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First-order Dubrovin—Novikov (homogeneous) operators

Dubrovin—Novikov (homogeneous) operators were introduced in
1983 for the Hamiltonian formalism of hydrodynamic-type

equations
. . . L OH
ul = vl (w)ul = P{JW} Hy = / h(u)da
u= (u'(t,z)), i,j = 1,...,n (n-components). The operators

have the form N
Py = g (u)d, + by (wul

Homogeneity: degd, = 1.



Geometry of 1st-order Dubrovin—Novikov operators

Any change of coordinates of the type u‘ = u‘(u’/) will not
change the ‘nature’ of the above operator. ¢* transforms as a
contravariant 2-tensor; usually it is required that g¥ is
non-degenerate; I, = —g;;b;’ transforms as a linear connection.

Conditions for P; to define a Poisson bracket:
» P} = —P) is equivalent to: symmetry of g/, V[[']g = 0;
» [P,P1]=0 is equivalent to: g;; flat pseudo-Riemannian
metric and I/, =T, or I is the Levi-Civita connection of
g.



Third-order Dubrovin—Novikov operators

Dubrovin—Novikov operators were defined for higher orders too.
In particular
Ry =g (w)03 + ! (w) k0
+ [ (w)ub, + ¢ (wubul]o,
+ d (w)uf, + dg (w)ufum + dg L (a)u

Examples of Hamiltonian equations of the form

i ij (O0H2

are in the 2-component case the Chaplygin gas equation
(Mokhov DrSc thesis, ’96) and the 3-component case WDVV
equation (Ferapontov, Galvao, Mokhov, Nutku CMP ’95).



Example: 3-component WDVV equation

The simplest associativity (WDVV) equation:

fttt = f:?xt - f:ca:a:fa:tt
can be presented by a = frzz, b = foat, ¢ = fzu as
ar = by, bi=cy = (b2 —ac)y.

From FERAPONTOV, GALVAO, MOKHOV, NUTKU, CMP (1997),
there are two local Dubrovin-Novikov Hamiltonian operators,
first-order P; and third-order Rs,

0 0 o3
Ry= 1|0 o3 —02a0,
93 —0,a0? (9260, + 0,b0% + 0,a0,a0,)



First results

Non-degenerate (det(g¥) # 0) third-order homogeneous
Hamiltonian operators have the canonical form (Potemin ’86,
'97; Potemin—Balandin, '01; Doyle "95):

=0y 0 (499, + cul) 0 8,
where (Ferapontov, Pavlov, V., JGP 2014)

1
Cnkm = g(gnm,k - gnk,m)a

Imk,n + 9kn,m + Imnk = 07

Cmnk,l = _gpq CpmlCqnk-



Monge metric

Projective-geometric interpretation: g;; is the Monge form of a
quadratic line complex, c;;; is the
corresponding tangential line complex;

Differential-geometric interpretation: cé-k = giscsjk is a flat
metric connection with torsion of the first
Cartan type.



Monge metrics

Example: n =3

911 = —[R12(u*)® + R13(u®)® + 2B12u’u® + 2H12u® + 2H13u° + D1,
922 = —[R12(u")? + Raa(u®)® + 2Baau’u® + 2Ha1u' + 2Ha3u® + Dy,
933 = —[Ras(v®)? + Riz(u')? + 2Bgau’u® + 2Hg1u' + 2H3zu” + Dg),

912 = Rizu'u® + Brou'u® + Bagu®u® — Bya(u®)? + Higu' + Haru? + (B2 — E1)u® + Fia,

913 = Rizu'u® + Brou'u® — Baa(u?)? + Baau®u® + Hizu! + Hziu® + (B1 — E3)u® + Fus,

923 = Rogu’u® — Bia(u')? + Bogu'u? 4 Baau'u® + Hogu? + Hazou® 4 (B3 — Eo)u' + Fog,



WDVYV example revisited

The operator:

0 0 o3
R3=10 o3 —0%ad,
03 —0,a0% (9260, + 0:b0? + 9,a0,ady)

The operator is completely determined by its metric:
—2b

a 1
gij = a 1 0
1 00



Classification results for third-order operators

n = 1: The 1-component case was described by
Gel'fand-Dorfman — point-equivalent to 92.

n = 2: three normal forms of homogeneous third-order
Hamiltonian operators up to point transformations
(Ferapontov, Pavlov, V, JGP 2014)

1
m_ (01 (2) _ 0 Oyt
R3 _(1 0) ax? RS _8x<laz (Lﬁzzaz‘i‘ax u? 8&:7

ul (wh)? (ul)?

R(S) =9 * 2)2 zZi 2)2 15)
T | 2 u?) 4 u?)* 4 x:
3 wl aﬂ: (2(1{1)21 a.r - a;v (2(31)21



Classification results for third-order operators

n = 3: six normal forms of homogeneous third-order
Hamiltonian operators up to reciprocal transformations of
projective type (Ferapontov, Pavlov, V, JGP 2014)

(u?)?+c —utu? —u? 2>
g(l) — —u1u2 — u3 ( ) =+ c(u3) cu2u3 — u N

20 —cu?u® —u! c(u?)? +1

WH?+1  —ur® —u® 207
9(2) = | —utu? =3 (ul)Q 711,1
2u?



Classification results for third-order operators

n = 4: Ferapontov, Pavlov, V., IMRN (2016).
Any Monge metric of a third-order homogeneous Hamiltonian
operator admits the following decomposition:

9ij = Papti]

where w?dui are linear line complexes, oo is a non-degenerate
bilinear form and

Soaﬁw(oédjﬁk) =0.
The above condition can always be fulfilled for any Monge
metric (generalized Clebsch normal form). From the projective
classification of metabelian Lie algebrae (Galitski-Timashev

1999) we have a classification of 4-frames of linear line
complexes wf‘dui and @3 with 32 classes. n > 5 wild!



Applications to integrable systems

EV Ferapontov, MV Pavlov, V. (2017 - work in progress).

Theorem. Each third-order homogeneous operator determines
a family of hydrodynamic-type systems which are linearly
degenerate and in the Temple class. The system is equivalent to
a linear line congruence.

Classification results under the action of reciprocal
transformations of projective type (also involving t!) are
available in n = 2 (Chaplygin gas eq.), n = 3 (WDVV system);
work in progressonn =4 ...



More applications: trios of compatible operators

Lorenzoni, Savoldi, V. arxiv:1607.07020 (2016)

It was observed (Olver and Rosenau, 1996) that many PDEs
admit a bi-Hamiltonian structure which is defined by a trio of
mutually compatible Hamiltonian operators.

Examples: the scalar case

P =0,, Q1 = 2ud, +u,, R3z=202.
Poisson pencil of KdV hierarchy (Magri (1978)):
II) = Q1 + €R3 — AP, = 2ud, + uy — Ay + €202
Poisson pencil of Camassa—Holm hierarchy:

Iy = Q1 — AN(P1 + €’ R3) = 2udy + uy — N0y + €202).



Examples: the 2-component case
(0 0O, _ (2u0; +uy VO
Pl_(ax o)’ Ql_( o —20,)°
_(0 03
me(z )

» I, = Q1 + €2R3 — AP} AKNS (or two-boson) hierarchy;
» Iy = Q1 — A(Py + €2R3) two-component Camassa-Holm
hierarchy.

We say the pencils of the type of II (or I:IA) to be
bi-Hamiltonian structures of KdV-type.



Classification of bi-Hamiltonian structures of KdV type

The problem: classify compatible trios of Hamiltonian operators
P, Q1, R,, where P; and ()1 are homogeneous first-order
Hamiltonian operators (Dubrovin and Novikov, 1983)

P, = ¢Y0, +r§g uk, Q1 = h¥9, +:;g uk,

and R, is a homogeneous Hamiltonian operator of degree
m > 1.



A strategy for the classification

The above pencils can be thought as a deformation of a Poisson
pencil of hydrodynamic type.

Due to the general theory of deformations the only interesting
cases are m = 2 and m = 3. In the remaining case the
deformations can always be eliminated by Miura type
transformations (Liu and Zhang, 2005).

Our strategy: knowing the normal forms of Ro and R3 we find
all possible compatible first-order Poisson pencils of
hydrodynamic type P; — A@Q1. This yields bi-Hamiltonian
structures of KdV type with n =2 (or n = 3).



Homogeneous Hamiltonian operators, degree 2

Second-order operators Ry have been completely described in
the non degenerate case det(¢”) # 0 (Potemin 1987, 1991, 1997;
Doyle 1993):

Ry = axeijax’

where £;; = Tijkuk + TZ%, and Tjjp, ng are constant and

completely skew-symmetric, without further conditions.

When n = 2 there is only one homogeneous second-order
Hamiltonian operator (up to point transformations):

0 1
Ry = <_1 0> d2.



Results: trios P, @1, Rs

n = 1: nothing new, KdV and Camassa-Holm hierarchies.

We focus on the n = 2-component case.
In what follows ¢; are constants, Levi-Civita conditions:

[ 1 T = oy

Theorem: P; is compatible with R if and only if

g =cu' + e, (1a)
1 1

g'? = 503u1 + 501u2 +c5 (1b)

g% = c3u® + ¢y (1c)

The above metric is flat for every value of the parameters. Any
Q1 with a metric h¥ of the above form makes a trio Pj, Q1, Ro.



Results: trios P, (1, Rgl)

Theorem: P; is a Hamiltonian operator compatible with Rgl) if
and only if

11 1 2
g =cu + cou” + c3,

g2 =cqut + c1u® + 5 (2)
922 :c@-ul + C4u2 +c7
together with the Levi-Civita conditions
cieq —cacg =0, c3cy —crea =0, c3c6 —cier=0.  (3)

The above conditions imply the flatness of g.
There is a 5 parameter family of mutually commuting pairs P,
()1 that commute with Rél).



Results: trios P, (1, R§2)

Theorem: P; is a Hamiltonian operator compatible with Rgg) if
and only if

gt = crut + e, (4a)

ez co(u?)?

12 1
= — 4h
g cau + ul =+ oul ( )
212

C c1(u
922:204u2+—?— 1( 1) + ¢s, (40)

U u

together with the Levi-Civita conditions
cocg + 2c1c3 =0, coc5 =0, cic5=0. (5)

The above conditions imply the flatness of g.
There exists a 4 parameter family of mutually commuting pairs
P, Q1 that commute with RéZ).



Results: trios P, Q1, R:(f)

Theorem: P; is a Hamiltonian operator compatible with Rg3) if
and only if

gt = crut 4 cou® + c3, (6a)
2 2)2
12 1 G cut co(ul)
T I Lk 6b
g C4U 201 ul oul ( )
2 2)2
c  out cr(u
g22 = 204u2 + ﬁ + Zl — 1(ul ) + ¢, (6¢)

together with the Levi-Civita conditions
cocs 4+ 2c1c3 =0, cocg —2c3c4 =0, cicg+ cqc5 =0, (7)

The above conditions imply the flatness of g.
There exists a 4 parameter family of mutually commuting pairs

P, Q1 that commute with R§3).



Known examples with Rs

» The Kaup—Broer system (Kupershmidt 1985):

{u% = ((u")?/2 + u? + pul).,
u? = (utu? + aul, — Bu2),,

(8)

» In De Sole, Kac, Turhan 2014, a six-parameter family of
pairwise compatible Hamiltonian operators defined by the
cohomology spaces of curves is considered. A subset of
these operator belongs to our class, with Rs.



Known examples with R:())l)

» A version of the Dispersive Water Waves system
(Antonowicz-Fordy, 1989):

1 1
1 2 2,1 2
Uy 4mx+2uu +uu
2 _ 3 22
ut—ux—i-zuux

» Coupled Harry-Dym hierarchy (Antonowicz-Fordy, 1988):

e )\,
1




New example with Réz)

Two identical copies of the metric which solves the
compatibility problem with R:(,,Z), g and h.
Metric g of P, parametrized by c¢;.

Metric h of )1 parametrized by d;.

Choosing c3 =0,d3=1,c0=2,¢c4=1,ds =0, d5 =0 we
obtain the bi-Hamiltonian system

1 _ 2,1 1,2
u, = 2uuy +uuy
1,1 1
2 _ 1,1 2,2 Uy Uy, Ugpa
Up, = WUy +2utuy (D)2 e



Another new example with Rgf)

Choosing ¢4 =0,¢c1 = -1, =—1,¢c0=0,do =0, d; =0 we
obtain the bi-Hamiltonian system

utl2 :élﬁ: _ §u2u316 - ui:m: + gugleualcx - 12(“:}:)3
2 ul 2 (ul)Q <u1)3 (u1>4 <U1)5
2 30— @)y Butug 30u(up)® | ug(ug)”
t2 _2 (u1)3 2 (u1)2 (ul)ﬁ (U1)5
RO mlul, eul, el
(ul)® (ul)? (uht  (uh)?



New examples with Ré?’)

Choosing
cir=1, co=-1, d3=1, c3=0, c4=0

one easily gets the first non trivial flows of the associated
bi-Hamiltonian hierarchy. Too big to be shown.

The multiparametric families of solutions allow for a great
variety of bi-Hamiltonian systems.



Dubrovin and Zhang’s perturbative approach

Our pencils can be regarded as deformations of a Poisson pencil
of hydrodynamic type. The classification of deformations with
respect to the Miura group

i = fiut, ) YR (g, ), (9)
E>1

has been obtained in recent years in the semisimple case (see
Liu and Zhang (2005).

Deformations are uniquely determined by their dispersionless
limit and by n functions of one variable, the central invariants.
Deformations with vanishing central invariants can be
transformed to their dispersionless limit, and are trivial.



Central invariants of the examples with R:(f)

First example, canonical coordinates:
1 1 22 2 1 212
A= (u +u)?, A= (u —u)?,

central invariants:

_— So = .
8V AL sy

Second example, canonical coordinates:

2 2
PR +1 P 1
ul ul
central invariants:
1 1
S1 = =, S§9 = ——.



)

Central invariants of the example with R:(f’

In the example with R§3) (not shown), canonical coordinates:

N 1 (u?)? -1 )\2_14(u1)2—4u1u2+(u2)2—1
2wz 2 2ul — u? ’

central invariants:

SN2+ - -1
17y (D2 +1 ’

IV +H1+ (V)2 +1
2 (A2)2+1

S9 =

This means that all the new examples of Poisson pencils
obtained in the previous Section are not Miura-trivial.



Symbolic computations

Within the REDUCE CAS (now free software) we use the
packages CDIFF and CDE, freely available at
http://gdeq.org.

Forthcoming book:

JS Krasil’shchik, AM Verbovetsky, RF Vitolo: The symbolic
computation of integrability structures for PDESs, book, to
appear in the Springer series “Texts and Monographs in
Symbolic Computations” (2017).

Cooperation with AC Norman (Trinity College, Cambridge) to
improvements and documentation of REDUCE’s kernel.



Open problems

» Classification of trios of compatible Hamiltonian operators
for n > 3. Many new integrable systems already found in
n = 3, n = 4. Projective classification?

» Geometry of WDVV equations. All of them have a
third-order H.o., and many have a first-order H.o.

» Non-local Hamiltonian operators of second and third order.



Thank you!

Contacts: raffaele.vitoloQunisalento.it



Example: 2-component Chaplygin gas equation

(O. MokHOV, '96) The Monge—-Ampere equation
Ut Upy — ugt = —1 can be reduced to hydrodynamic form

21
a; = by, btz(ba ) )

via the change of variables a = uz,, b = ug¢. It possesses the
Hamiltonian formulation

1
a 0 0y~ 0H/da
) =% | 1 b b 8965}1/519’
t 7ax 728504_61‘72
a a a
and the nonlocal Hamiltonian,

H= _/ <;a(8mlb)2 - 8x2a> dx.




