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Part A. Known Facts



Witten-Dijgraff-Verlinde-Verlinde equations

2-D TFT: find free energy F = F(t!,...  t") satisfying WDVV equa-
tions of associativity (1991):
BF ,, F _ F , 0°F
DteatBats | DthOratY | DtOatBat | athat oY

with a quasihomogeneity condition

LpF = (3 —d)F + quadratic polynomial in t,

and
O3F _ of
oteotBotl

(n®P): constant nondegenerate.



Assume all the roots of E(¢) are simple.

Remark 1. If n11 = 0,then by a linear change of coordinates t“ the

matrix n,5 Can be reduced to the antidiagonal form

Naf = Oa+tpn+1-
In these coordinates
F(t) = §(t1)2t” + 5151 DR A S (L)
a=2

for some function f(¢2,...,t");

Remark 2. If n11 # 0, the function F' can be reduced by a linear change
of t* to the form
c 1 n—1
F = 6(751)3 + 5tl S onmatl por2, )

a=1

for a nonzero constant c.



Example 1.1. n=1. t =+¢!

1
F(t) = 6753, E =1t0o, e=o, ?711 =< O, 0 >= 1.

Example 1.2. n = 2. Equations of associativity are empty. The other

conditions specify the following general solutions of WDVV

F(ty,ty) = %t%tQ + 5 k= :1%—:2, d# —1,1,3
F(t1,t) = %t%tg +t3logty, d=—1

F(ti,ty) = %t%tQ-Hog ty, d=23

F(t1,t5) = lt%tg +ef2, d=1

2
(in concrete formulae I will label the coordinates t® by subscripts for

the sake of graphical simplicity). In the last case d = 1 the Euler vector
field is E =t101 + 20>.



Frobenius manifold (M,e,{,), e, E) ( B.Dubrovin, 1990’s):
(i) n:=(, ) is a flat pseudo-Riemannian metric;

(ii) e is C-linear, associative, commutative product on T,,M which

depends smoothly on m;
(iii) e is the unity vector field for the product e and Ve = 0;
(iv) (Vwe)(z,y, z) is symmetric, where c(x,y,2) := (x oy, 2);

(v) A linear vector field E € Vect(M) must be fixed on M, i.e. VVE =0
such that

Lp(,Y=Q2-=-d){,), Lpe=e Lpe=—c.



THEOREM (B.Dubrovin 1994).

FM (M,e,{, ),e, E) <> Solution of WDVV (F(¢),n,e, E)



Main applications of Frobenius manifolds:
% 2-dimensional topological field theory,

% T he theory of Gromov - Witten invariants,

Y Singularity theory,

Y Hamiltonian theory of integrable hierarchies,

% Differential geometry of the orbit spaces of groups
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Def. An intersection form of Frobenius manifold is a symmetric

bilinear form on the cotangent bundle T*M defined by

(w1, w2)* = ig(wy - w2), wi,w € TM.

Here the multiplication law on the cotangent planes is defined using

the isomorphism

(,)Y:TM — T"M.

The discriminant > is defined by

> = {t|det(, )|rzp =0} C M.
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THEOREM (B.Dubrovin 1994). The metrics n := ( , ) and
g:=(, )" form a flat pencil on M\ X, i.e

1. The metric h®8 = n®B 4 N\g®P is flat for arbitrary A\ and

2. The Levi-Civita connection for the metric h%® has the form

raf
5<h> k(n) T A k(g)

where T = _peryr? 100 — _goypl 0P — _peard
5(h) vy oy 9 Ve Taey = T ey
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The holonomy of the local Euclidean structure defined on M \ X by

the intersection form (, )* gives a representation

(M X) — Isometries(C").

Def. The group

W(M) = pu(mr(MN\ X)) C Isometries(C")

IS called a monodromy group of Frobenius manifold.

— M\ X = Q/W(M), Q c C™.
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Question 1. Given a Frobenius manifold, how to find the monodromy

grou p~’ (Some cases can be computed).

Eg.1. [W(M)=Coxeter group A1] n=1.t=t¢!

1
F(t) = gt3, E =1to, e=0o, 7]11 =< O, 0 >= 1.

Eg.2. n = 2. Quantum cohomology of CP!:
1
F(t) = 5(751)2752 4+’ E =118, + 205, = 0.

W(M)=Extended affine Weyl group W (Ay).
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Summary. Give a solution of WDVV (F(t),n,e = 6y, FE), we have

O3F (t) O2F ()
b — b — B
1= oo 9 T LD (narn oo ) WD

and

M\ X = Q/W(M), Q C C".
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Question 2. Which kind of groups can be served as the monodromy

groups of some Frobenius manifolds?

& Coxeter groups [B.Dubrovin1996, M.Bertola(1998), Zuo 2007(B;, D;)]

& Extended affine Weyl groups
[B.Dubrovin and Y.-J. Zhang 1998, A-B-C-D-E-F-G]
[B.Dubrovin, Y.-J.Zhang and Zuo, arXiv:052365 (2005), B-C]

& Jacobi forms J(Ap),J(Br), J(G>) [n=1, B.Dubrovin 1996, general
n, M.Bertola 2000], J(Eg), J(D4) [Satake.l 1993, 1998], Elliptic Weyl
groups [Satake.l 2006]
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FM and Coxeter groups

THEOREM (B.Dubrovin 1994). There exists a unique Frobenius
2
manifold structure of charge d = 1 — — on the orbit space of a finite

Coexter group polynomial in ¢1,¢2 ... ¢" such that

0
1). The unity vector field e coincides with Py

2). The Euler vector field has the form

En: s,
E = data—,
a=1 ot™

where h is the Coxeter number and degt" =dp, =h >d,,_1>--->dy =
2 satisfying the duality condition d; +d,_;4+1 =h+2, 1=1,---,n.

18



THEOREM (B.Dubrovin’s conjecture 1994; C.Hertling, 1999).
Any irreducible semisimple polynomial Frobenius manifold with
positive invariant degrees is isomorphic to the orbit space of a finite
Coxeter group.
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THEOREM (D.Zuo[IMRN-2007]). For any fixed integer 1 <k <
n, there exists a unique Frobenius structure of charge d = 1 — p on
the orbit space M\ {t" = 0} of a Coexter group of type B,, (or Dy)
polynomial in ¢1,¢2 ... ¢ tin such that

o,
1). The unity vector field e coincides with W - -

mn
~ 0
2). The Euler vector field has the form E = )~ dato‘@, where

a=1

7. J ' 7 _ 2k(n—m)+I
d] =%, J < k, m = T ok(n—k) m > k.

RMK. M.Bertola[1998] used certain superpotential to give a con-

struction.
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Part B. Main Problem

How to construct Frobenius manifold structure on the orbit spaces of

extended affine Weyl groups?
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[DZ1998]. B.Dubrovin and Youjin Zhang, Compositio Mathe-
matica 111(1998)167—219.

Let R be an irreducible reduced root system defined on (V, (, ));
{aj}: a basis of simple roots, {ajV}: the corresponding coroots;
wj: the fundamental weights, (wi,a}/) = 6;j;
Wa(R): affine Weyl group (the semi-direct product of Weyl group W

by the lattice of coroots); Wgy(R) ~ V: affine transformations

[
X — w(x) + Z mjoz}/, we W, m; € Z.
j=1

22



The extended affine Weyl group W = W (k) (R) acts on the extended

space V=V @R and is generated by the transformations

1
X = (X7 Xl—|—1) — (W(X) + Z mja}/a Xl—|—1)7 wE W, my € 7,
=1
and

x = (X,X141) = (X + 7wk, X141 — 7).

Here v = 1 except for the cases when R= B,k =1 and R= F4, k=3
or k=4, in these three cases v = 2.
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A = AK(R) is the ring of all W-invariant Fourier polynomials of

the form

27Ti(m1w1+"°+mlwz+% M 41T141)
Z amaq,...,m;41€
mi,...,mj41€ 7

that are bounded in the limit

xzxo—iwkn Il_|_1:33?_|_1—|—i7', T — 400

for any 29 = (x° 27 ,), where f is the determinant of the Cartan

matrix of the root system R.
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Chevalley-Type Theorem (DZ1998). For a particluar choice of
oL,

AR (R) ~ Clj1, -, Gig1)-

2711

Here ;41 (z) = e "1 and
§;(z) = 2riditit 1 S 2milpwCD) =1
nj weW

where dj _— (wj,wk), n; = H{w € W|€27Ti(wj’w(x)) = eQWi(wj’X)}.

THEOREM(DZ1998). On the orbit space of W/(’“)(R), there exist
a Frobenius structure whose potential is a quasi-homogeneous poly-

1

nomial of t1, ... t!t1 e where ¢1,... ¢11 are the flat coordinates

of the Frobenius manifold.

25



‘T he particular choice of o is based on the following observations:

(i). The Dynkin graph of Ry := {a1, -+ ,ay, - ,o;} (ap is omitted)

consists of 1, 2 or 3 branches of A, type for some r; and

(i). dy > ds,s # k.

Notice that for the root system of type A;, there is in fact no restric-
tions on the choice of «a;. However, for the root systems of type

B,, C;, D, kg, E7, Eg, Fg, Go there is only one choice for each.

26



[ —1
i Sy =T !
I I+1
{2
Bei—5 4 & ¢ %
{2
E7 - S —
1 3 4 5 6 Ve 3
{2
Eg - .
1 3 4 5 6 Ve 38 9
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THEOREM (P.Slodowy 1997, Unpublished preprint). The above
Chevalley-type theorem is a consequence of the results of Looijenga
and Wirthmuller, and in fact it holds true for any choice of the

base element o

Problem: (P.Slodowy 1997; B.Dubrovin, Y.Zhang 1998).
“Whether the geometric structures that were revealed by Dubrovin-
Zhang’s construction also exist on the orbit spaces of the ex-

tended affine Weyl groups for an arbitrary choice of «;7?”
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Part C.

Main Results
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THEOREM (DSZZ 2015). We give an elementary proof of the
general Chevalley-type theorem of type B.C.D claimed by P.Slodowy.

THEOREM (DSZZ 2015). (Part of results in arXiv:052365v1 for
a special case of type Bj, C))

(i). For any fixed integer 0 < m <[ — k, there exists a unique Frobe-
nius manifold structure, denoted by My ,,(C;), of charge d = 1 living
on the covering of the orbit space M\ {t!=™ = 0}u{t! = 0} of W) (C))
polynomial in ¢1,--- ,tH'l,tlém,g,etH_l for a suitable choice of flat co-
ordinates ¢1,--- ,t!*t1 for the metric 7.

(ii). Also for type B; and Djy.

30



Main steps of the Proof:

Take G =W&EI(C), GAV, V is flat

~ M=V ®C/G and an induced flat metric (g;;) = (,) from V
~» another flat metric 7;;, e, E Nontrivial

~» Study the flat coordinates of n;; Nontrivial

~ Describe analytic properties of F(t).
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Another Problem:

In [DZ1998], the extended affine Weyl group W(k)(Al) describes the
monodromy of roots of trigonometric polynomials - the superpotential

- with a given bidegree being of the form

A(p) = elk? + alei(k—l)SD 44 alei(k—l)SD, ay %~ 0.

A natural question is "does there exists a similar construction

for the root systems of type B;,C; and D;?"

32



Let us denote by My, ,,, ,, the space of a particular class of cosine Laurent
series of one variable being of the form

m k+m-+n )
M) = (cos?(p) —1) Y ajcos? kM (0) agayy g # O,
j=0
where all aj € C, m,n € Z>g and k € N.

THEOREM (DSZZ 2015). (i).The space My ., ,, Carries a natural
structure of Frobenius manifold.

(ii). There is an isomorphism of Frobenius manifolds between My, ., ,

and Mk,m(ck—l—m—l—n) -
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RMKS. (1). When m =0, My o, ~ My 0(Cp), which is the Frobenius
manifold structure constructed in arXiv:052365v1 (Dubrovin-Zhang-
Zuo 2005).

(2). On the orbit space of the extended affined Weyl group W(k)(Dk+Q),
Dubrovin and Zhang constructed a quasi-homogenous polynomial Frobe-
nius structure, denoted by MS“%(D;H_Q) which is isomorphic to My 1 1.
Actually, in this case, there is a tri-polynomial description introduced
in [P2010, T2010], also used in [DLZ2012].

[P2010] P.Rossi, Math. Ann., 348 (2010) no. 2, 265—287.

[T2010] A.Takahashi, Adv. Stud. Pure Math. 59 (2010) 371—-388.

[DLZ2012] B.Dubrovin, S-Q.Liu and Y-J.Zhang, Russ. J. Math. Phys. 19 (2012),
no. 3, 273—298.
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Part D.

An Example [C3,k = 1]
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Let R be the root system of type (3. Take £ = 1, then di = dy =
d3 = 1 and

AN (C3) ~ Cl§1, V2, T3, T4l

where

j1 = e (&1 + €+ £3)

fio = '™ (160 + 6183 + €283)
3 = €2 M TaL ot

Y4 = exp(2im x4),

where ¢; = €217 (#;7%j-1) 4 ¢=27m(2,=2j-1) and 2 = 0, j = 1,2,3,
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They form a system of global coordinates on M. We now introduce a

system of local coordinates on M as follows

1 _~ 2_ =~ ~ 4 ~ :
Yy —Y1,Y :y27y3:y37 Y =|Ogy4=27mxl_|_1.

They live on a covering M of M \ {§a = 0}. The projection
P:V-osM

induces a symmetric bilinear form on T*M

. g I+l 500 9ol 5
Yy oy
v g dY = ol — 7
(dy',dy’) =g (y) = z_: 5.0 7 b (dras dap)
a,b=1
with the metric of the form
1 1 1 O
~ 1 1 2 2 0
o) 0 0O —1

(1)

(2)

Q. To find a vector field ¢ such that (nij) - (zegij(y)) is flat !

37



9

— 0 i — 0 490
Casel. m =0, i.e.,, e= 9y 48y2 +4ay3'

We first introduce the variables
4 4
=yl +6e¥, 22 =9y + 4yt + 1269,
4
P =y +2y° +ayl 8¢, 2t =yt
Then the flat coordinates are given by

1 1 1
t] =21 —2e, to = (z° - EZ?’)(Z?’)_Z, tg = (z°)1, tqg = 2*

38



and the intersection form has the expression

1
gll = 21tot3 el4 -+ 5 t34et4 + 4 €2t4,

{ ’ 5
12 3 ¢ t 13 t 14
= — 4 — 1 64, = — 64, =11,
g 3 l37¢ +22 g 53 g 1
1 1 1 1 ty3
22 2 ¢ 2 3 6 2
= 12t3%e" — — ¢ 3ty — ——t e
g 3°¢€ 42+1232 1083+4t33
1 1 1 to°
23 t 4 2
=21+ 4l — Ztotg + — 3% — ==,
g 1+ 3 23+72 3 4152
3 1t 1 1
24 33 2 2 34 A4
= = to, — — —t3°, = — 13, = 1.
g 42 g 4 t3 123 g 43 g
I'he metric (n%) is given by
0 0 0 1
.. .. 0 0 1 0 0
1J) 1] - —
() =(es™®)=| ¢ 1 o ol =gt
1 0 0 0



The potential has the form

1 5 1 1 . 1 o
F ="+ titats =t 25 _ ¢
5 t17ta T+ S tatats 482 +144023 36288 °
1 1 to3
Fiotgelt + - - t3 et4—|— e2ta = 22
48 t3

and the Euler vector field is given by

=t101 + tzaz + t333 + 0.



0 a0

CaseIl. m=1, i.e,, e= 9y 93"

Define

4 1 4
A=yl 426V, 2= 22+ 34yt +2eY,

1 1
3 — 3 2 y* 4 _ 4
2z +y —2e? , 27 =y".
1y 2y y (7

Then the flat coordinates are

4
t1 =2t —2e%, to =\ 22, tg=\23, tg = 2%
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and the intersection form is given by

g11 =2 t22€t4 — 2 t326t4 —+ 4€2t4,

gt? =3tpe’4, g13 = —3tze, g1t =14,
1 1 1
22 t 2 2 23
= 2el4 41 — — 132 — S 52, = —~ipt3,
g € 1 4 3 4 2 g > 213
1 1
33 t 2 2
= —2el 4t — S t5° — S 132,
g + t1 PR
1 1
24 34 44
= — ¢ , = — ¢ , = 1.
g 512 9 513 9
The unit vector field ¢ becomes e = J; and the metric is
0 0 0 1
y 0 1 0 O
1)\ —
(’7 )_ 0O 0 1 0
1 0 0 O



The potential has the expression

1 1
F = —t1t —tt t t — —1
5 tito 24 Ztqt3’ 4 =t1°%ta 482
1 1 2 2 ¢ ¢ 1 o
_ — —t t 4+t e4 —t 64—|-—€ 4
483 82 2 3 2

and the Euler vector field is given by

1 1
E =101+ 575232 + 5?5333 + 04.

This is isomorphic to the one given in Example 2.6 [A3,k = 2] of
[DZ1998].



Thanks for your attention !
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