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Γ = {x1, . . . , xn, y1, . . . , yn} — phase space.

Liouville equation
∂ρ

∂t
+ {H, ρ} = 0

1.

ρ̄(x, y) = lim
τ→∞

1

τ

∫ τ

0

ρt(x, y)dt

2. ρt weakly converges to ρ̄ if∫
Γ

ϕρtd
nxdny →

∫
Γ

ϕρ̄dnxdny

as t→∞
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Weak Ergodicity

Mn = {x1, . . . , xn}, Γ = T ∗M

H = 1
2 (A(x)y, y) is a Hamiltonian function

ẋ =
∂H

∂y
, ẏ = −∂H

∂x

Lemma 1. If x(t), y(t) is a solution, then t 7→ x(λt), λy(λt) is also a

solution for any λ ∈ R.

Gibbs measure γ with density

ρ = e−βH/Z; β =
1

kT∫
Γ

ρdnxdny = 1 ⇒ γ(Γ) = 1
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Weak Ergodicity

ϕ : M → R 7−−→
lift

ϕ̃ : Γ→ R

dν = |A(x)|−1/2dnx is a Riemannian volume on M

Lemma 2. If ϕ is integrable with respect to the measure ν, then ϕ̃ is

integrable with respect to the measure γ and∫
Γ

ϕ̃dγ =

∫
M

ϕdν

/∫
M

dν.

Here gtH is the phase flow.

For almost all z ∈ Γ there exist

lim
τ→±∞

1

τ

τ∫
0

ϕ̃(gtH(z))dt = ϕ̄(z) (Birkhoff–Khinchin theorem)

and ϕ̄ is integrable with respect to the measure γ; ϕ̄|y=0 = ϕ.
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Weak Ergodicity

Lemma. If y 6= 0, then ϕ̄ depends only on x and y/|y|.
Definition. A system is called weakly ergodic if for any integrable

function ϕ : M → R its mean value ϕ̄ : Γ→ R is constant almost

everywhere.

Theorem 1. If the system is weakly ergodic, then

ϕ̄ =

∫
M

ϕdν

/∫
M

dν (a.e.)

Corollary. Almost all geodesics are everywhere dense on M .

Theorem 2. Every ergodic system is weakly ergodic.
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Weak Ergodicity

Example. M = Tn, H = 1
2 (y, y) = 1

2

∑
y2
i is a weakly ergodic system

and is not an ergodic system.
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Ergodic Theorems

ρt(z) = ρ0(g−tH (z)) is a solution of the Liouville equation

If ρ0 ∈ Lp, then ρt ∈ Lp for all t ∈ R.

Let f ∈ Lq(Γ, µ), dµ = dnxdny is the Liouville measure ⇒ fρt is

integrable with respect to the measure µ.

Lemma 4. ∫
Γ

ρ0(g−tH (z))f(z)dµ =

∫
Γ

ρ0(z)f(gtH(z))dµ.

Let ρ0 ∈ L1(Γ, µ) and ϕ ∈ L∞(M,ν);

K(t) =

∫
Γ

ρtϕdµ.
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Ergodic Theorems

Theorem 3. If the system is weakly ergodic, then

lim
t→±∞

K(t) = ϕ̄

(
=

∫
M

ϕdν

/∫
M

dν

)
.
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Average Temperature of the Knudsen Gas

M = Tn{x1, . . . , xn mod 2π}

ρ0(x, y) =
e
− y2

2σ2(x)

[
√

2πσ(x)]n
ϕ(x), y2 =

∑
y2
i

Let
∫

Γ
ρ0dµ = 1⇒

∫
Tn ϕ(x)dnx = 1.

σ2(x) = kT (x)

ρt(x, y) =
e
− y2

2σ2(x−yt)

[
√

2πσ(x− yt)]n
ϕ(x− yt)

is a solution of the Liouville equation

∂ρ

∂t
+

n∑
i=1

∂ρ

∂xi
yi = 0.

ρt weakly converges to ρ∞ = 1
(2π)n

∫
Tn ρ0(x, y)dnx.
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Average Temperature of the Knudsen Gas

E0 =
1

2

∫
Rn

∫
Tn
y2ρ0(x, y)dµ =

nk

2

∫
Tn
T (x)ϕ(x)dnx.

E∞ =
1

2

∫
Rn

∫
Tn
y2ρ∞dµ =

nk

2
T∞.

Theorem 5.

T∞ =

∫
Tn
T (x)ϕ(x)dnx

/∫
Tn
ϕ(x)dnx
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Density Homogenization

u(x, t) =

∫
Rn
ρt(x, y)dny

— the density of distribution in the configuration space.

Theorem 6. If σ = const, then u′t = tσ2∆u, u(x, 0) = ϕ(x), ∆ is

the Laplace operator.

u′τ = σ2∆u, τ = t2/2

— heat equation, which is invariant under the substitution t 7→ −t.

In statistical mechanics, σ2 = kT , k is the Boltzmann constant, T is

the absolute temperature.

Πn = {x ∈ Rn : 0 6 x1 6 l1, . . . , 0 6 xn 6 ln}, l = max
j
lj .∥∥∥∥u(x, t)− 1

mesΠ

∫
Π

ϕ(x)dnx

∥∥∥∥
L2

6 ce−
π2σ2

2l2
t2 , c = const.

Doklady, 2007, V. 416, №3, pp. 302–305
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Curved Space

Γ = T ∗M, ρ0(x, y) =
e−

H
σ2

(
√

2πσ)n
ϕ

/∫
M

ϕdν∫
Γ

ρ0dµ = 1;

∫
Γ

Hρtψdµ

ψ(x) ≡ 1 ⇒ we obtain the mean kinetic energy of the system (which

is constant).

Let ψ be the characteristic function of a measurable region Ψ ⊂M .

Then we obtain the mean energy of the systems from the Gibbs

ensemble located in Ψ for the moment t.

Theorem 7. Under the assumption of weak ergodicity,∫
Γ

Hρtψdµ→
n

2

∫
M

σ2ϕdν

∫
M

ψdν

/∫
M

ϕdν

∫
M

dν
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Curved Space

ψ(x) = 1; let E∞ = lim
t→∞

Et = nkT∞
2 , σ2(x) = kT (x) ⇒

T∞ =

∫
M

Tϕdν

/∫
M

ϕdν
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Weak Ergodicity and the Knudsen Gas

Theorem A. The billiard on a torus with a wall is a weakly ergodic

system.

Theorem B. Let D ⊂ Tn be a Jordan measurable region, ϕ : Tn → R
be a Riemannian integrable function. Then for any motion t 7→ x(t)

with non-resonant velocity vector

lim
τ→∞

1

τ

∫ τ

0

ϕ(x(t))dt =
1

(2π)n

∫
Tn
ϕ(x)dnx
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Weak Ergodicity and the Knudsen Gas

Will the Knudsen gas flow out? Π = Π1 ∪Π2

Theorem C. If the billiard in Π is weakly ergodic, then almost all

Knudsen gas with any integrable density will flow out from Π1 and Π2.
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Illumination Problem

• G. Tokarsky, Amer. Math. Monthly, 1995, 867–879

• C.A. Pickover, The Math BOOK. 250 Milestones in the History

of Mathematics. Sterling Publishing. 2009.
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Illumination Problem

Figure 1: n = 10, T ∼ 10
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Illumination Problem

Figure 2: n = 10, T ∼ 100
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Illumination Problem

Figure 3: n = 10, T ∼ 1000
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Thank you
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