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Main Results and Their Direct Corollaries

� new metric properties of Carnot–Carathéodory spaces

� extension from classical results to the minimal smoothness

⇒ sub-Riemannian differentiability theory (Vodopyanov)

⇒ non-equiregular Carnot–Carathéodory spaces (Selivanova)

⇒ problem on attainable set (C1
-fields) (Basalaev, Vodopyanov)

⇒ coarea formula for smooth contact mapping of CC-spaces

⇒ area formula for intrinsic Lipschitz mappings of CC-spaces

⇒ minimal surfaces-�graphs� on classes of Carnot groups



Carnot–Carathéodory Space (Smooth Vector Fields)

• M is a connected Riemannian C∞
-smooth manifold

• dimtop(M) = N

• ∃H = HM ⊂ TM, HM that generates the tangent bundle TM:

H = H1 � span{H1, [H1, H1]} =: H2

� span{H2, [H1, H2]} =: H3 � . . . � HM = TM

• dimHi’s do not depend on x (equiregular case; differs from

Hörmander’s one)



Hypoelliptic Equations

A problem: when a distribution solution f to the equation

(X2
1 + . . .+X2

n−1 −Xn)f = ϕ ∈ C∞

is a smooth function?

• Particular case: Kolmogorov’s equations

∂2u

∂x2
+ x

∂u

∂y
−

∂u

∂t
= f

• physics (diffusion process), economics (arbitrage theory, some

stochastic volatility models of European options), etc.



Hypoelliptic Equations

• Hörmander (1967): sufficient conditions on fields X1, . . . , Xn:

Let H1(u) = span{X1(u), . . . , Xn(u)}. There exists M < ∞ s. t.

H1(u) � span{H1(u), [H1, H1](u)} =: H2(u)

� span{H2(u), [H1, H2](u)} =: H3(u) � . . . � HM(u) = TuRN

for all points u ∈ D.

• Stein (1971): The program of studying of geometry of Hörmander

vector fields;

description of singularities of fundamental solutions
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Applications

• subelliptic equations

• non-holonomic mechanics

• contact geometry

• physics

• robotechnics (C1
-fields are important)

• neurobiology (C1
-fields are important)

etc.



A Carnot–Carathéodory Space (C1
-Fields)

• M is a connected Riemannian C∞
-manifold, dimtop(M) = N

• in TM, there is a filtration by subbundles

HM = H1M � . . . � HiM � . . . � HMM = TM
• ∀v ∈ M ∃U(v) with C1

-smooth vector fields X1, X2, . . . , XN , s. t.

• HiM(v) = span{X1(v), . . . , XdimHi
(v)}, dimHiM(v) = dimHi;

( ∗ ) [Hi,Hj] ⊆ Hi+j, i, j = 1, . . . ,M .

If Hj+1 = span{Hj, [H1, Hj], [H2, Hj−1], . . . , [Hk,Hj+1−k]}, where

k =
�
j+1
2

�
, j = 1, . . . ,M − 1 then M is a Carnot manifold.

� degXi = min{k : Xi ∈ Hk}, i = 1, . . . , N



An Example of a Carnot–Carathéodory Space with

C1
-Smooth Basis Vector Fields (Answer to Gromov’s Question)

• ψ,ϕ, ξ, η, ω ∈ C1([a, b],R) \ C2
; ψ,ϕ, ξ, η, ω �= 0, dϕ

dy �= 0 on [a, b]

X =ψ(x)∂x + ψ(x)ϕ(y)∂y + η
�
−

y�

a

�ξ(x, s) ds+ z
�
∂z + ϕ(y)ω(q)∂q,

Y =∂y + ξ
�
−

y�

a

dt

ϕ(t)
+ x

�
∂z,

Z =− ψ(x)∂y + ω(q)∂q,

T =∂y. Here �ξ(x, s) = ξ
�
−

s�

a

dt

ϕ(t)
+ x

�
.

⇒ X ∈ C1(x, y, z, q), Y ∈ C1(x, y), Z ∈ C1(x, q), T ∈ C∞

• [X,Y ] = dϕ
dy · Z and [Y, Z] = −

dψ
dx · T

• H = H1 = span{X,Y }, H2 = span{X,Y, Z}, H3 = span{X,Y, Z, T}



Peculiarities and Difficulties (C1
-Smooth Vector Fields)

? What structure approximates CC-space and how?

� Gromov’s Theorem or Baker–Campbell–Hausdorff formula...

� They are unknown!

? What (quasi)metric should we use?

� Rashevsky–Chow Theorem (dcc) / generalized � inequality (d∞)...

� They are unknown!



A Local Lie Group at u ∈ M (C1
-Smooth Vector Fields)

( ∗ ) ⇒ [Xi,Xj](v) =
�

k: degXk≤degXi+degXj

cijk(v)Xk(v),

Property. Coefficients {cijk(u)}degXk=degXi+degXj
= {c̄ijk} en-

joy Jacobi identity:

�

k

c̄ijk(u)c̄kml(u) +
�

k

c̄mik(u)c̄kjl(u) +
�

k

c̄jmk(u)c̄kil(u) = 0

for all i, j,m, l = 1, . . . , N , and c̄ijk = −c̄jik for all i, j, k = 1, . . . , N
⇒ nilpotent Lie algebra

basis vector fields {(�Xu
i )

�}Ni=1 in RN are chosen in a such a way
that exp = Id. This implies (�Xu

i )
�(0) = ei, i = 1, . . . , N

⇒ corresponding Lie group: nilpotent Lie group



Local Homogeneous Lie Group GuM

G ⊂ M: a neighborhood of u with basis fields �Xu
i = Dθu(�Xu

i )
�

θu : U(0) → G group isomorphism ⇒ structure of local Lie group

For x = exp
� N�

i=1
xi�Xu

i

�
(u), y = exp

� N�

i=1
yi�Xu

i

�
(u), define

x · y = exp
� N�

i=1
zi�X

u
i

�
(u),

where

zi = xi + yi +
�

|µ+β|h=degXi, µ,β>0

F i
µ,β(u)x

µyβ.

• fields �Xu
i = Dθu(�Xu

i )
�
are left-invariant



Distance Functions

• If w = exp
� N�

i=1
wi

�Xu
i

�
(v) then du∞(v, w) = max

i=1,...,N
{|wi|

1
degXi}

• du∞ is a quasimetric: ∃C = C(U) such that

du∞(v, w) ≤ C(du∞(v, z) + du∞(z, w)) ∀w, v, z ∈ U

• If v = exp
� N�

i=1
vi�Xu

i

�
(u) then ∆u

ε(v) = exp
� N�

i=1
εdegXivi�Xu

i

�
(u)

• If w = exp
� N�

i=1
wiXi

�
(v) then du∞(v, w) = max

i=1,...,N
{|wi|

1
degXi}

• Main Result ⇒ d∞ is a quasimetric



Main Result

• M: a CC-space with C1,α
-smooth basis vector fields

• α ∈ [0,1]; α = 0 ⇒ the vector fields are just C1
-smooth

Theorem. ∀ w ∈ M ∃ O � w, O � M, such that ∀ u, x ∈ O and ∀

q = 1, . . . , N the representation holds

Xq(∆u
εx) =

N�

p=1
aup,q(∆

u
εx)�X

u
p (∆

u
εx),

where

aup,q(∆
u
εx) =






O(ε), degXp < degXq,

δpq +O(ε), degXp = degXq,

O(εα+degXp−degXq), degXp > degXq, α > 0,

o(εdegXp−degXq), degXp > degXq, α = 0.



Comparison of Local Geometries (Local Groups)

• U � M is an arbitrary neighborhood described in the main result

• d∞(w, v) and du∞(w, v) are well-defined ∀u, v, w ∈ U

Theorem. ∀u, v, u� ∈ U, w�
ε = γ(1), wε = �γ(1), where

γ, �γ : [0,1] → M, γ, �γ ⊂ Box(u, ε), u� ∈ Box(u, ε) such that

γ(0) = �γ(0) = v and

γ̇(t) =
N�

i=1
bi(t)�X

u�
i (γ(t)), �̇γ(t) =

N�

i=1
bi(t)�X

u
i (γ(t)),

1�

0

|bi(t)| dt < SεdegXi,

S < ∞, i = 1, . . . , N , we have

max{du
�

∞(wε,w
�
ε), d

u
∞(wε,w

�
ε)} =





O(ε1+

α
M ), α > 0,

o(ε), α = 0,

with O(1) and o(1) to be uniform as ε → 0.





Application of the Estimate for Groups

• Let bi(t) = wi, i = 1, . . . , N

⇒ wε = exp
�

N�

i=1
wi

�Xu
i

�
(v), w�

ε = exp
�

N�

i=1
wi

�Xu�
i

�
(v)

(��) d
p
∞(w, v) ≤ d

p
∞(w, u) + CUd

p
∞(u, v) is true on GpM, p ∈ U

⇒ |du∞(v, wε)− du
�

∞(v, wε)| =





O(ε1+

α

M ), α > 0,

o(ε), α = 0,

If u� = v ⇒ |du∞(v, wε)− d∞(v, wε)| =





O(ε1+

α

M ), α > 0,

o(ε), α = 0,

Thus, we can compare du∞ and d∞ for points from U ⊂ M



Comparison of Local Geometries

• U � M is an arbitrary neighborhood small enough
• d∞(w, v) and du∞(w, v) are well-defined ∀u, v, w ∈ U

Theorem. ∀u, v ∈ U, wε = γ(1), w�
ε = �γ(1), where γ, �γ : [0,1] →

M, γ, �γ ⊂ Box(u, ε) such that γ(0) = �γ(0) = v and

γ̇(t) =
N�

i=1
bi(t)Xi(γ(t)), �̇γ(t) =

N�

i=1
bi(t)�X

u
i (γ(t)),

1�

0

|bi(t)| dt < Sε
degXi,

S < ∞, i = 1, . . . , N , we have

max{d∞(wε,w
�
ε), d

u
∞(wε,w

�
ε)} =





O(ε1+

α

M ), α > 0,

o(ε), α = 0,

with O(1) and o(1) to be uniform as ε → 0.





Estimates for Chains (I)

Theorem. For Q ∈ N, consider u ∈ U, u�, w0 ∈ Box(u, ε) and

w
ε
j = exp

�
N�

i=1
wi,jε

degXi�Xu
i

�

(wε
j−1), w

ε
j
� = exp

�
N�

i=1
wi,jε

degXi�Xu�
i

�

(wε�
j−1),

wε�
0 = wε

0 = w0, j = 1, . . . , Q. (Here Q ∈ N is such that all these

points and lines lie in U ⊂ M for sufficiently small ε > 0.) Then

max{du∞(wε
Q,w

ε�
Q), d

u�
∞(wε

Q,w
ε�
Q)} =





O(ε1+

α

M ), α > 0,

o(ε), α = 0.

Here O(1) is uniform in u ∈ U, u�, w0 ∈ Box(u, ε) and {wi,j},
i = 1, . . . , N , j = 1, . . . , Q, from some compact neighborhood of

0, and depends on Q and {Fj

µ,β
|U}j,µ,β.





Estimates for Chains (II)

Theorem. For Q ∈ N, consider u ∈ U, u�, w0 ∈ Box(u, ε) and

wε
j = exp

� N�

i=1
wi,jε

degXi�Xu
i

�

(wε
j−1), wε

j
� = exp

� N�

i=1
wi,jε

degXiXi

�

(wε�
j−1),

wε�
0 = wε

0 = w0, j = 1, . . . , Q. (Here Q ∈ N is such that all these

points and lines lie in U ⊂ M for sufficiently small ε > 0.) Then

max{du∞(wε
Q,w

ε�
Q), d∞(wε

Q,w
ε�
Q)} =





O(ε1+

α
M ), α > 0,

o(ε), α = 0.

Here O(1) is uniform in u ∈ U, w0 ∈ Box(u, ε) and {wi,j}, i =
1, . . . , N , j = 1, . . . , Q, from some compact neighborhood of 0,
and depends on Q and {Fj

µ,β|U}j,µ,β.



Application: Rashevsky–Chow Theorem

Suppose that M is a Carnot manifold

Theorem. Any two points x, y ∈ M can be connected by a
horizontal curve γ (i. e., γ̇(t) ∈ Hγ(t)M for almost all t ∈ [0,1]).

• Vodopyanov, Basalaev: C1
-smooth case

Definition. Carnot–Carathéodory distance dcc between points x

and y equals

inf{�(γ) : γ(0) = x, γ(1) = y, γ̇(t) ∈ Hγ(t)M}





Corollaries

• d∞ is a quasimetric
• d∞ and dcc are locally bi-Lipschitz equivalent (Ball-Box Theorem):

c(U)d∞(x, y) ≤ dcc(x, y) ≤ C(U)d∞(x, y),

• dimHM = dimH1 +
M�

i=2
i(dimHi − dimHi−1) := ν

• Local Approximation Theorems: u�, v, w ∈ Bcc(u, ε) ⇒

|d∞(v, w)− du∞(v, w)| =





O(ε1+

α
M ), α > 0,

o(ε), α = 0;

|dcc(v, w)− ducc(v, w)| =





O(ε1+

α
M ), α > 0,

o(ε), α = 0.

• sub-Riemannian analog of manifold’s approximation by a tangent space



Weighted Carnot–Carathéodory Spaces

• Weights instead of degrees: l1 < . . . < lQ, lk ∈ N, k = 1, . . . , Q

• �usual� Carnot–Carathéodory space: lk = k, Q = M

• {Xi}
N
i=1 ∈ CM : S. Selivanova, definition and properties (+non-

equiregularity)

• [Hi,Hj] ⊆ Hm, m = max{p : li + lj ≥ lp}, i, j = 1, . . . , Q ⇔

[Xi,Xj](v) =
�

k: wgtXk≤wgtXi+wgtXj

cijk(v)Xk(v) ({Xi}
N
i=1 ∈ C1)

• {cijk(u)}wgtXk=wgtXi+wgtXj
= {c̄ijk} ⇒ local Lie group

• comparison estimates:





O(ε

1+
min{αl1,1}

lQ ), α > 0,

o(ε), α = 0,



Main Applications

• Sub-Riemannian Differentiability Theory: Rademacher- and
Stepanov-type theorems on sub-Riemannian differentiability of
mappings of Carnot manifolds (S. Vodopyanov)

• Geometric Measure Theory on metric structures: area formula
for intrinsically Lipschitz mappings, coarea formula for CM+1-
smooth mappings of Carnot manifolds, criteria for minimal sur-
faces (M. Karmanova; S. Vodopyanov and и M. Karmanova)

• Geometry of non-equiregular (and weighted) Carnot–Carathéodory
spaces (S. Selivanova)

• Rashevsky–Chow Theorem for C1-smooth case ⇒ problem on
attainable sets (S. Basalaev, S. Vodopyanov)



Sub-Riemannian Differentiability

Definition [S. Vodopyanov]. Let M and �M be CC-spaces, and
let D ⊂ M. A mapping ϕ : (D, d∞) → (�M, �d∞) is hc-differentiable
at u ∈ M, if there exists a horizontal homomorphism

Lu : (Gu, du∞) → (Gϕ(u), dϕ(u)∞ )

of local Carnot groups such that

�d∞(ϕ(w), Lu(w)) = o(d∞(u,w)), D ∩ G
u
� w → u.

• ϕ : D → �G, D ⊂ G ⇒ P-differentiability [Pansu]
• hc-differential of ϕ at u is denoted by �Dϕ(u)
Theorem (Vodopyanov). Let M be a Carnot manifold, D ⊂ M
be a measurable set, and �M be a Carnot–Carathéodory space.
Every intrinsically Lipschitz mapping ϕ : D → �M is hc-differentiable
almost everywhere.



Sub-Riemannian Area Formula

Classical result: ϕ : D → Rm, D ⊂ Rn, n ≤ m
�

D

f(y)
�
det

�
Dϕ(y)∗Dϕ(y)

�
dHn(y) =

�

Rm

�

y:y∈ϕ−1(x)

f(y) dHn(x)

Sub-Riemannian Result: M is a Carnot manifold, �M is a CC-
space, D ⊂ M, ϕ ∈ LipSR(D,�M), dimH1 ≤ dim �H1;

�

M
f(y)

�
det(�Dϕ(x)∗�Dϕ(x)) dHν(y) =

�

�M

�

y: y∈ϕ−1(x)

f(y) dHν(x)



Sub-Riemannian Coarea Formula

Classical result: ϕ : Rn → Rk, n ≥ k
�

Rn

f(x)
�
det

�
Dϕ(x)Dϕ(x)∗

�
dHn(x) =

�

Rk

dHk(z)
�

ϕ−1(x)

f(u) dHn−k(u)

Sub-Riemannian Result: M is a Carnot manifold, �M is a CC-
space, ϕ ∈ CM+1(M,�M) is a contact mapping, dimH1 ≥ dim �H1,
dimHi − dimHi−1 ≥ dim �Hi − dim �Hi−1, i = 2, . . . ,M ;

�

M
J

SR
�N (ϕ, x)f(x) dHν(x) =

�

�M

dH�ν(z)
�

ϕ−1(z)

f(u) dHν−�ν(u),

where J SR
�N

(ϕ, x) =
�
det(�Dϕ(x)�Dϕ(x)∗) · Cω

Cω depends on factors in the definitions in Hausdorff measure
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