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Factorizations

o Let V be a finite set, and V¥} be the set of all k-subsets of
V.
o k-uniform hypergraph (k-hypergraph): (V, E) with E ¢ V{*},
o Complete k-hypergraph: the pair (V, V1#}); KF if |V| = n.
o Factorization: a partition {Fy, Fs,- -, Fs} of V{} into s sub-
sets every F; covers V; an F(n,k,s)(on V'), simply;
e index: s; order: |V|;
o factors: F; or k-hypergraph (V, F;);
o 1-factorization: every F; is a partition of V', yielding k | |V|.

Theorem 1.1 (Baranyai’s Theorem, 1975)

If n is divisible by k then the complete k-hypergraph K admits
a 1-factorization of index (Zj) .
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Problem 1.2

Find 1-factorizations which are invariant under certain group ac-
tions.

o A family of trivial examples:
V={1,2,3,---,2k}
2k
Uk, = {{e,[2k] \ e}le € ()}
Ug’k is Sog-invariant, that is, {e,e'}? € Llé“k for all o € Sy

with {e, e’} € Ul (Sak){e,er} is transitive on V.
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o Let F ={Fy,Fy,---,Fs} be an F(n,k,s) on V.
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Transitive factorizations

o Let F ={Fy,Fy,---,Fs} be an F(n,k,s) on V.

AutF: the subgroup of Sym(V') preserving partition F.
Aut(F, F;): the subgroup of AutF fixing F; set-wise.
Factor-transitive: AutF acts transitively on the partition F.
Vertex-transitive: factor-transitive and Aut(F, F;) is transi-
tive on V.

Edge-transitive: factor-transitive and Aut(F, F;) is transitive
on Fj.

Homogeneous: (;_; Aut(F, F}) is transitive on V, called an
HF(n, k, s).

Symmetric: vertex-transitive + edge-transitive,

called an SF(n, k, s).

Edge-transitive homogeneous factorizations i.e. SHF(n, k, s)
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Known results

@ Cameron and Korchmaros (1993): One-factorizations of com-
plete graphs with a doubly transitive automorphism group.

@ Li and Praeger (2003): HF for complete graphs.

@ Sibley (2004): SF for complete graph with AutF is not affine
permutation group but acts 2-transitive on V.

© Li, Lim and Praeger (2009): HF of complete graphs with all
factors admitting a common edge-transitive group.
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Known results

@ Cameron and Korchmaros (1993): One-factorizations of com-
plete graphs with a doubly transitive automorphism group.

@ Li and Praeger (2003): HF for complete graphs.

@ Sibley (2004): SF for complete graph with AutF is not affine
permutation group but acts 2-transitive on V.

© Li, Lim and Praeger (2009): HF of complete graphs with all
factors admitting a common edge-transitive group.

Remark 1.3 (Chen and Lu)

SF for complete graph with AutF an affine 2-homogeneous per-
mutation group is SHF.
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The aims

o Classify edge-transitive homogeneous factorizations of com-
plete k-hypergraphs, where k£ > 3.

o Classify symmetric factorizations of complete k-hypergraphs,
where k > 3.
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o AutF is a k-homogeneous permutation groups on V'

e F(n,k,s) is the immprimitive block systems of AutF acting
on V ik}
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Construction of SHF

o G k-homogeneous permutation group on V'

o M minimal normal subgroup of G
veee V. G =MG,

take a subgroup H of G such that Ge < MH S G

o E = eMH consists of [MH : (MG.)| orbits of M on V{k}
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Construction of SHF

o G k-homogeneous permutation group on V'

o M minimal normal subgroup of G
veee V. G =MG,

take a subgroup H of G such that Ge < MH S G

E = eMH consists of [MH : (MG,)| orbits of M on V{k}
F:={FE9|geG}

edge-transitive homogeneous (k, s)-factorizations on V', where
s=|G:(MH)|

(]

(]
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Theorem 1.4 (Chen and Lu,2018)

There exists an SHF (n, k, s) forn > 2k > 6 and s > 2 < (n, k, s)
d d—

is one of (32,3,5), (32,3,31), (33,4,5), (2¢,3, Z=DCT =0y g

(g+1,3,2), where d > 3 and q a prime power with ¢ = 1(mod 4).

In particular, there is no SHF 1-factorization of index s > 2 and

order n > 6.




Complete Uniform Hypergraphs
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A k-hypergraph on n vertices is t-subset regular if there is a
constant A > 1 such that each t-subset of V is contained in
exactly A edges. Note that each t-subset regular k-hypergraph
is a t — (v, k, A) design. The factors of F in Theorem 1.4 are
t-subset regular k-hypergraph with ¢ and A listed in Table 1

n k s, N t| A Condition

32 |3 5 2| 6

32 |3 31 1] 15

33 |4 ) 3| 6

gd | 3| @=L g 3 d>3
g+1]3 2 2 qg—l g=1( mod 4)

Table: The parameters ¢ and A.
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Remark

A large set of t— (v, k, A) designs of size N, denoted by LS[N](t, k,n),
is a partition of V¥ (]V| = n)into block sets of N disjoint ¢t —
(v, k, \) designs. Clearly, each F in Theorem 1.4 is an LS[N](t, k,n)
in which all designs are flag-transitive and admit a common point-
transitive group, where N, k,t and n are listed in Table 1.
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SF(n, k, s)

Clearly, SHF is SF. Then we want to classify all the SF(n, k, s)
with & > 3. By the way, we obtain all the symmetrical 1-
factorizations with k& > 3.
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o G k-homogeneous permutation group on V'
o Take a transitive subgroup X of G
o Soc(G) £ X <G
o X. = G, for some e € V!
e X is not k-homogeneous permutation group on V'
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Symmetric factorizations of )Ci‘;

Construction of SF

o G k-homogeneous permutation group on V'
o Take a transitive subgroup X of G
o Soc(G) £ X <G
o X. = G, for some e € V!
e X is not k-homogeneous permutation group on V'
o F:={{eX9} | gc G}
symmetric (k, s)-factorizations on V', where s = |G : X|
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Edge-transitive factorizations of complete uniform hypergraphs

Symmetric factorizations of )Cﬁ

Theorem 1.5 (Chen and Lu, 2017)

For 6 < 2k < n, there is a symmetric 1-factorization &< either
n =2k or (n,k) € {(¢+1,3),(24,4)}, q is a prime power with
11 < ¢ = 2(mod 3).

Theorem 1.6 (Chen and Lu, 2017)
Let F be an SF(n,k,s) withn > 2k > 6 and s > 2. Then
Q@ F is homogeneous; or

Q@ F is a l-factorization; or
Q (n,k,s)€{(8,3,7),(12,3,11),(20,3,57), (12,5,66) }
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Definitions and background

Definition 2.1

Given a finite group G and a symmetric connector set S C G\ e,
the Cayley graph, denoted Cay(G, S), is the graph with V = G and
E={(z,y) eV xV|yz=' €8S} (i.ey = sz for somes€S.)
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Cayley hypergraph
Definitions and background

Definition 2.1

Given a finite group G and a symmetric connector set S C G\ e,
the Cayley graph, denoted Cay(G, S), is the graph with V = G and
E={(z,y) eV xV |yz~t €8} (i.ey = sz for somes€S.)

Definition 2.2 (M. Buratti, 1994)

Let G be a finite group, Q a subset of G\ e and t an integer
satisfying 2 < t < mazx{o(w) | w € Q}; the t-Cayley hypergraph
H =t — Cay(G,Q) of G over Q is defined by:

o V(H) =G;

o E(H) :={{g,wg, - ,w g} | g€ G,weQ}.
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Definition 2.3 (J. Lee and Y. S. Kwon, 2013)

Let G be a finite group and let S be a set of subsets

S1,82,83,--+, Sk of G\ {e}. A Cayley hypergraph CH(G,S) is
defined by:

o V(CH) = G;
e E(CH) ={g,Siglg € G,S; € S}.
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Definition 2.3 (J. Lee and Y. S. Kwon, 2013)

Let G be a finite group and let S be a set of subsets

S1,82,83,--+, Sk of G\ {e}. A Cayley hypergraph CH(G,S) is
defined by:

o V(CH) = G;
e E(CH) ={g,Siglg € G,S; € S}.

v

e A Cayley hypergraph CH(G, S) is said to be a normal Cayley
hypergraph if R(G) < Aut(CH(G,S)). (M. Alaeiyan, 2007)
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Cayley hypergraph
Definitions and background

Definition 2.3 (J. Lee and Y. S. Kwon, 2013)

Let G be a finite group and let S be a set of subsets
S1,82,83,--+, Sk of G\ {e}. A Cayley hypergraph CH(G,S) is
defined by:

e V(CH) =G;

e E(CH) ={g,Siglg € G, S; € S}.

v

e A Cayley hypergraph CH(G, S) is said to be a normal Cayley
hypergraph if R(G) < Aut(CH(G,S)). (M. Alaeiyan, 2007)

e A Cayley hypergraph CH(G,S) is called a CHI-hypergraph
of G, if whenever CH(G,S) = CH(G, T), there is an element
o € Aut(G) such that S = T, and S is called a CHI-subset.

/>
/ \
©

N <2
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Some known results about the automorphism group of transitive
hypergraph:
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and finitely many others, every primitive permutation group
is the full automorphism group of an edge-transitive hyper-
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Cayley hypergraph

Definitions and background

Some known results about the automorphism group of transitive
hypergraph:

o Lee and Kwon (2013) A connected hypergraph is a Cayley
hypergraph if and only if its automorphism group contains
a regular subgroup

e Babai and Cameron (2015) Except for the alternating groups
and finitely many others, every primitive permutation group
is the full automorphism group of an edge-transitive hyper-
graph

@ Spiga (2016) Obtain the explicit list of finite primitive groups
which are not automorphism groups of edge-transitive hy-
pergraphs
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Cayley hypergraph
Definitions and background

Theorem 2.1 (Chen and Lu)

Let H = CH(G,S) be a Cayley hypergraph. Then H is connected
if and only if Ui?:lSi generate G where S = {S1, 52, -+, Sk}.

Theorem 2.2 (Chen and Lu)

Let CH(G,S) be a Cayley hypergraph. Then the degree of this
hypergraph is deg < k + |S1| + |S2| + |S3] + - - - + | Sk|-
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© Cayley hypergraph

e Normality of Cayley hypergraphs
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Normality of Cayley hypergraphs

Theorem 2.3 (Chen and Lu)

Let Si # {1,5: \ 52y} for any a € G, o € Aut(G) where
z € {1,2,3,--- ,k} and sy € Sy. Then the Cayley hypergraph
CH(G,S) is normal if and only if Ay C Aut(G).
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Cayley hypergraph
Normality of Cayley hypergraphs

Theorem 2.3 (Chen and Lu)

Let Si # {1,5: \ 52y} for any a € G, o € Aut(G) where
z € {1,2,3,--- ,k} and syy € Sy. Then the Cayley hypergraph
CH(G, S) is normal if and only if Ay C Aut(G).

4

Theorem 2.4 (Chen and Lu)

Let H be a wvertex-transitive hypergraph whose automorphism
group Aut(H) is abelian. Then Aut(H) acts regularly on the ver-
tex set of H and H is a Cayley hypergraph CH(G,S). Moreover
if ST =S, then Aut(CH(G,S)) = Z& for some integer k.

o
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© Cayley hypergraph

@ CHI-property of Cayley hypergraphs
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Cayley hypergraph
CHl-property of Cayley hypergraphs

Theorem 2.5 (Chen and Lu)

Let X := CH(G,S) and A := Aut(X). Then S is a CHI-subset of
G if and only if for any o € Sym(G) whenever cR(G)o~! < A
there is an element a € A such that aR(G)a™! = cR(G)o L.
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Cayley hypergraph
CHl-property of Cayley hypergraphs

Theorem 2.5 (Chen and Lu)

Let X := CH(G,S) and A := Aut(X). Then S is a CHI-subset of
G if and only if for any o € Sym(G) whenever cR(G)o~! < A
there is an element a € A such that aR(G)a™! = cR(G)o L.

Theorem 2.6 (Chen and Lu)

Let G be a finite p-group for some prime p. If X = CH(G,S)
with S = {S1, 89,53, , Sk} and XF_|S;| + k < p, then X is a
CHI-hypergraph.

v
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Thank you for your attention!
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