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Formulation of the problem:

A time-harmonic spatially localized source

1 0% - x— &
— Ay = ath R™
c2(x) Ot? v = et E h ) TE
v=e“"ulz) = i
1 1 F x—¢
_ NAqy — _
S (32(:5)“ wQ( h ) =
_ Far filed asymptotics
(—hgﬁu—V(x))uzf(x 5), h <1



More general problems:
Let H =H(xz,p,h), = (v1,...,2,), p=P1,...,Pn), p;=—1h.

be a self adjoint operator with a real-valued symbol
H(x,p,h) € C(]0,1]; SOC(R(pr))) H=H(x,p)+hHi(x,p)+....

h be a small positive parameter.

The equation:
x—& )
h ¥

Hu=f = f(

here _
i T

n/2 o .
fly,h) = (ﬂ) / eV f(p)dpy...dp1, argi= 5

The function A(p) is a smooth one.

If f=1, than f = 6(x — &) = wis the Green function



Examples of operators
(1) The Helmholtz equation: H(p,z) = p* — n*(x).

(2) The generalized Helmholtz equation: H(p, z, h) = (p, A(z)p) — n*(x),
n?(x) be smooth, n* — const > 0, as || — oo, g(z) be a positive smooth
matrix, g — gy = const > 0, as |z| — .

(3) 3-D stationary Schrodinger equation with a Coulomb potential H(p,z) =
p* +v/|z| — E, E is the energy.

(4) The water wave equation: H(p,z,h) = |p|tanh(|p|D(z)| — w?, D(z) is
a smooth depth, w is a frequency.

(5) The the fractional Laplace-type equation: H(p, z,h) = b(x)|p|* — E,
b(x) > 0 is a smooth function, £ > 0.



Much more general cases: systems of (pseudo)differential equations:

H

H(x,p, h) is m X m matrix- valued symbol,
%(:B?p? h’) — HU(Tfp) T h’Hl(q":'p) + hQ%?(x:p) + ... ?

f(y) is fast decaying m— D vector function; all eigenvalues Hy(x, p), ... Hy, (z,p),
k < m are smooth functions,

H; # H; (The effect of changing the multiplicities of terms is absent: H; # H,

Examples: Maxwell and Dirac systems of equations, shallow water
equation system



The Dirac equation in R?, m—4

H = coft + Bmc? + (e® — E)E, H =H"= car + fmc* + (e® — E)E

0 o
' | E 0 E 0
a = {aj,an,a3f, ;= , B= (U —E)’ E = (U E)'

T=p—(e/c)A, p=—ihZ, m=p—(e/c)A

(A, ®(x)) is the 4-D vector and scalar potentials of the electromagnetic field,
E is the 2 x 2 the unit matrix,

£ is the energy,

h, e < 0, m are the Plank constant, electron charge and mass,

a;, ©t = 1,2,3 —are the standard Pauli matrices satisfying the equalities
o,0; = 0;; / + 1€;;;04 with the absolutely antisymmetric tensor g; ;.



NONLINEAR EXAMPLE: NONLINEAR
SYSTEM OF SHALLOW WATER EQUATIONS
in the basin with a gentle shore:

"(9“ I .E—.I{] 27i |
2D+ (Y, (n+ D(x)u) = Re| fy (’1 : )wt , - — (“”‘51)
ot [ T
< 8 - 0 - ’
u r—x 2mi
k&+<u?v>U—|—QV?’)R6f2( l )e’rt. teR

2" is the source location point

Uiy . .
) is the velocity , D(z) is the depth

n(xz,t) is a free elevation, u(x,t) = (u
2

The basin without perturbation: D(x) > 0,  the coastline I' = {D(z) = 0}
The free boundary problem  Q, = {z: D(z) +n(z.,t) > 0}
[i(z) are fast-decreasing (even finite) functions

[ 1s the size of the source, T is the period, 2" is the source location point



Examples of right hand side.

Directional radiation: let n = 2, p = |p| and ¢ be the polar angle of the
momentum p,

Livi | v
(1) V(y) — exXp l:—§ (? + E then ‘
2.2 | 12,92
A(p) = abexp {_a b1 -2|- b p2] :

% o (2) (e +biya)exp| =5 5+ 55 then

a*pi + bzp%]
. |

) Ao A(p) _ ’I:tllb((ﬁ(l]pl 1 beIPZ) exp |:_

+ b%p3
0

3) antema type  Alp) = abexp| - LI o(w), suppe(s) € [0, 07



The antenna
V.A. Kostin, D.V. Kostin, A.V. Kostin, some solutions and pictures D.S.Minenkov

’ (Gaussian exponentials and
cutting functions along the axis
=) function

based on the sin”(¥
+ rotations and shifts




The Helmholtz equation with constant n and the Dirac delta function
in the right hand side: |

u is the Green function = the Hankel function G(z, k) = fl é”(%) The
function has singularity in the point x = 0 and has oscillations for large .

0.6
0.4

0.2

-0.2

~0.4

The Helmholtz equation with variable coefficients:
J. B. Keller, 1962
V. M. Babich, 1964 (matching method , without focal points and caustics)

V. V. Kucherenko, 1968 (with focal points, the Maslov canonical operator)



(Generalization:

L. Hormander and J. J. Duistermaat, 1973, R. Melrose and G. A. Uhlmann,
1979 (pair of the manifolds, asymptotics with respect to smoothness)

B.Yu.Sternin, V.E.Shatalov, 1981 (some geometry)

A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, M. Rouleux 2017,
(Doklady Mathematics, Solutions of stationary equations with the localized

right hand side)

S. Yu. Dobrokhotov, V. E. Nazaikinskii, A. I. Shafarevich, 2016 (simplification

of the canonical Maslov operator)

S. Yu. Dobrokhotov, D. S. Minenkov, M. Rouleux, 2018, (The Maupertuis-
Jacobi correspondence in semiclassical stationary problems)

A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, M. Rouleux, Lagrangian
manifolds and the construction of asymptotics for (pseudo)differential equations

with localized right-hand sides, Theoret. and Math. Phys., 214:1 (2023), 1-23



LINEAR PROBLEMS

The usual additional conditions for the Helmholtz equation: the principle of
limiting absorption ~ to Sommerteld condition

u = lim u., (H — ic)u-(x, xo) = f.
e—+0



Additional conditions may be those that arise when constructing the Green
function: the principle of limiting absorption ~ to Sommerfeld condition for
the Helmholtz equation.

We do not use such conditions and we speak about asymptotic
solutions only.

The main idea (closed to idea of V.P.Maslov and V.V.Kucherenko) is based
on consideration of the non stationary Cauchy problem

x—§
=),

and representation of solutions in the form of Duhamel integral

U = %/[} v(x, 7)dT

The aim: to construct asymptotic solution as h — 40 and our conditions are
related to assumptions that ensure (in a sense), convergence of this integral.

—?:tht — 7%1): ’U‘t:[} = F(




Hy>kHble 00beKTbI (aJIropuTM HNOCTPOEHUsI ACUMIITOTUKU PEIIeHN ):
MJIABHLIN 1 cyOraBubiii cumBosinl (pynknun) H(x, p), Hi(x, p) oneparopa H
MmuozkectBo Lo : {&, H(&,p) = 0}

CeMEeNCTBO TPAeKTOPHiT TaMIUJILTOHOBON CHCTEMBI ¢ ramMuIbToHnanom H(x,p),
0Opa3yIoNINX JarpanzkeBo MHoroobopasme A

cyzkenne npeobpazosanus Oypoe or dpyukiun f Ha Ly 1 ee npojioyzKenne Ha A,
KaHoHn4eckuii oneparop MacsioBa na A

cro prOHLGIIHe+ ero mIo0aJbLHOCTDL N JIOKAJILHOCTD



Reminder: WKB-asymptotics and Lagrangian manifolds:

S a(a:)ef%s(m’t)? h — +0

the (smooth) Lagrangian manifold in 2n — D phase space RIZ)?:

A= (p=VS) = {p= Pla). = X(a), a=amn........0)
1S = PdX., a—
J(ar) lo=a(x)

Here J is the Jacobian of projection A" — R”: J(«) = det % and
a = a(x) is the solution to the equations

X(a)==x = Parametric form

the phase S(z) = f;(x’t) PdX,
(the solution to the Hamilton-Jacobi equation)



The Lagrangian singularities (focal points, caustics).

_ 0X __ 4
J(a) = det &= = (

e

The catastrophe theory

(Thom, Poston, Stewart, Maslov, Arnold, Varchenko, Gusein-Zade, Lukin, Kryukovsky,
Palkin, Rastyagaev, Il'in, Suleimanov ...)



The Maslov canonical operator:
WEKB-type function near the regular points ( J(«) = det % #0)
and the integral representation near the focal points and caustics.
1-D case: the WKDB representation in momentum coordinate+
inverse Fourier transform

/_P_g m / o4 (o) PdX—P(a)(a—X (a))
2mh \/|det

(}(l

dp,
a=a(p)

here m is the Maslov index, o = «(p) is the solution to equation:

P(a) = p.
Y
two steps: 1) finding a(p) (could be not trivial), 2) integration

over the momentum p
The main idea: let us pass to integration over « == the first
step disappears

2mh j




n-D case:
mixed representation in the neighborhood of Lagrangian singularities.
Example n = 2. Canonical coordinates: (1, z2), (1, p2), (p1,x2), (p1, p2).

Th. At least one of Jacobians det o 1aX2J, det 221 PQ), det 2L XQ)/

det 2L 1, 1) s not equal to zero.

Example of mixed representation in the case (py, x2)

\Ij(x) — Let%m\/ A(Cﬁ)e (1') e%(f;}(P,dX}—{P(&'),I—X(&')})
V. 2mh \/|de 0Py (0)-Xal) | a=a(p1.2)

here m is the Maslov index, o = «a(p) is the solution to equations:
Pl(&) = P1, .XZ(CE) = T9.
two steps: 1) finding a(p1, x2) (could be not trivial),

2) integration over the momentum p;



Generalization to n-D case: partial Fourier transform (z,p)
(=", p"), (p", 2"))
Example n = 3:

(21, 22, 23), (P1, T2, 3), (1, P2, 3), (X1, T2, P3),

(pl:p2: .’l’?g)? (pl: 3—72;1}3); ($1:p2:p3): (plap%p?;)
_|_

passage from integration by p! integration by some coordinates a; on A™.

The Maslov canonical operator:

KyA = Z Ut
Q



Objects and assertions:

afH = 62H
j‘((.’}}',p,h), H(&C&p) :J'C(x,’p,()), Hsub(xap) J? pj Z
oh : 8%3}:}3
symbol principle symbol 1=
Assertions i ) subprinciple symbol

L [H(Ep)| = Clpl ™Y . C,N>0 ., [p|is large

[1. Solutions (x,p) = (X (q,7), P(q, 7)) of the Cauchy problem for the Hamilton
system

T = Hp(xap)u p — _H'r(xap)a $|T:U — 5? p’TZU — ( ~ Rn?
defined for all 7 € [0, 00) with ¢ € Ly, where Ly = {q € R"|H (£, q) = 0}

[II. For any R > 0, there exists such a tp that |X(q,7)| > R for 7 > tp
and g € LO- R



Lagrangian manifolds Ay and A

Ao={zx=¢&p=qeR"} eRY,

xr.p?

A={(z=X(qr1)t=1p=P(q1),E(q) — H(q)} € R**2,.

Expression of the right-hand side via the canonical operator on A

T _5 6.}E?rﬂ./4 [P § N
(555 = g [t P = et

where Ky is the Maslov canonical operator on the Lagrangian manifold Ay with
the measure dug = dg; A - -+ N\ dg,, and the Fourier transform

emn/él

fp) = )

[ e sy ay
R'ﬂ.



Construction of an asymptotic solution

A partition of unity on Ay permits one to write the solution as the sum of
solutions of two such equations in one of which supp f N Ly = &, while in the
other the function f is compactly supported.

Theorem 1. (“Elliptical part” of the “near field”). If supp fﬂ Ly = @,
then there exists an asymptotic solution

U(z, h) = K"*[KCyB](z, h)

where the amplitude B is an element of the space S(Ag; h) of smooth functions
on the parameter h € [0, 1] ranging in the space S(Ny), and its leading term
has the form




P

Lemma 1. Let f(q) be a compactly supported function on Ny. Then on the
manifold A there exists a smooth cutoff function x such that

(1) x = 1 in some neighborhood of the set M = (L{] x [0, oo))U(supp fx {0})

n+1
x,t

(i1) The set wy (K) Nsupp x is compact for any compact set K C R

(1i1) The set mp(supp x) has the following property: if (x,t) € wa(supp x) and
x| < R, then —1 <t < 7py1+ 1.

AN={(z=X(¢.7),t=1,p=P(q,7),E(q) —H(&,q))} € R?;?E?



Let X: CR(Ash) — f"*’(R”H) be the canonical operator on the Lagrangian
manifold A with the measure du dio(q) N dr.

Theorem 2. (The first main Theorem) If f s compactly supported, then
the initial equation has an asymptotic solution of the form

Y(x, h) = @h,QI/ K(xA)|(x,t, h)dt,

where x 1s the function described in Lemma 1 and the leading term of the

amplitude A € C*(A x [0, 1]) has the form

. < / .P / d ! ~
Ao(g,7) = Alg, 7, 0) ZfU b(X(g, ), Plg, 7)) T f(q). )
Theorem 3. If the function f is compactly supported and supp f N Ly =
&, then the asymptotic solutions constructed in Theorems 1 and 2 coincide

modulo O(h®).



Principal type condition, the “main” Lagrangian manifold A,, and
the form of the asymptotic solution outside of the vicinity of the
point © = &

Assume that the following condition is satisfied:
IV. Hy&,p)#0 for p e Ly.

Then Lg is an (n — 1)-dimensional submanifold in Ay. The points of Ly will be
denoted by «, and the corresponding values of ¢ € Ay, by g(a). We construct
n — D Lagrangian manifold

Ay = {z = X(q(a),7),p = P(q(a),7)} € RZ",

We equip A, with the measure duy = dog(a) A d1, where dog is the volume
form on L( uniquely determined by the equality duy = dogAdH on the tangent
spaces to Ay at the points of L.



2 X,




Let
4 O (AL RN\ {€}; h) — FHRY\ {€})
be the Maslov canonwdl operator on the manifold A, with the measure du. .

Theorem 4. (The main second theorem). Assume that the function f
is compactly supported and condition (IV) is satisfied. Then the asymptotic
solution can be represented in the domain R \ {£} as

1 m n—

U h) = (2m)3eTh°T (K, Q)(x, h) + O(h),
where the leading term of the amplitude Q € Cp (A4, RE\{£};

Q(}(&a T) = Q(@&T&O) — A(}(Q(&)a T)'

h) has the form

+ Simplifications, computational tricks and representations in the
form of special functions of a complex argument



Wave part outside the focal points

im . n—1 z LT A ) '
) = VIR T Y e S0l T)
j \/| (ija Tj)|

(0. 7)=(0j (x),7())

T oX
SO&,T :/pH d.}, 7 — det |
( ) 0 Ple=X(q(e) m).p=P(q(a)m) L (3(05? 'r))
the corresponding Maslov index is
n+1 1 . i1 9.
my = =y 7 dm oy, m) i
(X (q(a),7) —ieP(q(a), )

Je = d(a, 7) ’

(aj(x), 7j(x)) is (are) the solution(s) to equations X (q(«),n) ==



Directional pattern of generated waves

One has in regular points the WKB-amplitude A of the asymptotic solution:

_ fla(e))
VI (g(a),7)]

for the Helmholtz equation H = p* — n*(x, ) and
Ly = {q(a)* =n*(&,7)} is n — D sphere,

A(z) q(a) € {q(a) : Hy(§, q(a)) = 0}

a=a(z),r=7(x)

g =n(&,7) (cos ¢sin b, sin g sin b, cos 0)"
v is a parameter, e.g. could be frequency or energy

Therefore, the radiation pattern is determined by the projection of the Fourier
transform onto the sphere Lg()



The Maupertui-Jacobi correspondence: H(z,p) — |p|C(x), S(1,¢) — 7.

The Hamiltonian for the Helmholtz equation

2
;o o, oy

V() VV ()

\Fcrmat variational principle for constructions of trajectories
/

f; \/V dT — extremum

H=p"-V(z)=0 =

S. Yu. Dobrokhotov, D. S. Minenkov, M. Rouleux, The Maupertuis-Jacobi
Principle for Hamiltonians of the Form F(x,|p|) in Two-Dimensional Stationary

Semiclassical Problems, Math. Notes, 97:1 (2015), 42-49

S. Yu. Dobrokhotov, I. A. Nosikov, A. A. Tolchennikov, The Jacobi-Maupertuis
principle and Fermat variational principle in the problem of short-wave asymptotics
in the solution of the Helmholtz equation with a localized source, Comput.

Math. Math. Phys., 65:4 (2025), 739-753



Example: the inhomogeneous Schrodinger equation with the Coulomb

repulsive potential and localised right hand side (the Green function

type pI‘Oblem) S. Yu. Dobrokhotov, A. A. Tolchennikov, Keplerian Trajectories and an Asymptotic
Solution of the Schroedinger Equation with Repulsive Coulomb Potential and a
Localized Right-Hand Side, Russ.J.Math. Phys., Vol. 29, No. 4 (2022), 456-466

0
r— X r
WA+ L _FE))=F .z eR’
|z h
L1
r=[x9|, v, E/, h are positive constants, h < 1,
L3

S

F 1s a smooth fast-decreasing function
(y) is ¢ ‘ 5 o= (0].6>0

-

+ absorption conditions at infinity



The Lagrangian manifold via Keplerian trajectories

(:}:1) 2 ( (ch& + ch B)(ch & + ch B) + sh & sh &sh? 3 )

= 5 | [sh&osh B(ch & + ch ) — sh {sh 3(ch & + ch 3)] cos 0
4oL ish&ysh B(ch& + ch ) —sh&shB(chéy+ ch )] sinf

(pl) N | ([ (ch & 4+ ch B() sh & + sh &3 015312?’ )
Do sh&ysh&sh g — (ch&y + chB)ch&shfg|cosd
P3 2bVEchfch&+1 sh&yshésh g — (chéy + chB)chésh B sind

3

= q(chpBsh§+&§—1) q= \/—: o = ch Bsh & + &.

shf = —Asiny, chff = \/1+A281n2w
__ 2FbWE

A
A cos V1 -+ A? 7
; Ch£0:
V1 + A2sin? ¢ ch

Sh&o —




The caustic = the half of a bicuspid hyperboloid




Example




Example

T] €os A+ sin &)2 B ( —& ] sin a+a9 cos ﬂf)Z 2

Viz) = e_( 11 a2 B a1/ay =1/3, a €0, 27]

]
1 1 |
I \ \ [’ :llﬂ ( — e %0
/ [ ] / | / | |
| | - 1 | 1 ‘1
‘i / W\ ,' 1 [ | X i
\ o | { - o v ‘l [ i )
A A | | | \
Ri / 1 ‘l . |l |1 ’ w‘
| 2 | [ 2 ! ~-2
/ // | /l » u / |
| }3 | 8 ; i
|} 4 1 ' L | { 1
L§ . | f =e
€05 tr\,: [_ ;1 ' C.C5LV€ + / ' 0.05 ‘:\i / 1
C cc% 4 / c.oc & 0.0C /
-0.05 L P V -0.0 ¥ L & e N : V/
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A simple example when the trajectories do not leave bounded areas:
the Arnold singularity of Legendre type

[. A. Bogaevsky, S. Yu. Dobrokhotov, A. A. Tolchennikov, Arnold Lagrangian
singularity in the asymptotics of the solution of a model two-dimensional Helmholtz
equation with a localized right-hand side, Theoret. and Math. Phys., 218:1
(2024), 19-40

1
(5(—}12&—3&“?)—E)¢:V( — (X1, X9 ERQ

E=-0.4

A S A Y A es SR
O. O. ®enopos, Acumnroruka pemtenns: ypapaenns [Ipenunrepa ¢ aBymep-

HBIM KBa/JpaTHYHBIM IIE€PEBEPHYVTLHLIM ITOTEHIIHAJIOM I1 JIOKAJIM30BaHHOI HpaBOﬁ

qacrbio, TM®, 226:3 (2026), 516-540



FE =




Shallow water equation
Equations in dimensionless variables

, 0N
h% + h div((n + D(x))u) = Re [fl (:L u ) e’*‘ht] !

h
ou h r — Y
ha + h(u, V)u+ gVn = Re {f‘z ( ' ) e"‘?:f] .

h

Linearization of the system

N - o O\ L
h%—t + h div(D(z)U) = Re | f1 (/r: . ) e'nt

. - 0 -w:
h(;—?JrthN:Re fo (T * )E“Ff .




Relationship with the Helmholtz equation
We omit the vortical part of the solution, this gives

0*N o, (x— Y
Y div(c ()VN)—Re[e F( 7 ;ﬁ?)]a

*(z) = gD(x), F(y,z)=iwfi(y) — D(z)div fo(y) — h{(VD(x), f2(y))

hZ

We put N = Re [p?;ﬁﬁy(l)} where V¥ 1s a solution to the equation
2 2 x —a’ 2
(P, c”(x)p)¥ — w lI’=F( ; ?33), p=—thV, ¢ =gD(x)
Far from the coast line one can put U(x) = (1 )<P(:r;)
le(x

and obtain the Helmholtz equation

_ 0 2 Aclr
W2AD + V(z, h)@——@F(I hi .:c) Vieh) = 2 pplde)



The Hamilton systems, semiclassical asymptotics,
standard and nonstandard caustics,
the modified Maslov canonical operator

Hamiltonian g, = ¢2(z)p?

Trajectories p = P(¢,7), 2 = X (¢, 1) Ho(X, P) = 2 (X)P? = o

. . W
P = _(Cz)u:pgﬁ L = 2(3210, p‘rzﬂ — n(v) C(Qj[})j '-T’.‘TZU — va

First, we assume that c¢(z) > 0 and that in finite time the
projections of trajectories X (¢, t) leave any bounded set in the
domain D(x) > 0.

the Lagrangian manifold

A={p=P,1),2=X0),7):p €S, 7€[0,00)}



Relationship with the Finsler metric

Hamiltonian H = C(x)|p| = VHo C(x) = c(z)

w W

Trajectories P, 7) =P, 7)), X(,7)=X{), 1), 71 =2wT

: p
p = —2c|plez|p| = —2welp|l, = 2(‘\1}\(— = 2wc—,
p| P
A _ .0
dp dx
Lo, ool
dr <[P dr p|

1
Pln=o = n(y) C(20)° T|ry=0 = -’L’D: T1 = 2WT.

Finsler metric and Fermat’s variational principle

5T ]—5/ C‘éi) 0



The behavior near a shore

O. A. Oneiinuk, E. B. Pagkesuq, “YpaBHeHusi BTOporo mopsijiKa ¢ HEOTPHUIATEIbHON
xapakTepuctudeckoit popmoit’, Urorn nayku. Cep. Maremaruka. Mar. anaj. 1969,
BUHWTH, M., 1971, 7-252.

T. Vukasinac, P. Zhevandrov, “Geometric asymptotics for a degenerate hyperbolic
equation”, Russ. J. Math. Phys., 9:3 (2002), 371-381.

C. HO. Hobpoxoros, B. E. Hazailikunckmii, “VuaudopMmusalusa ypaBHeHUl ¢ IpaHuY-
HBIM BBIDOKIeHHEM OecceneBa THIIA M KBa3WKJIacCHYeCKHe acuMITOTHKH , Mamenm.
samemxu, 107:5 (2020), 780-786.

B. E. Hazaiikunckuii, “O0 3/UIMIITUYECKOM OIIepaToOpe, BhIPOXKIAIONIEMCs Ha I'PAHUILE
obmactu”’, Pynry. anasus u e2o npua., 56:4 (2022), 109-112.

B. E. Hazaiikunackmuii, “I'eomerpusi pazoBoro mpocTpaHCTBa JIJIsi BOJHOBOTO YPaB-
HEeHUsl, BBIPOXKJIAIoIerocss Ha rpanuie obsactu’, Mamem. samemxu, 92:1 (2012),
153-156.

B. E. Hazaiikunckuii, “Kanonunyveckuii oneparop MaciioBa Ha jiarpaH>KeBbIX MHOI0O00-
pa3usax B pa30BOM IPOCTPAHCTBE, COOTBETCTBYIOIIEM BBLIPOZKIAIOIIEMYCS Ha TPAHHUIIE
BOJIHOBOMY ypasHenuio”, Mamem. zamemxu, 96:2 (2014), 261-276.

S. V. Bolotin, D. V. Treshev, “Another billiard problem”, Russ. J. Math. Phys., 31:1
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Expanded phase space and non-standard coordinates
in the vicinity of the coastline

The extended phase space ® obtained from the standard cotangent
bundle T*() by adding a plurality of "points at infinity"® .. over
0f). Let x, € 0f) and €2 be near a point x, is defined by the
inequality x; > f(xg), where f(xy) is a smooth function. We
introduce new coordinates (q,y, #,&) on T*€) for x close to x, and
p1 = 0 using the formulas

¢=py ', y=x2, 0=pi(r:— f(22)), §=p2+ f(x2)p1
prdzy + padas = 0dg + Edy + d(0g)
dp1 A dzy + dpy A day = d A dg + dE A dy
H(w,p) = H(q,,0,€) = VOY(f(y) + 0, 9) V1 + (' (y) — ¢€)3
c(z) = \/fﬂl F(x2)(z).

Jrs(¢, 7) = det (8@’ Y)) , Jes(p, 7) = det (a(Q’ =)

v, T)

Y, T)

)



The linear asymptotics near the coastline I' (simple case)

KR A](2) = [KuAl(2V/a1 — f(aa), 22) + [KyAl(=2V/z1 — f(22),22) + O(h),

Todd=— Tadti(g y)’
Tev=—Teuv (J y)
a=a(o,y)

I _ pim/4—imm/2 TTodd 2 (i/h-)TwJ Todd A(Q)
[KpAl(o,y) =e (hg) : ( )‘Jay‘l

J(v) = Jo(v) + i1 (v),

) = T(a(0,y)) — T(a(-0,y))
2

7(a(0,y)) + 7(a(-0,y))
2

0(%,Y)
op

Joy(a) = det () Todd (0, Y

Y(a) = 2Q(a)/O(a), Teo(0,Y) =

jg(Z)_, J1(2) are the Bessel functions
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Asymptotics of the nonlinear system of shallow water
equations in the vicinity of the coastline
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Asymptotics of the nonlinear system of shallow water
equations in the vicinity of the coastline

Let N(x,t),U(x,t) be the asymptotic solutions of a linearized
system of shallow water equations. Introduce a cut-off function
p(y) equal to 1 in some small neighborhood of the curve I'. Define
the functions n(x,t), u(x,t) in a parametrically given form

o=y~ NS =Nt = U

Assume that the Jacobian det(g—;) # 0 in the wvicinity of the
coastline ', then the functions n(x,t), w(x,t) outside some
neighborhood independent of h of I' are asymptotic solutions of the

original system of shallow water equations.



CARRIER-GREENSPAN TRANSFORM
THE LINEAR WAVE EQUATION for N(7,y), U(r,y):

N- 4+ —(v*yU) =0, U.+gN,=0, g=1~v=1
dy

CONSIDER the SYSTEM

1
v=y—N(ry +;Ury), t=7+U(ry)

Let it defines one-to-one map from {y > 0, 7 € R} to the value
area of the richt hand side

THEN |

nt,z) = N(r,y) — EUE(T:EJ): v(t,z) = Ul(r,y)

are the solution to the ORIGINAL NONLINEAR SYSTEM
ma PARAMETRIC FORM

0
n + %[w(n +vx)] =0, vy + vu, + gn, =0
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Reduced Carrier-Greenspan transformation (simplification):
D(y) = D(z) + n(x. t)p(x), 7 =1, N(y,7) = n(z,t), Uy, 7) = u(x, 1),
here p(z) is a cut-off function, p = 1 near 2 :  D(z) = 0 and p = 0 outside

of the neighborhood of the point z".

The main property: the boundary becomes fixed

Example: exact solitary solution

n(x,t)

Q.15 N(z7) =R Al + ib)

"z = (7 +ib)2/2)3

A

U = 2Re :
(Za T) Re (z _ (T + f_b)E/q)EK? !




Example

_ (zg-=()?

D(x) = —q(zq1(th(z,) 4+ 1) —a) — Ae” 2 +d

g =005a=05A=-1v=129=-5d=05




~1,2}

—5,

x5 € {9,



Global and local properties of the Maslov canonical operator

Finsler metric and Fermat’s variational principle

5Tl =5 [ -2

Y C(&:) 10
8 8
6 6
4 4
2 2
X1 ’ X4
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

1
Puc. 5. Cnepa: m)upHasa Touka — & = (5,5), AKUpHAS JHHHAA — JIV9 H3

.’I-’n B iﬂl, HalieHHBIH BApPHUANMOHHBIM MEeTOMOM, TOHKHE JIHHUM — COoCeJHHe

JIYUH, CIPABA: PEIIEHNE B OKPECTHOCTH TOYKH &'

1 i A ) - i ! T 5 : . e ’ ’
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From linear case to nonlinear case: run-up (splash)
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