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Introduction

Across the world’s oceans, variations in seawater temperature and salinity
stratify the water column, producing conditions where density disturbances
can propagate as internal solitary waves (ISWs).
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Field observations: Scotti & Pineda, 2004; Helfrich & Melville, 2006;
Shroyer et al, 2010; Lien et al, 2014; Rayson et al, 2019; Liapidevskii et al.
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Field observations of ISWs (Moum et al., 2003; Lamb & Farmer,
2011; Lien et al., 2014; Zhang & Alford, 2015; Bourgault et al., 2016;
Chang et al., 2021; Cyriac et al., 2023; Kozlov et al., 2023; Sun et al.,
2024; Morozov, Makarenko et al; Liapidevskii et al.; ...).

Laboratory experiments and numerical simulation (Grue et al., 1999;
Chen, 2007; Chen et al, 2008; Fructus et al., 2009; Aghsaee et al.,
2011; Carr et al., 2011, 2017; Zou et al. 2020; Zhao et al., 2020; Nian
et al., 2023; Zheng et al., 2024; Gavrilov et al.; ...).

Theoretical study and modelling of ISWs (Choi & Camassa, 1999;
Choi, 2000; Rusås & Grue, 2002; Barros et al., 2007; Forgia &
Sciortino, 2020, 2021; Derzho, 2022; Tseluiko et al., 2023; Zhao et al.,
2023; Makarenko et al; Chesnokov & Liapidevskii; ...).
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Our goal is to present and validate a “simple” 1D model describing

the propagation and breaking of ISWs over an obstacle.

The long-wave model is based on a three-layer representation of stratified
flow, taking into account dispersive effects and turbulent mixing during
wave breaking.

Liapidevskii & Chesnokov, Breaking of ISWs in a three-layer fluid over an
obstacle, Comput. Math. Math. Phys. 2025. (accepted).
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Mathematical model

We consider a 2D motion of a 3-layer fluid confined between the surfaces
z = Z (x) and z = H = const. The governing equations are

ux + wz = 0, 𝜌t + (u𝜌)x + (w𝜌)z = 0,

(𝜌u)t + (𝜌u2)x + (𝜌uw)z + px = 0,

𝜀2
(︀
(𝜌w)t + (𝜌uw)x + (𝜌w2)z

)︀
+ pz = −g𝜌.

We apply the 2-order approximation of the shallow water theory (𝜀 ≪ 1).
Boundary conditions: pressure p is continuous at the interfaces, and

uZx = w
⃒⃒
z=Z

, w
⃒⃒
z=H

= 0, zjt + uzjx − w
⃒⃒
z=zj

= (−1)jMj (j = 1, 2).
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Assumptions:

The outer layer are homogeneous with constant densities 𝜌i , the flow
in them is almost potential uz ≈ 0;

The intermediate layer is non-homogeneous and hydrostatic, the flow
in it can be shear (or turbulent);

The stable stratification is weak 0 < (𝜌1 − 𝜌2)/𝜌2 ≪ 1, 𝜌2 < 𝜌 < 𝜌1,
thus the Boussinesq approximation can be applied.

The conservation of energy

Et +
(︀
(E + p)u

)︀
x
+
(︀
(E + p)w

)︀
z
= 0, E =

(︀
(u2 + 𝜀2w2)/2+ gz

)︀
𝜌.

Depth-averaged variables:

u1(t, x) =
1

h1

H∫︁
z1

u dz , u2(t, x) =
1

h2

z2∫︁
Z

u dz , ū(t, x) =
1

𝜂

z1∫︁
z2

u dz ,

q2(t, x) =
1

𝜂

z1∫︁
z2

(u − ū)2 dz or q2 =
1

𝜂

z1∫︁
z2

(u′2 + w ′2) dz .
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Derivation of a 1D model. Main steps:
(i) We integrate the governing equations over the layer thicknesses and use
the boundary conditions. All terms of order O(𝜀2+𝛾) are ignored (𝛾 > 0).

(ii) Then we apply the Boussinesq approximation and introduce buoyancy:

b = g(𝜌2 − 𝜌1)/𝜌1 = const > 0, b̄ = g(𝜌− 𝜌1)/𝜌1 > 0 .

(iii) We assume symmetrical fluid entrainment Mj = M and following
Townsend, 1956; Pope, 2000; Liapidevskii & Teshukov, 2000, we take

M = 𝜎q, 𝜎 = const (𝜎 ∼ 𝜀𝛾 , 𝛾 > 0).

The depth averaging procedure gives the energy equation (its consequence)

𝜕q

𝜕t
+ ū

𝜕q

𝜕x
+ kq

𝜕ū

𝜕x
= 𝜙, (*)

𝜙 =
𝜎

2𝜂

(︁
(u1 − ū)2 + (u2 − ū)2 − (2+ 𝜅 sign(q))q2 − b𝜂

)︁
;

and the following system:
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𝜕h1
𝜕t

+
𝜕u1h1
𝜕x

= −𝜎q,
𝜕𝜂

𝜕t
+

𝜕ū𝜂

𝜕x
= 2𝜎q,

𝜕h2
𝜕t

+
𝜕u2h2
𝜕x

= −𝜎q,
𝜕

𝜕t
(b̄𝜂) +

𝜕ūb̄𝜂

𝜕x
= b𝜎q,

𝜕u1
𝜕t

+
𝜕

𝜕x

(︂
u21
2

+Π

)︂
+

𝛽1
3h1

𝜕

𝜕x

(︂
h21

d2
1h1
dt2

)︂
= 0,

𝜕u2
𝜕t

+
𝜕

𝜕x

(︂
u22
2

+ b̄𝜂 + bh2 +Π

)︂
+

𝛽2
3h2

𝜕

𝜕x

(︂
h22

d2
2h2
dt2

)︂
= −𝜕Z

𝜕x
,

𝜕Q

𝜕t
+

𝜕

𝜕x

(︂
u21h1 + (ū2 + kq2)𝜂 + u22h2 +

b̄𝜂2

2
+

bh2
2

+

+HΠ+
𝛽1h

2
1

3

d2
1h1
dt2

+
𝛽2h

2
2

3

d2
2h2
dt2

)︂
= −(b̄𝜂 + bh2 +Π)

𝜕Z

𝜕x
.

(1)

Here H(x) = h1 + 𝜂 + h2 = H0 − Z (x) and Q(t) = u1h1 + ū𝜂 + u2h2 are
the total depth and flow rate; Π is the pressure at z = H0; constants 𝜎 and
𝜅 are responsible for mixing and dissipation; k = 1 or k = 0 (depends on
the definition of q2); 𝛽i = 1 or 𝛽i = 0 (if i-th layer is hydrostatic).
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The differential consequences of (1) are

b̄t + ūb̄x =
𝜎q

𝜂
(b − 2b̄), ūt + ūūx + 2kqqx + b̄h2x+

+
(︁
b̄ +

kq2

𝜂

)︁
𝜂x +

𝜂

2
b̄x +Πx =

𝜎q

𝜂
(u1 + u2 − 2ū)− b̄Zx .

Obviously, if b̄ = b/2 at t = 0, then b̄ = b/2 for all t > 0.

For hydrostatic flows (𝜀i = 0) the model with k = 1 and k = 0 gives
similar results (Chesnokov et al, 2022; Liapidevskii & Chesnokov, 2022.

In what follows, we take k = 0, b̄ = b/2.

Equilibrium model. Let the right-hand side of equation for q is equal to
zero, i.e. 𝜙 = 0. Then the fluid entrainment (mixing) is described by

q2 = max

{︂
0,

(u1 − ū)2 + (u2 − ū)2 − b𝜂

2+ 𝜅

}︂
, q =

√︀
q2. (2)

Note, the presence of a sufficiently large velocity shear gives rise to the
vorticity q/𝜂 in the intermediate layer.

Alexander Chesnokov (LIH) Breaking of ISWs Dynamics in Siberia 2024 9 / 24



Numerical implementation of the model

We split the governing equations into hyperbolic and elliptic parts:

𝜕hi
𝜕t

+
𝜕uihi
𝜕x

= −𝜎q, (i = 1, 2)

𝜕Ki

𝜕t
+

𝜕

𝜕x

(︂
uiKi −

(ui − ū)2

2
+

bhi
2

−
𝛽i𝛼

2
i h

2
i

2

)︂
= M + Li ,

(3)

where

Ki = ui − ū − 𝛽i
3hi

𝜕

𝜕x

(︀
h3i 𝛼i

)︀
, 𝛼i =

𝜕ui
𝜕x

(i = 1, 2) (4)

and

M = −𝜎q

𝜂
(u1 + u2 − 2ū), L1 = 0, L2 =

b

2

𝜕Z

𝜕x
,

𝜂 = H0 − Z − h1 − h2, ū =
Q − u1h1 − u2h2

𝜂
, (b̄ ≡ b/2).

Equations (3), (4) and mixing law (2) form a close system for determining
the thicknesses hi of fluid layers and the velocities ui in them.
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Numerical algorithm. Knowing the solution at time t, we

solve of the evolutionary system (3) and find (hi ,Ki ) at time t +∆t
using a Godunov-type scheme;

determine velocities ui as a result of solving ODEs (4) by the matrix
sweep method.

Test calculation: formation of a solitary wave and its interaction with a
smooth obstacle. Here and below we take 𝜎 = 0.15, 𝜅 = 6.

The left panel shows the mixing that occurs in the wave crest region. The
intermediate layer increases behind the wave.
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Stationary solutions

For the class of stationary solutions (or travelling waves) this model takes
the following normal form (Z = 0):

h′i = pi , p′i = ri , u′i =
uipi + 𝜎q

hi
, (i = 1, 2)

𝛽1r
′
1 =

(︁
2r1 −

p21
h1

)︁𝛽1p1
h1

+
3

u21h1

(︂(︁u21
h1

+
ū2

𝜂
− b

2

)︁
p1 +

ū2

𝜂
p2 + 𝜎qS1

)︂
,

𝛽2r
′
2 =

(︁
2r2 −

p22
h2

)︁𝛽2p2
h2

+
3

u22h2

(︂
ū2

𝜂
p1 +

(︁ ū2
𝜂

+
u22
h2

− b

2

)︁
p2 + 𝜎qS2

)︂
,

(5)

where

Si =
ui
hi

+
4ū − u1 − u2

𝜂
(i = 1, 2).
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Bifurcation from a constant flow. We are looking for solutions of (5) in
the form of a solitary wave such that

hi = hi0, 𝜂 = 𝜂0, ui = ū = U, pi = ri = 0

as x → −∞. We linearize (5) on the constant solution. For determining
small perturbations we have:

h̃′i = p̃i , p̃′i = r̃i , ũ′i = −ui0
hi0

p̃i , 𝛾1r̃
′
1 = a1p̃1 + p̃2, 𝛾2r̃

′
2 = p̃1 + a2p̃2.

Representation of solutions: (h̃i , p̃i , r̃i , ũi ) = (ĥi , p̂i , r̂i , ûi ) exp(𝜈x).
Here ĥi , p̂i , r̂i , and ûi are the amplitudes, and 𝜈 is a positive parameter.
Substitution in the previous equations yields

p̂i = 𝜈ĥi , r̂i = 𝜈2ĥi , ûi = −ui0ĥi/hi0,

(a1 − 𝛾1𝜈
2)ĥ1 + ĥ2 = 0, ĥ1 + (a2 − 𝛾2𝜈

2)ĥ2 = 0.

Equality of the determinant to zero allows us to find 𝜈 > 0; we set h1 and
determine all other amplitudes.
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Examples of soliton-like solutions. Froude number Fr = |U|/
√
bH

defines a one-parameter family of solutions. If both outer layers are
non-hydrostatic (𝛽i = 1), then the solution has the form of mode-2 wave.
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Large-amplitude waves: numerical results (dashed curves obtained by the
model with only bottom non-hydrostatic layer).

0 2 4 6 8 10 12 14 16
0.5

0.6

0.7

0.8

0.9

1

x/H

z
/H

0 2 4 6 8 10 12 14 16
0.4

0.5

0.6

0.7

0.8

0.9

1

x/H

z
/H

Interfaces z = H0 − h1, z = h2 and shear velocity q + 0.5.
Alexander Chesnokov (LIH) Breaking of ISWs Dynamics in Siberia 2024 15 / 24



Model validation

Scheme of the experimental setup (Chen, 2007; Chen et al., 2008).
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Test 2: interaction of an ISW with a single obstacle (triangle /
semicylinder). Dashed curves – initial data.
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Breaking of a solitary wave over an obstacle
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Test 3: formation of ISW and its interaction with two triangular obstacles.
This calculation corresponds to the experiment (Chen at al., 2008).
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Current studies: Internal seiches

Test 1. Comparison with experiments (Horn et al., 2001).

We add the terms responsible for friction to the right-hand sides of the
momentum equations:

f1 = −cwu1|u1|+ ci (u1 − ū)|u1 − ū|
h1

, f2 = −cwu2|u2|+ ci (u2 − ū)|u2 − ū|
h2

,

f̄ = −ci
𝜂

(︁
(ū − u1)|ū − u1|+ (ū − u2)|ū − u2|

)︁
, ci = (1− sign q)ci .
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Test 2. Internal waves in a thermally stratified reservoir generated by wind
(Bueno et al., 2021). Comparison with DNS.
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Modification of f1 = f1 − U2
*/h1 (U* normalized wind speed).
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Numerical results: DNS (Bueno et al., 2021) against the proposed 1D
model (3 layers with mixing).
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z
 (

m
)
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Conclusion

We propose a 1D model describing the evolution of ISWs and their
breaking due to interaction with a single or combined obstacle.

The model is capable of describing the mixing processes during wave
breaking. The numerical implementation is based on splitting the
system into hyperbolic and elliptic parts.

The model is validated against known experimental data and DNS.

The results are presented in the manuscript:

Liapidevskii & Chesnokov, Breaking of ISWs in a three-layer fluid over an
obstacle, Comput. Math. Math. Phys. 2025. (accepted).

THANK YOU FOR ATTENTION !
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