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x

t0 t∗ t T t

x∗ x(t)

x(T )

Óðàâíåíèå äâèæåíèÿ

ẋ(t) = f
(
t, x(t), u(t)

)
, u(t) ∈ P, t0 ≤ t ≤ T

Ñîñòîÿíèå â ìîìåíò t∗ :
x(t∗) = x∗

Ïðîãðàììà óïðàâëåíèÿ:
u(·) =

{
u(t) ∈ P, t0 ≤ t ≤ T

}
 ⇒ Äâèæåíèå ñèñòåìû:

x(·) =
{
x(t), t0 ≤ t ≤ T

}

Öåëü óïðàâëåíèÿ

γ = σ
(
x(T )

)
→ min



Ôóíêöèÿ îïòèìàëüíîãî ðåçóëüòàòà

φ(t∗, x∗) = inf
u(·)

σ
(
x(T )

)
Ñêîðîñòü èçìåíåíèÿ ôóíêöèè φ âäîëü äâèæåíèÿ

φ̇
(
t, x(t)

)
=
∂φ

∂t

(
t, x(t)

)
+

〈
∂φ

∂x

(
t, x(t)

)
, f

(
t, x(t), u(t)

)〉
Óðàâíåíèå Ãàìèëüòîíà-ßêîáè-Áåëëìàíà

∂φ

∂t
(t, x) +H

(
t, x,

∂φ

∂x
(t, x)

)
= 0, H(t, x, s) = min

u∈P

〈
s, f(t, x, u)

〉
Êðàåâîå óñëîâèå

φ(T, x) = σ(x)

Îïòèìàëüíàÿ ñòðàòåãèÿ óïðàâëåíèÿ

U0(t, x) ∈ argmin
u∈P

〈
∂φ

∂x
(t, x), f(t, x, u)

〉



Çàäà÷à Êîøè

∂φ

∂t
(t, x) +H

(
t, x,

∂φ

∂x
(t, x)

)
= 0, t ∈ [t0, T ), x ∈ Rn

φ(T, x) = σ(x), x ∈ Rn

Ôóíêöèè H è σ íåïðåðûâíû

Ñóùåñòâóåò c > 0 òàêîå, ÷òî

|H(t, x, s)−H(t, x, r)| ≤ c(1 + ∥x∥)∥s− r∥

äëÿ ëþáûõ t ∈ [t0, T ], x ∈ Rn è s, r ∈ Rn

Äëÿ ëþáîãî îãðàíè÷åííîãî D ⊂ Rn íàéäåòñÿ λ > 0 òàêîå, ÷òî

|H(t, x, s)−H(t, y, s)| ≤ λ(1 + ∥s∥)∥x− y∥

äëÿ ëþáûõ t ∈ [t0, T ], x, y ∈ D è s ∈ Rn



Ìèíèìàêñíîå ðåøåíèå: íåëîêàëüíàÿ ôîðìà îïðåäåëåíèÿ

Ôóíêöèÿ φ : [t0, T ]× Rn → R íàçûâàåòñÿ ìèíèìàêñíûì ðåøåíèåì
çàäà÷è Êîøè, åñëè îíà íåïðåðûâíà, óäîâëåòâîðÿåò êðàåâîìó
óñëîâèþ

φ(T, x) = σ(x), x ∈ Rn

è îáëàäàåò ñëåäóþùèì ñâîéñòâîì: äëÿ ëþáûõ (t, x) ∈ [t0, T )×Rn è
s ∈ Rn ñóùåñòâóåò ëèïøèöåâà ôóíêöèÿ y(·) òàêàÿ, ÷òî

y(t) = x, ∥ẏ(τ)∥ ≤ c(1 + ∥y(ξ)∥) ïðè ï.â. τ ∈ [t, T ],

φ(τ, y(τ))− φ(t, x) = ⟨s, y(τ)− x⟩ −
∫ τ

t

H(ξ, y(ξ), s) dξ, τ ∈ [t, T ].

Ñëàáàÿ èíâàðèàíòíîñòü ãðàôèêà ðåøåíèÿ z = φ(t, x) îòíîñèòåëüíî
õàðàêòåðèñòè÷åñêîãî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ:

(ẋ(t), ż(t)) ∈ E(t, x(t), s), t ∈ [t0, T ]

E(t, x, s) = {(f, h) ∈ Rn×R : ∥f∥ ≤ c(1+∥x∥), h = ⟨s, f⟩−H(t, x, s)}



Ìèíèìàêñíîå ðåøåíèå: èíôèíèòåçèìàëüíàÿ ôîðìà îïðåäåëåíèÿ

Ôóíêöèÿ φ : [t0, T ]× Rn → R � ìèíèìàêñíîå ðåøåíèå çàäà÷è
Êîøè, åñëè îíà íåïðåðûâíà, óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ

φ(T, x) = σ(x), x ∈ Rn

è ïàðå ñëåäóþùèõ äèôôåðåíöèàëüíûõ íåðàâåíñòâ:

min
f∈B(x)

[
∂−

{
φ(t, x)

∣∣f}− ⟨s, f⟩
]
+H(t, x, s) ≤ 0,

max
f∈B(x)

[
∂+

{
φ(t, x)

∣∣f}− ⟨s, l⟩
]
+H(t, x, s) ≥ 0,

B(x) =
{
f ∈ Rn : ∥f∥ ≤ c(1 + ∥x∥)

}
, t ∈ [t0, T ), x ∈ Rn, s ∈ Rn

∂−
{
φ(t, x)

∣∣f} = lim inf
δ↓0

[
φ(t+ δ, x+ fδ)− φ(t, x)

]
δ−1

∂+
{
φ(t, x)

∣∣f} = lim sup
δ↓0

[
φ(t+ δ, x+ fδ)− φ(t, x)

]
δ−1



Âÿçêîñòíîå ðåøåíèå: íåëîêàëüíàÿ ôîðìà îïðåäåëåíèÿ

Ôóíêöèÿ φ : [t0, T ]× Rn → R íàçûâàåòñÿ âÿçêîñòíûì ðåøåíèåì
çàäà÷è Êîøè, åñëè îíà íåïðåðûâíà, óäîâëåòâîðÿåò êðàåâîìó
óñëîâèþ

φ(T, x) = σ(x), x ∈ Rn

è îáëàäàåò ñëåäóþùèì ñâîéñòâîì: äëÿ ëþáîé ãëàäêîé (òåñòîâîé)
ôóíêöèè ψ : [t0, T ]× Rn → R

∂ψ

∂t
(t∗, x∗) +H

(
t∗, x∗,

∂ψ

∂x
(t∗, x∗)

)
≤ 0,

åñëè φ− ψ èìååò â òî÷êå (t∗, x∗) ∈ (t0, T )× Rn ëîêàëüíûé
ìèíèìóì

∂ψ

∂t
(t∗, x∗) +H

(
t∗, x∗,

∂ψ

∂x
(t∗, x∗)

)
≥ 0,

åñëè φ− ψ èìååò â òî÷êå (t∗, x∗) ∈ (t0, T )× Rn ëîêàëüíûé
ìàêñèìóì



Âÿçêîñòíîå ðåøåíèå: èíôèíèòåçèìàëüíàÿ ôîðìà îïðåäåëåíèÿ

Ôóíêöèÿ φ : [t0, T ]× Rn → R � âÿçêîñòíîå ðåøåíèå çàäà÷è Êîøè,
åñëè îíà íåïðåðûâíà, óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ

φ(T, x) = σ(x), x ∈ Rn

è ïàðå ñëåäóþùèõ äèôôåðåíöèàëüíûõ íåðàâåíñòâ:

p0 +H(t, x, p) ≤ 0, (p0, p) ∈ D−φ(t, x),

q0 +H(t, x, q) ≥ 0, (q0, q) ∈ D+φ(t, x),

(t, x) ∈ (0, T )× Rn

(p0, p) ∈ D−φ(t, x) ⇔ φ(t+ τ, x+ y)− φ(t, x) ≥ p0τ + ⟨p, y⟩+ o
(
∥(τ, y)∥

)
(q0, q) ∈ D+φ(t, x) ⇔ φ(t+ τ, x+ y)− φ(t, x) ≤ q0τ + ⟨q, y⟩+ o

(
∥(τ, y)∥

)



Ôóíäàìåíòàëüíîå ñâîéñòâî ñóáäèôôåðåíöèàëà

F ⊂ Rn � íåïóñòîé âûïóêëûé êîìïàêò

ôóíêöèÿ φ : [0, T ]× Rn → R ïîëóíåïðåðûâíà ñíèçó

(t∗, x∗) ∈ (0, T )× Rn: ∂−
{
φ(t∗, x∗)

∣∣ f} > 0 äëÿ âñåõ f ∈ F

⇓

Äëÿ ëþáîãî ε > 0 íàéäóòñÿ (t, x) ∈ (0, T )× Rn è (p0, p) ∈ D−φ(t, x)
òàêèå, ÷òî

(t∗ − t)2 + ∥x∗ − x∥2 ≤ ε2

p0 + ⟨p, f⟩ ≥ 0 äëÿ âñåõ f ∈ F



x

t0 t∗ t T t

x(t)x∗t∗(·)

xt(·)

x(·) = xT (·)

Óðàâíåíèå äâèæåíèÿ

ẋ(t) = f
(
t, xt(·), u(t)

)
, u(t) ∈ P, t0 ≤ t ≤ T,

xt(·) =
{
x(τ), t0 ≤ τ ≤ t

}
� èñòîðèÿ äâèæåíèÿ

Íà÷àëüíàÿ èñòîðèÿ:
x∗t∗(·) =

{
x∗(τ), t0 ≤ τ ≤ t∗

}
Ïðîãðàììà óïðàâëåíèÿ:
u(·) =

{
u(t) ∈ P, t∗ ≤ t ≤ T

}
 ⇒

Äâèæåíèå ñèñòåìû:

x(·) =
{
x(t), t0 ≤ t ≤ T

}
x(t) = x∗(t) ïðè t0 ≤ t ≤ t∗

Öåëü óïðàâëåíèÿ

γ = σ
(
x(·)

)
→ min



x

t0 t∗ t T t

x(t)x∗t∗(·)

xt(·)

x(·) = xT (·)

Ôóíêöèîíàë îïòèìàëüíîãî ðåçóëüòàòà

φ
(
t∗, x

∗
t∗(·)

)
= inf

u(·)
σ
(
x(·)

)



Ñêîðîñòü èçìåíåíèÿ ôóíêöèîíàëà âäîëü äâèæåíèÿ

φ̇
(
t, xt(·)

)
= ∂tφ

(
t, xt(·)

)
+
〈
∇φ

(
t, xt(·)

)
, f

(
t, xt(·), u(t)

)〉
Ôóíêöèîíàëüíîå óðàâíåíèå òèïà Ãàìèëüòîíà-ßêîáè

∂tφ
(
t, xt(·)

)
+H

(
t, xt(·),∇φ

(
t, xt(·)

))
= 0

Ãàìèëüòîíèàí

H
(
t, xt(·), s

)
= min

u∈P

〈
s, f

(
t, xt(·), u

)〉
Êðàåâîå óñëîâèå

φ
(
T, x(·)

)
= σ

(
x(·)

)
Îïòèìàëüíàÿ ñòðàòåãèÿ óïðàâëåíèÿ

U0
(
t, xt(·)

)
∈ argmin

u∈P

〈
∇φ

(
t, xt(·)

)
, f

(
t, xt(·), u

)〉



Âûáîð ïðîñòðàíñòâà è ìåòðèêè (t0 = −h, h > 0; t∗ ∈ [0, T ))

Ìíîæåñòâî [0, T ]× C([−h, T ],Rn) ñ ðàâíîìåðíîé ìåòðèêîé;
íåóïðåæäàþùèå ôóíêöèîíàëû φ : [0, T ]× C([−h, T ],Rn) → R:

φ(t, x(·)) = φ(t, y(·)) äëÿ ëþáûõ t ∈ [0, T ) è x(·), y(·) ∈ C([−h, T ],Rn),
óäîâëåòâîðÿþùèõ óñëîâèþ x(τ) = y(τ), τ ∈ [−h, t]

Ìíîæåñòâî [0, T ]× C([−h, T ],Rn) ñ ïñåâäîìåòðèêîé

ρ
(
(t, x(·)), (τ, y(·))

)
= |t− τ |+ ∥x(· ∧ t)− y(· ∧ τ)∥[−h,T ];

ôóíêöèîíàëû φ : [0, T ]× C([−h, T ],Rn) → R � àâòîìàòè÷åñêè
íåóïðåæäàþùèå

Ìíîæåñòâî G =
{
(t, w(·)) : t ∈ [0, T ], w(·) ∈ C([−h, t],Rn)

}
ñ

ìåòðèêîé

ρ∗
(
(t, w(·)), (τ, r(·))

)
= |t− τ |+ ∥w(· ∧ t)− r(· ∧ τ)∥[−h,T ];

ôóíêöèîíàëû φ : G→ R

Ìíîæåñòâî G ñ ìåòðèêîé Õàóñäîðôà ìåæäó ãðàôèêàìè ôóíêöèé
w(·) è r(·); ôóíêöèîíàëû φ : G→ R



Êîèíâàðèàíòíûå (ci-) ïðîèçâîäíûå ôóíêöèîíàëîâ

Ôóíêöèîíàë φ : [0, T ]× C([−h, T ],Rn) → R íàçûâàåòñÿ êîèíâàðèàíòíî
(ci-) äèôôåðåíöèðóåìûì â òî÷êå (t, x(·)) ∈ [0, T )× C([−h, T ],Rn), åñëè

ñóùåñòâóþò ∂tφ(t, x(·)) ∈ R è ∇φ(t, x(·)) ∈ Rn òàêèå, ÷òî äëÿ ëþáûõ
y(·) ∈ Lip(t, x(·)) è τ ∈ (t, T ] âûïîëíåíî ñîîòíîøåíèå

φ(τ, y(·))−φ(t, x(·)) = ∂tφ(t, x(·))(τ−t)+⟨∇φ(t, x(·)), y(τ)−x(t)⟩+o(τ−t),

ãäå o(·) ìîæåò çàâèñåòü îò y(·) è o(δ)/δ → 0 ïðè δ ↓ 0.

Lip(t, x(·)) � ìíîæåñòâî ôóíêöèé y(·) ∈ C([−h, T ],Rn), êîòîðûå
óäîâëåòâîðÿþò ðàâåíñòâó y(τ) = x(τ), τ ∈ [−h, t], è ÿâëÿþòñÿ
ëèïøèöåâûìè íà [t, T ]

∂tφ(t, x(·)) è ∇φ(t, x(·)) � ci-ïðîèçâîäíûå φ â òî÷êå (t, x(·))

Åñëè ôóíêöèîíàë φ(t, x(·)) ci-äèôôåðåíöèðóåì â êàæäîé òî÷êå (t, x(·)),
òî îí ñàì è åãî ci-ïðîèçâîäíûå ∂tφ(t, x(·)) è ∇φ(t, x(·)) ÿâëÿþòñÿ
íåóïðåæäàþùèìè



Êîèíâàðèàíòíûå (ci-) ïðîèçâîäíûå ôóíêöèîíàëîâ

Êèì À.Â. (1985): Èíâàðèàíòíûå è êîèíâàðèàíòíûå
ïðîèçâîäíûå ôóíêöèîíàëîâ

[0, T ]× Rn × PC([−h, T ],Rn) ∋ (t, z, x(·)) 7→ Φ(t, z, x(·)) ∈ R

Ë. (2000): Êîèíâàðèàíòíûå ïðîèçâîäíûå ôóíêöèîíàëîâ

φ : [0, T ]× C([−h, T ],Rn) → R

Aubin J.P., Haddad G. (2002): Clio-ïðîèçâîäíûå ôóíêöèîíàëîâ

φ : [0, T ]× C((−∞, T ],Rn) → R

Dupire B. (2009): Ãîðèçîíòàëüíûå è âåðòèêàëüíûå
ïðîèçâîäíûå ôóíêöèîíàëîâ

Φ : [0, T ]×D([−h, T ],Rn) → R



Íàñëåäñòâåííîå óðàâíåíèå Ãàìèëüòîíà � ßêîáè

Çàäà÷à Êîøè

∂tφ(t, x(·)) +H
(
t, x(·),∇φ(t, x(·))

)
= 0,

(t, x(·)) ∈ [0, T )× C([−h, T ],Rn)

φ(T, x(·)) = σ(x(·)), x(·) ∈ C([−h, T ],Rn)

Èñêîìûì ÿâëÿåòñÿ íåóïðåæäàþùèé ôóíêöèîíàë
φ : [0, T ]× C([−h, T ],Rn) → R

Ïðåäïîëàãàåòñÿ, ÷òî äëÿ ëþáîãî s ∈ Rn ôóíêöèîíàë

[0, T ]× C([−h, T ],Rn) ∋ (t, x(·)) 7→ H(t, x(·), s) ∈ R

ÿâëÿåòñÿ íåóïðåæäàþùèì



Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

Ïóñòü (t, x(·)) ∈ [0, T ]× C([−h, T ],Rn). Óðàâíåíèå äèíàìèêè:

ẏ(τ) = f(τ, y(·), u(τ)), τ ∈ [t, T ], y(τ) ∈ Rn, u(τ) ∈ U ⊂ Rm,

ïðè íà÷àëüíîì óñëîâèè y(τ) = x(τ), τ ∈ [−h, t]. Ïîêàçàòåëü êà÷åñòâà:

J = σ(y(·))−
∫ T

t

g(τ, y(·), u(τ)) dτ −→ min
u(·)

.

(A.1) Ôóíêöèè f : [0, T ]× C([−h, T ],Rn)× U → Rn,
g : [0, T ]× C([−h, T ],Rn)× U → R è σ : C([−h, T ],Rn) → R
ÿâëÿþòñÿ íåïðåðûâíûìè.

(A.2) Ñóùåñòâóåò c > 0 òàêîå, ÷òî

∥f(τ, y(·), u)∥ ≤ c(1 + ∥y(·)∥[−h,τ ])

äëÿ ëþáûõ τ ∈ [0, T ], y(·) ∈ C([−h, T ],Rn) è u ∈ U .

(A.3) Äëÿ ëþáîãî êîìïàêòà D ⊂ C([−h, T ],Rn) íàéäåòñÿ λ > 0 òàêîå, ÷òî

∥f(τ, y(·), u)−f(τ, z(·), u)∥+|g(τ, y(·), u)−g(τ, z(·), u)| ≤ λ∥y(·)−z(·)∥[−h,τ ]

äëÿ ëþáûõ τ ∈ [0, T ], y(·), z(·) ∈ D è u ∈ U .



Ôóíêöèîíàë îïòèìàëüíîãî ðåçóëüòàòà

Ïðåäïîëîæåíèÿ (A.1)�(A.3) ïîçâîëÿþò îõâàòèòü ñëåäóþùèå ñëó÷àè:

Ïîñòîÿííûå ñîñðåäîòî÷åííûå çàïàçäûâàíèÿ:

f(τ, y(·), u) = f1
(
τ, y(τ), y(τ − h), u

)
,

Ïåðåìåííûå ñîñðåäîòî÷åííûå çàïàçäûâàíèÿ:

f(τ, y(·), u) = f2
(
τ, y(τ), y(τ − k(τ)), u

)
, 0 < k(τ) ≤ h,

Ðàñïðåäåëåííûå çàïàçäûâàíèÿ:

f(τ, y(·), u) = f3
(
τ, y(τ),

∫ τ

−h

K(τ, ξ, y(ξ)) dξ, u
)
.

Ôóíêöèîíàë îïòèìàëüíîãî ðåçóëüòàòà

φ(t, x(·)) = inf
u(·)∈U

J(t, x(·), u(·)), (t, x(·)) ∈ [0, T ]× C([−h, T ],Rn).

Ãàìèëüòîíèàí

H(t, x(·), s) = min
u∈U

(
⟨s, f(t, x(·), u)⟩ − g(t, x(·), u)

)
.



Îñíîâíûå ïðåäïîëîæåíèÿ

(B.1) Ôóíêöèîíàëû H è σ ÿâëÿþòñÿ íåïðåðûâíûìè.

(B.2) Ñóùåñòâóåò c > 0 òàêîå, ÷òî

|H(t, x(·), s)−H(t, x(·), r)| ≤ c(1 + ∥x(·)∥[−h,t])∥s− r∥

äëÿ ëþáûõ t ∈ [0, T ], x(·) ∈ C([−h, T ],Rn) è s, r ∈ Rn.

(B.3) Äëÿ ëþáîãî êîìïàêòà D ⊂ C([−h, T ],Rn) íàéäåòñÿ λ > 0
òàêîå, ÷òî

|H(t, x(·), s)−H(t, y(·), s)| ≤ λ(1 + ∥s∥)∥x(·)− y(·)∥[−h,t]

äëÿ ëþáûõ t ∈ [0, T ], x(·), y(·) ∈ D è s ∈ Rn.



Ìèíèìàêñíîå ðåøåíèå

Ôóíêöèîíàë φ : [0, T ]× C([−h, T ],Rn) → R íàçûâàåòñÿ ìèíèìàêñíûì
ðåøåíèåì çàäà÷è Êîøè, åñëè îí ÿâëÿåòñÿ íåóïðåæäàþùèì,
íåïðåðûâíûì, óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ

φ(T, x(·)) = σ(x(·)), x(·) ∈ C([−h, T ],Rn),

è îáëàäàåò ñëåäóþùèì ñâîéñòâîì: êàêîâû áû íè áûëè
(t, x(·)) ∈ [0, T )× C([−h, T ],Rn) è s ∈ Rn, ñóùåñòâóåò ôóíêöèÿ
y(·) ∈ Lip(t, x(·)) òàêàÿ, ÷òî

∥ẏ(τ)∥ ≤ c(1 + max
ξ∈[−h,τ ]

∥y(ξ)∥) ïðè ï.â. τ ∈ [t, T ]

φ(τ, y(·))− φ(t, x(·)) = ⟨s, y(τ)− x(t)⟩ −
∫ τ

t

H(ξ, y(·), s) dξ, τ ∈ [t, T ].

Òåîðåìà (2021)

Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ (B.1)�(B.3). Òîãäà ìèíèìàêñíîå
ðåøåíèå çàäà÷è Êîøè ñóùåñòâóåò è åäèíñòâåííî.



×àñòíûå ñëó÷àè:

1. Òîëüêî ðàñïðåäåëåííûå çàïàçäûàíèÿ (2003)

Ïðåäïîëîæåíèÿ (B.1), (B.2) è ñëåäóþùåå óñëîâèå Ëèïøèöà:

(B.4) Äëÿ ëþáîãî êîìïàêòà D ⊂ C([−h, T ],Rn) íàéäåòñÿ λ > 0 òàêîå, ÷òî

|H(t, x(·), s)−H(t, y(·), s)|

≤ λ(1 + ∥s∥)
(
∥x(t)− y(t)∥+

√∫ t

−h

∥x(τ)− y(τ)∥2 dτ
)

äëÿ ëþáûõ t ∈ [0, T ], x(·), y(·) ∈ D è s ∈ Rn.

Ïîäõîäÿùèé ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

νε(t, x(·)) =
e−2λt − ε

ε

√
ε4 + 2λ

∫ t

−h

∥x(τ)∥2 dτ + ∥x(t)∥2,

(t, x(·)) ∈ [0, T ]× C([−h, T ],Rn), ε > 0,



×àñòíûå ñëó÷àè:

2. Íàïðÿìóþ ÷åðåç ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (2006)

Äëÿ ëþáîãî êîìïàêòà D ⊂ C([−h, T ],Rn) ñóùåñòâóåò ÷èñëî ε0 > 0 è
ôóíêöèîíàë νε : [0, T ]× C([−h, T ],Rn) → R, çàâèñÿùèé îò ïàðàìåòðà
ε ∈ (0, ε0], äëÿ êîòîðîãî âûïîëíåíû ñëåäóþùèå óòâåðæäåíèÿ:

(a) Ôóíêöèîíàë νε ÿâëÿåòñÿ íåîòðèöàòåëüíûì è ci-ãëàäêèì.

(b) Äëÿ ëþáîãî t ∈ [0, T ] âûïîëíåíà îöåíêà νε(t, x(·) ≡ 0) ≤ ε.

(c) Äëÿ ëþáîãî C > 0 ïðè ε ↓ 0 èìååò ìåñòî ñõîäèìîñòü

max
{
|σ(x(·))− σ(y(·))| : x(·), y(·) ∈ D, νε(T, x(·)− y(·)) ≤ C

}
→ 0.

(d) Äëÿ ëþáûõ t ∈ [0, T ) è x(·), y(·) ∈ D âûïîëíåíî íåðàâåíñòâî

∂tνε(t, s(·)) +H
(
t, x(·),∇νε(t, s(·))

)
−H

(
t, y(·),∇νε(t, s(·))

)
≤ 0,

ãäå s(·) = x(·)− y(·)



×àñòíûå ñëó÷àè:

3. Ðàñïðåäåëåííûå è ñîñðåäîòî÷åííûå çàïàçäûâàíèÿ (2009)

Ïðåäïîëîæåíèÿ (B.1), (B.2) è ñëåäóþùåå óñëîâèå Ëèïøèöà:

(B.5) Ñóùåñòâóþò J ∈ N è ϑj ∈ (0, h], j ∈ 1, J , òàêèå, ÷òî äëÿ ëþáîãî
êîìïàêòà D ⊂ C([−h, T ],Rn) íàéäåòñÿ λ > 0, äëÿ êîòîðîãî

|H(t, x(·), s)−H(t, y(·), s)| ≤ λ(1 + ∥s∥)

×
(
∥x(t)−y(t)∥+

J∑
j=1

∥x(t−ϑj)−y(t−ϑj)∥+

√∫ t

−h

∥x(τ)− y(τ)∥2 dτ
)

ïðè âñåõ t ∈ [0, T ], x(·), y(·) ∈ D è s ∈ Rn.

Ïîäõîäÿùèé ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

νε
(
t, x(·)

)
=

e−(J+3)λ(h+t)

ε

√√√√ε4 + 2λ

J∑
j=1

∫ t

t−ϑj

∥x(τ)∥2dτ + ∥x(t)∥2

+
e−(J+3)λ(h+t) − ε

ε

√
ε4 + 2λ

∫ t

−h

∥x(τ)∥2dτ + ∥x(t)∥2



Åùå îá îäíîì óñëîâèè Ëèïøèöà

Bayraktar, E., Keller, C.: Path-dependent Hamilton�Jacobi equations
in in�nite dimensions. J. Funct. Anal. 275(8), 2096�2161 (2018)

(B.6) Êàêîâû áû íè áûëè L ≥ 0 è (t, x(·)) ∈ [0, T )× C([−h, T ],Rn),
íàéäåòñÿ ìîäóëü íåïðåðûâíîñòè m, äëÿ êîòîðîãî∣∣H(

τ, y(·), (y(τ)− z(τ))ε−1)−H
(
τ, z(·), (y(τ)− z(τ))ε−1)∣∣

≤ m
(
∥y(τ)− z(τ)∥2ε−1 + ∥y(·)− z(·)∥[−h,τ ]

)
ïðè ëþáûõ ε > 0, τ ∈ [t, T ] è y(·), z(·) ∈ Lip(t, x(·)) òàêèõ, ÷òî

∥ẏ(τ)∥ ≤ L(1+∥y(·)∥[−h,τ ]), ∥ż(τ)∥ ≤ L(1+∥z(·)∥[−h,τ ]) ï.â. τ ∈ [t, T ].

Çàìåòèì, ÷òî, íàïðèìåð, ãàìèëüòîíèàíû

H = ⟨s, x(t− h)⟩, H = ⟨s, x(t/2)⟩, H =
〈
s,

∫ t

−h

x(τ) dτ
〉

óäîâëåòâîðÿþò (B.3), íî íå óäîâëåòâîðÿþò (B.6).



Äîêàçàòåëüñòâî òåîðåìû:

Ïîñòðîåíèå ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî, ÷àñòü 1

Zhou, J.: Viscosity solutions to �rst order path-dependent HJB
equations. ArXiv:2004.02095 (2020)

Îïðåäåëèì ôóíêöèîíàë V : [0, T ]× C([−h, T ],Rn) → R ïî ïðàâèëó

V (t, x(·)) =


(
∥x(·)∥2[−h,t] − ∥x(t)∥2

)2
∥x(·)∥2[−h,t]

+ ∥x(t)∥2, åñëè ∥x(·)∥[−h,t] > 0,

0, åñëè ∥x(·)∥[−h,t] = 0.

Ôóíêöèîíàë V ÿâëÿåòñÿ ci-ãëàäêèì, ïðè÷åì ∂tV (t, x(·)) = 0 è

∇V (t, x(·)) =


(
2−

4
(
∥x(·)∥2[−h,t] − ∥x(t)∥2

)
∥x(·)∥2[−h,t]

)
x(t), åñëè ∥x(·)∥[−h,t] > 0,

0, åñëè ∥x(·)∥[−h,t] = 0.

Èìåþò ìåñòî íåðàâåíñòâà

κ∥x(·)∥2[−h,t] ≤ V (t, x(·)) ≤ 2∥x(·)∥2[−h,t],

ãäå κ = (3−
√
5)/2.



Äîêàçàòåëüñòâî òåîðåìû:

Ïîñòðîåíèå ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî, ÷àñòü 2

Ïî çàäàííîìó êîìïàêòó D ⊂ C([−h, T ],Rn) âûáåðåì ÷èñëî λ â
ñîãëàñèè ñ óñëîâèåì Ëèïøèöà (B.3) è ïîëîæèì ε0 = e−λT/κ/

√
κ.

Äëÿ êàæäîãî ε ∈ (0, ε0] îïðåäåëèì

νε(t, x(·)) = αε(t)βε(t, x(·)), (t, x(·)) ∈ [0, T ]× C([−h, T ],Rn),

ãäå îáîçíà÷åíî

αε(t) = (e−λt/κ − ε
√
κ)ε−1, βε(t, x(·)) =

√
ε4 + V (t, x(·)).

Ôóíêöèîíàë νε óäîâëåòâîðÿåò ñâîéñòâàì (a)�(d) ïðè óñëîâèÿõ
(B.1)�(B.3).



Íåðàâåíñòâà äëÿ ïðîèçâîäíûõ ïî ìíîãîçíà÷íûì íàïðàâëåíèÿì

Ïðè óñëîâèÿõ (B.1)�(B.3) íåïðåðûâíûé íåóïðåæäàþùèé
ôóíêöèîíàë φ : [0, T ]× C([−h, T ],Rn) → R, óäîâëåòâîðÿþùèé
óñëîâèþ φ(T, x(·)) = σ(x(·)), x(·) ∈ C([−h, T ],Rn), ÿâëÿåòñÿ
ìèíèìàêñíûì ðåøåíèåì çàäà÷è Êîøè òîãäà è òîëüêî òîãäà, êîãäà

d−
{[
φ(t, x(·))− ⟨s, x(t)⟩

] ∣∣B(t, x(·))
}
+H

(
t, x(·), s

)
≤ 0,

d+
{[
φ(t, x(·))− ⟨s, x(t)⟩

] ∣∣B(t, x(·))
}
+H

(
t, x(·), s

)
≥ 0,

t ∈ [0, T ), x(·) ∈ C([−h, T ],Rn), s ∈ Rn

B
(
t, x(·)

)
=

{
f ∈ Rn : ∥f∥ ≤ c

(
1 + max

ξ∈[−h,t]
∥x(ξ)∥

)}
d−

{
φ
(
t, x(·)

) ∣∣F} = lim
ε↓0

inf
y(·)∈Yε

lim inf
δ↓0

[
φ
(
t+ δ, y(·)

)
− φ

(
t, x(·)

)]
δ−1

d+
{
φ
(
t, x(·)

) ∣∣F} = lim
ε↓0

sup
y(·)∈Yε

lim sup
δ↓0

[
φ
(
t+ δ, y(·)

)
− φ

(
t, x(·)

)]
δ−1

Yε =
{
y(·) ∈ Lip

(
t, x(·)

)
: ẏ(τ) ∈ [F ]ε ïðè ï.â. τ ∈ [t, T ]

}



Íåðàâåíñòâà äëÿ ïðîèçâîäíûõ ïî êîíå÷íîìåðíûì íàïðàâëåíèÿì

Ïóñòü âûïîëíåíû óñëîâèÿ (B.1), (B.2), (B.5) è

(B.7) Ñóùåñòâóþò M ∈ N è tm ∈ [0, T ], m ∈ 1,M , òàêèå, ÷òî äëÿ ëþáîãî
êîìïàêòà D ⊂ C([−h, T ],Rn) íàéäåòñÿ λ > 0, äëÿ êîòîðîãî ïðè âñåõ
t ∈ [0, T ] è x(·), y(·) ∈ D èìååì∣∣σ(y(·))− σ

(
x(·)

)∣∣ ≤ λ

( M∑
m=1

∥y(tm)− x(tm)∥+

√∫ T

0

∥y(ξ)− x(ξ)∥2dξ
)

Ìèíèìàêñíîå ðåøåíèå çàäà÷è Êîøè õàðàêòåðèçóåòñÿ íåðàâåíñòâàìè

min
f∈B(t,x(·))

[
∂−{φ(t, x(·)) ∣∣ f}− ⟨s, f⟩

]
+H

(
t, x(·), s

)
≤ 0,

max
f∈B(t,x(·))

[
∂+

{
φ
(
t, x(·)

) ∣∣ f}− ⟨s, f⟩
]
+H

(
t, x(·), s

)
≥ 0,

t ∈ [0, T ), x(·) ∈ C([−h, T ],Rn), s ∈ Rn

∂−{φ(t, x(·)) ∣∣ f} = lim inf
δ↓0

[
φ
(
t+ δ, yf (·)

)
− φ

(
t, x(·)

)]
δ−1

∂+{φ(t, x(·)) ∣∣ f} = lim sup
δ↓0

[
φ
(
t+ δ, yf (·)

)
− φ

(
t, x(·)

)]
δ−1

yf (τ) =

{
x(τ) ïðè τ ∈ [−h, t),
x(t) + (τ − t)f ïðè τ ∈ [t, T ]



Âÿçêîñòíîå ðåøåíèå

Ôóíêöèîíàë φ : [0, T ]× C([−h, T ],Rn) → R íàçûâàåòñÿ âÿçêîñòíûì
ðåøåíèåì çàäà÷è Êîøè, åñëè îí ÿâëÿåòñÿ íåóïðåæäàþùèì,
íåïðåðûâíûì, óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ φ(T, x(·)) = σ(x(·)),
x(·) ∈ C([−h, T ],Rn), è îáëàäàåò ñëåäóþùèì ñâîéñòâîì: äëÿ ëþáîãî
ci-ãëàäêîãî (òåñòîâîãî) ôóíêöèîíàëà ψ : [0, T ]× C([−h, T ],Rn) → R,

∂tψ
(
t∗, x∗(·)

)
+H

(
t∗, x∗(·),∇ψ

(
t∗, x∗(·)

))
≤ 0,

åñëè φ− ψ èìååò â òî÷êå
(
t∗, x∗(·)

)
∈ [0, T )× Ω ìèíèìóì íà

[0, T ]× Ω

∂tψ
(
t∗, x∗(·)

)
+H

(
t∗, x∗(·),∇ψ

(
t∗, x∗(·)

))
≥ 0,

åñëè φ− ψ èìååò â òî÷êå
(
t∗, x∗(·)

)
∈ [t0, T )× Ω ìàêñèìóì íà

[0, T ]× Ω

Ë. (2007) Ω = Dk, k ∈ N, � êîìïàêòíûå ìíîæåñòâà àáñîëþòíî
íåïðåðûâíûõ ôóíêöèé x(·) ∈ C([−h, T ],Rn) òàêèõ, ÷òî

∥x(−h)∥ ≤ k, ∥ẋ(t)∥ ≤ ck
(
1 + max

ξ∈[−h,t]
∥x(ξ)∥

)
ïðè ï.â. t ∈ [−h, T ]

Zhou J. (2018) Ω = D([−h, T ],Rn);

Ïëàêñèí À.Ð. (2021) Ω = Rn × PC([−h, T ],Rn)

Cosso A., Russo F. (2019), Zhou (2020) Ω = C([−h, T ],Rn)



Íåðàâåíñòâà äëÿ êîèíâàðèàíòíûõ ñóá- è ñóïåðäèôôåðåíöèàëîâ

Ãîìîþíîâ Ì.È., Ïëàêñèí À.Ð. (2022):

Ïðè óñëîâèÿõ (B.1), (B.2), (B.5) è (B.7) ìèíèìàêñíîå ðåøåíèå
çàäà÷è Êîøè õàðàêòåðèçóåòñÿ íåðàâåíñòâàìè

p0 +H(t, x(·), p) ≤ 0, (p0, p) ∈ D−φ(t, x(·)),

q0 +H(t, x(·), q) ≥ 0, (q0, q) ∈ D+φ(t, x(·)),

t ∈ [0, T ), x(·) ∈ C([−h, T ],Rn)

(p0, p) ∈ D−φ(t, x(·)) ⇔ φ(τ, y(·))−φ(t, x(·)) ≥ p0(τ−t)+⟨p, y(τ)−x(t)⟩+o(τ−t)

(q0, q) ∈ D+φ(t, x(·)) ⇔ φ(τ, y(·))−φ(t, x(·)) ≤ q0(τ−t)+⟨q, y(τ)−x(t)⟩+o(τ−t)

τ ∈ (t, T ], y(·) ∈ Lip(t, x(·))



Ñâîéñòâî êîèíâàðèàíòíîãî ñóáäèôôåðåíöèàëà

F ⊂ Rn � íåïóñòîé âûïóêëûé êîìïàêò

ôóíêöèîíàë φ : [0, T ]× C([−h, T ],Rn) → R ïîëóíåïðåðûâåí ñâåðõó
îòíîñèòåëüíî ïñåâäîìåòðèêè

ρ
(
(t, x(·)), (τ, y(·))

)
= |t− τ |+ ∥x(t)− y(τ)∥+

∫ T

−h

∥x(ξ ∧ t)− y(ξ ∧ τ)∥dξ

(t∗, x∗(·)) ∈ [0, T )× C([−h, T ],Rn): d−
∗ {φ(t∗, x∗(·)) | F} > 0

⇓

Äëÿ ëþáîãî ε > 0 ñóùåñòâóþò (t, x(·)) ∈ [0, T )× C([−h, T ],Rn) è
(p0, p) ∈ D−φ(t, x(·)) òàêèå, ÷òî

|t− t∗|+ ∥x(· ∧ t)− x∗(· ∧ t∗)∥[−h,T ] ≤ ε

p0 + ⟨f, p⟩ > 0 äëÿ âñåõ f ∈ F

d−
∗ {φ(t, x(·)) | F} = lim

δ↓0
inf

τ∈(t,t+δ]
inf

y(·)∈Yδ

[
φ(τ, y(·))− φ(t, x(·))

]
(τ − t)−1

Yδ =
{
y(·) ∈ Lip

(
t, x(·)

)
: ẏ(τ) ∈ [F ]δ ïðè ï.â. τ ∈ [t, T ]

}



ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ !


