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Hamiltonian system with n =2 degrees of freedom (2 =X, dp; A dg;)
depending on a parameter ¢ € R:
dq,' _ oH® dp,' oH*

dt - 8[), (qap)7 dt == (3'(], (q7p)7 = 172 (1)

Suppose F°€ is a first integral, i.e. {H®, F¢} =0 for each &, where
{f7g} = Q(Xf7Xg)' dg :(,U( an)-
Suppose that the origin is an equilibrium (a singular point of rank 0) at € = 0:

HO=H)+HY+..., FO=F)+F)+.. ..

Mycts {+A1,...,+\,} — cnekTp ramunsToHoBa onepaTopa Q2 1d2H(xp).

Theorem. (Int) [Birkhoff], [Bryuno 1988] If A k € Z" ~ {0}, (k,A) = 0, then 3
local formal symplectic coordinates (P, Q), in which H = h(By,...,B,),
L(P?2+Q?) (center)
(P B 4iB = (Poy4iP)(Qis -0 ]
B; { PQ (saddle), Bj_1+iBj = (Pj_1+iP;)(Qj-1—iQ;) (focus-focus),
(Stab) if d®?H°(0) is positive definite, then xp is Lyapunov stable (elliptic); if
3\; ¢ iR, then xp is not Lyapunov stable,
(Bifurc) ToA1 = 27, % ¢ 7 = 3 a family of periodic solutions Ny ~ D*(Py, Qy),
H|n, = h(P? + Q?) (normal Lyapunov mode; ’A\—; = 2 [Duistermaat 1984]),
(StrStab) V small perturbation H 3! equilibrium X € U.
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Definition of non-semisimple hyperbolic 1:1 resonance at the equilibrium
(g,p) = (0,0). Suppose that the Hamiltonian operators A = X, Xpo are linearly
independent, and A is non-diagonalizable (Jordan block structure), so it has a
multiple spectrum spec A = {\, A, =\, -}, which we suppose to be real, A > 0.
Examples: Kovalevskaya top at g =1 (b — ¢, two anti-canonical involutions):

Steklov case (d — e),

Crexnon

Elena Kudryavtseva, MSU Bifurcations through a non-semisimple hyperbolic 1:1 resonance, witl



Properties: 1) 3 linear changes of variables (g, p) - (g, p) and
(H,F) = (H, F = aH + bF) transforming HY, F) to the form

Hy=AS+X, F)=5, whereS=piqi+pq2, X = p12, Y = p2q1, Z = p1q1-p2g:

1) 3 non-linear local changes (q,p) > (§,P) = (3°(q.p),P°(q,p)) and
(H,F) = (H,F = F5(H,F)) transforming HS, F? to a normal form

H =Me)S+X+¢%(V,5), F =5,

2) equilibria (near the semi-simple 1:1 resonance) form a 1-parameter family
(§,p) = (0,0) with parameter &, so spec A° = {£A], £A5} where A and A5
collide at € =0,

3) locally 3 two (families of commuting) anti-canonical involutions
75 :(G1, G2, P1, P2) ~ =(P2, P1, G2, G1), SO the system is reversible w.r.t. them,

3") singular points on the integral manifold L% := {H? = F® = 0} (at which dH
and dF are linearly dependent) form (locally) four rays

{P1=¢2=0, ppg1 =0} =0U Oy U---UO4 where O; are 4 1-dimensional local
orbits of the local Hamiltonian action of R? by the flows of Xy, Xpo.
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Each local involution 7, permutes these local orbits:
’7'+(01) = 03, T+(02) = (94.

From topological point of view, an integrable system is a singular Lagrangian
foliation of the phase space by integral manifolds {H® = ¢;, F® = c,}. General
problem: describe topology of this foliation and its bifurcations along the above
family of equilibria.

Questions about the singularity with hyperbolic 1:1 resonance:

1) To which “standard form” can be locally reduced the pair of functions H®, F¢
by some (non-linear, not necessarily symplectic) local coordinate changes?

2) How do eigenvalues A and A5 bifurcate along the family and collide at € = 07
3) What are local topological invariants of (the bifurcation of) the foliation?
What are semi-global topological invariants (in an invariant neighborhood of the
equilibrium) of this foliation?

4) Is the given bifurcation (near the given equilibrium) structurally stable?
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Theorem 1. Suppose that the integral manifold L% = {H° = F0 =0} is
compact, contains a 0-dimensional orbit (equilibrium) with non-semisimple
hyperbolic resonance, and no other O-dimensional orbits.

Then the pair of functions H¢, F¢ can be locally reduced near this point, by
some (non-linear, not necessarily symplectic) regular local coordinate changes,
to one of the following standard forms: (H¢, F®) = (G*(), S) where

ch - X+Y2+4Y, (local singularity KL1.1 [KL 2024])
Sl X+ YR+ YS Y2 %ZY, (new local singularity C£5;)

S=p1q1+p2qg2, X =p1g2, Y =p2q1, Z=p1g1 - P29z, § is a detuning
parameter, §(¢) = ce’.
The pair (c,¢) € {(1,2k - 1),(1,2k),(-1,2k),(0,0)} is a smooth local
invariant. It can be reduced to the case of k = 1 via topological equivalences.
» Bifurcations KL1.1 with d(¢) = € are locally structurally stable. Bifurcation
KL$, with §(¢) = ¢ is semi-globally structurally stable (but not locally).

» Local bifurcation diagram is a local topological invariant of the above
singularities. They are shown in Figure.
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Spectrum spec A° = {£A], +\5} along the family of equilibria has the following
behaviour near the 1:1 resonance:
» For K£1;1:
(c,0) =(1,1), d(e) =€, M2 = A(e) £/ (splitting),
(c,0) =(1,2), 6(¢) =%, A\12 = A(¢) + & (passing real),
(c,0) =(-1,2), 6(¢) = —€%, A12 = A(¢) % ie (passing complex),
(¢,£) =(0,0), 6(g) =0, Ay = Az = A(g) (merging real).
» For KL,
(c,0) =(1,1), 6(e) =€, M2 = A(e) +&/2 (passing real),
(c,0) = (£1,2), 6(e) = +e%, A12 = A(¢) + £2/2 (passing real),
(¢,0) =(0,0), 6(e) =0, A1 = A2 = A(¢) (merging real).
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Theorem 2. For each local singularity, there correspond two semi-global
singularities (in a small invariant neighborhood of the equilibrium) determined
by the following condition: a) O; = (92, b) O; = Os.

The integral manifold L%° = {H? = FO = 0} with its decomposition into orbits is
a cell complex of the form %0 = ((a v b) Uy D?) U1 D?, where the 2-cell is
attached to the 1-skeleton in according to the word a) W = aba™'b7!, b)

W = a?b~2, where a~ b~ ST

Topology of L% is a semi-global topological invariant: a) 71 (L%?) = 1 (T?), b)
71 (L90) = 71 (KI?).

_CH , A1
L
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Theorem 3. Suppose that
HE=AS+X+aY2+celY+...,

where (¢, ) € {(1,2k - 1),(1,2k),(-1,2k),(0,0) | k € N} as in Theorem 1.
If a0 then the bifurcation has local type KL1.1 with the corresponding pair
(c,?).

If 2 =0 then the bifurcation has local type ICElA:1 with the corresponding pair

(c,?).

Thank you for your attention!
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