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Voigt termo—model

ov . dv . OAv
Frid 2 Yiow Div (u(lg(v))é'(v)) vl VO +Vp=f;
div v =0; V |t=0= vo; v o, T1x00=0;
00 ST OE(v)
¢ T ; Vigw PAVES (;L(Ig(v))é’(v) o ) CE(v) +ag;
0 |t=0= bo; 0 o, 7)x00= 0.

@ v(t, x) is unknown vector-function of velocity; @ £(v) is the strain rate tensor with
@ 0(t,x) is unknown temperature; components &; = %(% + %);
@ p(t,x) is unknown pressure of the fluid; ® 12(v) = E(v): E(v);
@ f is a given density of external forces; n
@ g is a given source of external heat; ® A:B= IJZ::1 ajj - byj (for matrices
@ 4 is the viscosity coefficient; A= (a,-j)f’j:1 and B = (b,-j)f’jzl);
@ ¢ > 0 is the retardation coefficient; © Div A— (Xn: day(ty) Xn: 8anj(t,x))
@ x > 0 is the thermal conductivity coefficient; =% a9
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Functional spaces

Let Q C R",n = 2,3, be a bounded domain. We denote by C5°(f2) the space of
functions defined on Q which belong to the class C*°, take on values in R"” and have a
compact support in €.

V={v(x)=(v1,...,va) € G°(Q) : div v = 0};
H = is the closure V with respect to the norm of space L»(2);
V = is the closure V with respect to the norm of space W; ();

V* denote the space conjugate to the space V;

Wi ={v:veC(o,T]V), v € L0, T;V")}
Wao={0:0¢ L,(0, T; W) (Q)), ¢ € Li(0, T; W, (Q))}.
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Weak solution
Definition
A weak solution of the initial-boundary value problem is a pair (v; ), where
veWi={v:veC(o,T];V), v € L0, T;V*)},
e Wo=1{0:0¢L,(0,T; W,(Q)), ¢ € Lp(0, T; W, ()},

which satisfying initial conditions v|;—o = v and 8|;—0 = 6o, and equalities

%/vgpdxf/ﬂiv,ng% dx+/ w(h(v))E(v) : E(p) dx+

—|—%—/5 v): E(p)dx = (f,p) forallpe Vandae. te]0,T],

dt/0¢d 7/ZV,JajdX+X/(‘:9) )

= /Q (1(R(v))E(v) : E(v)) :(Z)dx—i—%/Q (8%(:) 1 E(V)) : pdx+

+(g,p) forall p € G°(Q) and ae. t € [0, T].




N
Main Result

The viscosity function 1 : R" — R have to be continuously differentiable and satisfy the
inequalities
a) 0< G <pu(s) <G <oo; b) [sp'(s)] < G5 < oo;
c) —su'(s) < uls)asp'(s) <O.

Main Theorem

Let f € L2(0, T; V*), g € Li(0, T; Hy 2 V/P(Q)), vo € V, 6o € W, ?/P(Q), and the
viscosity coefficient p satisfies conditions a) — ¢). Then in the case n = 2 for

1< p<4/3andinthe case n=3for1< p<5/4a weak solution to the
initial-boundary value problem exists.

& A. 3Barux

O cnaboii paspewunmoctu tepmomogenu Hasbe—Crokca—®Poiirta ¢ HeNUHERHBIM
KO3(PPULMEHTOM BA3KOCTH

®yHku. ananus un ero npun. 2026. 60:1. 124-129.
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Proof Sketch of Main Theorem
e First Step

We consider the initial-boundary value problem with the fixed § € Wh:

v <~ v _ AAv
E—i—;v;a—m — Div [p(lg(v))S(v)]—%W—&—VH—&—Vp— f; (1)
div v =0; V |t=0= vo; v |jo,71x00= 0. (2)

Theorem 2.

Let f € L»(0, T; V*), vo € V and the viscosity coefficient 4 satisfies conditions a) — ¢).
Then problem (1)—(2) has at least one weak solution v € W, for which the following
estimate hold

[vilwe < R, Ri = Ru(T, Iflo0,75v)s Ivollv)-
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N
Proof Sketch of Theorem 2

Let’s introduce operators using the following equalities

J:V = V* (Jv,gp}:/vcpdx veV, peV;
Q

A:V = V*, <Av,<p>:/Vv:Vgodx, veV,p€eV,

B:L4(Q2) = V*, (B(v),p) /,JZ:IVIVJO dx, vEL((Q),peV;

D:V —=V* (Dv,p)= /Qu(lg(v))g(v) :Vedx, veV,peV.

The integral equality from the definition of a weak solution can be written in the following form
(#A+ J)V +D(v) —B(v) =f

Let’s introduce the following operators

L: W — [0, T; V*) x V, L(v) = ((3A+ N)V' + D(v), v|t=0);

K: Wiy — L0, T; V*) x V, K(v) = (B(v),0).
Then the problem under consideration (1)—(2) is equivalent to the following operator equation:
L(v) = K(v) = (f, v).



N
Proof Sketch of Theorem 2

Lemma 1

@ The nonlinear mapping L : Wi — Lp(0, T; V*) x V is invertible. The inverse operator
L= L5(0, T; V*) x V — W is continuous.

@ The mapping K : Wy — L,(0, T; V*) x V is completely continuous.

Let’s introduce an auxiliary family of operator equations.

L(v) —nK(v) =n(f,w), wherene[0,1]. (3)
Lemma 2

If v € W is a solution to the equation (3) for some 7 € [0, 1], then the following a priori
estimate holds:

IVilw, < Ri,  Ri= Ri(T, Ifll,0,7;v+), Ivollv)-

Due to the a priori estimate obtained above, all solutions of the family of equations (3) lie in the
ball Bg, 11 C Wi centered at zero. The Leray-Schauder degree is defined:

degLS(I - nL_l[K(V) + (f7 VO)]7 BR7 0)
By the properties of homotopy invariance and normalization of the degree, we obtain

deg;s(I — L7 [K(v) + (f, v0)], B, 0) = deg;s(/, Br,0) = 1. 0
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|
e Second Step

We consider the initial-boundary value problem with the fixed v € W:

> a0 = [u(b()EW) + xE] £() (4)

i=

0 |t=0= bo; 0 |10, 11x00=0. (5)

Theorem 3.

Let g € Li(0, T; Hy 2 7HP(Q)), 6o € Wy~ /P(Q), v € Wi and the viscosity

coefficient p satisfies conditions a) — ¢). Then in the case n =2 for 1 < p < 4/3 and in
the case n = 3 for 1 < p < 5/4 the initial-boundary value problem (4)—(5) has at least
one weak solution for which the following estimate hold

10l1ws < Re (1€, 0, 7,120/ + |

v
EH%Z(O,T;H) + ||90\|W;—2/p(9))-
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N
Proof Sketch of Theorem 3

Let's rewrite the equation (4) in the following form

0

7 a6
E(A_1/20)+ZV;A_1/2§ + xAY29 = &1 + &y, (6)

i=1

where &1 = A=1/2g, &y = A=1/2[(u(h(v))E(v) + %%(tv)] :E(v)) and A is a linear operator in

L,(S2) generated by the differential equation A(0) = —A#.
Consider the following problem

4]
E(A_l/Qe) + xAY20 = &y, ft=0 = 0.

OE(v)

Let z= A~1/20 and &y = A=< A~(1/2=)([(u((v))E(v) + 3 o

we have

]: £(v)) = A=€&(t). Then

Z+ Az =A"¢g(t), z(0)=0,

where g(t) belongs to L1(0, T; Lp(£2)).
With help of fractional powers method we obtain the solution

2(t) = /Ot exp(—(t — s)A)A~“&(s) ds

with z € L,(0, T; W2(Q)) N W(0, T; Lp(R)). It provides a solution 61 = Al/2z.
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N
Proof Sketch of Theorem 3

Substituting @ = 0; + A~2u in (6) and rewrite it the following form
U+ Au=®, uleo=A"?0 = w,

where & = ®; — A‘l/zai(v;(‘h) + A_1/2§(V;A1/2u) and ® belongs to L,(0, t; L,(2)).
X; X;
This gives us the solvability of the initial-boundary problem (4)—(5).

¥ V. G. Zvyagin, V. P. Orlov
yag
Solvability of a parabolic problem with non—smooth data
J. Math. Anal. Appl. 2017. 453. 589-606.
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e Third Step

Consider the sequence (v™,0™),m=10,1,2 , defined as follows.
Let v0 and 6° denote the initial values vo and 6 for v and @, respectively. Let (v
known.

Then, first, v™*1 is found as a weak solution to the problem

8vm+l n

2 2 L Div [u(b(v ey — 2B

T+V€’"+Vp_f

H 1 . 1 . 1
div vt =0; v™ oo =wvo; v, 1jx00 =0.

m.6m) be

Then, for given v™*1 the function #™+1 is found as a weak solution to the problem

aom+1 u

Z m+1 - A9m+1 [#(12(Vm+1))g(vm+1)+%ag(vm+1)

. m+1 .
e ]: E(v™ ) +g;

0™ =0 = bo; Yo, T1x00 =0
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|
e Fourth Step

From the results of Theorem 3 it follows:

Lemma

The sequence {0™} is relatively compact in L,(0, T; L,(2)), where p satisfies the conditions of
Theorem 3.

From the results of Theorem 2 (without loss of generality) it follows:
a m
v™ converges weakly in L»(0, T; V), and % converges weakly in L»(0, T; V*).

By Simon's Theorem (passing to subsequences if necessary), v™ — v strongly in
C([0, T, La(2)).-

Lemma

The sequence v™ converges strongly in L2(0, T; V) to v € Wj.

The strong convergence of v™ in L»(0, T; V) and 6™ in Ly(0, T; Lp(2)) and the weak
convergence of v™ to v in [»(0, T; V) and 6™ to 6 in L,(0, T; W;(Q)), where p satisfies the
conditions of Theorem 3, implies the possibility of passage to the limit in all terms of integral
equalities for v™ and ™. This completes the proof of Main Theorem.
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Bingham termo—model

ov . dv
— Di Vp=f;
ot + pt 'Gx,- Wot+ Ve
2u(O)E(v) + 775, for [E(v)] £ 0;
lo| < 7* for |E(v)| = 0;
div v =0; vV |t=0= vo;
00 . 90
—+ v —xA0 = p(0)E(v) : E(v) + &
ot = Ox;
0 [e=0=00; 0 |j0,7)x00= 0.

@ o — deviator of the stress tensor;
@ 7* — yield-stress of fluid;
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Functional spaces

Let Q=T]]",(0,/) CR", n=2,3. By Cs5 we denote the space of periodic vector
functions with values in R” and periods /;. We introduce the set

¢:{¢6C,§";,:/¢>dx:07div¢:0}.
Q

H = is the closure V with respect to the norm of space L»(£2);

V = is the closure V with respect to the norm of space W; ();

Wi ={veLT;V)NL(0,T;H), Vv €Lys(0,T;V")}
Wo={0:0¢€ L,(0, T; W,(Q)), 6 € L1(0, T; W, *(Q))}.
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Weak solution

Definition
A weak solution of the Bingham problem is a triple (v;o;6), where
veW ={veLl0,T;V)NLw(0,T;H), Vv € L4s3(0, T; VF)3,
(oS LQ(O, T; LQ(Q)),
0€Ws={0:0€Ly(0, T; Wp(Q)), 0 € L1(0, T; W, 1(Q))},
which for all p € V, ¢ € Cg5, and a.e. t € [0, T] satisfying equalities

1 0p;
") — E v =2 d 2 E(e)d :/f dx,
V', ) /vija)(i x+/90' (o) dx A pdx

ihj=1

d . 9¢; . _ . .
- QQqﬁdxf/Qi;l ity 5 dx+x/98(9).8(¢>) dx-/Q(u(@)S(v).E(v)) - dx + (g, $),

and also Bingham relation and initial conditions v|¢t—g = vo and 0|~ = 6o.
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Main Result

Main Theorem

Let f € L,(0, T; V*), g € L1(0, T; H, X7YP(Q)), v € V, 6o € Wi~ ?/P(Q), and the
viscosity coefficient u € C*(R) and 0 < i < C. Then in the case n =2 for 1 < p < 4/3
and in the case n = 3 for 1 < p < 5/4 a weak solution to the Bingham problem exists.
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Proof Sketch of Main Theorem
e First Step

We consider the problem with the fixed 6 € Wa:

ov "\ v .
bt T2 Vg Do Ve=£ "
_ 2u(0)E(v) + T égz;ly ecnn [E(V)| #0; (8)
lo| < 7%, ecn |E(v)| =0;
div v =0; V |t=0= vo. 9)

Theorem 5.

Let f € L»(0, T; V*), vo € V and the viscosity coefficient z € C*(R) and 0 < u < C.
Then problem (7)-(9) has at least one weak solution v € W4, for which the following
estimate hold

Ivilwy < Ry, Ro= Ri(T, [If[[p0,mive)s 1vollv)-
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N
Proof Sketch of Theorem 5

To prove this theorem, the rheological relation of the Bingham model is approximated by the
following non-Newtonian relation:

E(v)

7= W) T S B

4 >0.

With this approximation of the rheological relation, the unknown o can be eliminated from the
problem formulation, and the problem can be considered solely for determining the velocity v. In
this case, the integral equality (18) is also approximated using the term:

5/ A%v Ay dx.
Q

Based on the theory of the Leray—Schauder topological degree, the existence of a weak solution
to the approximating problem is proved, and then a limit passage to the solution of the original
problem is performed, which allows us to obtain the result of Theorem 5.
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e Second Step

We consider the problem with the fixed v € W4 and 6 € Wa:

20 <~ 00 5
5o T2 Vg —XA0=n(B)EW) E(v) + g (10)

i=

0 |e—o= 0o. (11)

Theorem 6.

Let g € Li(0, T; Hy 2 7HP(Q)), 6o € Wy~ /P(Q), v € Wi and the viscosity
coefficient u € C*(R) and 0 < < C. Then in the case n=2for 1 < p < 4/3 and in
the case n = 3 for 1 < p < 5/4 the initial-boundary value problem (4)—(5) has at least
one weak solution for which the following estimate hold

10llws < Re (1€, 0, 7,120 /oy + |

v
EH%Z(O,T;H) + ||90\|W;—2/p(9))-
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|
e Last Step

Consider the sequence (v™,0™), m=0,1,2,..., defined as follows. Let v° and 6° denote the
initial values vy and 6y for v and 6 from (9) and (11), respectively. Suppose (v™,0™) is known.
Then, first, the pair (v™t1, c™+1) is found as a weak solution to problem (7)-(9); subsequently,
with v™*! determined, 6™+ is found as a weak solution to problem (10)—(11).

From the strong convergence of v in Lp(0, T; V1) and 0™ in Ly(0, T; Lp(R2)), together with
the weak convergence of v™ to v in L»(0, T; V1), 0™ to o in L(0, T; L2(f2)), and 6™ to 0 in
Ly(0, T; WF}(Q)) where p satisfies the conditions of Theorem 6, it follows that one can pass to

the limit in all terms of the integral equalities for v™, ¢™, and 6™. This completes the proof of
Main Theorem.
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Thank you for your attention!
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