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Braid group and Artin representation
Braid group B;,, on n > 2 strands is generated by o1,02,...,0,-1 and is defined by
relations
0;0i{+10; = 0i4+10i04+1 for i = 172,. ,TL—Q,
0i0j; = 0;0; for |’L—_]|22
1 i—1 4
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Figure: Geometric interpretation of o;
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Representation of B,, by automorphisms of free group

The Artin representation

where F,, = (21, 2, .

wa : Bp — Aut(F,),

,Zn) is a free group, is defined by the rule
pa(oi) {
generators are fixed.

-1
XT; —>r TiTi41T;
Ti+1 — Ti,

Here and onward we point out only nontrivial actions on generators assuming that other
Theorem [Artin]: Ker(pa) = 1.




Group of link

Let £ be the set of all links in R3.

A group G(L) of a link L € L is a group 71 (R*\ L).

Theorem [Artin]: If L is isotopic to 3, where 8 € B,, then
G(L) = (z1, 22,

<3 T ” Li = @A(ﬂ)(w’b)? 1= 172)




Virtual braid group

The virtual braid group V' B,, is presented by L. Kauffman (1996).
V. Vershinin constructed the more compact system of defining relations for V B,,.
V B, is generated by the classical braid group B, = (o1,

permutation group S, = {p1,.
following relations:

..,0n—1) and the
..y pn—1). Generators p;,i = 1,...,n — 1, satisfy the

pi=1

for i=1,2,...,n—1, 3)
pipi = pipi for |i—j|>2, 4)
PiPi+1Pi = Pit1PiPit1 for i=1,2...,n—2. (5)

Other defining relations of the group V' B,, are mixed and they are as follows

Tip; = P;iTi for |’L —]| Z 2, (6)
PiPi4+10i = Oi41PiPi+1 for 7 = 1,2,...,71—2. (7)
o [ =




Geometric interpretation

it+1 i+2

Pi

Figure: Geometric interpretation of p;




Problems

@ Construct a faithfull representation

where H is a “good” group.

Y : VB, — Aut(H),
@ Define a group of virtual link.




New representation

We consider the free product Fy, an11 = Fy, * Z>" !, where F, is a free group of the
rank n generated by elements z1, xa, ..., z, and Z2"*1 is a free abelian group of the
rank 2n + 1 freely generated by elements w1, ug, ..., Un, Vo, V1,02,...,Un.

Theorem 1 [V. B. — Yu. Mikhalchishina — M. Neshchadim, 2017].

The following mapping ¢ar : VB, —> Aut(Fy,2n+1) is defined by the action on the
generators:

. —vou;
N m e mamm, owi = i,
S@M(Uz) : V0 SOM(O—l) . . .
Tit1 — T, , Ui4+1 — Uq,

Vi /> Vij+1
om(03) ’
Vi1 —> Vi,

-1
. Vi Ui —> Uit1,
em(pi) : { Te T Bty em(pi) : { +

v; ) S W
Tit1 xil+17 Uit1 Ui,

Vi — Vi+1,
M i) -
TSRS Boedion
is provided a representation of V By, into Aut(F,2n+1), which generalizes all known

representations.




Extension of the Artin representation

The constructed representation ¢, is not an extension of the Artin representation.

It is turned out that the representation s is equivalent to the simpler one which is an
extension of the Artin representation.

Let F,n = F xZ", where F, = (y1,y2,...,Yn) is the free group and
Z" = (v1,v2,...,v,) is the free abelian group of the rank n.
Theorem 2 [V. B. — Yu. Mikhalchishina — M. Neshchadim, 2017].
The representation @ar : VB, —> Aut(F,») defined by the action on the generators
=il
~ N ) Y= YY1y o, ~ N. ) Vit Viga,
Gna(03) : { i Gna(03) : { v
vt
Garlpi) : 4 Yi—Yit1, Gar(p:) s 4 Ui Vit
on(pi) { Yit1 »—;y;’i-*-l, P (pi) { Vit1l — V5

is equivalent to the representation ¢as.




Groups of virtual link

Assume that we have a representation ¢ : V B,, — Aut(H) of the virtual braid group
into the automorphism group of some group H = (h1,ha,...,hm || R), where R is the
set of defining relations.

The following group is assigned to the virtual braid g € V B,,:

Gw(ﬁ) = <h1,h2,...,hm || R, hz = @Z)(,B)(hz), = 1,2,...,m).

The group G, is an invariant of virtual links if the group G () is isomorphic to G, (8")
for each braid B’ such that the links 3 and /3’ are equivalent.



Group of virtual link corresponding to the representation ¢y,

ij=1,2,.

This approach is used for the previously defined representation . Given g € VB,
the group of the braid 3 is the following group

i = om(B)(x:), wi = pm(B)(ui), vi=om(B)(vs),
k1 =0,1,

the same link L, then G (8) = G (8).

Given B € VB, and 8’ € V B, the two virtual braids such that theirs closures define
o =] = E T 9ace
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GM(ﬁ) = <m1,$2,. <3 Ln,y UL, U2, - - oy Un, VO, VL, - ~7’Un||[ui7uj] = [Ukvvl] = [uivvk] =1,
,n).

Theorem 3 [V. B. — Yu. Mikhalchishina — M. Neshchadim, 2017].




Extensions of Wada representations

Yu. Mikhalchishina (2017) defined the following three representations of the virtual
braid group V B, into Aut(Fn+1), where Frop1 = (y, 21,22, .., Tn).

1. The representation Wi ,, 7 > 0 is defined by the action on the generators

_ —1

Ti —>r .’ll'r.’ll'i_‘_lw» " x; — 1Y
Wi ,r(0:) : . LorreTe e Wi, (pi) : i i+1)
Tit1 — T4, Tip1 —> X5 -

2. The representation W5 is defined by the action on the generators

Tiy1 — T4,

Y
Tig1 —> T; .




Extensions of Wada representations

3. The representation W3 is defined by the action on the generators

-1

2
T — T5Tit1 T — x
Ws (i) : { . PO Wa(pi) : { " Y
Tit1 — Ti 1% Tit1, Tig1 — T -

These representations extend Wada representations w1, 7 > 0, wa, ws of By, into
Aut(Fy).

Yu. Mikhalchishina for each virtual braid 8 € V B,, defined three types of groups:
G1,-(8), G2(B) and G3(B) that correspond to described representations. She proved
that these groups are invariants of a virtual link B




Non-triviality of Kishino knot

The Kishino knot is a non-trivial knot that is the connected sum of two trivial knots

Figure: Kishino knot

Yu. Mikhalchishina proved that groups G1,-(K%) and G2(K73) cannot distinguish the
Kishino knot K7 from the trivial one. She formulated the question: whether the group
G3(Ki) is able to distinguish the Kishino knot from the trivial one or not?
or «F = Dac
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Non-triviality of Kishino knot

Note that the group G3(U) of the trivial knot U is isomorphic to Fb.

Theorem 3 [V. B. — Yu. Mikhalchishina — M. Neshchadim, ArXiv, 2018].
The group G = G3(K'i) having generators a, b, ¢, d and the system of
defining relations

— _ _ -1, __ _ —1 _ _ _ _og—1
d lb dC 2d b dC 2d aa 2dd=a 1b dc 2d a,

_ _ —1
¢ toe = b= %4 b,
—d —2d-11—d —2d-1 —d —1 2d4-1
e = pde—2d p=d 247" —d 1 2d7 p2d

is not isomorphic to the free group of rank 2.
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Thank you!

Hao



