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Èñòîðèÿ âîïðîñà

Â íà÷àëå 70-õ ãîäîâ Â.À. Òîïîíîãîâ ïðåäëîæèë ñòóäåíòàì ÍÃÓ
ñëåäóþùóþ çàäà÷ó.

Çàäà÷à Â.À. Òîïîíîãîâà.

Íà çàìêíóòîé âåðõíåé ïîëóïëîñêîñòè äåêàðòîâîé ïëîñêîñòè (x, y)
îïðåäåëåíà íåïðåðûâíî äèôôåðåíöèðóåìàÿ âåùåñòâåííàÿ ôóíêöèÿ
f , òîæäåñòâåííî ðàâíàÿ íóëþ íà ïðÿìîé y = 0, è âñþäó äëÿ f
ìîäóëü ÷àñòíîé ïðîèçâîäíîé ïî y íå ïðåâîñõîäèò ìîäóëÿ ÷àñòíîé
ïðîèçâîäíîé ïî x. Äîêàçàòü, ÷òî f ðàâíà íóëþ âñþäó.

Â 2010 ã. Â.Í.Áåðåñòîâñêèé â ñâîåé ðàáîòå [1] äàë ïîëîæèòåëüíûå
ðåøåíèÿ ýòîé çàäà÷è è åå åñòåñòâåííîãî îáîáùåíèÿ â ñëó÷àå
ïðîñòðàíñòâà-âðåìåíè Ìèíêîâñêîãî.
Â 2013 ã. ìû ïîëó÷èëè ïîëîæèòåëüíîå ðåøåíèå òàêîãî îáîáùåíèÿ â
ñëó÷àå ãëîáàëüíî ãèïåðáîëè÷åñêîãî ïðîñòðàíñòâà�âðåìåíè (ñì. [3]).
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Ïðåäâàðèòåëüíûå íåîáõîäèìûå ñâåäåíèÿ

Íàïîìíèì íåîáõîäèìûå îïðåäåëåíèÿ èç êíèãè [5].

Îïðåäåëåíèå 1.

Ëîðåíöåâûì ìíîãîîáðàçèåì íàçûâàåòñÿ ïàðà (M, g), ãäå
M � C∞-ìíîãîîáðàçèå ðàçìåðíîñòè n+ 1 ≥ 2, g � ãëàäêîå
ñèììåòðè÷íîå òåíçîðíîå ïîëå òèïà (0, 2), çàäàííîå íà M òàê, ÷òî â
êàæäîé òî÷êå p ∈M òåíçîð g|p : TpM × TpM → R ïðåäñòàâëÿåò
ñîáîé íåâûðîæäåííîå ñêàëÿðíîå ïðîèçâåäåíèå ñ ñèãíàòóðîé
(+,+, . . . ,+,−).

Îïðåäåëåíèå 2.

Íåíóëåâîé âåêòîð v ∈ TM íàçûâàåòñÿ íåïðîñòðàíñòâåííîïîäîáíûì
(ñîîòâåòñòâåííî, âðåìåííîïîäîáíûì, èçîòðîïíûì, ïðîñòðàíñòâåííî-
ïîäîáíûì), åñëè g(v, v) ≤ 0 (ñîîòâåòñòâåííî, < 0, = 0, > 0).
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Îïðåäåëåíèå 3.

Íåïðåðûâíîå âåêòîðíîå ïîëå X íà ëîðåíöåâîì ìíîãîîáðàçèè M
íàçûâàåòñÿ âðåìåííîïîäîáíûì, åñëè g(X(p), X(p)) < 0 äëÿ âñåõ
òî÷åê p ∈M. Åñëè ëîðåíöåâî ìíîãîîáðàçèå (M, g) äîïóñêàåò
âðåìåííîïîäîáíîå âåêòîðíîå ïîëå X, òî (M, g) íàçûâàþò
îðèåíòèðîâàííûì âî âðåìåíè ïîñðåäñòâîì ïîëÿ X.

Âðåìåííîïîäîáíîå âåêòîðíîå ïîëå X ðàçáèâàåò âñå íåïðîñòðàíñòâåí-
íîïîäîáíûå âåêòîðû íà äâà íåïåðåñåêàþùèõñÿ êëàññà � êëàññ
âåêòîðîâ, íàïðàâëåííûõ â áóäóùåå, è êëàññ âåêòîðîâ, íàïðàâëåííûõ
â ïðîøëîå.

Îïðåäåëåíèå 4.

Íåïðîñòðàíñòâåííîïîäîáíûé êàñàòåëüíûé âåêòîð v ∈ TpM, p ∈M,
íàçûâàåòñÿ íàïðàâëåííûì â áóäóùåå (ñîîòâåòñòâåííî, íàïðàâëåííûì
â ïðîøëîå), åñëè g(X(p), v) < 0 (ñîîòâåòñòâåííî, g(X(p), v) > 0).



Ïðàâèëüíûé Ãîðèçîíò ñîáûòèé

Îïðåäåëåíèå 5.

Ëîðåíöåâî ìíîãîîáðàçèå íàçûâàåòñÿ îðèåíòèðóåìûì âî âðåìåíè,
åñëè îíî äîïóñêàåò îðèåíòàöèþ âî âðåìåíè ïîñðåäñòâîì íåêîòîðîãî
âðåìåííîïîäîáíîãî âåêòîðíîãî ïîëÿ X.

Îïðåäåëåíèå 6.

Ïðîñòðàíñòâîì�âðåìåíåì (M, g) íàçûâàåòñÿ ñâÿçíîå õàóñäîðôîâî
C∞-ìíîãîîáðàçèå (ñî âòîðîé àêñèîìîé ñ÷åòíîñòè) ðàçìåðíîñòè íå
ìåíüøå äâóõ ñî ñ÷åòíîé áàçîé îêðåñòíîñòåé, ëîðåíöåâîé ìåòðèêîé
g ñèãíàòóðû (+,+, . . . ,+,−) è âðåìåííîé îðèåíòàöèåé.

Îïðåäåëåíèå 7.

Íåïðåðûâíàÿ êóñî÷íî íåïðåðûâíî äèôôåðåíöèðóåìàÿ êðèâàÿ
c = c(t), ãäå t ∈ [a, b] èëè t ∈ (a, b), â ëîðåíöåâîì ìíîãîîáðàçèè
(M, g) íàçûâàåòñÿ íåïðîñòðàíñòâåííîïîäîáíîé, åñëè
g(c′l(t), c

′
r(t)) ≤ 0 äëÿ ëþáîãî t ∈ (a, b), ãäå c′l(t) (c

′
r(t)) � ëåâûé

(ïðàâûé) êàñàòåëüíûé âåêòîð.
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Åñëè ïðè ýòîì (M, g) � ïðîñòðàíñòâî-âðåìÿ, òî êðèâàÿ c = c(t)
íàïðàâëåíà â áóäóùåå èëè íàïðàâëåíà â ïðîøëîå, ò.å. âñå (âîîáùå
ãîâîðÿ, îäíîñòîðîííèå) êàñàòåëüíûå âåêòîðû êðèâîé c îäíîâðåìåííî
íàïðàâëåíû â áóäóùåå èëè íàïðàâëåíû â ïðîøëîå (íî íå òî è äðóãîå
âìåñòå).

Îïðåäåëåíèå 8.

Ïðè÷èííîå áóäóùåå J+(L) (ñîîòâåòñòâåííî, ïðè÷èííîå ïðîøëîå
J−(L)) ïîäìíîæåñòâà L ïðîñòðàíñòâà-âðåìåíè (M, g) åñòü
ìíîæåñòâî âñåõ òî÷åê q ∈M, äëÿ êîòîðûõ ñóùåñòâóåò íàïðàâëåííàÿ
â áóäóùåå (ñîîòâåòñòâåííî, â ïðîøëîå) êðèâàÿ c = c(t), t ∈ [a, b],
òàêàÿ, ÷òî c(a) ∈ L, c(b) = q.

Îïðåäåëåíèå 9.

Îòêðûòîå ìíîæåñòâî U â ïðîñòðàíñòâå�âðåìåíè (M, g) íàçûâàåòñÿ
ïðè÷èííî âûïóêëûì, åñëè íèêàêàÿ íåïðîñòðàíñòâåííîïîäîáíàÿ
êðèâàÿ íå ïåðåñåêàåò U ïî íåñâÿçíîìó ìíîæåñòâó.
Ïðîñòðàíñòâî�âðåìÿ (M, g) íàçûâàåòñÿ ñèëüíî ïðè÷èííûì, åñëè ó
êàæäîé òî÷êè p ∈M åñòü ñêîëü óãîäíî ìàëûå ïðè÷èííî âûïóêëûå
îêðåñòíîñòè.
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Êðèòåðèé ñèëüíî ïðè÷èííîñòè ïðîñòðàíñòâà�âðåìåíè.

Ïðîñòðàíñòâî�âðåìÿ (M, g) ñèëüíî ïðè÷èííî òîãäà è òîëüêî òîãäà,
êîãäà ìíîæåñòâà âèäà I+(p) ∩ I−(q), ãäå p, q � âñåâîçìîæíûå òî÷êè
èç M, îáðàçóþò áàçó èñõîäíîé òîïîëîãèè (ò.å. òîïîëîãèÿ À.Ä.
Àëåêñàíäðîâà íà (M, g) ñîâïàäàåò ñ èñõîäíîé òîïîëîãèåé
ìíîãîîáðàçèÿ M).

Îïðåäåëåíèå 10.

Ïðîñòðàíñòâî�âðåìÿ (M, g) íàçûâàåòñÿ ãëîáàëüíî ãèïåðáîëè÷åñêèì,
åñëè (M, g) ñèëüíî ïðè÷èííî è äëÿ ëþáûõ òî÷åê p, q ∈M ìíîæåñòâî
J+(p) ∩ J−(q) êîìïàêòíî îòíîñèòåëüíî òîïîëîãèè ìíîãîîáðàçèÿ M .

Îïðåäåëåíèå 11.

Ïóñòü S � ïîäìíîæåñòâî ãëîáàëüíî ãèïåðáîëè÷åñêîãî
ïðîñòðàíñòâà�âðåìåíè (M, g). Ãðàíèöà Γ−(S) ìíîæåñòâà J−(S)
íàçûâàåòñÿ ãîðèçîíòîì ñîáûòèé ïðîøëîãî äëÿ S. Ãðàíèöà Γ+(S)
ìíîæåñòâà J+(S) íàçûâàåòñÿ ãîðèçîíòîì ñîáûòèé áóäóùåãî äëÿ S.
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Ïîëó÷åííûå ðåçóëüòàòû

Òåîðåìà 1. Îáîáùåíèå çàäà÷è Òîïîíîãîâà â ñëó÷àå ãëîáàëüíî
ãèïåðáîëè÷åñêîãî ïðîñòðàíñòâà-âðåìåíè.

Ïóñòü f � íåïðåðûâíî äèôôåðåíöèðóåìàÿ âåùåñòâåííàÿ ôóíêöèÿ
íà ãëîáàëüíî ãèïåðáîëè÷åñêîì ïðîñòðàíñòâå-âðåìåíè (M, g),
èìåþùàÿ â êàæäîé òî÷êå íåâðåìåííîïîäîáíûé ãðàäèåíò. Òîãäà äëÿ
êàæäîé ïîâåðõíîñòè Êîøè S â (M, g) è êàæäîé òî÷êè u1 â J+(S)
(ñîîòâåòñòâåííî, J−(S)) ñóùåñòâóåò òî÷êà u0 ∈ S ∩ J−(u1)
(ñîîòâåòñòâåííî, u0 ∈ S ∩ J+(u1)) òàêàÿ, ÷òî f(u1) = f(u0).

Òåîðåìà 2.

(Ñâÿçíîå) ëîðåíöåâî ìíîãîîáðàçèå (M, g), äîïóñêàþùåå ãëàäêóþ
ôóíêöèþ φ ñ âðåìåííîïîäîáíûì ãðàäèåíòîì ∇φ, ãëîáàëüíî
ãèïåðáîëè÷íî, åñëè âñå ìíîæåñòâà óðîâíÿ St = φ−1(t), t ∈ φ(M),
êîìïàêòíû.

Ïðèìåðû ãëîáàëüíî ãèïåðáîëè÷åñêèõ ïðîñòðàíñòâ-âðåìåí, äîïóñêàþ-
ùèõ ãëàäêèå ôóíêöèè ñ âðåìåííîïîäîáíûì ãðàäèåíòîì: êîñìîëîãè-
÷åñêèå ìîäåëè À.À. Ôðèäìàíà, ïðîñòðàíñòâî-âðåìÿ Ðîáåðòñîíà-
Óîêåðà.
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Ïðîñòðàíñòâî�âðåìÿ äå Ñèòòåðà ïåðâîãî ðîäà

Îäèí èç ïðîñòûõ ïðèìåðîâ ãëîáàëüíî ãèïåðáîëè÷åñêîãî
ïðîñòðàíñòâà�âðåìåíè äîñòàâëÿåò ïðîñòðàíñòâî�âðåìÿ äå Ñèòòåðà
ïåðâîãî ðîäà � îäíîïîëîñòíîé ãèïåðáîëîèä S(R) â
ïðîñòðàíñòâå-âðåìåíè Ìèíêîâñêîãî Mink

n+1, n+ 1 ≥ 3,
îïðåäåëÿåìûé óðàâíåíèåì

n∑
k=1

x2k − t2 = R2, R > 0, (1)

ñ èíäóöèðîâàííîé èç Mink
n+1 ëîðåíöåâîé ìåòðèêîé.

Âðåìåííàÿ îðèåíòàöèÿ íà S(R) îïðåäåëÿåòñÿ êàñàòåëüíûì
âåêòîðíûì ïîëåì Y , îðòîãîíàëüíûì âñåì ïðîñòðàíñòâåííîïîäîáíûì
ñå÷åíèÿì âèäà

S(R, c) = S(R) ∩ {(x1, . . . , xn, t) ∈ Rn+1 : t = c}, c ∈ R,

ïîñëåäíÿÿ êîìïîíåíòà êîòîðîãî â Rn+1 ðàâíà 1.

Âñÿêàÿ èíòåãðàëüíàÿ êðèâàÿ âåêòîðíîãî ïîëÿ Y ÿâëÿåòñÿ íàïðàâëåí-
íîé â áóäóùåå âðåìåííîïîäîáíîé ãåîäåçè÷åñêîé â S(R). Ïîýòîìó åå
ìîæíî ðàññìàòðèâàòü êàê ìèðîâóþ ëèíèþ íåêîòîðîãî íàáëþäàòåëÿ.
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Îñíîâíîé ðåçóëüòàò ðàáîòû [4]

Òåîðåìà 3.

Ïóñòü L � âðåìåííîïîäîáíàÿ ãåîäåçè÷åñêàÿ â ïðîñòðàíñòâå�âðåìåíè
äå Ñèòòåðà ïåðâîãî ðîäà, Γ−(L) � ãîðèçîíò ñîáûòèé ïðîøëîãî
(íàáëþäàòåëÿ) äëÿ L. Òîãäà
1. Γ−(L) = S(R) ∩ α, ãäå α � íåêîòîðàÿ ãèïåðïëîñêîñòü â Rn+1,
ïðîõîäÿùàÿ ÷åðåç íà÷àëî êîîðäèíàò è ñîñòîÿùàÿ èç èçîòðîïíûõ
ãåîäåçè÷åñêèõ.
2. J+(L) = −J−(−L), J−(L) = −J+(−L).
3. Ìíîæåñòâà J+(L) è J−(−L) (ñîîòâåòñòâåííî, J−(L) è J+(−L))
íå ïåðåñåêàþòñÿ è èìåþò îáùóþ ãðàíèöó, ñîñòîÿùóþ èç èçîòðîïíûõ
ãåîäåçè÷åñêèõ. Â ÷àñòíîñòè, ãîðèçîíò ñîáûòèé ïðîøëîãî äëÿ L
ñîâïàäàåò ñ ãîðèçîíòîì ñîáûòèé áóäóùåãî äëÿ −L (ñîîòâåòñòâåííî,
ãîðèçîíò ñîáûòèé áóäóùåãî äëÿ L ñîâïàäàåò ñ ãîðèçîíòîì ñîáûòèé
ïðîøëîãî äëÿ −L).
4. Ôàêòîð�îòîáðàæåíèå pr : S(R)→ S1

n(R), îòîæäåñòâëÿþùåå
äèàìåòðàëüíî ïðîòèâîïîëîæíûå òî÷êè èç S(R), ÿâëÿåòñÿ
äèôôåîìîðôèçìîì íà êàæäîì èç îòêðûòûõ ïîäìíîãîîáðàçèé
J+(L), J−(−L), J−(L), J+(−L) è ñêëåèâàåò ïîïàðíî äèàìåòðàëüíî
ïðîòèâîïîëîæíûå òî÷êè ãðàíèö êàæäîãî èç ýòèõ ïîäìíîãîîáðàçèé
(ò.å. ñîîòâåòñòâóþùèõ ãîðèçîíòîâ ñîáûòèé).
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Ïðîäîëæåíèå òåîðåìû 3.

5. Ôàêòîð�ìíîãîîáðàçèå (S1
n(R), G), ãäå g = pr∗G, åñòü

ïðîñòðàíñòâî Ëîáà÷åâñêîãî ïîëîæèòåëüíîé êðèâèçíû 1
R2 â

òåðìèíîëîãèè Á.À.Ðîçåíôåëüäà (ñì. ñ. 155 â êíèãå [6]).

Ñëåäñòâèå 1.

Ïóñòü L � âðåìåííîïîäîáíàÿ ãåîäåçè÷åñêàÿ â S(R), p � òî÷êà
ïåðåñå÷åíèÿ L ñ S(R, 0). Ãîðèçîíò Γ−(L) ñîáûòèé ïðîøëîãî äëÿ L
ïåðåñåêàåò S(R, 0) ïî ñôåðå SS(R,0)(p, πR/2) ðàäèóñà πR/2 ñ
öåíòðîì â òî÷êå p.

Ñëåäñòâèå 2.

Ïóñòü f � íåïðåðûâíî äèôôåðåíöèðåìàÿ âåùåñòâåííàÿ ôóíêöèÿ ñ
íåâðåìåííîïîäîáíûì ãðàäèåíòîì íà S(R). Òîãäà çíà÷åíèå ôóíêöèè
f íà ìèðîâîé ëèíèè L çàâèñÿò ëèøü îò åå çíà÷åíèé íà îòêðûòîì
øàðå US(R,0)(p, πR/2), ãäå p � òî÷êà ïåðåñå÷åíèÿ L ñ S(R, 0).

Ðàíåå óòâåðæäåíèÿ î ãîðèçîíòå ñîáûòèé ïðîøëîãî ñôîðìóëèðîâàë
áåç äîêàçàòåëüñòâà Â.Í. Áåðåñòîâñêèé â ñâîåì ïëåíàðíîì äîêëàäå â
Êàçàíè â 2010 ã., íî â òåêñòå [2] ýòîãî äîêëàäà èõ íåò.
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Ðèñ.: Ðèñ � 4.18 ãîðèçîíòà ñîáûòèé íàáëþäàòåëÿ èç êíèãè Õîêèíãà [7]



Ïðàâèëüíûé Ãîðèçîíò ñîáûòèé

Ðèñ.: Ïðàâèëüíûé ãîðèçîíò ñîáûòèé íàáëþäàòåëÿ äëÿ 0 ≤ t ≤ t0



Ïðàâèëüíûé Ãîðèçîíò ñîáûòèé

Ðèñ.: Ïðàâèëüíûé ãîðèçîíò ñîáûòèé íàáëþäàòåëÿ äëÿ 0 ≤ t ≤ +∞



Ïðàâèëüíûé Ãîðèçîíò ñîáûòèé
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