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Cardiopulmonary system: self-excited & hidden attractors. Tumbler doll

At the birth of a child, the start of the cyclic dynamics of breathing occurs without
additional influences (by analogy with the self-excitation of oscillations from a small
vicinity of an unstable equilibrium state): self-excited attractor.

In case of respiratory and cardiac arrest, indirect cardiac massage with hands or a
defibrillator can help to launch cyclic breathing dynamics if the desired effect is
correctly selected (by analogy with the choice of initial data outside a small
neighborhood of a stable equilibrium state for attraction with a hidden attractor)

Tumbler doll: global stability — trivial global attractor
(no other local self-excited or hidden attractors).
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Preface: mathematical modelling of dynamics

the Universe cannot be understood unless one first learns
to comprehend the language and interpret the characters in which it is

written... It is written in the language of mathematics, and its

2 4 characters are triangles, circles, and other geometrical figures, without

47 , which it is humanly impossible to understand a single word of it;

AL \vithout these, one is wandering around in a dark labyrinth.

[Galileo Galilei, The Assayer, 1623]

The mathematical language for this lecture: v' dynamical system: linear vs nonlinear
v’ phase space & trajectories V" equilibrium points: stable vs unstable
v’ attractors & basins of attraction: global vs local, self-excited vs hidden

Problem: To reveal all attractors and basin of attractions in the phase space system.

Problem: To check that the stationary set is the only attractor and is global attractor.
l.e. there are no nontrivial oscillations and the system is globally stable.

Problem: To reveal the global stability boundary in the space of system’s parameters.

New mathematical concepts and methods allow us to reveal common difficulties in
a number of well-known theoretical and applied problems on stability and attractors,
and also led to discovery of previously unknown attractors in well-studied systems.

The lecture shows that widely used conjectures on stability and attractors may be
wrong and discusses their impact on engineering technologies.
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lllustration: Dynamical systems

dynamical system

trajectory phase space

e dynamical system — mathematical law expressing evolution of a (long-term) process;
e phase space — a place, where a dynamical system evolves (realizes its dynamics);
e trajectory — a particular realization of dynamical system evolution;
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lllustration: Equilibrium points

stable
equilibrium

e equilibrium point — state of dynamical system, which does not change with time;
e stable equilibrium point — additionally attracts all the trajectories nearby;
e unstable equilibrium point — additionally repels some (all) trajectories nearby;
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[llustration: Self-excited and Hidden Attractors

self-excited
attractor

self-excited
attractor

e attractor — a set of states of dynamical system attracting all trajectories nearby;
o self-excited attractor — is reachable from (a neighborhood of) an equilibrium point;
e hidden attractor — on the contrary, is non-reachable from any equilibrium point;
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[llustration: Global attractor

e global attractor — a set attracting all trajectories of dynamical system;
e special case : globally attractive stable equilibrium point [global stability].
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Poincare problem: analytical and numerical construction of dynamics

For simple dynamical models the trajectories, attractors and their basins of attraction
can be found analytically (2,41 = 0.5z, 2, = (0.5)"2g — 0 as n — o0).
How to reveal all attractors and basin of attractions in a general case?

y It is clear that in the large majority of the cases that appear we cannot
’{% integrate differential equations by means of functions already known.

T\ o We must begin the theory of any function and that is why the problem,
which first occurs, is the following one:

to construct the curves defined by differential equations.

[Henri Poincaré, On curves defined by differential equations, 1881]

M. Hénon, 1976

Tpr1=1+yp — ar?, yri1=bxy,
Equilibria: S+ =(z+, bzy), v
4 = [(b—1)£/(b— 1) + 4d]

Linear part: 2, = 1 +bxp_2 X
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Accuracy of simulation: parameters estimation & roundoff error

Roundoff errors in digital computing: > 7 + =17

Fatal error: how Patriot overlooked a Scud, SCIENCE, 1992,
p.1347: "minute mathematical error ... allowed an Iraqi SCUD
missile to slip through PATRIOT missile defenses a year ago and hit
U.S. Army barracks in Dhahran, Saudi Arabia, killing 28 servicemen”.

The internal clock in PATRIOT kept time as an integer value in units of tenths of a
second, and the computer's registers were only 24 bits long.: binary expansion of value
1/10: 1/10 = 1/2* +1/2° +-1/2% +-1/2° + ... = 1/10 4 0.000000095, velocity: 1676m/s,
resulting position error was 0.5km. (C-200 had analog architecture)

Parameters estimation: x;, 1 =axs, v; =alxg, s —0? 0.99°0°=0.03vs 1.01365=37.8
Stability of zero solution of a,z(™ +..+asz” +a12'+agz=0 <

Stability of polynomial a,,s" +.+a2s%+a1 s+ag =0: Routh-Hurwitz criterion (1876,95)
Robustness a; € [l;,u;]: V.Kharitonov criterium for interval polynomials (1978)
Stability of zero solution of a,z(™ + .. + asz” + a1z’ + apz = f(z) <

A. Lyapunov stability theorems (1892);  Perturbations k12 < f(z) < kox:

V. Popov absolute stability criteria (1959), V. Yacubovich, R. Kalman (KYP lemma)
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Simulation and mathematical modelling of dynamics
Aircraft control systems: simulation of stability and oscillations
Stability, periodic motion and chaotic attractors
Analysis of stability and oscillations for dynamical models
Chua circuit and conjecture: self-excited and hidden attractors
16th Hilbert problem
Global stability and the birth of oscillations
Global stability criteria
Kalman conjecture on absolute stability of control systems
Keldysh model of flutter suppression
Classical engineering problem: Watt regulator with servomotor
Hidden attractors in Sommerfeld effect
Hidden attractors in drilling models
Hidden attractors in phase-locked loops
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History: stability and oscillations in simulation of aircrafts

Accidents: crash of YF-22 (Lockheed/Boeing)
1992; crash of JAS-39 Gripen (SAAB) 1993.

Pilot-Induced Oscillation — sustained or
uncontrollable oscillations resulting from
efforts of the pilot to control with high
precision and the actuator magnitude and
rate saturation.

Windup:oscillationswithincreasingamplitude w comm,]cr}_> /— H plant

saturation

Actuator saturations may lead to controller
windup, which dramatically changes the
overall closed-loop system performance.

U

controller

Antiwindup — a scheme to avoid windup in
control systems with saturation.

Lauvdal et al., CDC, 1997: Since stability in simulations does not imply stability

of the physical control system (an example is the crash of the YF22) stronger
theoretical understanding is required.
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Simulation and mathematical modelling of dynamics
Aircraft control systems: simulation of stability and oscillations
Stability, periodic motion and chaotic attractors
Analysis of stability and oscillations for dynamical models
Chua circuit and conjecture: self-excited and hidden attractors
16th Hilbert problem
Global stability and the birth of oscillations
Global stability criteria
Kalman conjecture on absolute stability of control systems
Keldysh model of flutter suppression
Classical engineering problem: Watt regulator with servomotor
Hidden attractors in Sommerfeld effect
Hidden attractors in drilling models
Hidden attractors in phase-locked loops
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Simulation: analysis of stability and oscillations of dynamical models

. X stable
o1 Fi(@r, @2, ) xp+1 = F(xy)

o f2(££’1,332,..,xn)

%= - —F(x) x°:F(x°) =0
s e J(x°) = (9f;/0x;) <:;;:>

Tn fn(xl,x2,-~7l‘n) ) X, 3

An oscillation can be visualized numerically if initial data from its vicinity lead to a
long-term behavior that approaches the oscillation. From a computational point of
view, such an oscillation (or a set osc.) is called an attractor, and its attracting set is
called the basin of attraction. How to choose initial data in the basin of attraction?

Van der Pol /\ Lorenz
. \ E=—o(z—y)

=y
0 | y=—atpu(l-a?)y

Pendulum
f==

4 . j=re—y— a3
Z=—az—[sinf ’

Z=—bz+uxy

2009 (Kuznetsov, Leonov), 2009: An attractor is called a self-excited attractor if its
basin of attraction intersects with small neighborhood of an equilibrium, otherwise
it is called a hidden attractor. E.g. hidden attractors are attractors in the systems
without equilibria, or with the only stable equilibrium (a case of multistability).

Attractors that do not attract trajectories from neighborhoods of equilibrium states

are “hidden” from numerical and physical experiments.
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Chua circuit and conjecture: self-excited and hidden attractors

T = a(y  — f(x)),
y=x—y+z,
= £ =—(By +72),

o

.l f@)=miz+sat(e) =miz+5(mo—m)(Ja+1| |z —1)

1983-now: computations of hundreds Chua attractors by the standard computational
procedure: a trajectory with initial data from vicinity of unstable zero equilibrium is
attracted & visualizes the attractor. [Bilotta&Pantano, A gallery of Chua attractors, 2008]

Two symmetric hidden chaotic attractors (Allﬁfiden - green
domains) in the classical Chua system: trajectories (red)
from unstable manifolds M‘““Qt of two saddle points S1 2 .
are either attracted to the Iocally stable zero equilibrium T %
Fy, or tend to infinity; trajectories (black) from stable s
manifolds I\/I?)t,:t tend to Fy or S1 2 o

0
Anldden

'
A Amdden

v Leonov G.A. Kuznetsov N.V., Vagaitsev V.I, "
Localization of hidden Chua’s attractors,
Physics Letters A, 375(23), 2011, 2230-2233 e
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Hidden Chua attractors and multistability: 5 coexisting attractors

“Chaotic” generalization of Hilbert’s 16th problem: on
the number and disposition of attractors in multi-
dimensional chaotic dynamical systems; e.g., depending
on the degree of polynomials in the rhs of the model.

What is the maximum number of
coexisting attractors that can be found
in the Chua system? How many of the
coexisting attractors can be hidden?

2 trivial attractors (stable equilibria)
unstable equilibrium (2d stable manifold,
1d unstable manifold attracted by 2 trivial
attractors);

3 hidden Chua attractors: periodic limit
& cycle and two symmetric chaotic Chua

| :_\' > E : Le attractors

v Kuznetsov N., Mokaev 'i'., Ponomarenko V.,“Seznev E., Stankevich N., Chua L., Hidden attractors in
Chua circuit: mathematical theory meets physical experiments, Nonlin Dynamics, 111(6), 2023, 5859-5887

v' N.V. Stankevich, N.V. Kuznetsov, G.A. Leonov, L. Chua, Scenario of the birth of hidden attractors in the
Chua circuit, Int. J. of Bifurcation and Chaos, 27(12), 2017, art. num. 1730038
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16th Hilbert problem

16th Hilbert problem (second part) 1900:

number and mutual disposition of limit cycles for

i = Py(z,y) = a12? + biry + c19® + arx + By + ...
U= Qun(z,y) = a2z? + bawy + coy? + o + Boy + ...
v N.N. Bautin 1949-1952: 3 nested small-amplitude limit cycles (LCs)
v 1.G. Petrovskii, E.M. Landis 1955-1959: only 3 LCs

v L. Chen & M. Wang, S. Shi 1979-80: 1 large & 3 nested small LCs
v Y. llyashenko 1995: finiteness of the number of limit cycles

Visualization problem: nested limit cycles are hidden attractors!

V. Arnold (2005): To estimate the number of LCs of square vector fields

on plane, academician A.N. Kolmogorov had distributed several hundreds

of such fields (with randomly chosen coefficients of quadratic expressions) [l
among a few hundreds of students of Mech.& Math. Faculty of Moscow
Univ. as a mathematical practice. Each student had to find the number of
LCs of his/her field. The result of this experiment was absolutely
unexpected: not a single field had a LC! It is known that a limit cycle
persists under a small change of field coefficients. Therefore, the systems
with one, two, three (and even, as has become known later, four) limit
cycles form an open set in the space of coefficients.
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Hidden attractors in Hilbert-Kolmogorov visualization problem

D.Hilbert (1900): number & mutual disposition of limit cycles
i = Py(x,y) = 12 + bizy + a1y® + a1x + Bry + ...
= Qn(,y) = a22® + bawy + c2y® + oz + foy + ...

In the right subfig there are 3 nested limit cycles around stable zero equilibrium.
Red — unstable limit cycles, green — stable limit cycles and equilibrium:
stable equilibrium coexists with stable limit cycle — a hidden atractor Lo.
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N.V. Kuznetsov, O.A. Kuznetsova, G.A. Leonov, Visualization of four normal size limit cycles in
two-dimensional polynomial quadratic system, Differential equations and Dynamical systems, 21(1-2), 2013,
29-34 (doi:10.1007/512591-012-0118-6)
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Multistability problem: Revealing of all local attractors

How to reveal all attractors in the phase space: infinite number of hidden attractors.
Numerical search can’t help to reveal infinite number of hidden attractors in unbounded
domain of the phase space. Thus, analytical-numerical methods are needed.

T4+x—bicosxt=0

Hint: The harmonic balance method
provides an infinite number of periodic
solutions z"°(t) ~ 3, sint where
J1(B:) = 0 (Bessel function).

The first four of infinitely many limit
cycles and their basins of attraction. The
blue dot is an unstable equilibrium. Parameters: 3. = 3.83, b= 2.
Approximation cosx ~ 1 — é—? + .. gives the 16th Hilbert problem: _is still unsolved.
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Simulation and mathematical modelling of dynamics
Aircraft control systems: simulation of stability and oscillations
Stability, periodic motion and chaotic attractors
Analysis of stability and oscillations for dynamical models
Chua circuit and conjecture: self-excited and hidden attractors
16th Hilbert problem
Global stability and the birth of oscillations
Global stability criteria
Kalman conjecture on absolute stability of control systems
Keldysh model of flutter suppression
Classical engineering problem: Watt regulator with servomotor
Hidden attractors in Sommerfeld effect
Hidden attractors in drilling models
Hidden attractors in phase-locked loops
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Local stability and the birth (bifurcation) of oscillations

f:R* = R" feCl f(0)= 0, J(z) = Df(z) - Jacobian matrix
A.M. Lyapunov [1892] : Theory of stability
Def. Equilibrium z = 0 is said to be Lyapunov stable, if, Ve > 0, 3§ > 0
such that, if ||z(0)|| < d, then V& > 0 we have ||z(t, zo)| < e.
Def. Equilibrium z. is said to be asymptotically stable if it is Lyapunov
stable and 36 > 0 such that, if ||z(0)|| < ¢, then lim;_, ||z(¢, z0)|| = 0.

Thm. Consider a function V:R* - R, V € C!: V(z) =0iff z =0,

V(z)>0iff [a| <h, z#0, V(z) =Y, 2 fi(z) <0, [a| <h.

Then z. = 0 is locally stable (for asymptotic stability: V(ac) =0 iff z = 0).

Thm. If the Jacobian matrix J(0) has all eigenvalues with negative real parts:
A1,..1(0)<0, then exist the Lyapunov function and =0 is asymptotically stable.

A.A. Andronov [1937] : Theory of oscillations —
The birth of self (excited) oscillations (1929): the gen- =~ \
Y eration and maintenance of a periodic motion by a source of -
power that lacks any corresponding periodicity. [limit cycle B

in Van der Pol model: & =y, = —x + (1 — 22)y | Y Vanderpol
A.A. Andronov [1937]: Theory of bifurcations oscillator
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Local and global stability: boundaries in the space of parameters

A.Andronov, N.Bautin (1937-1939): Andnonov-Hopf local bifurcation,
Bautin safe & dangerous boundaries of local stability

A.Andronov, G.Mayer (1944): Boundaries of linear and global stability coincide in
the central problem of direct regulation theory  + Bi + Az = y — %sign:t, y=—u.
All trajectories tend to the rest segment. |.Vyshnegradsky studied linear model.

In the summary of Andronov's results for election to the Academy of Science, 1946.

M.Aizerman (1949), R.Kalman (1957), L.Markus-H.Yamabe (1960): conjectures
on global stability by the first approximation. If the Jacobian J(z) has all eigenvalues
with negative real parts Vz€R"™: A, (2)<—0 <0, then the system is globally stable.

Cimaetal.[1997]: ilZ—I1+x3(I1+I2I3)2, I.2:—$2—(1‘1+1321‘3)2’ ,C.C3:—Qj37
A1,2,3(z)=—1, solution (z1(¢), z2(t), z5(t)) = (18 exp(t), —12exp(2t), — exp(—t)).

Boundary of global stability in the space of parameters: explicit parts defined by
local bifurcations, hidden parts defined by nonlocal bifurcation (in the conjectures
on global stability it is expected that the boundary is trivial).

Outer estimation of the global stability boundary: linearisation around equilibria and
local bifurcations analysis. Inner estimations: sufficient criteria of global stability
Kuznetsov N V., Theory of hidden oscillations and stability of control systems, Journal of Computer and
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Kalman conjecture on absolute stability of control systems

if z=Az+bkc*z, is asympt. stable V& e (ki, k2) : z(t,29) =0 Vzo, then
isx=Ax+by(c), c=c*x,9(0)=0, k1 <¢(0)/0o and ¢'(0) <ka: x(t,x0) =0 Vx¢?
r HYS 6w 1S '

Y

Fig.1. Nonlinear control system. G(s) is a linear transfer function,

f(e) is a single-valued, continuous, and differentiable

In 1957 R.E. Kalman wrote [1]: “If f(e) in Fig.1 is replaced by constants K
corresponding to all possible values of f/(e), and it is found that the closed-loop
system is stable for all such K, then it is intuitively clear that the system must be
monostable;i.e., all transient solutions will converge to a unique, stable critical point.”

DFM: there are no periodic solutions in the case of Kalman’s conditions

Engineering intuition: the statement is true for models in R%+2:3!

In R* it is not true: a nontrivial attractor can coexist with stable zero equilibrium!

In 2013 he wrote about examples with hidden attractors: “| was far too young and
lacking technical mathematical knowledge to go more deeply into the matter.”
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Global stability and the birth of oscillations

A.Lurie, V.Postnikov (1944): & = Az +bp(c*z), »(0) =0, matrix A, vectors b,c
Lyapunov function for the global analysis: V(z,0.) = 2" Hz + [} * ¢(0)do.
E. A Barbashin, N.N. Krasovsky [1952]: Theory of global stability

Thm Let V(z) : R"—» R, VeCk 7N
)>0‘v’x760 and V(0) =0, =

. )<0 Yz #£0, V(z)— +oo as |jz]| = +oo. “’
Then any solution tends to the equilibrium x = 0.

J.P. LaSalle [1960]: stability in large and generalization for multiple equilibria.

A.Gelig, G. Leonov (discontinuous systems); G. Leonov (cylindrical phase space)
Cylindrical phase space: V(z,0) = 2T Hz + [ sin(s)ds # 400 as [|(z,0)|| = +o0

The boundaries of global stability are determined by the birth of oscillations due to
local bifurcations in the vicinity of the stationary set (explicit boundary of the global
stability) or nonlocal bifurcations (hidden boundary of the global stability).

If an oscillation is born via such a nonlocal bifurcation of the loss of global stability,
then it is a hidden oscillation, since the basin of its attraction is separated from the
locally attractive stationary set. The revealing of hidden oscillations and obtaining
initial data for their computation are challenging problems.
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Hidden attractors in aircraft control and Keldysh model
M. Keldysh, On dampers with a nonlinear characteristic, Tr. TSAGI 557 (1944) 26-37

Ya. Parhomovsky, On Flutter damping,
Tr.TsAGI, 557 1944

Sz i
3 3 T
e Rkl
Flutter suppression by hydraulic damper: resistance f(i) =i+ (®+ri?)sign(i)
Keldysh by DFM: Ji+ kx = hi — f(&), p=—h+\, ¢(&)= f(£)—Az (1d of freedom)
h<A+2.08y/®x = all trajectories converge to the equilibria segment [~® /k, ®/k]
h > X+ 2.08y/®rk = there are two limit cycles a (u) cos(wt), ax(p) = ...;

Leonov G.A., Kuznetsov N.V., On the Keldysh problem of flutter suppression, Doklady Physics, 2018

4

4
3
2
1
0
1
2
3

V=1(Jittka?), V=—pi? —ip(@) = h<A+2v/Pr
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Hidden attractors in aircraft control and Keldysh model

M. Keldysh (TsAGI,1944): Flutter suppression by hydraulic damper

Ya. Parhomovsky, On Flutter damping,
Tr.TsAGI, 557 1944

rt > Schematic Jo | !
s Y. | diagramm %’ — I

cni@+cipli+bud+by+anirtay =0, @ =0by+ A
021j+022y—|—b21i‘—|—(b22+h)y+a21$+a22y = (h, — )\)y — (‘1) + /@gf)sign(y)

He had only DFM (developed by 1944) and wrote: * We do not give a rigorous
math proof, we construct a number of conclusions on intuitive considerations ..."

Nowadays we can apply rigorous analytical and reliable numerical methods:
Keldysh by DFM: stability A > 1.33; hidden attractor \ € [1.33,1.34], stability A > 1.65

Theorem (2018). If p(0)o > .02 for 5. > 0; ¢'(0) > =6, 0 # 0, for 6 > 0;
72>0,0: Re(w?+0iw+7)W (iw) —3|W (iw) |>w? + 7. |W (iw)| >0, Vw ER,
then all solutions tend to the stationary set.
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Keldysh model of flutter suppression

self-excited chaotic hidden

limit cycle
M. Keldysh (TsAGl,1944): Flutter ‘ attractor
suppression by hydraulic damper
C*(A—p[)b: 230

p(p+0.01)
((p+0.1)2+0.92)((p+0.1)241.12)

Sector of linear stability: (0, +00). segment ,
Counterexamples to the Kalman conjecture
Lauvdal T., Murray R., Fossen T., IEEE CDC, 1997: chao?iiggt?pactor “mgcé%e
Since stability in simulations does not imply stabil-
ity of the physical control system (an example is the }

crash of YF-22 (Lockheed/Boeing) in 1992) stronger 3"
theoretical understanding is required. .

(o) :Z'Staiffl(wo o)
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Classical engineering models: Watt regulator

Wiatt's flyingball regulator (1788):
maintaining the constant speed.
Vyshnegradsky (1877): math model
jé—l—Bjc—l—A:c:y—%signgb, y=—x
working regime: locally stable equilibrium

Local analysis (without sign(:)): AB> 1= locally stable equilibrium state

Léauté H. (1885), Zhukovsky N.E. (1909): Vyshnegradsky 'conjecture’ (local stability
of equilibrium state implies global stability) is not justified.

Approx. global analysis: harmonic balance method (Krylov, Bogolyubov, 1937)

Andronov, A., (Vitt A.,) Khaikin, S. The theory of oscillations, 1937

- explanation of physical oscillating regimes as Poincare’s limit cycles

- rigorous treatment of discontinuous dynamical models

- did not cover multidimensional systems and chaos, numerical methods

Precise global analysis: point-mapping method (Andronov, Mayer, 1944).
Stability of 'linearized’ system implies global stability: no hidden oscillations!
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Watt regulator:

boundary of global stability

i+Bi+Av=y—f(&), y=—=, f(&)=3signi 'Linearized’: '+ Bi+Ai=—x
Sector of linear stability: (0,400) Kalman conjecture holds for smooth nonlinearity.
Trivial boundary of global stability for the class of f(-) in the Kalman conjecture.

Lyapunov method: the stationary 25

set is globally stable if AB > 1.

HBM: no periodic solutions 2
if AB>1;

Tsypkin&LPRS methods: there's
a region in the parameter space
where unstable periodic solutions
exist (when AB < 1). 1
Numerical modeling: there's a
region in the parameter space where
the stationary set is locally stable
(when AB < 1). = The global

stability boundary is hidden. o

instability

E

lobal
ability

of global stability

hidden boundary ..

,//J\\) B =1
a T
s : local
o8 Sy stability
. | i L
05 A" 1 15 25

N.V. Kuznetsov et al., Andronov-Vyshnegradsky problem on Watt governor and Kalman conjecture on
global stability, IFAC-PapersOnLine 56(2), 2023, 4460-4465
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Classical engineering problem: Watt regulator with servomotor

floating lever

steam in - =~ ’\ S

steam out «—:

servomotor

steam in — o

working fluid

Linear analysis: A > 0,B > 0,AB > 1,0 < a = locally stable equilibrium state
Consider values of parameters A =1.3,B=12,a=1.1.
Approx. global analysis (Harmonic balance method): no periodic oscillations.
Precise global analysis (Point-mapping method): difficult to apply (model is 4D).

Sufficient conditions of global stability: A >0,B > 0,AB > 1,0< a < %.
G. Leonov (1971): global Lyapunov functions (discontinous) for differential inclusions

Stability of 'linearized’ system does not implies global stability!
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Control system for hydraulic units of the Sayano-Sheshenskaya HPP

Stability (regulation) and oscillations in a closed system: & = F(x)

A.l. Vyshnegradsky (1877), A.A. Andronov (1944): “regulator+turbine”
§+ oy + By =z —sign(y), Z=-y

F. Tricomi (1933), A.A. Yanko-Trinitsky (1958): “electric machine+load”
é+a0+ﬁsin9:fy

5

S
8

" operation
i
~ pernjitted ~

9
8

h - hydraulic head (m)

&
g

3 0 500
P - power of generator (MW)

Oscillations in a closed nonlinear model of a hydraulic unit: & = F(z)

“regulator + turbine + generator + load” (10th order system)

When modeling hydraulic units of the Sayano-Shushenskaya HPP, areas
corresponding to undesirable oscillatory modes were found, consistent with full-scale
tests at the Sayano-Shushenskaya HPP in 1988 (CNSCS: Kuznetsov et. al., 2019)
Analysis of external disturbances f(¢,z): ¢ = F(z) + f(t,x)

V.S. Seleznev, A.V. Liseykin, A.A. Bryksin, P.V. Gromyko (2015): seismology

R.F. Ganiev (2013): nonlinear oscillations in a water pipeline and resonances
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Hidden attractors in Sommerfeld effect

Hidden attractors in systems without equilibria

D.S.Bernstein et al. (199x); A.Fradkov, O.Tomchina, D.Tomchin (2011) Controlled passage through
resonance in mechanical systems. J. of Sound and Vibration, 330(6), 1065-1073.

A. Sommerfeld effect (1902): represents the inability of a system to be spun up by a
torque-limited rotor to a desired rotational velocity due to its resonant interaction
with another part of the system.

(MA4m)i+kz+ml(fcos0—02sinf)+kx=0, JO+kef+miicosf=u

Normal operation

80
60
40 Sommerfeld effect

20

——>

Kiseleva M.A., Kuznetsov N.V., Leonov G.A., Hidden attractors in electromechanical systems with and
without equilibria, IFAC-PapersOnLine, 49(14), 2016, 51-55

G.A. Leonov, N.V. Kuznetsov, E.P. Solovyeva, Mathematical modeling of vibrations in turbogenerator sets of
Sayano-Shushenskaya hydroelectric power station, Doklady Physics, 61(2), 2016, 55-60

Nikolay Kuznetsov
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Hidden attractors in drilling models

DC motor &

- I

| box ™

De Bruin et al., 2009 (Eindhoven University of Technology): aladai
Ju9u+k9 (0u 701) +b(0u 701) +Tfu Eyeu 7kmv:07

Jléz — ko (Hu — 91) —-b (9u — 91) =+ Tfl (9[) =0.
0 = 6, — 0, are angular displacements of the upper and lower discs

—
uppet disc {5

steel string

Ju, are constant inertia torques, gt

. . L. . . ) . S
b is rotational friction, kg is the torsional spring stiffness, -%
DC motor: v — constant input voltage, k., — motor constant,

Ttu.71(0..1) are friction torques acting on the upper and lower discs. . A:

¢9Stab31e equilibrium Stable limit cycle

0,135
=135

0=0.5, 0,~7, 0, =7

Computer modeling. o
Hidden oscillations in space (6 = 0, — 6, 6., 0;):
stable limit cycle coexists with stable equilibrium state.

Leonov G.A., Kuznetsov N.V., Kiseleva M.A. et al., Hidden oscillations in mathematical model of drilling
system actuated by induction motor with a wound rotor, Nonlinear Dynamics, 77(1-2), 2014, 277-288
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Simulation and mathematical modelling of dynamics
Aircraft control systems: simulation of stability and oscillations
Stability, periodic motion and chaotic attractors
Analysis of stability and oscillations for dynamical models
Chua circuit and conjecture: self-excited and hidden attractors
16th Hilbert problem
Global stability and the birth of oscillations
Global stability criteria
Kalman conjecture on absolute stability of control systems
Keldysh model of flutter suppression
Classical engineering problem: Watt regulator with servomotor
Hidden attractors in Sommerfeld effect
Hidden attractors in drilling models
Hidden attractors in phase-locked loops
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Phase-Locked Loop operation principle

Mutual synchronization of oscillators phases: synchronization of two weakly
coupled pendulum clocks, Christiaan Huygens, “Horologium Oscillatorium”, 1673

2n/o,, 2m/0,
Reference signal
sinf0_ (0]
2o, 2w,
VCO signal
cos[, (1]
VCO input
_ (control signal)
0(0) /,/" \‘\\Sf(i)
. | .
L K - ! low frequency  high frequency ! \\ unlocked s Jocked
1 RO il 0] | Vo0=0.5(Gin[0, (-0, (O] +sin[0, (0+0, (O]) ml vr(t) o T
5 \><J W\NWWW [Filter]; M1
) '
o ______ h
,
’

cos[0, (0] ! Moo 10 1 v o
! - s !

Master-slave synchronization of oscillators phases:
Phase-locked loop synchronization, Edward Appleton, 1923
(Nobel Prize winner (1947) and pioneer in radiophysics)
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Phase-Locked Loop mathematical model

MV
01 O | o w(0e) 1 1
T 7 00 +27) = ¢(b.), V0. € R, G(s) = ga(s) = EKVCOF(S)
()
G(s):%a(s) =Pz —qp(rTz), z(t)= (us(t), u2(t))T € R?,

Cylindrical phase space: V(z,0) = 2T Hz + [ sin(s)ds /> +o0 as ||(z,0)|| = 400
G.Leonov, Y.Bakaev (Barbashin-Krasovsky theorem for cylindrical space)

Pendulum
O==

Z=—az—[3sinf

w

0 1110(1 2

Although a PLL model can be written as a closed-loop negative feedback system, general

theory of PLLs and its usage is somewhat undertreated in the control literature
D. Ab itch, “Ph locked loops: A

| centric ial,” in American Control Conf. Proc., vol. 1. IEEE, 2002, 1-15
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Global stability problem: trivial and hidden boundary

Kapranov’s conjecture (1956): the loss of global stability is determined by the
birth of self-excited oscillations (i.e. the global stability boundary is trivial).

0.01 —
0.005
oo 1.2
we ™ trivial Y, oy
Koo @ _—boundary % 5 0005
Kveo S| T
) < -0.01
08 cannis " oo
....... est\males . den boundary
0.6 | g
i 1
0.4 {} w °
o A global stability 0005
0.2 i
?
10° Kl Kl 10°

2r % 0 7 2r ar 6r
uy

Kuznetsov N.V., Lobachev M.Y., Mokaev T.N., Hidden boundary of global stability in a counterexample to
the Kapranov conjecture on the pull-in range, Doklady Mathematics, 108(4), 2023, 300-308
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Hidden attractors in ML: Polyak's momentum method

Robust Regression with a Huber-like Loss and Polyak Momentum (Heavy—Ball) Method
Dataset. The CALIFORNIA HOUSING dataset (~ 2000 training samplesg
relates socio-economic indicators to the median house value. E.g., pick
single feature (median income) x; and target y; (median house value).
Model and loss. A scalar weight w predicts §; = wz;.
Following Lessard et. al. (2016), loss is introduced via the Huber-like error,
with threshold § = 1:
L 3 i we)?, |yi —wai| <6,
L(w)=x 225 1 .
§(|lyi—was| — 36), otherwise.
Polyak, 1964: for a differentiable loss L : R* — R and constants v > 0, u € [0, 1]:
wrt1 = wi — v VL(wk) + N(wk — wk71), E>1,
with wo,1 initialized arbitrarily. Here, take v = 0.18, u = 0.15.
Hidden dynamics. Starting at wo,1 = 1.5 the iterates settle into the unique minimizer
w* = 1.41 (locally stable equilibrium). In contrast, distant initialization wg,1 = —20
converges to the hidden 3-cycle {—8.93,3.78,8.21} (locally attractive periodic orbit).
v B.T. Polyak. Some methods of speeding up the convergence of iteration methods. USSR Computational
Mathematics and Mathematical Physics, 1964.
v’ L. Lessard, B. Recht, A. Packard. Analysis and Design of Optimization Algorithms via Integral Quadratic
Constraints, 2016.

v' N.V. Kuznetsov, T.N. Mokaev, R.N. Mokaev. Hidden Oscillations in the Dynamical Models of the
First—Order Optimization Algorithms, 2025 (in progress).
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Conclusion

The considered examples are the motivation to apply nonlinear rigorous method for
the study of dynamical system, where it is possible; where it is impossible — to use
simulation, but take in account possible problems with attractors localization.

Boundary of global stability in the space of parameters: trivial parts defined by
local bifurcations, hidden parts defined by nonlocal bifurcation (in the conjectures
on global stability it is expected that the boundary is trivial).

Inner estimations: sufficient criteria of global stability. There special criteria for the
cylindrical phase space. Outer estimation of the global stability boundary: linearisa-
tion around equilibria and local bifurcations analysis.

Boundary of global attractivity (monoatractivity: unique local attractor is a global
attractor). In Euclidean phase space the global attractor contains an equilibrium
(thus various local bifurcations methods can be used). However hidden (local)
attractors have basins which are not connected with equilibria. In cylindrical phase
space there are global attractors without equilibria.

The approach based on the existing methods of bifurcation theory and the numerical
packages is effective in studying possible scenarios for the birth of attractors and
for the analysis of already discovered attractors. However, when solving problems of
multistability or global stability, where it is necessary to find all nontrivial attractors
or to establish their absence, the key problem of this approach is inability to guarantee
the absence of other attractors in the phase space than those found.
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Oscillations in dynamical systems: revision of fundamental problems and classical
theoretical methods caused by development of analytical-numerical methods.
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