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A 𝑟-partition 𝐶1, . . . , 𝐶𝑟 of the vertex set of a graph is called equitable with quotient matrix 𝐴 =
(𝐴𝑘𝑙)𝑘,𝑙∈{1,...,𝑟} if for any 𝑘, 𝑙 ∈ {1, . . . , 𝑟} a vertex from 𝐶𝑘 has 𝐴𝑘𝑙 neighbors in 𝐶𝑙. We treat equitable
partitions as functions on the vertex sets, which take value 𝑘 on vertices from 𝐶𝑘 for 𝑘 ∈ {1, . . . , 𝑟}.

An eigenvalue of an equitable partition is an eigenvalue of its matrix of parameters. Any eigenvalue
of an equitable partition of a graph is an eigenvalue of the graph, which is known as Lloyd theorem [2].

The Hamming graph 𝐻(𝑛, 𝑞) is the direct product of 𝑛 copies of the complete graph 𝐾𝑞. The
eigenvalues of 𝐻(𝑛, 𝑞) are 𝜆𝑖(𝑛) = (𝑞 − 1)𝑛 − 𝑞𝑖, 𝑖 ∈ {0, . . . , 𝑛}. Let the function 𝑓 ′ : 𝑉 (𝐻(𝑛′, 𝑞)) →
{1, . . . , 𝑟} be obtained from an equitable 𝑟-partition 𝑓 of 𝐻(𝑛, 𝑞), 𝑛 < 𝑛′ by adding nonessential
coordinates: 𝑓 ′(𝑥1, . . . , 𝑥𝑛′) = 𝑓(𝑥1, . . . , 𝑥𝑛). The function 𝑓 ′ is an equitable partition of 𝐻(𝑛′, 𝑞) [3].
Moreover, 𝜆𝑖(𝑛

′) is an eigenvalue of 𝑓 ′ iff 𝜆𝑖(𝑛) is an eigenvalue of 𝑓 . An equitable partition of 𝐻(𝑛, 𝑞) is
called reduced if every its coordinate is essential.

The following characterization was obtained in [1]: the only reduced equitable 2-partitions of the
Hamming graph 𝐻(𝑛, 𝑞) with eigenvalue 𝜆1(𝑛) are those with 𝑛 = 1. Therefore the consideration of those
with 𝜆2(𝑛) is naturally to be addressed.

Construction A. Let 𝑞 = 2𝑡 and consider a partition of 𝑉 (𝐾𝑞) into complete graphs with vertex sets
𝑉1 and 𝑉2, |𝑉1| = |𝑉2| = 𝑡. Let 𝐶1 be the following subset of vertices 𝐻(4, 𝑞):

(𝑉1 × 𝑉1 × 𝑉1 ∪ 𝑉1 × 𝑉1 × 𝑉2 ∪ 𝑉2 × 𝑉1 × 𝑉2 ∪ 𝑉2 × 𝑉1 × 𝑉1)× 𝑉1∪

(𝑉2 × 𝑉2 × 𝑉1 ∪ 𝑉2 × 𝑉2 × 𝑉2 ∪ 𝑉2 × 𝑉1 × 𝑉2 ∪ 𝑉2 × 𝑉1 × 𝑉1)× 𝑉2.

Proposition 1 [4]. 𝐶1, 𝐶1 is a reduced equitable 2-partition of 𝐻(4, 𝑞) with eigenvalue 𝜆2(𝑛).

Construction B (Permutation switching construction). Consider a partition of 𝑉 (𝐾𝑞) into 𝑛− 1
complete graphs with vertex sets 𝑉1, . . . , 𝑉𝑛−1. For any 𝑖 ∈ {1, . . . , 𝑛− 1} let 𝑓𝑖 : 𝑉𝑖 × 𝑉 (𝐾𝑞) → {1, 2} be
an equitable 2-partition with eigenvalue −2 such that

∑︀
𝛼∈𝑉 (𝐾𝑞)

𝑓𝑖(𝑥1, 𝛼) = 𝑐, where 𝑐 is independent on
the choices of 𝑖 in {1, . . . , 𝑛} and 𝑥1 in 𝑉𝑖. Define the function 𝑓 : 𝑉 (𝐻(𝑛, 𝑞)) → {1, 2} as follows: for any
𝑖 ∈ {1, . . . , 𝑛 − 1} if 𝑥1 in 𝑉𝑖 then for all 𝑥𝑗 ∈ 𝑉 (𝐾𝑞), 𝑗 ≥ 3 we have 𝑓(𝑥1, 𝑥2, . . . , 𝑥𝑛) = 𝑓𝑖(𝑥1, 𝑥2). The
function 𝑓 is an equitable 2-partition of 𝐻(𝑛, 𝑞) with eigenvalue 𝜆2(𝑛). Further, the construction allows
permutation switchings to be applied. Let 𝜋𝑖 be the transposition (2, 𝑖+1). Define ̂︀𝑓 : 𝑉 (𝐻(𝑛, 𝑞)) → {1, 2}
to be such that for any 𝑖 ∈ {1, . . . , 𝑛− 1}, 𝑥1 in 𝑉𝑖

̂︀𝑓(𝑥1, . . . , 𝑥𝑛) = 𝑓𝑖(𝜋𝑖(𝑥1, . . . , 𝑥𝑛)).

Proposition 2. The function ̂︀𝑓 is a reduced equitable 2-partition of 𝐻(𝑛, 𝑞) with the eigenvalue 𝜆2(𝑛).

Theorem. The only reduced equitable 2-partitions of 𝐻(𝑛, 𝑞) with eigenvalue 𝜆2(𝑛) are either reduced
equitable partitions of 𝐻(2, 𝑞) or 𝐻(3, 𝑞) or the partitions obtained by constructions A or B.
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