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Plan of the talk:

e Integrable systems: Lax equations and r-matrices

e Calogero-Moser — Euler top correspondence

e Zhukovsky-Volterra gyrostat and reflection equation

e Painlevé VI

e Ruijsenaars - van Diejen model and BC; Sklyanin algebra

e Elliptic Toda chain and elliptic Ruijsenaars-Toda chain from XYZ model

e Elliptic Toda chain with boundaries



Lax equations and classical r-matrix
Let L and M are matrices (matrix-valued functions on the phase space), and equations of motion
are represented in the form of Lax equation:

L=[L,M], L={H,L}=) Ey{H Ly}, L,M&Mat(N,C)
%]

Then Hj = tr(L*) are integrals of motion:

Lk = [L*, M], %tr(Lk) =tr(L"M — ML*)=0.

Introduce notation {L1, L2} = 3 Eij ® Ei {Lij, Liu} € Mat$?. E;; — standard matrix basis. If
ijkl
there exists such r12 € Mat%2 (classical r-matrix) that

{L1,L2} =[L1,r12] — [L2,721], Li=L®1, Ly=1Q®L

T12 = E Tijkl Pij @ Err, T21 = E Tij,kl B @ Bij
ijkl ijkl

then the conservation laws are in involution {H;, H;} = 0.




The same with spectral parameter
Let L(z) and M(z) are matrices (matrix-valued functions on the phase space), z — auxiliary
parameter and equations of motion are represented in the form

L(z) = [L(z), M(2)], V= L(z)={H L(2)} = ZEij{fL Lij(2)}

Then Hy(z) = tr(L*(2)) are generating functions of integrals of motion:

(L4 (2) = S = 20)™ Him » %Hk,m — 0 Vk,m

m

Introduce notation {L1(z), La2(w)} = > Eij ® Exi {Lij(2), Lri(w)}. If there exists such
ijkl
r12 € Mat®? (classical r-matrix) that

{L1(2) , La(w)} = [L1(2), r12(2, w)] — [L2(w), r21(w, 2)] ,

where Li(z) = L(z2) ® 1 and L2(w) =1 ® L(w). Then {H; m, Hjn} = 0.



The Calogero-Moser model:

2
i

N » N 1 1
3B e w), o) o

= sin?(z)

where v — coupling constant, p(q) — Weierstrass g-function. Its equations of motion are written in
the Lax form with the Lax matrix

p1 vp(z,q1 —q2)  vo(z,q1—q3) ... vo(z,q1 —qn)
vo(z,q2 — q1) P2 vo(z,q2 —q3) ... vo(z,q2 —qn)
L(z) =
vé(san — @) volzay —a) vé(zan —s) .. PN

where z — spectral parameter (Krichever 1980). It is a local coordinate on (elliptic) curve. Elliptic
Kronecker function is used here:
9'(0)0(z+4q)

A TET(



Quadratic classical r-matrix structure:

{L1(2), La(w)} = [L1(2) La(w), r12(2, w)].

Main properties are the same as for the linear r-matrix structure.
The functions tr(L*(z)) are generating functions for conservation laws. Locally, for

r(E5(2) = S0 (e — 0) Him s Hin = 0 ¥, m

m

we have
{Him,Hjn} =0.

The Yang-Baxter equation for r-matrix is the same.

Additional properties:

1. det L(2) is a generating function for center of underlying algebra.

2. Construction of chain. Having a set of L*(z) with the quadratic brackets

{Li(2), Ly(w)} = 67 [Li(2) Li(w), 12 (2, w)].
one gets the same equation for the monodromy matrix T(z) = L'(2)L?(2)...L"(2):

{T1(2), T2(w)} = [T1(2)T2(w), T12(2, w)].



Euler top - bihamiltonian model.
Complexified Euler top in C* (51, Sa, S3). It is defined by the Hamiltonian

3
1
top __ 2
H - 5 az::l Sa@(“}a)
where the half-periods w;
w T w 1+7 1
— — wa — —
S T

are numerated according to numeration of the Pauli matrices. The Poisson-Lie structure on
sl*(2,C) (complexification of su*(2))

{Sa,88} = =V —leapySy .

3
The variables S, are naturally arranged into the traceless 2 x 2 matrix S = Y 0aSq in the Pauli

a=1

matrices basis. Equations of motion $ = { H{°", S} then takes the form

S:[S,J(S)} J(S):ZSaJaaaa Ja:_%p(wG)'

The vector (S1,.52,53) is a complexification of the angular momentum vector of a rigid body (the
Euler top). The constants J, are components of the inverse inertia tensor in principle axes.



All J, depend on a single parameter — elliptic moduli 7. In order to have a set of free parameters
Jo one may multiply HSOP by an arbitrary constant and also shift it by an expression proportional

3

to the Casimir function Cs = % S S2. Equations of motion for the Hamiltonian H*P admit the
a=1

Lax representation:

L'P(z,8) = Zsa% 2)0u M™P(z,8) = ZSfa

Also, we have

3
§ o (B = § O Shea(a)? = i+ Canla)
a=1

HYP = 2 a(SI(S),  Ca= o tx(S?).

Classical r-matrix structure:

{L1(2), L2(w)} = % [L1(2) + L2(w), r12(2 — w)]

3
E (z —w)og ® o,

w\»—t

1
ri2(z —w) = > Ei(z —w)oo ® 0o +



Description through quadratic algebra:

{£1(2), Lo(w)} = % [£1(2)L2(w), r12(2 — w)]

The Lax matrix
3

,C(Z,S) = 00So + E okapk(z)Sk s
k=1
and the elliptic r-matrix

3
1 1
rig(z —w) = > Ei(z —w)oo ® 00 + 3 Zg&k(z — W)oK Q Ok,
k=1

where F1(z) = 9. log¥(z) and



lead to the classical Sklyanin algebra:

C{Si, SJ} = 7267;ij0§}€ 5

c{So,Si} = —1€i%5S;Sk (@(Wj) - P(Wk)) .

where the half-periods w;

are numerated according to numeration of the Pauli matrices.

The classical Sklyanin algebra has two Casimir functions (on 4-dimensional phase space S,
a=0,1,2,3)

3
Ci=(S1)"+($2)"+(S3)”,  Ca=(S0)"+>_(Sk)*p(wk)
k=1
appearing from determinant — center of quadratic r-matrix brackets

det L(z,S) = C2 — p(2)C .

The Hamiltonian is given by So = 3 tr £(z).



Quadratic r-matrix structure in many-body systems: Ruijsenaars-Schneider model.
RS i 79(‘1]’ — qk — "7) pj/c
ey T = am) e

where p; and ¢;, i = 1,..., N are canonically conjugated momenta and positions of particles on a
complex plane, ¢ € C and n € C are constants and ¥(w) is the first Jacobi theta-function. In the
non-relativistic limit ¢ — oo (together with redefining 7 = v/c) one gets the elliptic
Calogero-Moser model:

N
:lzzl% VZKJ ¢ — qj)

i>7

where p(w) is the Weierstrass p-function.
The r-matrix structure for the Calogero-Moser model ("non-relativistic”) is linear:

{L7(2), L™ (w)} = [Li™(2), 712" (2, w)] = [Lg™ (w), a1 (w, 2)]
and it is quadratic for the Ruijsenaars-Schneider model ("relativistic”):
c{L1®(2), 3% (w) } = LY (2) L5" (w)riz (2, w) — riz (2, w) LT (2) L3° (w)+

LRS( )512(75 w)Lgs( ) — Lgs(w)sﬁ(z,w)[{‘s(z).



Simplest examples for 1 degree of freedom models:
1. Many-body non-relativistic — 2-body Calogero-Moser model (in the center of mass frame):

2

HCM = % _V2p(2q)7

2. Many-body relativistic — 2-body Ruijsenaars-Schneider model (in the center of mass frame):

19(2(1 + 7]) —p/2c)

1/9(2q —
1= 5 (19?2(1)77) T e
3. Euler top, non-relativistic — Euler top with Poisson-Lie brackets:
wp _ 1§ @2
H™ = B) (12:1 Sap(wa),

4. Euler top, relativistic — Euler top with quadratic Sklyanin brackets:

H™P = 8.



Gauge equivalence. Introduce the matrix (by Baxter from IRF-Vertex correspondence):

1 03(z — 2qa4|27)  —03(z + 2qa|27)

g(z7qa) = 2 7o 1\
0126al7) \ g,z — 2qu|27)  O2(z + 2qa|27)

The gauge equivalence
L*P(2) = g() LM (2)g " (2)
holds true identically in z and provides explicit change of variables S, = Sa(p, q,v):

S (py g, v) = 001(0) 601(29) | v 63,(0)  600(29)610(29)
WSV = P50y 9(29) 2 B00(0)010(0)  92(2q)

)

_V/=1000(0) G00(2) | v v=T63,(0) 610(29)001(29)
52(p,0.V) = P50 g +5610(0)§§1(0) 922

_ 610(0) 610(29) | v 63,(0)  6o0(29)01(29)
S3(p,q,v) =p 9'(0) 9(2q) 5900((1)())901(0) ¥2(2q) .




The map (p, q) — (S1,52,S53) is a Poisson map, i.e. the Poisson brackets between the
functions Sa(p, q,v) evaluated through the canonical brackets {p, ¢} = 1 provide the linear
Poisson-Lie structure.

Gauge equivalence provides relation between the Casimir function C> (length of angular
momentum) and the coupling constant:

CQZI/2/2

Short form for the change of variables:

Sa(p,q,v) = ca(T) (p - % Bq)soa(q) ;

01(7):(61;)/1((00)))2, 62(7'):\/—71(9:9)/()((00)))2’ 03(7):(9191’0((00)))2

and



At the level of relativistic models the gauge equivalence means:
L% (2) = g(2) L™ (2)g7 () -

Change of variables:
So = 2 (2C9=) pproe | YOILT) opacy

2\ 9(2q) 9(2q)

_164(0) (04(2a—1n) pj2c  02(2a+7m) —p2c
51=590) ( 9(2q) ¢ 92q) ¢ ) ’

_163(0) (03(2a—1) pr2e  03(2a+7m) _p2c
2= 350) ( 9(2q) ¢ 9(2q) ¢ ) ’

102(0) (0220 —1) pr2c _ 02(2a+1) _prac
S = = i S S VRPN o 22\ e T P )

2= 29/(0) ( 92q) 92q) )
These are the generators of the classical Sklyanin algebra. The change of variables

provides the Poisson map.



Summary:

auge equivalence
Quadratic r-matrix structure: ‘ 2-body RS model ‘ gauge camvaten
J non-rel. limit J non-rel. limit

ival
Linear r-matrix structure: ’ 2-body Calogero model ‘ gauge gauiyaience




Generalization to BC,, type models.
The elliptic Calogero-Moser model of gl type:

n 2 n
H=35 ¢ ola
i=1

i>]

where p(z) is the Weierstrass g-function, g € C is a coupling constant.
BC,, type Calogero-Inozemtsev system. It is described by the Hamiltonian:

H= Zm—gQZ( (Ij)'f'@(%'i‘qj)) —%ZZ%@(% +wa), (1)

i<j a=0 k=1

where w, are half-periods , and the five arbitrary constants are g,vp,v1, 12,3 € C. One degree
of freedom case — 4 constants:

3
=83 ol ).

In particular case when all v, = v it reduces to HO™ = p?/2 — 12p(2¢) .



Zhukovsky-Volterra gyrostat: )

S=8xJIS)+ 5 x X,
where § = (51,52, 53) is an angular momentum vector of rotation of rigid body in 3-dimensional
space (in our consideration the 3d space is complexified to (CB), J(S) = (J151, J2.52, J3S3) with
some constants Ji, Jo, J3 (these are the components of the inverse inertia tensor written in

principle axes) and X is a constant vector.
The Lax matrix for the Zhukovsky-Volterra gyrostat has the form:

LZhV 23:( Sapalz) — Aa )0_47(1
Pa(2) ’

a=1

where o are the Pauli matrices

(01 (0 = (1 0
=1 o0) 27 0 ) BT 0 -1

and below we also use notation o9 = o4 for the identity 2 x 2 matrix.



The Poisson structure is given by the Poisson-Lie brackets on sl3:
{Sa,Sp} =1€apySy, «,B,v€{1,2,3}.

From the Lax matric we conclude that

% tr ((LZhV(z))Z) =Cp(z)+ H™,

where 1
C=5(s7+53+53)

is the Casimir function of the Poisson-Lie brackets and H*"V is the Hamiltonian:

3 3
H™Y = 257 520(wa) + 3 Sada
a=1 a=1



Introduce the set of matrices:

S = Z Sa0s—a ’ @A(S) = Z Sap(wa)aélfa ) A= Z AalOi—q -
a=1 a=1 a=1

Then the equations of motion generated by the Hamiltonian H*"Y and the Poisson-Lie brackets
take the form

$=8,6(8)] +[5, Al
These equations are represented in the Lax form L?"V(z) = [L?"V(z), M?*V(z)] with M-matrix

ZhV 1 2 1(?2)p2(2)p3(z
M (Z):§ZSaw ( )za((z))so ()

a=1

Let r12(z = w) be the classical elliptic r-matrix:

1
ri2(z £ w) 52 (ztw)os—a ®04—a.

The Lax matrix of the Zhukovsky-Volterra model satisfies the classical linear reflection equation:
n n 1 n 1 n
{LE" (2), 5™ (w)} = 5 [L1™(2) + L5™ (w), mi2(z — w)] = 5 [L1™ (2) = L5™ (w), m1a(2 + w)]

identically in z,w and provides the linear Poisson-Lie brackets.



0s3(z — 2q|27)  —0s(z + 2q|27)

9(z) =
—02(z —2q|27)  02(z + 2q|27)

The gauge transformation of the Lax matrix of BC; Calogero-Inozemtsev system with
this gauge transformation yields the Lax matrix of the Zhukovsky-Volterra
(non-relativistic) gyrostat

9L (2)g~ " (2) = L™ ()

and provides the Poisson map given by the change of variables:

NE

Sa(p,q) = ca (B ©a(2q) + Pops(29)0~(29) + ¢a(2q) ﬁksok(2q))

2

£
Il
8

for distinct «, 8,7 € {1,2,3} and

Ij() 1 1 1 1 o
Ijl o 1 1 1 —1 —1 141
v | 21 -1 1 41 vo
153 1 -1 —1 1 Vs



and o
Aa=22 a=1,23,
Ca

where ¢, are the constants

a0 ==(F) = (5 e

The Casimir function S? + S2 + S7 of the Poisson-Lie brackets is mapped to 3.

Three of four linear combinations of vy, v1, V2, v3 are arranged into gyrostatic
momenta vector A\. And the last one is the Casimir function — the length of angular

momentum vector.



Painlevé VI.

Three forms of the Painlevé VI equation.

1. Rational form is the original one. It was found by Gambier and proved to be the last and the
most general in the list of the second order ordinary differential equations satisfying the Painlevé

property:
eX _1/1 . 1 . 1 dx\? PR B SR 2. O
dr? 2 X X-1' X-T)\dT T T-1'X-T)dT

X(X —1)(X —T) T T-1 T(T — 1)
Ty (‘”ﬁﬁ”wflﬁ ”(XJ)Q) '

It contains four free complex constants o, 3,7, 6.



2. Elliptic form was found by P. Painlevé:

1 T
dT2 Zyaﬁo u+w¢l ’ {wdy k_oavg}_{07§7 2 75}

The equation is defined on the elliptic curve ¥, with half-periods w, and moduli 7 which is the
time variable here. The relation between rational and elliptic forms is given by the following
change of variables:

() = (X = Z=E 7 = D28 e 2 ),

b
€2 — €1 €2 — €1

(l/g,l/lz,yg,yg):7471-2(&’7/37»7’764,%).

In such a form the equation is obviously Hamiltonian. The mechanical (non-autonomous) model is
given by the Hamiltonian

3
HPVI = %vz — Zugp(u—&—wa)
and the canonical Poisson bracket
{v,u}=1.

The mechanics is non-autonomous since two of the half-periods and the Weierstrass g-function
depend on 7.



3. Non-autonomous version of the Zhukovsky-Volterra gyrostat was introduced and
proved to be equivalent to the Painlevé VI:

0.8 =18, J(9)] +[S,V], or 0,5 =5 xJ(S)+ 8 x v,

where S is sl3-valued dynamical variable. In the basis of Pauli matrices

3
S:ZSQUQ, J(S):ZJQ(T)SQJQ, Jo(7) = p(wa) =€a,a=1,2,3,

9(0)
ﬂ(wa)

2
1/:21/&0,1, u;:fﬁaexp(fZWiwaafwa)( > ,a=0,1,2,3,

where 7, are four free complex constants. The autonomous version (when the time variable is not
related to the moduli 7) of the equation is known as the Zhukovsky-Volterra gyrostat. Vector

(v1 ,vs,v3) plays role of the gyrostatic momentum while J, () are the inverse components of the
inertia tensor in the principal axes of inertia. The equation is Hamiltonian with the Hamiltonian

function

3
1
H?YS = 2% " JaSa + Sava
a=1

and the Poisson-Lie brackets on sl5 are {Sa, Ss} = €055



The relation between equations is given by the following change of variables:

02(0) 02 (2u)

92(0) 0

5 (2u)

S1=~V5i0) 9za) ~ 2 9/(0) 19(2u) +

50 03(0)  63(2w)04(2u) I 62(2u) 4 5 02(0) 022004 (2u) | 5, 05(0) 02(2u)05(2u)

055(0)64(0)  97(2u) 195 @) T P20500) ~ 92(2u) 30500 9%(2u)
; 03(0) 03(2u x 03(0) 05(2u)

iS2 = v GG BE + 5 5H0) Ty —

_02(0)  03(2w)04(2u) 5, 92(0) 93(2w)03(2u) _ 5 03(0) 03(2u)0s(2u) _ 5, 02 (2u)

ZOLIONEEED 10200 92(2u) 20,00 97(2u) 395 (2u) °

_ ., 0a(0) 84 (2u)
S3 = ~VgH0) B(ou)
50— 03(0)__ 62(2u)05(2u)
095(0)03(0) ~ 92(2u)

+

r 04(0) 04 (2u)

2 9/(0) 9(2u)
~ 94(0) 02 (2u)04(2u)
19,(0)

+
~ 04(21/,)

1 ~04(0) 04(2u)03(2u)
2% (2u) ’

V39500) ~ 92(2u)

+ +7

92(2u)

and the following identification of constants:

St
=}

m\»—N\»—m\»—w\»—‘

172
U3

(vo+v1+v2+v3),
(vo+v1—v2—v3),
(vo —v1+v2 —v3),
(



Notice that while three constants (1,72, 73) enter the equation explicitly the last one 1 appears
to be related to the value of the Casimir function of the brackets:

1 3
a=1

i.e. three linear combinations of the four Painlevé VI constants are arranged into the gyrostatic
momentum vector while the last one linear combination is the length of the angular momentum.
The gauge transformation has the following form in this case

L™V (2) = g(2) LM (2)g 7 (2) — kD:2g(2)9™ ' (2) -
since in contrast to autonomous mechanics here we deal with the monodromy preserving equations

8, L(2) — 9-M(2) = [L(z), M(2)].



Description of Zhukovsky-Volterra gyrostat through quadratic algebra.

Quadratic Poisson structure: BC; Sklyanin algebra. Introduce the following quadratic Poisson
algebra:

C{Sa, S@} = —iEaBVSoSW 5
c{S0, Sa} = —icapySpSy (98 — 9v) + i€apy (SaAy — AsSy) .
The constant c is not necessary, and one can choose ¢ = 1, but we keep it since it will be identified

with the "light speed” ¢ entering e*?/%°.

The Hamiltonian is
%Y = So .

In the case A1 = A2 = A3 = 0 the BC; Sklyanin algebra define the custom classical Sklyanin
algebra. The Casimir functions are as follows:

C,=S8i+55+5;,

3
Co =52 + ZSﬁm + 25k Ak,  pr = p(wr).
k=1



Introduce the Lax matrix (the same as in the non-relativistic case)

LZhV( = 0050 + Z ( a@a — ja )0’47,1.

This Lax matrix satisfies the classical quadratic reflection equation. More precisely, the
following statement holds.

The Lax matrix satisfies the classical quadratic reflection equation:

{E8™ (=), 8™ (@)} = o (L3 (2) 1™ (w), riae — w)]+

1

o L3 (w)rale +w) LT () - o

LT (2)r12(z +w)L3™ (w)

identically in z,w and provides the Poisson brackets for BC; Sklyanin algebra.



Intermediate summary:

auge equivalence
gauge €q

Quadratic reflection eq.: 777 ’ rel. Zh-V gyrostat ‘

J non-rel. limit J non-rel. limit

ival
Linear reflection eq. Calogero-Inoz. gauge gauiyaience ’ non-rel Zh-V gyrostat ‘

What is 7777”7 7



A candidate for 7?77 is the Ruijsenaars-van Diejen model. One degree of freedom case:

3
H™ = 0(n, q)0(7, q)e”’* +v(n, —q)o (0, —q)e "¢ =2 " vabap(q + wa),
a=0

where p, ¢ € C are canonically conjugated momenta and coordinate of particle, 7,7, ¢, vq, Vq € C,
a=0,...,3 are constants, p(x) — is the Weierstrass elliptic function on an elliptic curve C/Z + 7Z
with elliptic moduli 7 and w, are four half-periods 0,1/2,1/2 + 7/2,7/2. The function v is defined

as
3

1}(7’]7 qlV) — y('rL q) = Z Vq eXp(47TZ7’]6—rOJa)¢(2777 q+ wll) ) (b('r’ q) = %

o = 0. ql7)
It has 8 independent coupling constants among 10: 7, 7, Va, Vs, a = 0,1,2,3 since v, and 7,
are defined up to overall multiplication.



O. Chalykh introduced 2n x 2n Lax matrix. We study 2 x 2 case. Perform the gauge
transformation

\ ep/4c 0 . €7P/4C 0
@@= () S )@ (T e )

Then the Lax matrix of the van Diejen system is represented in the symmetric form:

|£(2) = L) L(2) |

where
v(n, q)e?/? (2, q)
L(z) =
v(z,—q)  v(n,—q)e P/
and
) (1, q)er’** (2, q)
L(z) =

o(z,—q)  O(7,—q)e ">
L(z) and L(z) differ by only interchanging 7 <> 7, vq < Uq.



It is interesting to notice that the expression tr £(z) = tr(L(2)L(2)) provides the same
Hamiltonian as tr L(z) tr L(z).

Introduce
HY'® = tr L(z) = v(n, q)ep/2c + v(n, —q)e_p/%

and
HY"® = tr L(2) = o(7, q)ep/2C + o(7, —q)e_p/% .

The following relation holds true for H**° and H{""°, H{"":

‘ H¥P = HI"® AP + const ‘

Therefore, 4-constant model given by the Lax matrix L(z) is also well defined. This can be verified
directly.



The gauge transformation with the matrix g(z) of 4-constants Lax matrix L(z) provides the Lax
matrix of the relativistic Zhukovsky-Volterra gyrostat:

9(2)L(2)g 7" (2) = L™ (2)
with the following change of variables:
1 ~ c ~ — (&
So(p.9) = 5 (W@, me”™ + 5(~g,me ")

and

Sa(p,q|777 1/0,1/1,]/271/3) = Sa(p, q) =

3
CQ o C “ —_ c
= S (g, e’ — i(=a,me "> )¢a(24) + caiops(20)0- (20) + Capa(20) D Prp(24)
k=1

for distinct «, 8,7 € {1, 2,3}, where the notation
3
5(g,n) =D Vapa(24,n + wa) = v(1,q) -

a=0
is used. The identification of parameters is given by
Ao = 22 a=1,2,3
Ca

with the constants c, as previously.



The change of variables from p, g to Sa(p,q), a =0, ..., 3 provides the Poisson map between the
canonical brackets {p, ¢} =1 and the BC; Sklyanin algebra:

C{Sa, 55} = —ié‘ag’ySoS»y N
c{S0, Sa} = —icapySpSy(pp — 9y) +icapy (SgAy — ApSy).
The Casimir functions C7 and Cs>
Cy=Si+55+4 53,

3
Cy =82 + ngm + 25k, ok = p(wk) -
k=1

under this change of variables are mapped to the values

3
C’l—uo, ZV“ (1 + wa) —Z 2@(0%)
a=1



What about original 8 constants van Diejen model?

Coupled Zhukovsky-Volterra gyrostats.
It is now straightforward to perform the gauge transformation to the 8-constant model given by
L(z) = L(z)L(z) Indeed,

9(2)L(2)g" 1 (2) = g(2)L(2)g” ' (2) g(2)L(2)g~ ' (z) = L™ (2) L™ (2),

where the matrix L*"(z) is given by

Zhv = 0050 + Z ( wpa(z) — (p;\a )04_a .

Expressions for S, (p, q|7, 7,) are the same as for S, (p, ¢|n, ) but with another set of constants.
That is, Sa(p,q) = Sa(p, q|7, Va). The Poisson brackets {S,, Sy} and {S., S,} have the form as
previously:

c{Sa,S3} = —icapyS0Sy ,

C{gOa Sa} = _ifaﬁvgﬁgw(@ﬁ — o) + igaﬁw(s’ﬁj‘v - :\55‘7) .

The mixed type brackets {S.,Sp} can be computed as function of p, ¢ but an answer in terms of
Sa, Sp is unknown.



Classical spin chains:
{£1), 5 (w)} = 1 [£2(2)£5(w), rras — w)].
At each site we have its own Sklyanin algebra:
c{S?,S5} = —1e4;%S6Sk
o{S5, 87} = —12ixSi Sk (p(w)) — plw)) -

Monodromy matrix
T(z) = L(2,S")L(2,S?)...L(2,S™).

Transfer-matrix has the property
{tr T"(2), tr T" (w)} = 0,
which provides integrability.

At each site we have a relativistic Euler top. One can perform the gauge transformation, which
parameterize each Sklyanin algebra S® by a pair of canonical variables {pq,q.} = 1.

What kind of model do we get for the XYZ chain in terms of p,,q.7



Namely, we have
o _ 109200 =n) pijre | (20a+n) p,s2c
SO + ’

2\ 0(2q.) © I2q.)
o _ 16a(0) (04(2qa =) pasze _ 94(20a + 1) e—pa/zc)
P 2900\ 9(2qa) ¥(2qa) ’
Sa — 3 93(0) (93(2qa - 77) epa/Qc _ 93(2qa + 77) e—pa/2c)
2T 29(0)\ 9(2qa) 9(2qa) ’
go_ L 62(0) (92(2% — 1) oPal2e _ 02(2qa + 1) efpa/Zc)
P 20(0)\ 9(2qa) 9(2qa) '

These are the generators of the classical Sklyanin algebras.



The change of variables provides the Poisson map between the canonical Poisson structure for the
variables pq, q. and the classical Sklyanin algebras for S:

C{Sg7 S;l} = 7151']']9888; )

ofS5, 87} = —0eiuSTSk (p(w;) — p(wr)) -
In this way we come to the elliptic Ruijsenaars-Toda chain introduced by Adler, Shabat
and Suris. Equations of motion for this model were derived in the Newtonian form:
28, _
gz —1

= da+1f(da, Aat1,M) — da—1f(da, da—1,71) + 9(da;s da+1,7) + 9(da; da—1,7) — 4E1(2da) ,
where 7 is a constant parameter, E1(z) = 9¥'(z)/9(x) and
flxym)=Ei(x—y—n)+Ei(zr+y+n) —Ei(z—y+n) - Ei(lz+y—n),

gzy,m)=E(z—y—-n+E(+y+n)+Ei(c—y+n)+E(z+y—n).



Particular case: elliptic Toda chain introduced by Krichever.

The equations for elliptic Toda model follow from those for the Ruijsenaars-Toda chain in the case
n =0 (then f(z,y,0) =0).

It is described by the following Hamiltonian:

eTods — L Z ( m + log (60((1%1 —da) — p(da—1 + Qa))) )



For the elliptic Toda chain we get the following change of variables

S = L (evere 4 o),

o _ 164(0) (M opas2e _ 94(2da) gpa/%)
17 29(0) \ 9(2qa) 9(2q4) ’
() (M opas2e _ 93(2da) e—pa/%)
27 29(0) \ 9(2q0) 9(2qa) ’
o _ 162(0) (02(2qa) opa/2e _ 2(2da) e—pa,/2c)
57 297(0) \ 9(2qa) 9(2qa) '

The Lax matrices satisfy the classical quadratic exchange relation with the elliptic r-matrix and
provides the same Sklyanin algebra

c{S{, 87} = —1eixS6Sk
{80, 87} = —1eixS7 Sk (p(w;) — p(wr))

since the structure constants are independent of 7. Special values of the Casimir functions:

3
T=(ST)’+(S5)*+(85)* =0,  C3=(S§)°+ ) (Si =1
k=1



XYZ chain with boundaries
Following Sklyanin’s construction consider the monodromy matrix:
T (2) = KH () T(2)K ™ ()T ' (~2),

where T (z) satisfies the quadratic classical exchange relation

ATi(2), T2(w)} = [Ti(2) T2 (w), r12(z — w)]

and K*(z) are 2 x 2 matrices solving the classical quadratic reflection equation

(KT (2) K5 (w), r12(z — w)] + K5 (w)ria(z + w) K7 (2) = Ki (2)ri2(z + w) K (w) = 0

with the elliptic r-matrix from. Then the classical transfer-matrix tr 7°°°**¥%(2) is a generating
function of commuting Hamiltonians since

{tr TP X2 (), tr TP Y7 (w)}=0.



It is possible to perform the gauge transformation from the open XYZ chain with boundaries.
This provides the elliptic open Toda chain with boundaries:

n 1 n
HopenToda _ 1 S + 1 ( L o N a )_
; 8 sinh?(pa/2¢) a; 0g | ©(da-1 —da) — P(da—1 + da)

—log (1/3' coth (%) — f+(q1)) — log (1/0_ coth (2—2) — f_(qn)) .

where s s
(FHa)” =D _m)*elar +w) = D) e(ws),
k=0 k=1
B ) 3 3
(F(an)” =D (7 ) plan +wi) — Y (1 ) p(wr)
k=0 k=1
with
7 11 1 n
o | 1 1 -1 -1 "1
vy -1 1 -1 Y2



Consider two particular cases.

Example 1: pure open chain. Let Z/ki =0,k=1,2,3 and 1/3: = 1. From viewpoint of the open
XYZ chain this case corresponds to trivial K-matrices K*(z) = 0o, and the gauge transformed
K-matrices are trivial as well: K*(z) = 0o. Then

1 1
pure oven _ |
" sinh(p1/2c) cosh(p1/2¢) loe sinh(pn/2c¢) cosh(py/2¢) *
n—1 1 n
+3 log—5———+ 51 ) — o(ds 1 au).
; og sinh? (pa/2¢) GZZQ og (p(q 1—da) — P(da—1 +9g ))

This Hamiltonian differs from the closed elliptic Toda chain by the absence of interaction between
the first and the last particles, and by type of dependence on momenta for these two particles on
the boundaries.



Example 2: only boundary terms. Now let it be vice versa: 1/3[ = 0. We obtain

n

~ 1 —
gPoundary E :1 - 4 lo ( a— a a— a )
et 8 sinh®(pa/2c) ; 8 (P(de-t = do) = Pl + o)

k=0 k=1
LNy ST
—510g (D7) plan +wi) = > plwn)) -
k=0 k=1

In this case the kinetic part (dependence on momenta) is the same as in the closed elliptic Toda
chain, but there are additional external fields for the first and the last particles on the boundaries.



Thank youl!
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