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Context

This is a part of joint research with Jin Ho Kwak, Roman Nedela
and Madina Deryagina.

(1) Surface coverings. Main counting principle
(2) Counting rooted and unrooted maps
(3) Counting rooted and unrooted hypermaps.
(4) Enumeration of orientable and non-orientable coverings
(5) Twins on Riemann surface
(6) Enumeration of circular maps
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Coverings

Surface coverings

Definition. Let T and S are Riemann surfaces. A covering p : T → S
is surjective map locally looking as a complex map z → zn, z ∈ C,
where n is an integer ≥ 1. We refer to n as a branch order at the
point z = 0.

Examples.

1.

2.

T=

S=

T=

S=

32 6

3

Regular

S T/> Z6

Irregular

S T/N Z3
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Coverings

Definition. A covering p : T → S is said to be unbranched (or smooth) if
all branch indices of p are equal to 1.

Two coverings p : T → S and p′ : T ′ → S are equivalent if there is a
homeomorphism h : T → T ′ such that p = p′ ◦ h.

T
h−−−−→

homeo
T ′

p ↓ ↓ p′

S
id−→ S
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Coverings

Let p : T → S be n-fold unbranched covering and Γ = π1(S) be the
fundamental group of S . Then there is an embedding

H = π1(T ) ⊂
index n

Γ = π1(S).

Two embeddings H = π1(T ) ⊂
n

Γ and H ′ = π1(T ′) ⊂
n

Γ produce

equivalent coverings if and only if H and H ′ are conjugate in Γ.
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Coverings

We will be mostly interesting in the following three cases.

Case 1. Let S be a bordered surface of Euler characteristic
χ = 1− r , r ≥ 0. Than Γ = π1(S) ∼= Fr is a free group of rank r . A typical
example of S is the disc Dr with r holes removed:

1

2

r-1

r

D :r
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Coverings

Case 2. Let S be a closed orientable surface of genus g ≥ 0. Then

π1(S) = Φg = 〈a1, b1, . . . , ag , bg :

g∏
i=1

[ai , bi ] = 1〉

g=2

Alexander Mednykh (IM SB RAS) Enumeration of maps and coverings Novosibirsk, August 2016 7 / 52



Coverings

Case 3. Let S be a closed non-orientable surface of genus p ≥ 1.

π1(S) = Λp = 〈a1, a2, . . . , ap :

p∏
i=1

a2
i = 1〉

p = 2
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Coverings

Two main problems

From now on we deal with the following two problems.

Problem 1. Find the number s Γ(n) of subgroups of index n in the
group Γ.

Problem 2. Find the number c Γ(n) of conjugacy classes of subgroups
of index n in the group Γ.

Remark. In the latter case c Γ(n) coincides with the number of n-fold
unbranched non-equivalent coverings of surface S with

π1(S) ≡ Γ.
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Coverings

Short history: Problem 1: Problem 2:

s Γ(n) c Γ(n)
1. Γ = Fr
Γ = π1(S), S = Dr M.Hall (1949) V.Liskovets (1971)
bordered surface J.H.Kwak, J.Lee (≥ 1971)

2. Γ = Φg

Γ = π1(S), S = Sg A.Mednykh (1979) A.Mednykh (1982)
orientable surface

3. Γ = Λp

Γ = π1(S), S = Np G.Pozdnyakova, A.Mednykh (1986)
non-orientable surface

4. Γ = π1(M), where M is
a closed Euclidean 3-manifold

V.Liskovets, M.(2000) G.Chelnokov, M.Deryagina, M.(2016)

Alexander Mednykh (IM SB RAS) Enumeration of maps and coverings Novosibirsk, August 2016 10 / 52



Coverings

Main counting principle

Theorem 1 (M., 2006)

Let Γ be an arbitrary finitely generated group. Then the number of
conjugacy classes of subgroups of index n in Γ is given by the formula

c Γ(n) =
1

n

∑
`|n

`m=n

∑
K<

m
Γ

|Epi(K,Z`)|,

where the second sum is taken over all subgroups K of index m in Γ and
|Epi(K,Z`)| is the number of epimorphism of K onto cyclic group Z` of
order `.
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Coverings

Proof of Theorem 1
The proof is based on two lemmas. Let N(P, Γ) be the normalizer of P in Γ.

Lemma 1

c Γ(n) =
1

n

∑
P<

n
Γ

|N(P, Γ)/P|.

Lemma 2

Let P be a subgroup of index n in Γ. Then

|N(P, Γ)/P| =
∑
`|n

`m=n

∑
P /

Z`
K<

m
Γ

ϕ(`),

where ϕ(`) is Euler function.
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Coverings

To proof o the theorem we apply Lemma 1 and Lemma 2 for the case
`m = n. We have

nN(n) =
∑
P<

n
Γ

|N(P, Γ)/P| =
∑
P<

n
Γ

∑
`|n

∑
P /

Z`
K<

m
Γ

ϕ(`) =
∑
`|n

∑
P<

n
Γ

∑
P /

Z`
K<

m
Γ

ϕ(`)

=
∑
`|n

∑
K<

m
Γ

∑
P /

Z`
K

ϕ(`) =
∑
`|n

∑
P /

Z`
K

|Epi(K,Z`|.

For the last equaality we note that for given subgroup P /
Z`

K there are

exactly ϕ(`) epimorphisms with ϕ : K → Z`, Kerϕ = P. That is∑
P /

Z`
K

ϕ(`) = |Epi(K,Z`|.

The theorem is proved.
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Coverings

How calculate the number of epimorphisms |Epi (K,Z`)|?
Quite easy. Since the group under consideration is finite generated we have
for abelizator: K ′ = K/[K ,K ] = Zm1 ⊕ Zm2 ⊕ . . .⊕ Zms ⊕ Zr .

Lemma 3

The number of homomorphisms from K into Zd is given by

|Hom (K,Zd)| = (m1, d)(m2,d) . . . (ms, d)dr.

Proof. Since Zd is Abelian one can change K by K ′. We note
|Hom (Zm,Zd)| = (m,d) and |Hom (Z,Zd)| = d. Hence
|Hom (K,Zd)| = |Hom (K′,Zd)| = (m1, d)(m2, d) . . . (ms, d)dr.
Following to P.Hall (1936) we have

|Hom (Γ,Z`)| =
∑
d|`

|Epi(Γ,Zd)|.
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By the Möbius inversion formula

|Epi (Γ,Z`)| =
∑
d|`

µ(
`

d
)|Hom (Γ,Z`)|,

where µ(n) is the Möbius function. We obtain as result:

Lemma 4

The number of epimorphisms of group K on Z` is given by

|Epi(K,Z`)| =
∑
d|`

µ(
`

d
)(m1, d)(m2, d) . . . (ms, d)dr.

Corollary.
(i) Epi(Fr,Z`) =

∑
d|`
µ( `d)dr. Follows from F ′r = Zr and Lemma 4.

(ii) Epi(Φg,Z`) =
∑
d|`
µ( `d)d2g. Since Φ′g = Z2g .

(iii) Epi(Λp,Z`) =
∑
d|`
µ( `d)(2, d)dp−1. Since Λ′p = Z2 ⊕ Zp−1.
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Coverings

Counting surface coverings

As an application of the above results we have the following

Theorem 2 (V. Liskovets, 1971)

Let S be a bordered surface with the fundamental group π1(S) = Fr . Then
the number of non-equivalent n-fold coverings of S is given by

N(n) =
1

n

∑
`|n

`m=n

∑
d |`

µ(
`

d
)d (r−1)m+1M(m).

where M(m) is the number of subgroups of index m in the group Fr .

Recall the M.Hall’s recursive formula

M(m) = m(m!)r−1 −
m−1∑
j=1

(m − j)!r−1M(j), M(1) = 1.
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Coverings

Proof of theorem 2

Proof. By the Schreier theorem any subgroup of index m in Fr is
isomorphic to Γm = F(r−1)m+1. By theorem 1

N(n) =
1

n

∑
`|n

`m=n

|Epi(Γm,Z`)|M(m).

By Corollary (i) we have

|Epi(Γm,Z`)| =
∑
d|`

µ(
`

d
)d(r−1)m+1

and the result follows.
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Coverings

Counting surface coverings

The next application of Theorem 1 is the following result.

Theorem 3 (M., 1982)

Let S be a closed orientable surface with the fundamental group
π1(S) = Φg . Then the number of non-equivalent n-fold coverings of S is
given by

N(n) =
1

n

∑
`|n

`m=n

∑
d |`

µ(
`

d
)d2(g−1)m+2M(m),

where M(m) is the number of subgroups of index m in the group Φg .
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Coverings

Proof of theorem 3

Proof. By the Riemann-Hurwitz formula any subgroup Km of index m in
the group Φg is isomorphic to Φg ′ , where 2g ′ − 2 = m(2g − 2). Hence,
Km = Φ(g−1)m+1. By Theorem 1 we have

N(n) =
1

n

∑
`|n

`m=n

|Epi(Km,Z`)|M(m),

where
|Epi(Km,Z`)| =

∑
d|`

µ(
`

d
)d2(g−1)m+2

is given by Corollary (ii). The proof is complete.
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Coverings

Remark

Recall that (M., 1982) the number of subgroups M(m) in the fundamental
group Φg of closed orientable surface of genus g is given by the following
recurcive formula

M(m) = mβm −
m−1∑
j=1

βm−jM(j), M(1) = 1,

where

βk =
∑
χ∈Dk

(
k!

f χ

)2g−2

,

Dk is the set of irreducible representations of a symmetric group Sk and f χ

is the degree of the representation χ.
One can change Φg by Λp and 2g − 2 by p − 2 in this statement.
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Coverings

Some more result can be obtained in a similar way.

Theorem 4 (G. Pozdnyakova and M., 1986)

Let S be a closed non-orientable surface with the fundamental group
π1(S) = Λp. The number of non-equivalent n-fold coverings of S is given
by

N(n) =
1

n

∑
`|n

`m=n

∑
d |`

µ(
`

d
)(dm(p−2)+2M+(m) + (2, d)dm(p−2)+1M−(m)),

where M+(m) and M−(m) are the numbers of orientable and
non-orientable subgroups of index m in the group Λp, respectively.
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Coverings

Proof of theorem 4
Proof. Recall there are two kinds of subgroups of index m in the group Λp,
namely Γ+

m = Φm
2

(p−2)+1 and Γ−m = Λm(p−2)+2. They represent orientable
and non-orientable m-fold coverings of S , respectively. The index m is even
in the first case. Again, by theorem 1 we get

N(n) =
1

n

∑
`|n

`m=n

(|Epi(Γ+
m,Z`)|M+(m) + |Epi(Γ−m,Z`)|M−(m)).

By Corollaries (ii) and (iii)

|Epi(Γ+
m,Z`)| =

∑
d|`

µ(
`

d
)dm(p−2)+2

|Epi(Γ−m,Z`)| =
∑
d|`

µ(
`

d
)(2,d)dm(p−2)+1

and the result follows.
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Coverings

Remark

The numbers M+(m) and M−(m) can be derived through irreducible
characters of the symmetric group similar to those for number of subgroups
M(m) in the group Φg .
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Maps

Maps on surfaces
Map on surface is an embedding G ⊂ S of a graph G into S such that
S \ G is a union of 2-discs.
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Maps

Rooted maps

Rooted map is a map with a distinguished semiedge (≡ dart, bit, pin,
blade, brin . . . ).

Two different rooted maps

Alexander Mednykh (IM SB RAS) Enumeration of maps and coverings Novosibirsk, August 2016 25 / 52



Maps

Two rooted maps (S ,G ) and (S ,G ′) are equivalent if there exists an
orientation preserving homeomorphism h : (S ,G )→ (S ,G ′) sending root
to root.
Two (unrooted) maps (S ,G ) and (S ,G ′) are equivalent if there exists an
orientation preserving homeomorphism h : (S ,G )→ (S ,G ′).

Problem 1. Find the number Rg (e) of non-equivalent rooted maps with e
edges on a closed orientable surface of genus g .

Problem 2. Find the number Ug (e) of non-equivalent maps with e edges
on a closed orientable surface of genus g .
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Maps

Counting maps on orientable surface

Maps Groups
Trivial map Γ = T (2,∞,∞)

	 = 〈x , y : (xy)2 = 1〉
Rooted maps Torsion free subgroups
of genus g of genus g and
with n edges of index 2n in Γ
(= 2n darts)

Unrooted maps Conjugacy classes
of genus g of torsion free
with n edges subgroups of genus g
(= 2n darts) and of index 2n in Γ
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Maps

Cyclic orbifold and its fundamental group
Let S be a closed surface of genus g and Z` acts on S by
homeomorphisms. We consider the factor space as orbifold
(e.m. surface with prescribed signature).

S/Z` ≡ O[γ;m1,m2, . . . ,mr ].

Example. S is a torus, ` = 6.

32 6
S/Z6

S

S/Z6=O[0;2,3,6]

2
3

6
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Maps

Cyclic orbifold and its fundamental group

W.Harvey (1966) gave a complete description of signatures for cyclic
orbifolds. In particular, the Riemann-Hurwitz formula holds

2g − 2 = `(2γ − 2 +
r∑

i=1

(1− 1

mi
))

and the fundamental group of orbifold O is given by

πorb1 (O) = 〈a1, b1, . . . , aγ , bγ , e1, . . . , er :
g∏

i=1

[ai , bi ]
r∏

j=1

ej = em1
1 = em2

2 = . . . = emr
r = 1〉.
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Maps

One of the most important consequences of Theorem 1 is the following
result.

Theorem 5 (R. Nedela and M., 2006)

Let S be a closed oriented surface of genus g . Then the number of maps
having e edges and counting up to orientation preserving homeomorphism
of S is given by the formula

Ug (e) =
1

2e

∑
`|2e

`m=2e

∑
O=S/Z`

Epi◦(π1(O),Z`)νO(m),

where Epi◦(π1(O),Z`) is the number of order preserving epimorphisms
π1(O)→ Z` and νO(m) is the number of rooted maps on the orbifold O
having m darts.
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Maps

Explicit formula for Epi◦(π1(O),Z`) is given by the following proposition.

Proposition 1

Let O = O(γ;m1,m2, . . . ,mr ) be an orbifold and Γ = π1(O) is the
orbifold fundamental group and m = l.c.m.(m1,m2, . . . ,mr ). Then

Epi◦(Γ,Z`) =
∑
m|d |`

µ(
`

d
)d2γE (m1,m2, . . . ,mr ), where

E (m1,m2, . . . ,mr ) =
1

m

m∑
k=1

Φ(k ,m1) · . . . · Φ(k ,mr )

and Φ(k , n) =
∑

1≤s≤n
(s,n)=1

exp
2πiks

n

is the von Sterneck function.
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Maps

Remark. By O. Hölder

Φ(k , n) =
ϕ(n)

ϕ( n
(k,n) )

µ(
n

(k , n)
)

where ϕ(n) and µ(n) are Euler and Möbius functions, respectively.

The number νO(m) of rooted maps on the orbifold O having m darts is
given by the following proposition.

Proposition 2

Let O = O[γ; 2q23q3 . . . `q` ] be an orbifold. Then

νO(m) =

q2∑
s=0

(
m

s

)( m−s
2 + 2− 2γ

q2 − s, q3, . . . , q`

)
Ng

(m − s

2

)
,

where Ng (e) is the number of rooted maps with e edges on a closed
orientable surface of genus g .
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Maps

Rooted maps

The numbers Ng (e) were calculated by many people: Tutte, Arques,
Giorgetti, Bender, Wormald, Walsh, Lehman, Canfield, Robinson and
others. In particular,

N0(e) =
2(2e)!3e

e!(e + 2)!
, (Tutte, 1963)

N1(e) =
e−2∑
k=0

2e−3−k(3e−1 − 3k)

(
e + k

k

)
. (D. Arques, 1987)
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Maps

Denerating function for the number of rooted maps

More generally, for g ≥ 1 the ordinary generating function
Qg (z) =

∑
n≥0

Ng (n)zn is given by

Qg (z) =
m2g (1− 3m)2g−2Pg (m)

(1− 6m)5g−3(1− 2m)5g−4
,

where m = 1−
√

1−12z
6 and Pg (m) is an integer polynomial of m of degree

6g − 6.

Explicit formulae for polynomials
P1(m), P2(m), P3(m), P4(m), P5(m), P6(m) are independently obtained
by P. Zograf & N. Kazaryan and T.Walsh & A.Georgetti (2015).
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Hypermaps

From maps to hypermaps

edge

semiedge dart≡

semiedge dart≡

Idea: edge consists of two darts
hyperedge consists of a few darts

map hypermap

edge
(2 darts) hyperedge

(3 darts)
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Hypermaps

Hypermap H on the surface S is a 2-closed
map on S.
Black verticies are verticies

hyperedges
darts

of H.
Red verticies are of H.
Edges of map are of H.

Example. Hypermap on torus.
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Hypermaps

Counting unrooted hypermaps through rooted ones

Theorem 6 (R. Nedela and M., 2006)

The number of unrooted hypermaps with n darts on a closed orientable
surface Sg of genus g is given by

Hg (n) =
1

n

∑
`|n

`m=n

∑
O=Sg/Z`

Epi◦(π1(O),Z`)
(

m + 2− 2γ

q2, q3, . . . , q`

)
hγ(m),

where the second sum is taken over all cyclic orbifolds O = Sg/Z` of the

signature [γ; 2q23q3 . . . `q` ],
(

p

q2, q3, . . . , q`

)
is the multinomial coefficient

and hγ(m) is the number of rooted hypermaps with m darts on Sγ .
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Hypermaps

Rooted hypermaps
Before it was known that

h0(m) =
3 · 2m−1

(m + 1)(m + 2)

(
2m

m

)
T.Walsh(1975)

and

h1(m) =
1

3

m−3∑
k=0

2k(4m−2−k − 1)

(
m + k

k

)
D.Arquès(1987)

Explicit formulae for h2(e) and h3(e) were recently obtained by R. Nedela
and M. (2015).
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Hypermaps

Rooted hypermaps
The respective formulae are a bit complicated. So, we show only one
of them.

h2(m) =
2m−5

37 · 5
(m(15 · 22m−3(289− 225m)

+ (−1147 + 558m + 189m2)

(
2m

m

)
)

− 80
m∑

k=0

(−1

2
)k
(

2m

m − k

)
k (26− 9k − 18k2 + 9k3)).

R. Nedela and M. (2015)
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Orientable coverings

The Liskovets problem

LetM be a non-orientable manifold with a finitely generated fundamental
group Γ = π1(M).

Liskovets Problem (Dresden, 1996)

To find the number of n-fold non-equivalent orientable coverings ofM.
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Orientable coverings

Complete solution of the Liskovets problem is given by the following
theorem.

Theorem 8 (J. Ho Kwak, R. Nedela and M., 2008)

LetM be a connected non-orientable manifold with a finitely generated
fundamental group Γ = π1(M). Then the number non-equivalent n-fold
non-orientable coverings ofM is equal to

N−Γ (n) =
1

n

∑
`|n

`m=n

∑
K−<

m
Γ

Epi−(K−,Z`),

where the second sum is taken over all non-orientable subgroups of index m
in Γ and Epi−(K−,Z`) is the number of epimorphisms of the group K−

onto Z` with non-orientable kernel.
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Orientable coverings

We note that NΓ(n) = N−Γ (n) + N+
Γ (n) and

Epi(K ,Z`) = Epi−(K ,Z`) + Epi+(K,Z`).

By G. Jones the function `→ Epi+(K,Z`) is multiplicative. This gives

Theorem 9 (J. Ho Kwak, R. Nedela and M., 2008)

Let K = π1(M) be finitely generated and
H1(M) = Z(−1)p1

s1 ⊕ Z(−1)p2
s2 ⊕ . . .⊕ Z(−1)pn

sn is the orient homology group
ofM. Then Epi+(K,Z`) = 0, if ` is odd and

Epi+(K,Z2`) =
n∏

j=1

1 + (−1)
sjpj

(sj,`)

2

∑
m

`
m
−odd

µ(
`

m
)(s1,m)(s2,m) . . . (sn,m).

Note. The function `→ Epi−(K,Z`) is not multiplicative.
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Orientable coverings

Reflexible coverings
LetM be a non-orientable manifold or orbifold. An orientable covering
p : U+ →M is called to be reflexible if there exists an orientation
reversing homeomorphism h : U+ → U+ such that p ◦ h = p. In particular,
any regular covering p is reflexible.

Теорема 10 (J. Ho Kwak, R. Nedela and M., 2008)

LetM be a connected non-orientable manifold with π1(M) = Γ. Then the
number of 2n-fold reflexible coverings ofM is equal to

AΓ(n) =
1

2n

∑
`|n

`m=n

∑
K−<

m
Γ

Epi+(K−,Z2`),

where the second sum is taken over all non-orientable subgroups of index m
in Γ and Epi+(K−,Z2`) is the number of epimorphisms of the group K−

onto Z2` with orientable kernel.
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Orientable coverings

Chiral pairs and twins

Two maps on a closed orientable surface are chiral (or twins) if they are
homeomorphic under orientation reversing homeomorphism but are not
homeomorphic under orientation preserving one.

Problem. Find the number of twins on closed orientable surface with a
given number of edges.

A.Breda, R.Nedela and A.Mednykh applied the above theorem on reflexible
coverings to find the number of twins with prescribed number of edges.
(Discrete Mathematics, Vol. 310, No. 6–7, P. 1184–1203, 2010).
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Circular maps

One more application of the above mentioned results is enumeration of the
circular maps. We define a circular map as follows.

Definition
An elementary circular map (S◦,G◦) is the map on the sphere S◦ having
one edge, one vertex, and two faces (inner and outer).

Рис.: An elementary circular map

A circular map is defined is as the map covering of the elementary circular
map. In other words, (S ,G ) is a circular map if there exists a branched
covering ϕ : (S ,G )→ (S◦,G◦) ramified only over the centers of the faces
and the vertex G◦ and such that ϕ(G ) = G◦.
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Circular maps

The following lemma provides a visual geometric characterization of
circular maps.

Lemma

A map is circular if and only if we can color its faces in two colors so that
each edge separates two different colors.

Example.

0

∞
1

Рис.: Map (S◦,G99).
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Enumeration of circular maps

The enumeration of circular maps with prescribed number of edges is given
in our joint paper:

Madina Deryagina & M.,
On the enumeration of circular maps with given number of edges,
Siberian Mathematical Journal, 54, P. 624–639 (2013).
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Canonical Möbius form of the planar circular maps

Let us show how to find the canonical picture for a planar circular map on
the complex plane.
We define the elementary circular map (S◦,G◦) by the equation
|ζ| = 1 : ζ ∈ C.
Let (S ,G ) be a planar circular map and ϕ : (S ,G )→ (S◦,G◦) be the
corresponding covering over the elementary map. Then the map is defined
by the equation ω = ϕ−1(ζ), |ζ| = 1, where ϕ is a suiatable rational
function. Equivalently, the map (S ,G ) is defined by equation |ϕ(ω)|2 = 1
or

Re(ϕ(ω)2 + Im(ϕ(ω)2 = 1
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Canonical Möbius form of the planar circular maps

Taking the complex number ω = x + i y we rewrite the previous equation as

P(x , y)

Q(x , y)
= 1,

where P(x , y) and Q(x , y) are some real polynomial of x and y with the
algebraic coefficients. Implementing ’ContourPlot’ for Mathematica or the
corresponding program for ’Maple’ the get the canonical plot of the circular
map under consideration.

Alexander Mednykh (IM SB RAS) Enumeration of maps and coverings Novosibirsk, August 2016 49 / 52



In particular for circular map (S◦,G99) shown below we get the following
equation

((−1 + x)2 + y2)3((3 + x(4 + 3x))2 + 2(−1 + 3x(4 + 3x))y2 + 9y4)

(3− 5x)2 + 25y2
= 1.

Using the Wolfram Mathematica package for constructing a plot for
implicit function, we obtain the following picture. Vertices of this map are
denoted the black circles in this picture. Their coordinates are (0, 0), ( 5

3 , 0).

-2 -1 1 2

-2

-1

1

2

Рис.: A plot of the circular map (S◦,G99). Belyi function ϕ0.99(w) = 3w5−5w4

−5w+3 .
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Canonical Möbius form of the planar circular maps

-1.5 -1.0 -0.5 0.5 1.0 1.5

-1.5

-1.0

-0.5

0.5

1.0

1.5

Рис.: Map (S◦,G100). Belyi function
ϕ0.100(w) = ((−3+i)+

√
−4−22i+2iw)w4

9−11i−3
√
−4−22i+2((−6+7i)+2

√
−4−22i)w

.
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Canonical Möbius form of the planar circular maps
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Рис.: Map (S◦,G185). Belyi function ϕ0.185(w) = w3(10− 15w + 6w2).
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