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Introduction to maps, regular maps, Cayley maps and
regular Cayley maps

4" [Definition] e N
1. A (topological) map 99t=G — S is a 2-cell embedding | . ﬂ
-

of a graph G into a closed surface S.



Introduction to maps, regular maps, Cayley maps and
regular Cayley maps

" [Definition] >
1. A (topological) map 91=G — S is a 2-cell embedding ‘ ﬂ
\ \
“-

of a graph G into a closed surface S.
2. Combinatorial map: (D:R,L)
D={1,2.3,...,12}
=(1238)456)(789)(1011 12)
L=(14)(2 7)(3 10)(5 12)(6 8)(9 11)




Introduction to maps, regular maps, Cayley maps and
regular Cayley maps
4" [Definition] e N
1. A (topological) map =G — S is a 2-cell embedding . " _»
of a graph G into a closed surface S. W -
|

D={1,2,3,...,12}
R=(71238)456)(7839)(1011 12)
L=(14)2 7)(3 10)(5 12)(6 8)(9 11)

2. Combinatorial map: (D:R,L)

3. Regular maps

i A map automorphism: graph auto. extended to a surface homeo.



http://www.enchantedlearning.com/math/geometry/solids/Cube.shtml

Introduction to maps, regular maps, Cayley maps and
regular Cayley maps
7 [Definition] -

1. A (topological) map 9t=G — S is a 2-cell embedding
of a graph G into a closed surface S.

2. Combinatorial map: (D:R,L)

D=11,2,3,...,12}
R=(128)(456)(789)(101112)
L=(14)(2 7)(3 10)(5 12)(6 8)(9 11)

3. Regular maps

is‘
}

A map automorphism: graph auto. extended to a surface homeo.

Aut” (IM1)=S, acts regularly on arc(incident vertex-edge pair) set.



http://www.enchantedlearning.com/math/geometry/solids/Cube.shtml




47> [Definition]

1. Foragroup I" and a set X < I'" such that X" = X, a Cayley graph Cay(I": X)=(V, E)
Isagraphsuchthat V =T and E ={{g,9x}| xe X}.

2.Foranygel, letL :T"—>T suchthatL (h)=ghforanyhel. LetL.={L |[gel}.
L. <Aut(Cay(I": X))



47> [Definition]

1. Foragroup I" and a set X < I'" such that X" = X, a Cayley graph Cay(I": X)=(V, E)
Isagraphsuchthat V =T and E ={{g,9x}| xe X}.
2.Foranygel, letL :T"—>T suchthatL (h)=ghforanyhel. LetL.={L |[gel}.

L. <Aut(Cay(T": X
Example: r < AtCay(l: X))

G = Cay(Z. x Z, x Z.:{(£1,0,0),(0,£1,0),(0,0, £1)}) = G=C.oC,oC,



47> [Definition]

1. Foragroup I" and a set X < I'" such that X" = X, a Cayley graph Cay(I": X)=(V, E)
Isagraphsuchthat V =T and E ={{g,9x}| xe X}.
2.Foranygel, letL :T"—>T suchthatL (h)=ghforanyhel. LetL.={L |[gel}.

L. <Aut(Cay(T": X
Example: < AUty (X))

G = Cay(Z. x Z, x Z.:{(£1,0,0),(0,£1,0),(0,0, £1)}) = G=C.oC,oC,

3. For a Cayley graph G =Cay(I": X) and cyclic permutation p of X, a Cayley map CM(I":X,p)
isamap 9 =(D:R,L) suchthat D=Tx X,R(g, x) = (g, p(x)) and L(g, gx) = (gx, x ).

L. <Aut*(CM(I": X, p))



47> [Definition]

1. Foragroup I" and a set X < I'" such that X" = X, a Cayley graph Cay(I": X)=(V, E)
Isagraphsuchthat V =T and E ={{g,9x}| xe X}.

2.Foranygel, letL :T"—>T suchthatL (h)=ghforanyhel. LetL.={L |[gel}.

Example: L. <Aut(Cay(I": X))

G = Cay(Z. x Z, x Z.:{(£1,0,0),(0,£1,0),(0,0, £1)}) = G=C.oC,oC,

3. For a Cayley graph G =Cay(I": X) and cyclic permutation p of X, a Cayley map CM(I":X,p)
isamap 9 =(D:R,L) suchthat D=Tx X,R(g, x) = (g, p(x)) and L(g, gx) = (gx, x ).

L. <Aut" (CM(T": X, p))
4" [Definition]
p(x)™" = p'(x™) = t-balanced Cayley map.

t =1= balanced t =—1—= antibalanced



Example:
G =Cay(Z,:{1,2,4,5},p=(1,5,4,2))




Example:
G =Cay(Z,:{1,2,4,5},p=(1,5,4,2))

0
5 1
4 2 triangle: 2
hexagon:1
3 12—gon:1

v—e+f=6-12+4=-2
supporting surface: double torus



Skew-morphisms and their properties
For agroup I', a bijection ¢:I" — I Is called skew-morphism with power

function 7' > Z if ¢(1.) =1, and ¢(gh) = ¢(g)¢"'? (h) forall g,h eT.



Skew-morphisms and their properties
For agroup I', a bijection ¢:I" — I Is called skew-morphism with power

function 7' > Z if ¢(1.) =1, and ¢(gh) = ¢(g)¢"'? (h) forall g,h eT.

C,W [Remark]

1.vgel, n(g)=1 = ¢: agroup automorphism.
The notion of skew-morphisms is a generalization of that of group automorphisms.
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function 7' > Z if ¢(1.) =1, and ¢(gh) = ¢(g)¢"'? (h) forall g,h eT.

C,W [Remark]
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= I'={ga'|geG, a' e A}={a'g|g G, a' € A}

= ag = ha' Leth=¢(g) and i = z(q).



Skew-morphisms and their properties
For agroup I', a bijection ¢:I" — I Is called skew-morphism with power

function 7' > Z if ¢(1.) =1, and ¢(gh) = ¢(g)¢"'? (h) forall g,h eT.

C,W [Remark]

1.vgel, n(g)=1 = ¢: agroup automorphism.
The notion of skew-morphisms is a generalization of that of group automorphisms.

2.Foragroup I, 3G, A<I's.t. (1)T'=GA (2) A=(a):acyclicgroup (3)GnA={1}.
(complementary product of G and A)
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Skew-morphisms and their properties
For agroup I', a bijection ¢:I" — I Is called skew-morphism with power

function 7' > Z if ¢(1.) =1, and ¢(gh) = ¢(g)¢"'? (h) forall g,h eT.

C,W [Remark]

1.vgel, n(g)=1 = ¢: agroup automorphism.
The notion of skew-morphisms is a generalization of that of group automorphisms.

2.Foragroup I, 3G, A<I's.t. (1)T'=GA (2) A=(a):acyclicgroup (3)GnA={1}.
(complementary product of G and A)
= I'={ga'|geG, a' e A}={a'g|g G, a' € A}
= ag =ha' Let h=¢(g) and i = ().
— agh = ¢(g)a™@h = #(g)g™ @ (h)arM*+=@m)+x(@" 7 (0)
= ¢(gh) =¢(9)¢"? (), namely, ¢ isa skew-morphism of T.

Conversely, let ¢ be a skew-morphism of G w.r.t. a power fuction 7.

G{¢) Is a subgroup of Sym(G).



C,W [Lemma]

¢@. a skew-morphism of a group G w.r.t a power function = =
1. Ker(¢)={g G| 7(g)=1}<C.

2. 7(g) =n(h) < gand h belong to the same right coset of Ker(¢).



C,W [Lemma]

¢@. a skew-morphism of a group G w.r.t a power function = =
1. Ker(¢)={g G| 7(g)=1}<C.

2. 7(g) =n(h) < gand h belong to the same right coset of Ker(¢).

7(g)-1 _
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5 (6 (0) h
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¢ (gh) =4 ($(ah) )= (B(Q)¢™® () = ¢ (¢ (@)™ D () = - = ¢! (g) g™ @) O 70D ),



C,W [Lemma]

¢@. a skew-morphism of a group G w.r.t a power function = =
1. Ker(¢)={g G| 7(g)=1}<C.

2. 7(g) =n(h) < gand h belong to the same right coset of Ker(¢).

7(g)-1 _
3. Z(gh)=r(h)+z(p(h))+---+7(¢™ V7 (h))= Z 7(¢'(h)).

7(¢4'(9))

| DY
4.¢'(gh)=¢'(@)¢~  (h).
¢ (gh) =4 ($(ah) )= (B(Q)¢™® () = ¢ (¢ (@)™ D () = - = ¢! (g) g™ @) O 70D ),

5. For any automorphism y of G, y ¢y is also a skew-morphism of G.



"V [Lemma)]

1. A Cayley map CM(T": X, p) is regular < |Aut™ (901) | = |T{X|
< |Aut” (M), [=[X] < Aut”(9N)= L Aut”(90),
< 3 askew-morphism ¢gI' > T s.t. ¢(X) =X and ¢|, = p.



"V [Lemma)]

1. A Cayley map CM(T": X, p) is regular < |Aut™ (901) | = |T{X|

& |Aut+(9.7t)1r 1= |X| & Aut”(IN)= LFAut+(§ITt)1F

< 3 askew-morphism ¢gI' > T s.t. ¢(X) =X and ¢|, = p.
A skew-morphism of " containing an orbit O satisfying O™ =0 and ' =(O) : Cayley skew.
other skew-morphisms: nonCayley.

2. Classification of regular mapsonI" <> classification of Cayley skew-morphisms



"V [Lemma)]

1. A Cayley map CM(T": X, p) is regular < |Aut™ (901) | = |T{X|

& |Aut+(9ﬁ)1r 1= |X| & Aut”(IN)= LFAut+(§ITt)1F

< 3 askew-morphism ¢gI' > T s.t. ¢(X) =X and ¢|, = p.
A skew-morphism of " containing an orbit O satisfying O™ =0 and ' =(O) : Cayley skew.
other skew-morphisms: nonCayley.

2. Classification of regular mapsonI" <> classification of Cayley skew-morphisms

+" [Examples]

G=D,, ¢=(1)(a°)(ab)(a*h)(a’,a,b,a’h)(a’,a*,a’h, a’h), 7(1)=x(a’)=x(b)=r(a’h)=1
r(a)=x(@")=7(@h)=x(ah)=2, z(a*)=x(a")=r(ab)=r(a’h)



W [Lemma)]

1. A Cayley map CM(T": X, p) is regular < |Aut™ (901) | = |T{X|

& |Aut+(£m)1r 1= |X| & Aut”(IN)= LFAut+(9ﬁ)1r

< 3 askew-morphism ¢gI' > T s.t. ¢(X) =X and ¢|, = p.
A skew-morphism of " containing an orbit O satisfying O™ =0 and ' =(O) : Cayley skew.
other skew-morphisms: nonCayley.

2. Classification of regular mapsonI" <> classification of Cayley skew-morphisms

+" [Examples]

G=D,, ¢=(1)(a°)(ab)(a*h)(a’,a,b,a’h)(a’,a*,a’h, a’h), 7(1)=x(a’)=x(b)=r(a’h)=1
r(a)=x(@")=7(@h)=z(ah)=2, z(a*)=r(@")=r(ab)=r(a'b)=3

¢ . Cayley

Note that if ¢ is a Cayley skew. and there is a corresponding t-balanced Cayley map ,
we also call ¢ t-balanced skew-morphism.



., Complementary products of G and a cyclic group.
(I'=G(a) with G n(a)={id})

Regular Cayley maps on G.



_ Complementary products of G and a cyclic group.
(I'=G(a) with G n(a)={id})

Regular Cayley maps on G.

[Some Results]

1. Cyclic groups for CSK. ('11 TAMS, M. Conder and T. Tucker)
2. Dihedral groups for SK and CSK. (18+ Hu, Kovacs, K)
3. Finite simple groups for CSK. (17 M. Conder et al.)

[ Open Problems]

Classification of all skew-morphisms of cyclic groups



ﬁ%ﬁ [Lemmal]

1. A balanced Cayley map CM (I": X, p) is regular <
there exists a group automorphism ¢ of I" such that ¢(X) =X and ¢ |, = p.



ﬁ%ﬁ [Lemmal]

1. A balanced Cayley map CM (I": X, p) is regular <
there exists a group automorphism ¢ of I" such that ¢(X) =X and ¢ |, = p.

2.CM(I'": X, p): at-balanced regular Cayley map(t >1)
¢ 1s a corresponding skew-morphismw.r.t. 7 =

(1) Im(7)={1,t} (2) Ker(z)=n"'(1)=I"*
(3) 4| .- agroup automorphim of I"".
['" reven-word subgroup of T" ([T"':T""]=1o0r 2)



ﬁ%ﬁ [Lemmal]

1. A balanced Cayley map CM (I": X, p) is regular <
there exists a group automorphism ¢ of I" such that ¢(X) =X and ¢ |, = p.

2.CM(I'": X, p): at-balanced regular Cayley map(t >1)
¢ 1s a corresponding skew-morphismw.r.t. 7 =
(1) Im(7)={1,t} (2) Ker(z)=n"'(1)=I"*
(3) 4| .- agroup automorphim of I"".
['" reven-word subgroup of T" ([T"':T""]=1o0r 2)

3. A t-balanced Cayley map CM (I": X, p) is reqular <
there exists a skew-morphism ¢:T" — I" such that ¢(X) = X and ¢|, = p and

#Q)¢(h) ifgel”

h)=¢(9)$"® (h) = .
4(ah)=(0)¢" (h) {¢(g)¢t(h) foer o



Some Known results

1. Anti-balanced regular Cayley maps on abelian groups
(‘07 JCTB M. Conder, R. Jajcay and T. Tucker)

W) T=7Z,, ¢(2k)=2ks, ¢(2k —1) = 2ks +1, where s* =1 (mod n)
QI=7,%x7Z,, ¢K,0)=(k,0), ¢(k,1)=(k+11)
RAI=7Z, x7Z_, ¢k, j)=02kk-)), #2k+1 J)=(2k-1k—j).

2mn m



Some Known results

1. Anti-balanced regular Cayley maps on abelian groups
(‘07 JCTB M. Conder, R. Jajcay and T. Tucker)

W) T=7Z,, ¢(2k)=2ks, ¢(2k —1) = 2ks +1, where s* =1 (mod n)
QI=7,%x7Z,, ¢K,0)=(k,0), ¢(k,1)=(k+11)
B) I'=Zypy XLy, P(2K, ]) = (2K K= ]), P(2k+1 j) =(2k =L k—]).

2. t-balanced regular Cayley maps on dihedral groups
(‘06 EJC, J.H. Kwak, K, R. Feng)

(1) balanced
#a')=a”, g(a'b)=a""n.
(2) t—balanced(t >1)

(i) n:even, (2us+1)" =-1(mod n), (ii) 2s° =2(2us+1) (mod n)
¢(a2j) = a2js, ¢(a2j+1) — a215+2U’ ¢(a21b) _ a2js+1’ ¢(a2j+1b) _ a2js+2u+1
(2m+1) —balanced.

D =(a,b|a" =b’=abab=1)



4. t-balanced regular Cayley maps on cyclic groups (‘10 DM, K)

(1) balanced regular Cayley map
#(J) = js, r" =-1 (mod n)



4. t-balanced regular Cayley maps on cyclic groups (‘10 DM, K)

(1) balanced regular Cayley map
#(J) = ]js, r" =-1 (mod n)

(2) t —balanced(t >1)

n:even, ¢(2])=2]s, ¢(2)+1)=2)s+2u+1 s.t.
3 n, and n, satisfying

() n=nn,, (n)=1 (i) (s,2)=1

() s=u=1(modn) (iv) 2u+l=s (modn,)
(V)IAms.t. 2ul+s+---+s"")=-2 (mod n)

¢ (mod n,): antibalanced
¢ (mod n,): balanced



Classification of t-balanced regular Cayley
maps on some groups

'(n,r)=(a,b|a" =b* =1L bab=a"), r* =1(modn)
r=-1 = I'(n,r)=D,
r=1 = I'(n,r)=2Z_ x4,

rzg_l — T(n,r)=SD,

@<rN—"Appe D () -@—=<_Bupe D
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maps on some groups

'(n,r)=(a,b|a" =b* =1L bab=a"), r* =1(modn)
r=-1 = I'(n,r)=D,
r=1 = I'(n,r)=2Z_ x4,

rzg_l — T(n,r)=SD,

@<rN—"Appe D () -@—=<_Bupe D

Letn=2%p*p,2--- P« =2n"
Note that r =+1 (mod p{) and r = +1, 2™ +1 (mod 2%).



Classification of t-balanced regular Cayley
maps on some groups

'(n,r)=(a,b|a" =b* =1L bab=a"), r* =1(modn)
r=-1 = I'(n,r)=D,
r=1 = I'(n,r)=2Z_ x4,

rzg_l — T(n,r)=SD,

@<rN—"Appe D () -@—=<_Bupe D

Letn=2%p*p,2--- P« =2n"
Note that r =+1 (mod p{) and r = +1, 2™ +1 (mod 2%).
(,W [Lemma] ¢: t-balanced (n>5) = 4| a2, - auto. of (a®) =
1. ¢ (mod 2p;") : t.-balanced and ¢ (mod 2%) : t-balanced
2. BB-type or AB-type.



@. a Cayley skew morphism corresponding to a t-balanced. =
Q) r=1(modp ) =
#(a’h) =a’b* with s" =—-1(mod p) BB-type, balanced

g(a’)=a', g(a’b)=a'"b BB-type, antibalanced



@. a Cayley skew morphism corresponding to a t-balanced. =
Q) r=1(modp ) =

#(a’h) =a’b* with s" =—-1(mod p) BB-type, balanced

g(a’)=a', g(a’b)=a'"b BB-type, antibalanced
(2)r=-1(modp) =

g(a’)=a”, g(a’b)=a”"b BB-type, balanced

¢(a2j):a2js’ ¢(a2j+1) _ a2j5+2ub, ¢(a2jb):a2js+l, ¢(a2j+lb) _ a2js+2u+1b
(i) s°™ =-1 (mod 2p%), (i) s* = 2us+1 (mod 2p™)
AB-type, (2m+1)-balanced



(3) r=1(mod 29) =
()a=1 = ¢g=(aab b)orpg=(ab) orgp=(aab) or (b ab)
(ila=2, g¢=(aab a’® a’b)(b a’b) AB-type, balanced
(il a =2 =g¢(a')=a’, g(a’b) =a'*b BB-type, antibalanced.
¢(a2j) _ a2j’ ¢(a2j+1) _ a2j+2b, ¢(a21b) _ a2j+1’ ¢(a2”1b) _ g2y
AB-type, antibalanced
(iIvya=23 =

#(@')=al®?" gab)=al™* "y  BB-type, (2% *-1)-balanced.
¢(a2]) _ aZj’ ¢(a2j+l) _ a2j+2“_1+2b’ ¢(a21b) _ a2j+1, ¢(a2j+lb) _ a2j+1b
AB-type, (2“*-1)-balanced



(3) r=1(mod 29) =
()a=1 = ¢g=(aab b)orpg=(ab) orgp=(aab) or (b ab)
(ila=2, g¢=(aab a’® a’b)(b a’b) AB-type, balanced
(il a =2 =g¢(a')=a’, g(a’b) =a'*b BB-type, antibalanced.
¢(a2]) _ a2j, ¢(a2j+l) — a2j+2b, ¢(a2Jb) — a.2j-|—1, ¢(a21+1b) — a2j-|—1b
AB-type, antibalanced
(iv) >3 =

#(@')=al®?" gab)=al™* "y  BB-type, (2% *-1)-balanced.
¢(a2j) _ az;" ¢(a2j+1) _ a2j+2“‘1+2b’ ¢(a2jb) _ a2j+1, ¢(a2j+1b) _ a2j+1b
AB-type, (2“*-1)-balanced
(4 r=-1(mod 27) =
s(@)=a”, g(a'b)=a*"h  BB-type, balanced
a=2and ¢=(b a a’b a*)(ab a'b) AB-type, antibalanced

a=2and ¢=(b a a*)(@ a’b ab) antibalanced



(5) r=2"+1(mod 2%) =
#(a)=a’, g(a’b)=a'"b BB-type, (2“*-1)-balanced

@) =al®*" gab)=al™*"y  BB-type, antibalanced

¢(a2j) _ a2j’ ¢(a2j+l) _ a2j+2b, ¢(a2jb) _ a.2j+1, ¢(a2j+lb) _ a2j+1b
AB-type, antibalanced

¢(a21) _ aZj, ¢(a2j+l) _ a2j+2“_1+2b’ ¢(a21b) _ a2j+1’ ¢(a2j+1b) _ a2j+1b
AB-type, (2*-1)-balanced



(5) r=2"+1(mod 2%) =
#(a)=a’, g(a’b)=a'"b BB-type, (2“*-1)-balanced

@) =al®*" gab)=al™*"y  BB-type, antibalanced

¢(a2j) _ a2j’ ¢(a2j+l) _ a2j+2b, ¢(a2jb) _ a.2j+1, ¢(a2j+lb) _ a2j+1b
AB-type, antibalanced

¢(a21) _ aZj, ¢(a2j+l) _ a2j+2“_1+2b’ ¢(a21b) _ a2j+1’ ¢(a2j+1b) _ a2j+1b
AB-type, (2*-1)-balanced

(6) r=2"—1(mod 2*) =

g(a)=a”, g@@ab)=a*" with """ +s""?+...4+1=2" (mod 2%)
BB-type, (2m+1)-balanced



[proof: n=2%, r=1(I"=%2_, xZ,)]
a=1l = ¢g=(aab b)org=(ab) org=(aab) or (b ab)

a=2 = ¢g=(aab a’® a’b)(b a’b) AB-type, balanced
¢=(bab a’b a’b) BB-type, antibalanced
¢=(a a’b a’) AB-type, antibalanced

Assume that o > 3.
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a=2 = ¢g=(aab a’® a’b)(b a’b) AB-type, balanced
¢=(bab a’b a’b) BB-type, antibalanced
¢=(a a’b a’) AB-type, antibalanced

Assume that o > 3.
balanced = ¢:auto. of I = ¢(a)=a’ or a’b with odd j, ¢(b) =b or a*'b
= In any cases, 3 no generating orbit which is closed under inverse.
= 3 no balanced Cayley map.



[proof: n=2%, r=1(I"=%2_, xZ,)]
a=1l = ¢g=(aab b)org=(ab) org=(aab) or (b ab)

a=2 = ¢g=(aab a’® a’b)(b a’b) AB-type, balanced
¢=(bab a’b a’b) BB-type, antibalanced
¢=(a a’b a’) AB-type, antibalanced

Assume that o > 3.
balanced = ¢:auto. of I = ¢(a)=a’ or a’b with odd j, ¢(b) =b or a*'b
= In any cases, 3 no generating orbit which is closed under inverse.
= 3 no balanced Cayley map.
t-balanced, Ker(g)=(a) = ¢(a)=a°, ¢(b)=a“b (n,s)=1 kiodd =
assume k =1 = a*b = g(ab) = g(ba) = #(b)¢'(a) =aba’® = s'*' =1



[proof: n=2%, r=1(I"=%2_, xZ,)]
a=1l = ¢g=(aab b)org=(ab) org=(aab) or (b ab)

a=2 = ¢g=(aab a’® a’b)(b a’b) AB-type, balanced
¢=(bab a’b a’b) BB-type, antibalanced
¢=(a a’b a’) AB-type, antibalanced

Assume that o > 3.
balanced = ¢:auto. of I = ¢(a)=a’ or a’b with odd j, ¢(b) =b or a*'b
= In any cases, 3 no generating orbit which is closed under inverse.
= 3 no balanced Cayley map.
t-balanced, Ker(g)=(a) = ¢(a)=a°, ¢(b)=a“b (n,s)=1 kiodd =
assume k =1 = a*b = g(ab) = g(ba) = #(b)¢'(a) =aba’® = s'*' =1
generating orbit: (a'b a®'b a®**p..) =

Ak st js*+s" T+ kl=—j = s+ 4 41=—js-1



k+t-1
+

—js—1=js“"+s e l=s"(js s T D ST L

=s(-j)+s"+---+1



=St (js s T ) s 4

—js—1=js"" +s
=s(-j)+s"+---+1
ST 4l=-1=(G-DE""+-+)=—(s-1D)=s"-1=—(s-1)

2(s—1)=0=>s=1ors=2""+1



=St (js s T ) s 4

—js—1=js"" +s
=s(-j)+s"+---+1
ST 4l=-1=(G-DE""+-+)=—(s-1D)=s"-1=—(s-1)

2(s—1)=0=>s=1ors=2""+1
s=1 = ¢g(a')=a’, g(a’'b)=a'’"b BB-type, antibalanced

s=2"4+1 = g(@) =al®?) | g(a'b) =al®¥ My BB-type, (2% '-1)-balanced



=St (js s T ) s 4

—js—1=js"" +s
=s(-j)+s"+---+1
ST 4l=-1=(G-DE""+-+)=—(s-1D)=s"-1=—(s-1)

2(s—1)=0=>s=1ors=2""+1
s=1 = ¢g(a')=a’, g(a’'b)=a'’"b BB-type, antibalanced

s=2"4+1 = g(@) =al®?) | g(a'b) =al®¥ My BB-type, (2% '-1)-balanced

t-balanced, Ker(g¢)=(a*,b) = ¢(a’)=a**, ¢(b)=bora“"b

2k+1 2k (s+1)+1 2k+1 2k (s+1)+2% 141
b a (s+1)+1 b a (s+1) .

generating orbit: (a a --) or (a a
all exponents of A-type elements are 1 modulo 4 = not inverse closed

= 3 no t-balanced Cayley map with Ker(¢) =(a*,b).



t-balanced, Ker(¢)=(a*,ab) =

¢(a2j) _ a.2j’ ¢(a2j+1) _ a2j+2b, ¢(a21b) _ a.2j-|-1’ ¢(a2j+lb) _ a2j+1b
AB-type, antibalanced

¢(a2j) _ aZj’ ¢(a2j+1) _ a.2j+20’_1+2b’ ¢(a2Jb) _ a2j+1, ¢(a2j+1b) _ a2j+1b
AB-type, (2“*-1)-balanced



W [Lemmal]

For any positive integers i, 1,, n,, n,, there exists a positive integer a s. t.
a=1, (modn)anda=i, (modn,) < (n, n,) | [i,—1].

For a positive integer s with (n,s) =1, let o(s,n) be
the smallest positive integer ms. t. 1+ s+s*+---+s" =0 (mod n).

Letn"= J] p* n= J] p*andn'=n"n".

r=1(mod p) r=—1(mod p;")

[ BB-type, balanced]
=—1 (mod 27)
¢: p(@a)=a”, g(a’v)=a*"b (n,s)=1 u=0(modn’), u=1(modn")
dms.t.s"=-1(modn"), (2m,o0(s,2“n")) =(m,0(s,2n"))



| BB-type, t-balanced (t >1) ]

Case 1. ¢(a’)=a”, g(a'b)=a*"b (n,s)=1
u=0(modn™), u=1(modn~)
dms.t.s"=-1(modn"), (2m,o(s,n")) =(m,o(s,n"))

r=1or2°"+1 (mod 2%)
$,:s=u=1(mod2°) «a=2 = o(s,n’)=4 (mod 8)

r=1or2°*+1 (mod 2%) with o >3
¢, s=1+2", u=1(mod2”) o(s,n") =4 (mod 8)

r=2"-1 (mod 2*) with o >3
¢, u=1(mod2“) 32m, s.t.

s =—1(modn*)and 1+s+---+s"™"=2"n" (mod 2*n")



Case 2. ¢(a’)=a”, g(a'b)=a’*"b (n,s)=1
s=u=1l(modn’), u=l(modn’) (n",o(s,n7))=1

r=1or 2**+1 (mod 2%)
¢ :S=u=1(mod 2“) (2“n",o(s,n"))=1or 2

r=1or2°"+1 (mod 2%) with o >3
¢ s=1+2", u=1(mod 2*) (2°n",o(s,n"))=1or 2

r=-1
@, - u=1l(mod2“) (n",0(s,2“n7)) =1

r=2"-1 (mod 2%) with o >3
¢ u=1(mod2“) 4|o(s,2“n") and

0(s,2°n7)
l4+s+--4+s 2 =2 (mod 2“n7), (n*,0(s,2%n")) =1



Case 3. ¢(a’')=a”, ¢(a'b)=a*"“b (n,s)=1
dn',n; s.t. n”=n'n; withn', n; >1, (n/, n;)=1
u=0(modn;), s=u=1(modn;), u=1l(modn~)
dms.t.s" =-1(modn;), (mn;)=1 (2m,o(s,n"))=(m,o(s,n"))
(n;,0(s,n7)) =1
r=21or 2“"+1 (mod 2%)
g, :s=u=1 o =0 = no more condition

a=1= 4|o(s,n,n") a=2 = o(s,n,n)=4 (mod 8)
r=1or2°*+1 (mod 2%) with & >3

Go: s=1+2°" u=1(mod 2“) o(s,n,n") =4 (mod 8)
r=-1 ¢,:u=1(mod2“) (n,,o(s,2n/n"))=1
r=2"1(mod 2%) with o >3

d,: u=1(mod2*) I2m, s.t. ™ =-1(modn;), (m,n;)=1

and 1+s+---+s"™ " =2"n" (mod 2“n")



[AB-type ]
In this case, n" =1and hence, n=2"n".
g(@*)=a’", g@'") =a’*"*h, ¢(a’'b)=a’*", 4(@>"'h)=a**"*""p
Ims.t. s""=-1 s°=2us+1, 2u=2v (mod 2n°)
Case 1. r =1 or 2°*+1 (mod 2%)

@, s=1 2u=2, 2v=0 (mod 2%)
a <1=any m, a>2= m:odd

Case 2. r =1or 2°*+1 (mod 2%) with o >3
$,: =1 2u=2+2", 2v=0 (mod 2) m:odd
Case3.r=-1
¢:: S=1 2u=2v=2 (mod 2°) with « =2, m:odd
Case4.r=2""-1
3 no AB-type t-bal. Cayley skew.



[n:odd or 2n]

n=n": ¢, &, ¢

N=n : ¢, ¢;

n=n'n" withn*, n" >1: ¢, &, &
[n=4n"]

n'=n", r=1(mod 4): ¢,, &, &

n‘=n", r=-1(mod 4): ¢, &,, 4,

nN'=n, r=1(mod 4): ¢,, @,

N'=n, r=-1(mod 4): ¢, @.

n'=n"n withn", n”>1 r=1(mod 4): &, &, &

N'=n"n" withn*, n”>1, r=-1(mod 4): ¢, ¢, ¢,



[Nn=2n" with o > 3]

N'=n", r=1lor2°'+1: ¢,, @,, ., &, &, P,
nN‘=n", r=-14¢, ¢, &,

nN'=n", r=2"-1¢,, ¢, &,

N'=n, r=1or2°°'+1: @,, &,, P, P,

nN'=n,r=-1: ¢, ¢

'=n, r=2"-1 ¢,

-
|

n'=n'n  withn*, n">1 r=10r2"+1: &,, ¢, &, &, &, D
N'=n'n"withn", n" >4, r=-1: ¢, ¢, ¢,

N'=n"n" withn*, n >1, r= 2*-1: Duy Dsr Py



Future research

1. Classification of skew-morphisms of cyclic groups.

2. Classification of regular t-balanced Cayley maps
on abelian groups.

3. Classification of smooth skew-morphisms of
semidirect product of Z by Z.,.

4. Complementary product of I" and cyclic group
<> skew-morphism of I
Complementary product of I" and dihedral group
<~ ?7??0of "



Thank youlll



