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The spectral problems for the Laplace operator in the ellipse

2 2
ri I
() = {El + ?2 <1} a,b>0 are constants

—A?U(Iﬂlj :1:2) = )\“UU(ZEl, Ig), (Il, Ig) ~ Qj
ow

w|ag = 0 (Dirichlet condition) or —|gq =0 (Neumann condition)

on

Asymptotics for large A or small h = 1/X and their relations with Birkhoff
Billiards billiards: V. F. Lazutkin, KAM Theory and Semiclassical Approximations
to Eigenfunctions, 1993, Springer-Verlag



Classical Birkhoft biliards: B. B. Kozsos, /1. B. Tpemes, Buibapibr.
|’ eneTudeckoe BBejieHNE B JuHaMHUKY cucteM ¢ yiaapamu, M., MIY, 1991

The boundary / 1.0
2 2 - Pl B
TR — / .

a ' b

C—

Integrable system: H =p? p_ i %% _ (pxo _;1?2)2 {H,.F} =0
! a a y



The appropriate constructed manifold A is a joint level surface of the Hamiltonians
H and F

A

Hlx=1. F|\ =
a=1, Fla (c1 +1)(ca +1)

= ¢ (const)

2

+ =2 is confocal for the ellipse that forms the caustic

2
L
(l

the ellipse

a=c1+1,0=cy+1,



The answer: w = KA, A isthe appropriate Lagrangian manifold constructed
from trajectories, Ky is the Maslov canonical operator with appropriate measure,
A is the appropriate amplitude +

h = h, , which are found from the Bohr-Sommerteld quantization condition.

Our goal is to construct a suitable Lagrangian manifold with a relatively
simple natural parametrization based on the caustics of the problem.

The basic idea is similar to the one used in asymptotic constructions related to
Bessel tunctions in the paper S. Yu. Dobrokhotov, D. S. Minenkov, V.E.Nazaikinskii,

Representations of Bessel tfunctions via the Maslov canonical operator, Theoret.
and Math. Phys., 208:2 (2021), 1018-1037



The Lagrangian manifolds and Bessel functions
- r
w = €ER¢J0(E)
PPw = —hiAw =w, Muw = (xap; — x1p2)w = YW, pj = —ih(aij
L

n = vh

/\,2}, ={(p,x) € R': p’=1, piag— poas = V=

{p=




the Hamiltonian system = = 2p, p = 0

2
an ellipse = xl -+ ”r? — 1 1is a caustic
2,/cq si
we put r1 = X1(p,7) :=4/cr1cosp —T i

?
Versin? ¢ + ¢y cos? ¢

2,/co COS
Tro = Xz((,ﬁ?.{. T) = \/C2 SiIl(,O + T — ° L IR
\/clsm © + €9 COS*

V€18

— Pl(tfo) = )
Versin? ¢ + ¢ cos? ¢
Co COS
N p—

Ve sin? o + o c-::)&;zipJ
The surface
A ={z1=X1(p,7), x2 = Xo(p,7), pr = Pi(¢), p2 = Pa(¢) | ¢ € S*, 7 € R}

15 a smooth two-dimensional Lagrangian manifold in the four-dimensional phase space R(Il £o.p1.p2)"



_ 0X 4 /c1\/caT B
J = det (T, ®) ¢y sin?(@) + ca cos?(p) !

A is noncompact Lagrangian manifold with a Lagrangian singularity of the
fold type which is the ellipse . {;}j% 72 }

= +=2=1
C1 C9

X2 the cycle

P1<




one cycle = one Bohr-Sommerfeld quantization rule

1

_— dx >€ Z - 1 -2 ) —n nez
27Th,/,},<p’ X >€ & \/_5( ) n, n €

mh Co

where £(2) := fowK > /1 — zsin2 0d0 is an elliptic function.

Remark

—\/I)lag)g( " )n,nEZ.

h b(1 — ag)



Action, Phases, and Indices of Charts

¢ t
S(p,t) = /0 \/cl sin?(0) + c5 cos2(0)d +/0 2ds = \/co (qb,l — p—l) + 2t

C2

where FE(1, z) := fﬂ” V1 — zsin? 0df

two nonsingular charts Q, ={r>0}, Q_={r< -6}, §>0.

?’]’14_:0;~ m_ =1

) | BT

T14/C2 Vaics + x3cq

T+ (21, 22) = :i:%\/(scz — sin(p=)v/c2) 2 + (z1 — cos(p=)/c1) 2.

w4 (1, x2) = arctan (




WKB-asjrmPtotics with the amplitude A(¢)

. A ig . A iS_
)] (w1, x2) ez ™Y S N e n
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Uniform asymptotics via the Airy functions

PO (xr x , V(xy,x: ‘ V(xy,
([KpAA|(z1,20) = e O (T1,72) (aev(:rl,.xg)Al (— (h;/i‘ 2)) + apga(wy, x2) Al (— (h;/?’ 2)) )

Uniform asymptotics via the Airy functions
A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, A. V. Tsvetkova, Uniform

asymptotic solution in the form of an Airy function for semiclassical bound
states in one-dimensional and radially symmetric problems, Theoret. and Math.

Phys., 201:3 (2019), 1742-1770

See also: Yu. A. Kordyukov, I. A. Taimanov, Quasi-Classical Approximation
of Monopole Harmonics, Math. Notes, 114:6 (2023), 1285-1296
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Finally we have constructed generalized asymptotic eigenfunctions
of the Laplace operator

| U(zy. 2 ‘ W(xy,x:
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Restriction of Lagrangian manifolds and manifolds with boundar

First we try to choose the boundary in such a way that

S(p,7) = ST (xr) — S (v) =2rh(k - 1/4) = .

1
— [ PdX = ——+k
o 27h /., 1 M

(a) paths on the Lagrangian manifold




The Bohr-Sommerfeld rule provides a candidate for the boundary on which
the Dirichlet condition can be satisfied

the sofocus ellipse
(I heard about it from A.T.Fomenko
at his talk in June 2024)

causti&




The Bohr-Sommerteld rule does not require the integrability,
but it is enough for construction of solutions to the boundary-value problem.
One needs to choose the correct amplitude.

aoaa =0. <= the integrability

PO , W(xy, o
(KpA](x,29) & en©@1w2)q (11, 29)Ad (— (h;/i‘ ))

W (zy,z2) = (3(S+ — S))% . O(zq,20) = (S —S-)




ASYMPTOTICS IN ELLIPTIC COORDINATES

Canonical Change of Coordinates

sinh u cos vp,, — cosh u sin vp,
r1 =+/c1 —cycoshucosv, p; = ,

V2 (cosh 2u — cos 2v)

sinh u cos vp,, 4+ cosh usin vp,

To = \/c1 —cosinhusinv, po =
/€1 —eCo

2

(cosh 2u — cos 2v)

2
(c1 — ¢2)(cosh 2u — cos 2v) (P +P);
1
o w((a—b)cos2v —a—b) +pj((a—b)cosh2u —a—b
ab(b — a)(cosh 2u — cos 2v) (pu((a Jcos2v —a —b) + p;((a —b) cosh2u — a ))



Classical separation ot variables

L (u, pu) = P — = ;CQ) cosh 2u + - ;— =

((31 — Cg) C1 + Co
cos 2v —
2 2

=0

=0

LQ(UJPUJ = pfv +

AL

Quantum separation of variables — w = R(u)®(v)

cosh(Qu)R(u)) _ (I)(lv) (h2<I>""(U) _

C1 — Co C1 — C9

i (R - cos(2)B(1)) = s

(a1 — )
2

C1 — CQ)

Li(u,py) := —h*R" (u) + ( cosh(2u) + 3) R(u) =0 — modified Mathieu equation,

~

[ ]
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=)
I

= —h2®" (v) + (( cos(2v) — S) d(v) =0 — Mathieu equation,

- _ 1 0 =~ _ 1 0 . c1+ez _ a+b—2ab
where p, = —ih5-, py = —ihg, and s = =52 = 52



A = {Ly =0, Ly =0}, pu= :i:\/(cl — ¢p)cosh’u—c1, po =+/c1 — (c1 — ¢2) cos v.

1 %w"ﬂgE(U,l—%l') T 1/4 T
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Vler 1= 2 \/\(cl—CQ)COSh u— cq

("

T(u) = 4 ( \/E(E(Eu, _E_;)—E(iu*, —E_;)))ZXS? u > ut
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Comparison of Mathieu funct
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S. Yu. Dobrokhotov, V. E. Nazaikinskii, A. V. Tsvetkova, and A. V. Turin,
On an Approach to Constructing Asymptotics of Eigenfunctions of the Laplace
Operator in an Ellipse Associated with Noncompact Lagrangian Manifolds,
Russian Journal of Mathematical Physics, 2025, Vol. 32, No. 1 (to appear)

Open questions. 1) is it possible to construct a small spectral series
for a separate convex caustic (not elliptical) without the requirement
of integrability? 2) Is it possible to transfer these considerations to
billiards in dimensions greater than 27



Thank you for your attention
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