates do not
commute with the other ones, they in fact satisfy the following relations:

{s3, k1} = {k1, k2} = {k2, s3} = 1.

Volodya Rubtsov, ITEP Moscow and LAREMA, UMR 6093 du CNRS, Université d’Angers. Based on Chekhov-Mazzocco-R. arXiv:1511.03851, Int.Math.Res.Notes, 28 Nov. 2106 Talk at the Conference ”Dynamics in Siberia” (Russia, Novosibirsk, Sobolev Institute of Mathematics)Painlevé monodromy varieties: geometry and quantisation
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PV− example-2

They satisfy the following Poisson relations:

{a, b} = ab, {a, c} = 0, {a, d} = −1

2
ad , {a, e} =

1

2
ae,(6)

{b, c} = 0, {b, d} = −1

2
bd , {b, e} =

1

2
be, (7)

{c , d} = −1

2
cd , {c , e} =

1

2
ce, {d , e} = 0, (8)

so that the element G3G∞ = de is a Casimir.
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PV− example-3

The symplectic leaves are determined by the values of the three
Casimirs G1,G2 and G3G∞. On each symplectic leaf, the PV
monodromy manifold is the subspace defined by those functions of
a, b, c (and of the Casimir values G1, G2, G3G∞) which commute
with G3 = e. We determine the exponentiated shear coordinates in
terms of a, b, c, d , e and then deduce he expressions of x1, x2, x3 in
terms of the lamination. We obtain the following expressions:

x1 = −e
a

c
− d

b

c
, x2 = −e

b

c
− G1d

b

a
− d

b2

ac
− d

c

a
, (9)

x3 = −G2
c

b
− G1

c

a
− b

a
− c2

ab
− a

b
, (10)

which automatically satisfy PV− monodromy variety cubic
equation.
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PV− example-4

Due to the Poisson relations (6) the functions that commute with e
are exactly the functions of a

b ,
b
c ,

c
a . Such functions may depend on

the Casimir values G1, G2 and G3G∞ and e itself, so that d = G∞
becomes a parameter now. It is easy to prove that x1, x2, x3 are
algebraically independent functions of a

b ,
b
c ,

c
a so that x1, x2, x3

form a basis in the space of functions which commute with e. The
”reduced” 2D decorated character variety is the affine cubic family:

π : Spec(C[G1,G2,G3,G
−1
3 , x1, x2, x3]/x1x2x3 + x21 + x22 −

−(G1 + G2G3)x1 − (G2 + G1G3)x2 − G3x3 + 1 + G 2
3 + G1G2G3)−

7→ Spec(C[G1,G2,G3,G
−1
3 ]). (11)
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The decorated character variety associated with PII JM has 6 cusps
on the boundary is 9-dimensional. The fat-graph admits a
complete cusped lamination as displayed in the figure below.

PAINLEVÉ MANIFOLDS, CUSPED CHARACTER VARIETIES, CLUSTER ALGEBRAS 21

5.7. Decorated character variety for PIIJM . The confluence from the generic PIV cubic
(5.27) to the PIIJM cubic is realised by the substitution

p1 → p1 − 2 log[ϵ],

in formulae (5.26). In the limit ϵ → 0 we obtain:

x1 = −es2+s3+
p2
2
+

p3
2 −G3e

s2+
p2
2 ,

x2 = −es3+s1+
p3
2
+

p1
2 −G1e

s3+
p3
2 ,

x3 = −es1+s2+
p1
2
+

p2
2 −G2e

s1+
p1
2 ,

(5.42)

where
Gi = e

pi
2 , i = 1, 2, 3, G∞ = es1+s2+s3+

p1
2
+

p2
2
+

p3
2 .

These coordinates satisfy the following cubic relation:

x1x2x3 −G1G∞x1 −G2G∞x2 −

−G3G∞x3 +G2
∞ +G1G2G3G∞ = 0.(5.43)

Note that the parameters p3, p2, p1 are now redundant, we can eliminate it by rescaling. To obtain
the correct PIIJM cubic, we need to pick p2 = p3 = 0 and p1 = −2s1 − 2s2 − 2s3.

Again, this means that we send the perimeter p1 to infinity, which is a chewing-gum move
leading to a Riemann sphere with one hole with 6 cusps on it. The corresponding fat-graph and
corresponding lamination is given in Fig. 14 where we have 6 cusp shear coordinates k1, . . . , k6.

i a c d

e
f
b

g

h

k1

k2

k3 k4

s3

s2

s1

k5

k6

Figure 14. The character variety of PIIJM .

The elements in the lamination read:

a = e
s1+s2+k3+k5

2 , b = e
s2+s3+k1+k4

2 , c = e
s1+s3+k1+k5

2 , d = e
s1+s3+k2+k5

2 ,(5.44)

e = e
k1+k2

2 , f = e
s2+s3+k1+k3

2 , g = e
s1+s2+k3+k6

2 , h = e
k3+k4

2 , i = e
k5+k6

2 .

The character variety is now 9-dimensional, the Poisson brackets can be easily extracted from
(3.10):

{a, b} = 0, {a, c} = −
1

4
ac, {a, d} = −

1

4
ad, {a, e} = 0, {a, f} =

1

4
af,

{a, g} = −
1

4
ag, {a, h} =

1

4
ah, {a, i} =

1

4
ai, {b, c} =

1

4
bc, {b, d} = 0,

{b, e} =
1

4
be, {b, f} =

1

4
bf, {b, g} = 0, {b, h} = −

1

4
bh, {b, i} = 0,

{c, d} = −
1

4
cd, {c, e} =

1

4
ce, {c, f} = −

1

4
cf, {c, g} = 0, {c, h} = 0,(5.45)
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Quantisation-1

Oblomkov: the quantisation of the D4 affine cubic surface Mφ

coincides with spherical subalgebra of the generalised rank 1 double
affine Hecke algebra H (or Cherednick algebra of type C1C

ν
1 ):
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Theorem

Denote by X1,X2,X3 the quantum Hermitian operators
corresponding to x1, x2, x3 as above. The quantum commutation
relations are:

q−
1
2XiXi+1−q

1
2Xi+1Xi =

(
1

q
− q

)
ϵ
(d)
k Xk −(q−

1
2 −q

1
2 )ω

(d)
k (12)

ϵ
(d)
i and ω

(d)
i are the same as in the classical case. The quantum

operators satisfy the following quantum cubic relations:

q
1
2X3X1X2 − qϵ

(d)
3 X 2

3 − q−1ϵ
(d)
1 X 2

1 − qϵ
(d)
2 X 2

2+

q
1
2 ϵ

(d)
3 ω3X3 + q−

1
2ω

(d)
1 X1 + q

1
2ω

(d)
2 X2 − ω

(d)
4 = 0.
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Quantisation-2

For standard geodesic lengths Gγ → G ℏ
γ [Chekhov-Fock ’99]:

[
G ℏ
γ̃G ℏ

γ

]
= q−

1
2

G ℏ
γ−1γ̃

+ q
1
2

G ℏ
γγ̃

[G ℏ
γ ,G

ℏ
γ̃ ] = q−

1
2G ℏ

γ−1γ̃ + q
1
2G ℏ

γγ̃

For arcs gsi ,tj → gℏ
si ,tj

:

qIsi ,tj ,pr ,ql gℏ
si ,tj

gℏ
pr ,ql

= gℏ
pr ,ql

gℏ
si ,tj

qIpr ,ql ,si ,tj

This identifies the geometric basis of the quantum cluster
algebras introduced by Berenstein - Zelevinsky.
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Quantization-2

To produce the quantum Painlevé cubics, we introduce the
Hermitian operators S1, S2,S3 subject to the commutation
inherited from the Poisson bracket of s̃i :

[Si ,Si+1] = iπℏ{s̃i , s̃i+1} = iπℏ, i = 1, 2, 3, i + 3 ≡ i .

Observe that thanks to this fact, the commutators [Si ,Sj ] are
always numbers and therefore we have

exp (aSi ) exp (bSj) = exp

(
aSi + bSi +

ab

2
[Si , Sj ]

)
,

for any two constants a, b. Therefore we have the Weyl ordering:

eS1+S2 = q
1
2 eS1eS2 = q−

1
2 eS2eS1 , q ≡ e−iπℏ.
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Quantization-2

Theorem

(L. Chekhov-M. Mazzocco-V.R)
Denote by X1,X2,X3 the quantum Hermitian operators
corresponding to x1, x2, x3 as above. The quantum commutation
relations are:

q−
1
2XiXi+1−q

1
2Xi+1Xi =

(
1

q
− q

)
ϵ
(d)
k Xk −(q−

1
2 −q

1
2 )ω

(d)
k (13)

where ϵ
(d)
i and ω

(d)
i are the same as in the classical case. The

quantum operators satisfy the following quantum cubic relations:

q
1
2X3X1X2 − qϵ

(d)
3 X 2

3 − q−1ϵ
(d)
1 X 2

1 − qϵ
(d)
2 X 2

2+

q
1
2 ϵ

(d)
3 ω3X3 + q−

1
2ω

(d)
1 X1 + q

1
2ω

(d)
2 X2 − ω

(d)
4 = 0.
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Quantization-2

The Hermitian operators X1,X2,X3 corresponding to x1, x2, x3 are
introduced as follows: consider the classical expressions for
x1, x2, x3 in terms of s1, s2, s3 and p1, p2, p3. Write each product of
exponential terms as the exponential of the sum of the exponents
and replace those exponents by their quantum version. For
example (the case D̃5): the classical x1 is

x1 = −es2+s3 − e−(s̃2+s̃3) − G2e
s̃3 − G3e

−s̃2 ,

and its quantum version is defined as

X1 = −eS2 − (ep2/2 + e−p2/2)eS3 − eS3−S2 − eS3+S2 =

−eS2 − (ep2/2 + e−p2/2)eS3 − q−1/2e−S2eS3 − q1/2eS2eS3 .
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Quantization-2

Our theorem and close results of Marta Mazzocco show that
we can interpret the Cherednik algebra and their close
”relatives” as a quantisation of the (group algebra of the)
monodromy group of the Painlevé equations. Here q := e−iπℏ

and qn ̸= 1.

The Askey-Wilson AW (3) (or Zhedanov algebra) can be
obtained from (13) for a special constant choice after a proper
”rescaling”.
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”Physical Motivations”

Standard ModelSU(3)× SU(2)× U(1) Gauge Theory

SUSY desired phenomena are inherited from String Theory

Superstring Theory: R1,910D = 1+3+6 Dirichlet p− branes:
p + 1−subvarieties in R1,9 on which open strings can end;

D−brane world: live on D3−brane ⊥ 6D−affine variety M.
1 + 3D−world-volume with SUSY YM and product gauge
group.
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D−brane algebras and superpotentials. Basic principles:

One can associate an algebra to the category of D−branes at
a singular point p. In every known example, the collection of
possible D−branes at p can be described as a collection of
QFT with the same Lagrangian for each of the theories.

More precisely, one does specify the ”matter representation”
(as a collection of adjoint and bifundamental fields for the
gauge groups Gi ) and one specifies a superpotential W− the
trace of a polynomial in the matter fields.

To such data one can assign a quiver whose vertices label the
groups Gi and whose directed edges specify the bifundamental
and adjoint fields in the matter representation.
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Quiver Theory

Action∫
d4x [

∫
d4θΨ†

i e
VΨi+(

1

4g2

∫
d2θTrWαWα+

∫
d2θW(ψ̄) + h.c.)]

W = superpotential;

V (φi ; φ̄i ) =
∑

i |
∂W
∂φi

|2 +g2

4 (
∑

i qi | φi |2)2

Encode in a Quiver:
k nodes ⇐⇒ Vn1 , . . .Vnk ⇐⇒

∏k
j=1 U(nj) gauge group;

Each arrow i → j ⇐⇒ bifundamental fields Xij of
U(ni )× U(nj);
Each loop i → i ⇐⇒ adjoint fields φi of U(ni );
Superpotential W ⇐⇒ linear combination of cycles:

∑
i ci

gauge invariant operators;
Relations ⇐⇒ jacobian of W (φi ,Xij).
Vacuum:⇝ V (φi ; φ̄i ) = 0 ⇒ ∂W

∂φi
= 0;

∑
i qi | φi |2= 0.
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Superpotential algebra

From the quiver, we directly get the path algebra, which is the
algebra of all paths on the quiver (i.e., all ordered monomials
in matter fields).

A universal feature of this family of theories is the relations in
the path algebra determined by what are called ”F−term
constraints” in physics: ∂W

∂φi
= 0

These are the algebra relations dictated by ∂W
∂Xj

. So, given a

field theory description of the family of D-branes in the form
above, the D-brane algebra is

A = path algebra of quiver/(
∂W

∂Xj
).

This is called a superpotential algebra, which is a Calabi - Yau
algebra.
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Elementary example

First example, we consider the case in which P is a smooth
point. In physics language, the conformal fields theory is the
N = 4 SUSY Yang-Mills theory, written in N = 1 language.
The N = 4 gauge multiplet decomposes as an N = 1 gauge
multiplet plus three complex scalar fields X ,Y ,Z each
transforming in the adjoint representation of the group.

The superpotential is

W = tr(X (YZ − ZY )).

The F− term constraint in this case tells us

YZ = YZ , XZ = ZX and XY = YX .

Thus, we find
A = C[X ,Y ,Z ],

the (commutative) polynomial algebra in three variables.

Volodya Rubtsov, ITEP Moscow and LAREMA, UMR 6093 du CNRS, Université d’Angers. Based on Chekhov-Mazzocco-R. arXiv:1511.03851, Int.Math.Res.Notes, 28 Nov. 2106 Talk at the Conference ”Dynamics in Siberia” (Russia, Novosibirsk, Sobolev Institute of Mathematics)Painlevé monodromy varieties: geometry and quantisation
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Example 2. Sklyanin algebra-1

The most famous example of 3-Calabi-Yau algebra is the
following graded associative algebra associated with an elliptic
curve E (possibly degenerated).

This algebra denotes by Q3(E , a, b, c) where (a, b, c) ∈ C3

such that Q3(E , a, b, c) = C < X ,Y ,Z > /JW with

JW =< aYZ+bZY+cX 2, aZX+bXZ+cY 2, aXY+bYX+cZ 2 >

The ideal JW can be written as a non-commutative jacobian
ideal JW =< ∂X , ∂Y , ∂Z >∈ C < X ,Y ,Z > for
superpotential

W = aXYZ + bYXZ + c(X 3 + Y 3 + Z 3)
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Example 2. Sklyanin algebra-2

Here we consider W as a cyclic word of three variables
X ,Y ,Z , i.e. like an element of the quotient
A♮ := C < X ,Y ,Z > /[C < X ,Y ,Z >,C < X ,Y ,Z >] with

cyclic derivatives ∂X , ∂Y , ∂Z where

∂j : A♮ → C < X ,Y ,Z >, j = X ,Y ,Z

defines for any cyclic word φ ∈ A♮ by

∂jφ :=
∑
k|ik=j

Xik+1Xik+2...XiN ...Xi1Xi2 ..Xik−1 ∈ C < X ,Y ,Z >
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Example 2. Sklyanin algebra-3

Etingof-Ginzburg:

One can identify the Sklyanin algebra Q3(E , 1,−q, c3 ) with
the flat deformation of the Poisson algebra
(C[x , y , z ], {−,−}φ) as above with
φ = 1

3(x
3 + y3 + z3) + τxyz and

W = XYZ − qYXZ + c
3 (X

3 + Y 3 + Z 3).

The coordinate ring Bφ = C[x , y , z ]/φC[x , y , z ] of the affine
surface φ = 0 inherits a Poisson algebra structure.

There is a degree 3 central element Φ ∈ Z (Q3(E , 1,−q, c3 ))
and the quotient of the Sklyanin 3-Calabi-Yau algebra by
two-sided ideal < Φ > is a flat deformation of the Poisson
algebra Bφ.
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Superpotentials of marginal and relevant deformations-1

There is a ”physical interpretation” of the Sklyanin
superpotential (Berenstein-Leigh) as a marginal
deformation of the superpotential from the Example 1:

W +Wmarg =

= gtr(X[Y,Z])+ tr(aXYZ+bYXZ+
c

3
(X3+Y3+Z3)) ∈ A♮.

The structure of the vacua of D-brane gauge theories relates
to the Non-Commutative Geometry also via another
superpotentials (relevant deformations) having the form

Wrel = tr(
m1

2
X2 +

m2

2
(Y2 + Z2) + e1X+ e2Y + e3Z)
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Superpotentials of marginal and relevant deformations-2

The ”vacua” of the theory with Wtot = W +Wmarg +Wtel

superpotential corresponds to solutions of

∂iWtot = 0, i = X ,Y ,Z .

The defining equations (for a = 1, b = −q):
X1X2 − qX2X1 = −cX 2

3 −m2X3 − e3
X2X3 − qX3X2 = −cX 2

1 −m1X1 − e1
X3X1 − qX1X3 = −cX 2

2 −m2X2 − e2

(14)

This relations contain our (13) (again, after a special constant
choice and a ”rescaling”).
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Etingof-Ginzburg ideology-1:

Let M = C3 considering as the simplest Calabi-Yau manifold
and φ ∈ A = C[x1, x2, x3] defines the Poisson bracket of
jacobian type as above.

Mφ : φ(x1, x2, x3) = 0 is an affine surface in M and the
coordinate ring Bφ := C[Mφ] = A/(φ) is a commutative
Poisson algebra with the structure induced by φ

Let
φτ,ν = τx1x2x3+

ν
3 (x

3
1 +x32 +x33 )+P(x1)+Q(x2)+R(x3) = 0

be the family of affine surfaces containing the E6 del Pezzo.
Here degP, degQ and degQ < 3.

Volodya Rubtsov, ITEP Moscow and LAREMA, UMR 6093 du CNRS, Université d’Angers. Based on Chekhov-Mazzocco-R. arXiv:1511.03851, Int.Math.Res.Notes, 28 Nov. 2106 Talk at the Conference ”Dynamics in Siberia” (Russia, Novosibirsk, Sobolev Institute of Mathematics)Painlevé monodromy varieties: geometry and quantisation
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Etingof-Ginzburg ideology-2:

Let A = C < X1,X2,X3 > and A♮ be defined as above and
Φq,ν
P,Q,R = X1X2X3 − qX2X1X3 + ν(X 3

1 + X 3
2 + X 3

3 ) + P(X1) +
Q(X2) + R(X3) ∈ A♮

U(Φq,ν
P,Q,R) is a filtered algebra defined by three

inhomogeneous ”jacobian” relations:

XiXj − qXjXi = νX 2
k +

dP(Q,R)

dXk
, (i , j , k) = (1, 2, 3) (15)

The superpotential Φq,ν
P,Q,R = Φq,ν +ΦP,Q,R where

Φq,ν = X1X2X3 − qX2X1X3 + ν(X 3
1 + X 3

2 + X 3
3 ) ∈ A

(3)
♮ and

ΦP,Q,R ∈ A
(≤2)
♮ is a 3-CY-superpotential (for generic

parameters)

Volodya Rubtsov, ITEP Moscow and LAREMA, UMR 6093 du CNRS, Université d’Angers. Based on Chekhov-Mazzocco-R. arXiv:1511.03851, Int.Math.Res.Notes, 28 Nov. 2106 Talk at the Conference ”Dynamics in Siberia” (Russia, Novosibirsk, Sobolev Institute of Mathematics)Painlevé monodromy varieties: geometry and quantisation
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Etingof-Ginzburg ideology-3:

Aφ

��

fl. def. // U(Φq,ν
P,Q,R)

��
Bφ

// B(Φq,ν
P,Q,R ,Ψ) = U(Φq,ν

P,Q,R)/(Ψ).

In our case Φq,0
P,Q,R := X1X2X3 − qX2X1X3

Ψq,ϵ,ω = X1X2X3−q2X2X1X3+ ϵ
(d)
1

q − 1
√
q

X 2
1 + ϵ

(d)
2 q3/2(q−1)X 2

2+

(16)

ϵ
(d)
3

q3−1√
q X 2

3 −−ω(d)
1 (q − 1)X1 − ω

(d)
2 q(q − 1)X2 − ω

(d)
3 (q2 − 1)X3
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Conclusion

New notion of decorated character variety

In the case of the Painlevé differential equations, each
decorated character variety is a Poisson manifold of dimension
3s + 2n − 6, where s is the number of holes and n ≥ 1 is the
number of cusps.

In each case the decorated character variety admits a special
Poisson submanifold defined by the set of functions which
Poisson commute with the frozen cluster variables.

This submanifold is defined as a cubic surface

By quantisation: two different approach: spherical subalgebras
of DAHA or quantum cluster algebras of geometric type.

Many thanks for your attention!!!
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	Painlevé equations
	Geodesic lengths
	Quantisation

