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Êëàññè÷åñêîå (ãèïåðáîëè÷åñêîå) ïðåîáðàçîâàíèå Ìóòàðà

Äëÿ 2-ìåðíîãî âîëíîâîãî îïåðàòîðà ñ ïîòåíöèàëîì u(x , y)

L =
∂2

∂x∂y
− u(x , y)

ïðåîáðàçîâàíèå Ìóòàðà ñòðîèòñÿ ïî ðåøåíèþ ω óðàâíåíèÿ Lω = 0 è

èìååò âèä

u −→ ũ = u − 2(log ω)xy .

Åñëè Lψ = 0, òî

L̃ θ =
(

∂2

∂x∂y
− ũ

)
θ = 0,

ãäå θ îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ñëàãàåìîãî const
ω èç óðàâíåíèé

(ωθ)x = −ω2

(
ψ

ω

)
x

, (ωθ)y = ω2

(
ψ

ω

)
y

.
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Ýëëèïòè÷åñêîå ïðåîáðàçîâàíèå Ìóòàðà

Äëÿ 2-ìåðíîãî ñòàöèîíàðíîãî îïåðàòîðà Øðåäèíãåðà
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ψ

ω
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y
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(
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Ïðèëîæåíèÿ ïðåîáðàçîâàíèÿ Ìóòàðà

Êëàññè÷åñêàÿ äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ (XIX�íà÷àëî XX ââ.,

Th. Moutard, G.Darboux et al.).

Ñïåêòðàëüíàÿ òåîðèÿ îäíîìåðíîãî îïåðàòîðà Øðåäèíãåðà, òåîðèÿ

ñîëèòîíîâ (�ïðåîáðàçîâàíèå Äàðáó�, XX ââ. � ...).

Ñïåêòðàëüíàÿ òåîðèÿ äâóìåðíîãî îïåðàòîðà Øðåäèíãåðà,

óðàâíåíèå Âåñåëîâà-Íîâèêîâà (Òàéìàíîâ-Öàðåâ,

Òàéìàíîâ-Ð.Íîâèêîâ-Öàðåâ, 2007-2013):

îïåðàòîðû Øðåäèíãåðà ñ áûñòðîóáûâàþùèìè (ðàöèîíàëüíûìè)
ïîòåíöèàëàìè è íåòðèâèàëüíûì ÿäðîì;
ðàñïàäàþùèåñÿ ðåøåíèÿ óðàâíåíèÿ Âåñåëîâà-Íîâèêîâà;
Ôàääååâñêèå ôóíêöèè íà îäíîì óðîâíå ýíåðãèè;
îïåðàòîðû Øðåäèíãåðà ñ óáûâàþùèìè íåñèíãóëÿðíûìè
ïîòåíöèàëàìè è êðàòíûì ïîëîæèòåëüíûì ñîáñòâåííûì çíà÷åíèåì
(ïîòåíöèàëû òèïà Âèãíåðà-ôîí Íåéìàíà).
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Îäíîìåðíàÿ ðåäóêöèÿ ïðåîáðàçîâàíèÿ Ìóòàðà
(ïðåîáðàçîâàíèå Äàðáó)

Åñëè ïîòåíöèàë u(x , y) çàâèñèò òîëüêî îò x , òî ïðåîáðàçîâàíèå

Ìóòàðà ñ ω = f (x),
(
− d2

dx2 + u
)

f = 0 è φ = g(x)e
√

Ey ,(
− d2

dx2 + u
)

g = Eg ïðåâðàùàåòñÿ â øèðîêî èçâåñòíîå ïðåîáðàçîâàíèå

Äàðáó îäíîìåðíûõ îïåðàòîðîâ Øðåäèíãåðà, ïðè÷åì äåéñòâóþùåå íà

âñåõ óðîâíÿõ ýíåðãèè E , â îòëè÷èå îò ïðåîáðàçîâàíèÿ íà îäíîì óðîâíå

ýíåðãèè äëÿ äâóìåðíîãî ïðåîáðàçîâàíèÿ Ìóòàðà:

L = − d2

dx2
+ u(x) =

(
d

dx
+

f ′

f

) (
− d

dx
+

f ′

f

)
→

→ L̃ =
(
− d

dx
+

f ′

f

) (
d

dx
+

f ′

f

)
= − d2

dx2
+ ũ(x).

Ïðè ýòîì ïðåîáðàçîâàííîå ðåøåíèå èìååò âèä θ = ξ(x)e
√

Ey , ïðè÷åì

L̃ξ(x) = Eξ(x).
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Ñâîéñòâà ïðåîáðàçîâàíèÿ Ìóòàðà

Îáðàòèìîñòü: åñëè u0
ω−→ u1, òî u1

1/ω−→ u0.

Ðåäóöèðóåìîñòü ê îäíîìåðíîìó ïðåîáðàçîâàíèþ Äàðáó.

Íàëè÷èå íåëèíåéíûõ ôîðìóë ñóïåðïîçèöèè (ñ ¾ïðàâèëüíûì¿

ïðîèçâîëîì).

Ñ.Ï.Öàðåâ (ÑÔÓ) Ìíîãîìåðíûå ïðåîáðàçîâàíèÿ Ìóòàðà 31.08.2013 6 / 11



Ñâîéñòâà ïðåîáðàçîâàíèÿ Ìóòàðà

Îáðàòèìîñòü: åñëè u0
ω−→ u1, òî u1

1/ω−→ u0.

Ðåäóöèðóåìîñòü ê îäíîìåðíîìó ïðåîáðàçîâàíèþ Äàðáó.

Íàëè÷èå íåëèíåéíûõ ôîðìóë ñóïåðïîçèöèè (ñ ¾ïðàâèëüíûì¿

ïðîèçâîëîì).

Ñ.Ï.Öàðåâ (ÑÔÓ) Ìíîãîìåðíûå ïðåîáðàçîâàíèÿ Ìóòàðà 31.08.2013 6 / 11



Ñâîéñòâà ïðåîáðàçîâàíèÿ Ìóòàðà

Îáðàòèìîñòü: åñëè u0
ω−→ u1, òî u1

1/ω−→ u0.

Ðåäóöèðóåìîñòü ê îäíîìåðíîìó ïðåîáðàçîâàíèþ Äàðáó.

Íàëè÷èå íåëèíåéíûõ ôîðìóë ñóïåðïîçèöèè

(ñ ¾ïðàâèëüíûì¿

ïðîèçâîëîì).

Ñ.Ï.Öàðåâ (ÑÔÓ) Ìíîãîìåðíûå ïðåîáðàçîâàíèÿ Ìóòàðà 31.08.2013 6 / 11



Ñâîéñòâà ïðåîáðàçîâàíèÿ Ìóòàðà

Îáðàòèìîñòü: åñëè u0
ω−→ u1, òî u1

1/ω−→ u0.

Ðåäóöèðóåìîñòü ê îäíîìåðíîìó ïðåîáðàçîâàíèþ Äàðáó.

Íàëè÷èå íåëèíåéíûõ ôîðìóë ñóïåðïîçèöèè (ñ ¾ïðàâèëüíûì¿

ïðîèçâîëîì).

Ñ.Ï.Öàðåâ (ÑÔÓ) Ìíîãîìåðíûå ïðåîáðàçîâàíèÿ Ìóòàðà 31.08.2013 6 / 11



Ïðåîáðàçîâàíèÿ Ìóòàðà êàê (2+1)-ìåðíîå ïðåîáðàçî-
âàíèå Áýêëóíäà. Ôîðìóëû íåëèíåéíîé ñóïåðïîçèöèè
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Ïðåîáðàçîâàíèÿ Ìóòàðà êàê (2+1)-ìåðíîå ïðåîáðàçî-
âàíèå Áýêëóíäà. Ôîðìóëû íåëèíåéíîé ñóïåðïîçèöèè

Òåîðåìà 1 (L. Bianchi). θ123 âûðàæàåòñÿ â êîíå÷íîì âèäå

àëãåáðàè÷åñêîé ôîðìóëîé

θ123 −ω3 =
ω1ω2

λ
(θ32 − θ31), λ = ω1θ1 = −ω2θ2, (1)

Òåîðåìà 2. Ãèïåðêóáè÷åñêèå äèàãðàììû, ïîëó÷àåìûå ïðè íàëè÷èè

÷åòûðåõ è áîëåå íà÷àëüíûõ ðåøåíèé ωi , êîììóòàòèâíû è ïîçâîëÿþò

ïîëó÷èòü íîâûå ïîòåíöèàëû u∗ è ðåøåíèÿ θ∗ áåç êâàäðàòóð, íà÷èíàÿ ñ

uijk , θijk .
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Ïðåîáðàçîâàíèÿ Ìóòàðà êàê (2+1)-ìåðíîå ïðåîáðàçî-
âàíèå Áýêëóíäà. �Ïåðèîäè÷åñêàÿ òàáëèöà� Áüÿíêè

(1 + 1)-dim ñèñòåìû (2 + 1)-dim ñèñòåìû

1 Ðåøåíèÿ ñà-

ìîé ñèñòåìû

Ðåøåíèÿ ïàðàìåòðè-

çîâàíû (íåñêîëüêè-

ìè) ôóíêöèÿìè îä-

íîé ïåðåìåííîé

Ðåøåíèÿ ïàðàìåòðè-

çîâàíû (íåñêîëüêè-

ìè) ôóíêöèÿìè äâóõ

ïåðåìåííûõ

2 Ïðåîáðàçîâàíèå

Áýêëóíäà

Äàåò íîâûå ðåøå-

íèÿ, ïàðàìåòðèçî-

âàíû (íåñêîëüêèìè)

êîíñòàíòàìè - êàê

ðåøåíèÿ ÎÄÓ

Äàåò íîâûå ðåøå-

íèÿ, ïàðàìåòðèçî-

âàíû (íåñêîëüêèìè)

ôóíêöèÿìè îä-

íîé ïåðåìåííîé

(ðåøåíèå PDE)

3 Ðåøåíèå u12

íà ðîìáè÷.

äèàãðàììå

Îïðåäåëåíî àëãåá-

ðàè÷åñêîé ôîðìóëîé

÷åðåç u0, u1, u2

ïàðàìåòðèçîâàíû

(íåñêîëüêèìè) êîí-

ñòàíòàìè (íàõîäÿòñÿ

êâàäðàòóðîé)
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(íåñêîëüêèìè) êîí-

ñòàíòàìè (íàõîäÿòñÿ

êâàäðàòóðîé), ò.å.

àëãåáðàè÷åñêîé

ôîðìóëû íåò

4 Ðåøåíèå u123

íà êóáè÷. äèà-

ãðàììå

Îïðåäåëåíî îäíî-

çíà÷íî àëãåáðàè-

÷åñêîé ôîðìóëîé

÷åðåç ïðåäûäóùèå

Îïðåäåëåíî îäíî-

çíà÷íî àëãåáðàè-

÷åñêîé ôîðìóëîé

÷åðåç ïðåäûäóùèå
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Ðàçëè÷íûå ïîïûòêè îáîáùåíèÿ ïðåîáðàçîâàíèÿ Ìóòàðà

(Äàëåå âñþäó D∗ = ∂/∂∗)

F-ïðåîáðàçîâàíèå (H.Jonas & L.Eisenhart, íà÷àëî XX â.):

ïîçâîëÿåò ïðåîáðàçîâàòü ëþáîå ëèíåéíîå óðàâíåíèå(
DxDy + a(x , y)Dx + b(x , y)Dy + c(x , y)

)
ψ = 0 â R2.

Ïðåîáðàçîâàíèå ïàðàáîëè÷åñêîãî óðàâíåíèÿ(
Dx + D2

y + u(x , y)
)
ψ = 0 â R2.

Ïñåâäî-ìíîãîìåðíûå îáîáùåíèÿ (ïðåîáðàçîâàíèÿ

ïåðåîïðåäåëåííûõ ñèñòåì PDE).

Ìíîãîìåðíûå îáîáùåíèÿ, ïåðåâîäÿùèå L = ∆ + u(~x) â ìàòðè÷íîå

óðàâíåíèå.

Ïðåîáðàçîâàíèÿ, ïðèìåíèìûå ê ìíîãîìåðíûì îïåðàòîðàì

Øðåäèíãåðà ñ ïîòåíöèàëàìè ñïåöèàëüíîãî âèäà.
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