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Ìíîãîîáðàçèÿ Ôàíî

Ñîãëàøåíèå:

Îñíîâíîå ïîëå = C.

Îïðåäåëåíèå

Ìíîãîîáðàçèå Ôàíî � ïðîåêòèâíîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå X ñ

îáèëüíûì (ïîëîæèòåëüíûì) àíòèêàíîíè÷åñêèì êëàññîì −KX = c1(X ).

Ïðèìåðû
ïðîåêòèâíûå ïðîñòðàíñòâà,

ãèïåðïîâåðõíîñòè Xd ⊂ Pn ñòåïåíè d ≤ n,

ãðàññìàíèàíû Gr(k , n),

îäíîðîäíûå ïðîñòðàíñòâà G/P , G � ïîëóïðîñòàÿ ëèíåéíàÿ ãðóïïà,

P � ïàðàáîëè÷åñêàÿ ïîäãðóïïà.
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Ñâîéñòâà

Ïðåäëîæåíèå

Ïóñòü X � íåîñîáîå ìíîãîîáðàçèå Ôàíî. Òîãäà

H0(X , (ΩX )
⊗q) = 0 äëÿ q > 0;

π
alg
1

(X ) = {1};
Pic(X ) ≃ H2(X ,Z) � ê. ï. ñâîáîäíàÿ àáåëåâà ãðóïïà;

Aut(X ) � ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà.

Ìíîãîîáðàçèÿ Ôàíî î÷åíü áëèçêè ê ðàöèîíàëüíûì:

Òåîðåìà (Campana, Koll�ar�Miyaoka�Mori, Qi Zhang 2006)

Åñëè X � ìíîãîîáðàçèå Ôàíî (âîçìîæíî ñ ëîãòåðìèíàëüíûìè

îñîáåííîñòÿìè), òî îíî ðàöèîíàëüíî ñâÿçíî, ò.å. ëþáûå äâå òî÷êè

P1,P2 ∈ X ìîãóò áûòü ñîåäèíåíû ðàöèîíàëüíîé êðèâîé (îáðàçîì P1).
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Âàæíûé èíâàðèàíò

b2(X ) := rkH2(X ,Z) = rkPic(X ) (÷èñëî Ïèêàðà).

Íàèáîëåå èíòåðåñíû ìíîãîîáðàçèÿ Ôàíî ñ b2(X ) = 1 (�ïðèìèòèâíûå�).

Ïðèìåð

Ñóùåñòâóåò ðîâíî 10 ñåìåéñòâ äâóìåðíûõ íåîñîáûõ ìíîãîîáðàçèé

Ôàíî. Îíè íàçûâàþòñÿ ïîâåðõíîñòÿìè äåëü Ïåööî.

Åñëè b2(X ) = 1, òî X ≃ P2.
Åñëè b2(X ) > 1, òî

▶ X ≃ P1 × P1 èëè
▶ X ïîëó÷àåòñÿ èç P2 ðàçäóòèåì 10− b2(X ) òî÷åê â îáùåì

ïîëîæåíèè.
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Òðåõìåðíûå íåîñîáûå ìíîãîîáðàçèÿ Ôàíî

Òåîðåìà (Â. À. Èñêîâñêèõ)

Ñóùåñòâóåò ðîâíî 17 ñåìåéñòâ òðåõìåðíûõ íåîñîáûõ ìíîãîîáðàçèé

Ôàíî c b2(X ) = 1. Îíè ðàçëè÷àþòñÿ èíäåêñîì

ι(X ) := max{i | −KX = iA}

è ñòåïåíüþ (−KX )
3. Â ÷àñòíîñòè,

ι(X ) ≤ 4;

åñëè ι(X ) = 4, òî X ≃ P3;
åñëè ι(X ) = 3, òî X ≃ Q ⊂ P4 � êâàäðèêà;

åñëè ι(X ) = 2, òî (−KX )
3 = 8d , 1 ≤ d ≤ 5;

åñëè ι(X ) = 1, òî (−KX )
3 = 2g − 2, 2 ≤ g ≤ 12, g ̸= 11.
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Òåîðèÿ ìèíèìàëüíûõ ìîäåëåé (òåîðèÿ Ìîðè)

Òåîðåìà

Ïóñòü Y � òðåõìåðíîå íåîñîáîå ïðîåêòèâíîå àëãåáðàè÷åñêîå

ìíîãîîáðàçèå. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

H0(Y , (ωY )
⊗m) = 0 äëÿ m > 0, ãäå ωY := Ω3

Y ;

Y óíèëèíåé÷àòî, ò.å. ïîêðûâàåòñÿ ðàöèîíàëüíûìè êðèâûìè;

ñóùåñòâóåò áèðàöèîíàëüíîå ïðåîáðàçîâàíèå Y 99K X , ãäå X �
ìíîãîîáðàçèå c òåðìèíàëüíûìè Q-ôàêòîðèàëüíûìè
îñîáåííîñòÿìè è âûïîëíåíî îäíî èç ñëåäóþùèõ:

▶ ñóùåñòâóåò ìîðôèçì íà ïîâåðõíîñòü π : X → S ñ îáùèì ñëîåì �

êîíèêà;
▶ ñóùåñòâóåò ìîðôèçì íà êðèâóþ π : X → S ñ îáùèì ñëîåì �

ïîâåðõíîñòüþ äåëü Ïåööî;

▶ X � ìíîãîîáðàçèå Q-Ôàíî , ò.å. −KX îáèëåí è b2(X ) = 1.
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Ìíîãîîáðàçèÿ Q-Ôàíî

Îïðåäåëåíèå

Ìíîãîîáðàçèå Q-Ôàíî � ýòî ïðîåêòèâíîå àëãåáðàè÷åñêîå

ìíîãîîáðàçèå X òàêîå, ÷òî

X èìååò ëèøü òåðìèíàëüíûå îñîáåííîñòè;

−KX îáèëåí;

rk Cl(X ) = 1, â ÷àñòíîñòè b2(X ) = 1.

Çäåñü Cl(X ) � ãðóïïà êëàññîâ äèâèçîðîâ Âåéëÿ:

Cl(X ) := (äèâèçîðû Âåéëÿ)/ëèíåéíàÿ ýêâèâàëåíòíîñòü

Èìååò ìåñòî

Cl(X ) ⊃ Pic(X ).
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Òåðìèíàëüíûå îñîáåííîñòè

Òåîðåìà (M. Reid)

Ëþáàÿ òðåõìåðíàÿ òåðìèíàëüíàÿ îñîáåííîñòü (X ∋ P) ïðèíàäëåæèò
îäíîìó èç äâóõ êëàññîâ:

(X ∋ P) � èçîëèðîâàííàÿ ãèïåðïîâåðõíîñòíàÿ îñîáåííîñòü âèäà

(∗) f (x , y , z) + tg(x , y , z , t) = 0, f � óðàâíåíèå A-D-E

(X ∋ P) � ôàêòîð

(X ∋ P) =
(
X ♯ ∋ P♯

)
/µm

ãäå
(
X ♯ ∋ P♯

)
� îñîáåííîñòü (*), à µm = Z/mZ äåéñòâóåò

ñâîáîäíî âíå P♯.

m íàçûâàåòñÿ èíäåêñîì îñîáåííîñòè.
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Òåðìèíàëüíûå îñîáåííîñòè (ïðèìåð)

Òèï cA/m (îñíîâíàÿ ñåðèÿ)

Ôàêòîð

{xy + f (zm, t) = 0} /µm

� òåðìèíàëüíàÿ îñîáåííîñòü, ãäå îñîáåííîñòü xy + f = 0 èçîëèðîâàíà,

à µm äåéñòâóåò äèàãîíàëüíî

µm : (x , y , z , t) 7−→
(
ζx , ζ−1y , ζaz , t

)
ãäå ζm = 1, gcd(m, a) = 1.

Êðàéíèé ñëó÷àé f = t íå èñêëþ÷àåòñÿ.
Òîãäà (X ∋ P) ≃ C3/µm(1,−1, a) íàçûâàåòñÿ òåðìèíàëüíîé

öèêëè÷åñêîé ôàêòîðîñîáåííîñòüþ.
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Ìíîãîîáðàçèÿ Ôàíî ñ òåðìèíàëüíûìè îñîáåííîñòÿìè

Îñíîâíûå èíâàðèàíòû

Ìíîæåñòâî îñîáåííîñòåé

Ãðóïïà êëàññîâ äèâèçîðîâ Âåéëÿ: Cl(X ).
Åñëè X � ìíîãîîáðàçèå Q-Ôàíî, òî rk Cl(X ) = 1,

íî âîçìîæíî, ÷òî Cl(X ) èìååò êðó÷åíèÿ.

Ñòåïåíü: (−KX )
3 (ðàöèîíàëüíîå ÷èñëî)

Èíäåêñ Ôàíî: q(X ) � ìàêñèìàëüíîå öåëîå, íà êîòîðîå äåëèòñÿ

êëàññ −KX â ãðóïïå Cl(X )/Tors.
Ïðè ýòîì îáèëüíûé äèâèçîð Âåéëÿ A òàêîé, ÷òî −KX = qA (â

ãðóïïå Cl(X )/Tors) íàçûâàåòñÿ ôóíäàìåíòàëüíûì äèâèçîðîì.
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Ïðèìåðû ìíîãîîáðàçèé Q-Ôàíî

Ïóñòü X � òîðè÷åñêîå òðåõìåðíîå ìíîãîîáðàçèå Q-Ôàíî.

Òîãäà X � îäíî èç ñëåäóþùèõ:

X q(X ) A3 Cl(X )

P3 4 1 Z

P3/µ5(1, 2, 3, 4) 4 1/5 Z⊕ Z/5Z

P(13, 2) 5 1/2 Z

P(12, 2, 3) 7 1/6 Z

P(1, 2, 3, 5) 11 1/30 Z

P(1, 3, 4, 5) 13 1/60 Z

P(2, 3, 5, 7) 17 1/210 Z

P(3, 4, 5, 7) 19 1/420 Z
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Òåîðåìà Ðèìàíà-Ðîõà

Ïóñòü X � òðåõìåðíîå ìíîãîîáðàçèå c òåðìèíàëüíûìè îñîáåííîñòÿìè,

ïóñòü q := q(X ) è A � ôóíäàìåíòàëüíûé äèâèçîð.

Ôîðìóëà Ðèìàíà�Ðîõà (ïðè n ≥ 0):

dimH0(X , nA) = 1+
n(q + n)(q + 2n)

12
A3 +

nA · c2
12

+
∑
P∈B

cP(nA),

cP(nA) = −iP,n
r2P − 1

12rP
+

iP,n−1∑
j=1

bP j(rP − bP j )

2rP
.

ãäå iP,n � öåëîå òàêîå, ÷òî 0 ≤ iP,n < r è D ∼ iP,nKX âáëèçè P .
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Ïóñòü X � òðåõìåðíîå ìíîãîîáðàçèå Q-Ôàíî, A � ôóíäàìåíòàëüíûé

äèâèçîð.

Ãðàäóèðîâàííàÿ àëãåáðà:

R(X ) =
⊕
n≥0

H0(X , nA)

Ìíîãîîáðàçèå X âîññòàíàâëèâàåòñÿ ïî àëãåáðå R(X ): ïóñòü x1, . . . , xm
(îäíîðîäíûå ýëåìåíòû) ïîðîæäàþò R(X ), deg xi = di è ïóñòü f1, . . . fn �

ñîîòíîøåíèÿ. Òîãäà

X ⊂ P(d1, . . . , dm)

çàäàåòñÿ óðàâíåíèÿìè f1, . . . fn.

Ðÿä Ãèëüáåðòà � Ïóàíêàðå :

PX (t) =
∑
n≥0

dimH0(X , nA) · tn = (ðàöèîíàëüíàÿ ôóíêöèÿ)
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Îãðàíè÷åííîñòü

Òåîðåìà (Y. Kawamata (dim = 3), C. Birkar (∀ dim) )
Ìíîæåñòâî âñåõ ìíîãîîáðàçèé Ôàíî (ôèêñèðîâàííîé ðàçìåðíîñòè) ñ

òåðìèíàëüíûìè îñîáåííîñòÿìè îãðàíè÷åíî.

Òåîðåìà (Kawamata)

Ïóñòü X � òðåõìåðíîå ìíîãîîáðàçèå Q-Ôàíî.∑(
mi − 1

mi

)
< 24, ãäå mi � èíäåêñû îñîáûõ òî÷åê

(−KX )
3 ≤ b, ãäå b � âû÷èñëèìàÿ (íî áîëüøàÿ) êîíñòàíòà.
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Áàçà äàííûõ

M. Reid, A. Fletcher, G. Brown, . . .

òåîðåìà Ðèìàíà-Ðîõà

+

òåîðåìà Êàâàìàòû

êîìïüþòåðíûé
=========⇒

ïåðåáîð

êîíå÷íûé íàáîð

ðÿäîâ Ãèëüáåðòà

∼ 55000

Ïðèìåðû (A. Fletcher, M. Reid, G. Brown, . . . )

Ñóùåñòâóåò 130 ñåìåéñòâ ìíîãîîáðàçèé Q-Ôàíî êîðàçìåðíîñòè 1

Ñóùåñòâóåò 125 ñåìåéñòâ ìíîãîîáðàçèé Q-Ôàíî êîðàçìåðíîñòè 2

Ñóùåñòâóåò 74 ñåìåéñòâ ìíîãîîáðàçèé Q-Ôàíî êîðàçìåðíîñòè 3

Çàìå÷àíèå

Ðÿä Ãèëüáåðòà PX (t) íå îïðåäåëÿåò êîëüöî R(X ) è ìíîãîîáðàçèå X .
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Ýôôåêòèâíàÿ îãðàíè÷åííîñòü ìíîãîîáðàçèé Q-Ôàíî

Òåîðåìà (Ïðîõîðîâ)

Ïóñòü X � îñîáîå òðåõìåðíîå ìíîãîîáðàçèå Q-Ôàíî. Òîãäà

(−KX )
3 ≤ 125/2.

Åñëè (−KX )
3 = 125/2, òî X ≃ P(1, 1, 1, 2).

Òåîðåìà (J. A. Chen & M. Chen)

Ïóñòü X � ìíîãîîáðàçèå òðåõìåðíîå ìíîãîîáðàçèå Q-Ôàíî. Òîãäà

(−KX )
3 ≥ 1/330.

Òåîðåìà (Chen Jiang)

Åñëè (−KX )
3 = 1/330, òî X ≃ X66 ⊂ P(1, 5, 6, 22, 33).
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Åñëè (−KX )
3 = 125/2, òî X ≃ P(1, 1, 1, 2).

Òåîðåìà (J. A. Chen & M. Chen)

Ïóñòü X � ìíîãîîáðàçèå òðåõìåðíîå ìíîãîîáðàçèå Q-Ôàíî. Òîãäà

(−KX )
3 ≥ 1/330.

Òåîðåìà (Chen Jiang)

Åñëè (−KX )
3 = 1/330, òî X ≃ X66 ⊂ P(1, 5, 6, 22, 33).
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Èíäåêñ Ôàíî

Òåîðåìà (K. Suzuki)

q(X ) ≤ 19.

q(X ) ∈ {1, . . . , 11, 13, 17, 19}.

Òåîðåìà

q(X ) ̸= 10.

Åñëè q(X ) = 19, òî P(3, 4, 5, 7).
Åñëè q(X ) = 17, òî P(2, 3, 5, 7).
Åñëè q(X ) = 13, òî

▶ P(1, 3, 4, 5) èëè
▶ X = X12 ⊂ P(3, 4, 5, 6, 7)

Òåîðåìà

Òîðè÷åñêèå ìíîãîîáðàçèÿ Q-Ôàíî ïîëíîñòüþ îïðåäåëÿþòñÿ ñâîèì

ðÿäîì Ãèëüáåðòà PX (t).
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Ìíîãîîáðàçèÿ Ôàíî ñ îñîáåííîñòÿìè èíäåêñà 1

Òåîðåìà (Y. Namikawa)

Ïóñòü X � òðåõìåðíîå ìíîãîîáðàçèå Ôàíî ñ òåðìèíàëüíûìè

(ãîðåíøòåéíîâûìè) îñîáåííîñòÿìè. Òîãäà X ñãëàæèâàåìî, ò.å.

ñóùåñòâóåò ñåìåéñòâî

X → B ∋ o

òàêîå, ÷òî öåíòðàëüíûé ñëîé Xo èçîìîðôåí X , à îáùèé ñëîé Xb

ÿâëÿåòñÿ íåîñîáûì ìíîãîîáðàçèåì Ôàíî.

Ïðè ýòîì îñíîâíûå èíâàðèàíòû;

(−KX )
3, b2(X ), ι(X )

ïîñòîÿííû â ñåìåéñòâå.
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Ìíîãîîáðàçèÿ Ôàíî ñ îñîáåííîñòÿìè èíäåêñà 1

Òåîðåìà (À. Êóçíåöîâ, Ïðîõîðîâ)

Ñóùåñòâóåò ðîâíî 17 ñåìåéñòâ òðåõìåðíûõ ìíîãîîáðàçèé Ôàíî c

b2(X ) = 1, îñîáîå ìíîæåñòâî êîòîðûõ ñîñòîèò ðîâíî èç îäíîé

íåôàêòîðèàëüíîé îáûêíîâåííîé äâîéíîé òî÷êè.

Ïðèìåð

Xλ ⊂ P(1, 1, 1, 1, 2, 3) � ïåðåñå÷åíèå 2 ãèïåðïîâåðõíîñòåé
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+ f6(y2, x
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1
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) = 0

λ ̸= 0: Xλ íåîñîáî;

λ = 0: Xλ èìååò åäèíñòâåííóþ îñîáóþ òî÷êó - îáûêíîâåííóþ

äâîéíóþ.
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Ìíîãîîáðàçèÿ Ôàíî ñ îñîáåííîñòÿìè. Ïðèìåð

Ïðèìåð

Ïóñòü B ⊂ P3 � íåîñîáàÿ ðàöèîíàëüíàÿ êðèâàÿ-êâèíòèêà, êîòîðàÿ íå

ñîäåðæèòñÿ â êâàäðèêå. Ñóùåñòâóåò ñëåäóþùàÿ äèàãðàììà

Y
f

~~

π

��

χ
// Y+

π+

~~

f +

!!

P3 X P3

ãäå f � ðàçäóòèå B , f + � ðàçäóòèå ðàöèîíàëüíîé êðèâîé-êâèíòèêè

B+ ⊂ P3, ìîðôèçì π (ñîîòâ. π+) ñòÿãèâàåò ðàöèîíàëüíóþ êðèâóþ L
(ñîîòâ. L+) � ïðîîáðàç 4-ñåêóùåé êðèâîé B (ñîîòâ. êðèâîé B+) â

îáûêíîâåííóþ äâîéíóþ îñîáóþ òî÷êó P = π(L) = π+(L+), X �

ìíîãîîáðàçèå Ôàíî ñ îäíîé îñîáîé òî÷êîé P .
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Ñïàñèáî çà âíèìàíèå!
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