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1. Introduction

Let Ry :=[0,00). Denote M the set of all measurable functions on R and
M+ C M the subset of all non-negative functions. If 0 < p < oo and v € M we
define the weighted Lebesgue spaces by

17 = {f €M || fllps = (/m |f<x>|pv<x>dx)’l’ < oo},

L = {f eM: [|fllre = ess>851p v(@)|f(x)] < oo}.
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Let 0 < ¢ < oo and w € M. We consider sublinear operators on 9™ of the form

o= (o ([ s sea)' )
7@ = ([ vt ([ renses) )
0@ = (" wt ([ i) dy); ,
e = ([ we ( [+ Z)f(z>d2>qdy>é

dy

and
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©n@ = ([ ke, (/f ) d )

where k(z,y) > 0 is a measurable kernel and the right hand sides are to replace
by essential supremums

(T)(x) = ess sup w(y) [y k(y, 2)f(2)dz, (1)
(Tf)(x) = SR k(y, x)w(y) fy f( (2)

and similarly for the others, when ¢ = 0o
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We assume that a Borel function k(z,y) > 0 on [0, 00)? satisfies Oinarov's
condition: k(z,y) =0 if z < y, and there is a constant D > 1 independent of
x >z >y > 0 such that

= (k(@,2) + k(2,9)) < bz,9) < D (k(a, 2) + k(=,9)). 3)
Examples: k(z,y) = (z — y)*, a > 0; k(z,y) = log” (5) , B>0;
k(x,y) = (fym h(s)ds)v, h(s) >0,y > 0 and various combinations.
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Let u, v, w € MM+ be weights, 1 < p < 00, 0 < r < co. Our aim is to characterize
the weighted inequalities

ITfllp, < Crllfle, fem, (4)

17 flly, < Co Ifllug s £ €O, (5)

1Sfllz, < Cslfllpe, fem, (6)

1 fl, < Co I fll e, feMT (7)
and

ITfl,, < Cxlifll, f€mt, 8

||§f||L; < Cg ||f||ija femt,
171, < Cs Ifll5, £ €%, (10
16fllr: <Cs I flle, f€ me, (11

where the constants C'1 and others are taken as the least possible.
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Remark 1. The purpose of the investigation is to prove sharp two-sided
estimates of the form

€1 (p7 q,7, D)F(U, v, w, k) < CT < 02(]97 q,T, D)F(U, v, w, k)

for the constants C'1 and others, where the multiples ¢; > 0 depend on
parameters of summation and a constant D only and we write

Cr = F(u,v,w, k).

Remark 2. It is known for a linear integral operator, say,
Kf(e) = W) [ ke @)Uy, (12)
+

acting from LP into L%, that if 0 <p < 1,0 < ¢ < oo and | K|z, 1, < o0, then
|K|z,~L, =0, (Prokhorov-Stepanov, Proc. Steklov Math. Inst. 2003). The
same fenomena is valid for the above sublinear operators and, consequently, the
interval 0 < p < 1 is exluded.
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Remark 3. The success of a general theory of the last two decades is related to
operators (12) with Oinarov's kernel k(x,y) > 0. First of all it concerns Volterra
operators

Kf(z) = W(z) / " ko, ) f W)U (g)dy (13)

and its dual -
K*g(y) = U) / B )g )W () dy, (1)

If ¢ =7 < oo the inequalities (4)-(11) are reduced to the generalized Hardy-type
inequalities with Volterra operators (13) and (14), which were well studied since
90's in various papers and monographs, we list below a small portion:
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Remark 4. The cases p = 0o or/and r = co have the precise characterization.

For instance, for p = oo
1
or=[r ()
v

Cr =supU(t) |Hellpp 10 (16)
>0

(15)

L3

and for r = oo

where U(t) := esssupu(z) and (Hf)(x) := X[t,00) (@) [y k(z,2) f(2)dz.

0<z<t

D.V. Prokhorov, V.D. Stepanov () Sublinear integral operators Novosibirsk, 2014



2. Operators T and S

Suppose for simplicity that f(f u < oo for all t > 0 and define the functions
o :[0,00) — [0,00], 071 : [0,00) — [0,00) by (here inf & = c0)

a(x)::inf{y>0:/0yu>2/0xu}, a_l(x)::inf{y>0:/oyu>;/Oxu}.

The functions o and ¢~ ! are increasing and

o(x) @ o~ (x) 1 [
/ u:2/ u,/ u:f/u,:c>0.
0 0 0 2 0

For0 <c<d<ooand f €M we put
(o) (®) = Xy () / e 2

o-1(0)
(Hef) () = X[e,00)(T) A k(z,z)f(z)dz.
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Theorem 1. Let 1 <p < o0, 0<r<oo0,0<g<oo, 1:= (l—l) . For
¢ &

T p
validity of the inequality (4) it is necessary and sufficient that the inequalities
(S5 u@) ([ w)® (Jy k@, 2)f(2)d2)" dz)™ < Aol flle, (17)
( 7wt ([ anos) " ([ ) dx) < Ailfl, (9)
0 a3 0
if g < oo or

S

(/OOO u(z)[ess sup w(y)]” (/Oz k‘(az,z)f(z)dz)T dx) < Aollfllgz,  (19)

y>z

(/OOO u()ess sup[w(y)k(y, z)]]" (/0m f)T clac)1 < A1l fllze (20)

y>z

for ¢ = oo hold for all f € MM and the constant

1
& ™
SUP¢te(0,00) (fo u) HHtHLﬁaLZﬂ p<T,

(fooo u(@) (fy w)" [Ho-1()00) 15211, dﬂf) , T<Pp

is finite. Moreover, Ct ~ Ag + A1 + A,.

(21)

o |
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Now, for 0 < ¢ < d < oo and f € 9T we put

o(d)
(HE 1)) = Xjeut) @) / Bz, ) (2)d,

(He f)(x) = X[c,oo)(w)/ k(z,z)f(z)dz.

€T
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Theorem 2. Let 1 <p<o0, 0<r<oo,0<g<oo, 1:= (%—%) . Then
‘ +
the inequality (6) is fulfilled if and only if the inequalities

(52 (17 0) " (0 b0 1000) ) < ol

( = ute) (J7 O (o). z)]qw(z)dz)g (JZm 1) dx> " Adllfllz,

if g < oo or

1/r
(f()oo u(x)[ esssup w(y)]” (f;f(z) k(z, JQ(x))f(z)dz> dx) < AonHLg,

y€(w,02(x))

yE(z,02(x))

1/r
<f0°° u(w)[ esssup_ [w(ek(e*@). )" (5o /) dx> < Alfleg
for ¢ = oo hold for all f € 9 and the constant

¢ 1/r .

SUP¢e (0, 00) (fo U) 1 H{ N o rg, p<r,
S/p o

(fooo ) (Jo w)" " N1 H;- 1(@)o@) L1 dm) » T<D

is finite. Moreover, Cg ~ Ag + A1 + A,.

Ag o=
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Remark 5. According to the Remark 3 precise characterization of the inequalities
(17)-(20), sharp estimates of the norms

||Ht||L€—>LZ, ) |HU_1($)7U(QZ)||L5*>L%, ) ”Ht*”L{j—>LZJ ’ szfl(ac),a(x)

LY—LY

are known and have explicit integral form.
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3. Operators 7 and .¥

For finding criteria for (5) and (7) we suppose that 0 < [ u < oo for all t > 0
and define the functions ¢ : [0, 00) — [0,00), (7! : [0,00) — [0, 00) by

C(x)::sup{y>0:/mu2;/mu},

Yy &3

() :—sup{y>0:/oou22/oou},
y ]

where sup@ = 0. For 0 < c < d < oo and f € MT we put

¢(d)
(0 f) (@) = X(oa) (@) / ke ) fio) e,

x
oo

(1)(@) = x04 (@) / Bz, 2)f(2)dz,

x
x

(1) (@) = Xea (@) / Bz, 2)f(2)dz,

¢ 1(e)
(AT (@) = x0,q(z) /0 k(z,2)f(2)dz.

Similar to the previous section we prove the following theorems.
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Theorem 3. Let 1 <p<o0, 0<r<oo0,0<g<o0,1:= (%—%)Jr. For

validity of the inequality (5) it is necessary and sufficient that the inequalities

(J5= ul@) (Jy ) (S k(z,2)(2)d2)" dw) ™ < allf g, (22)

( IRCIY x[k(x,yn%(y)dy)g ([71) dgc>i < Al oz,

if g < o0 or

(/Oo wfesssup w)” [ Kz 071 ) da:>ré%||f||L57
0 y€(0,z)

( [ soessuplutrel ([ 7 dx) e

for ¢ = oo hold for all f € 9T and the constant

o 1
o {Supte(o,oo) (ft U’) i ”%HLI;HL%N . p < T, (23)

(V5= ul@) (" ) 11@ycollipmey d) o r<p,
is finite. Moreover, C o ~ oty + o + 5.
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Theorem 4. Let 1 <p<o0, 0<r<oo,0<g<oo,1:= (%—%)Jr. For

validity of the inequality (7) it is necessary and sufficient that the inequalities

1

(fooo u(z) (fgﬁ(z) w)g (f0<f2(x) k((2(z), z)f(z)dz)r dm) ' < Aol fll Lz,

(4 ) (I sy w0t 2N )* (157 1) ) < Al

if g < oo or

I

3=

(fooou(x)[ esssup  w(y (fo (m)k )z)f(z)dz)r dx) < Aol fllzr,
ye((2(x),x)

(J‘o“um[ esssup [w(y)k(y, @) (5 1) dx> < Aillfll
ye(C2(2),2)
for ¢ = oo hold for all f € 9 and the constant
) SUPte(0,00) (ﬂm )? [E 7 PPN ) p<r, (24)
(5= u@) (" )P 192y el ong 42) 5 7 <p

is finite. Moreover, Cs ~ Ag+ A1 + As.
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4. Operators T and S

Let the functions o and ! be the same as in the Section 2. For 0 < ¢ < d < oo
and f € MT we put

x

(Hea)(@) 1= Xea (@) |

a=*(c)

f&)dz, (Hf)(@) = xieom @) [ " f()dz

o(d) o
(He af)() = Xie,a) (x )/ f(2)dz,  (H{f)(2) := X[cpo)(x)/ f(z)dz

D.V. Prokhorov, V.D. Stepanov () Sublinear integral operators Novosibirsk, 2014 19 / 45



Theorem 5. Let 1 < p < o0, 0<r<oo,0<g<oo, 1:= (%—%)Jr. For

validity of (8) it is necessary and sufficient that B:= By+ B1+ By < oo, where By
and By are the least possible constants in the inequalities

(o= u@) (7 by 2yw()dy)* (5 )" de)” < Bollflleg,  (25)
(5wt (o). (f;;’(z) w) (} 9)"do) " da) " < Bulflze. (26)

if g < oo or

(fooou( esys>sup k(y, ) (fo ) ﬂU) < Byl f|l =, (27)

She

(fooo u(z)[k(o®(x), z))" (ess sup w(y) fy f) dw) "< Bl fles, (28)

y=>o?(z)
for ¢ = oo and By is defined by
t
SuP¢>o (fo ) HHtHL —>Lw( YRty p<T,
B2 = R
< u(z ? | Hy-1(2) 02(a) |50 . ra dv ) , r<p.
<fo @) (fo w)” Mo @or@ligses >

Moreover, Ct ~ B.

W |=
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Theorem 6. Let 1 <p < o0, 0<r <oo,0<g<oo, 1:= (%—%)Jr. For

validity of (10) it is necessary and sufficient that B := By + By + By < oo, where
By and By are the least possible constants in the inequalities

(o7 ta) (57 bt awtan)* (5 1) o) T Bl (9)

1/r

(e utabo™@).2)% (3w (57 1) ) " de) < Ballflze. (30)

when q < oo and

(fooo u(x)[ esssup k(y,z)w(y)]" (f;zso(x) f)T dx) v < Bol| fllze, (31)

z<y<od(z)

(1w @) (esssupute) J77 5 ) d VBl @

y>o2(z)
if ¢ = co. The constant IBQ is given by
t
supo (i) B lugon, p<r,
BQ = R
o) xr -
(fo u(®@) (Jo u)* IH; - Y(z),0? z)HLP%L w( k(o= 1 (=) dx) S

Moreover, Cg ~

w |-
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5. Operators T and &

Let the functions ¢, {1 : [0,00) — [0, 00) be the same as in the Section 3. For
0<c<d<ooand f €M we define operators

¢(d)
(Beaf)(@) = X(e) () / AN
(5a1)(®) = x0a(®) | " e
92D = xea®) [ S

(95)(@) = x(0.0)() / " ).

The following theorems are true.
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Theorem 7. Let 1 <p < o0, 0<r<oo0,0<g<o0,1:= (%—%)Jr. For

validity of the inequality (9) it is necessary and sufficient that the inequalities

(45 @) (i b wo()d)® ([ 1) dz)” < Boll iz,

</OOO u(@) k(3 (x), 2)] e (/OCQM w(y) (/:O f)qdy)gczgg>i < % fle,

if g < oo or

([ woesssup stz aputor ([~ 5) dx)i < Bolfllz,

</OOO “(“’)[k@_Q(w)’xW(yeﬁﬁ,sf-gf’w))w(y) /yoo f)rdgc>i < B fllLe

for ¢ = oo hold for all f € M* and the constant

-

1
SUPte(0,00) (ftoo u) " ”ﬁtHL"—wZJ, p<r,
%2 =
(fom““) (7 0)* 1912l dw) . r<p,
w() k(¢ (2),")

is finite. Moreover, Cx ~ HBy + HB1 + PBo.

@ |-
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Theorem 8. Let1§p<oo,0<r<oo,0<q§oo,%'

(171) . For
T p+

validity of the inequality (11) it is necessary and sufficient that the inequalities

1

e (fgig(z) K. y>w(y>dy)% (57 1) )" < Bl

(fo“’ u(@)FC )] (7w (7 1) )" da:) " <Bulfle,

if g < oo or

I=

(fooou(x)[ esssup  k(z,y)w (fo ) ﬂﬁ) < Bolfllzz:
ye((3(2),2)

(f;"u(:c)[k(c?(x),x)r( csssup w(y) f{7) de) < Balflz

y€(0,672(x))
for ¢ = oo hold for all f € 9 and the constant

|=

SUPte(0,00) (ftoo ) ||~6tHL,HL

BQ =
(067 ) (7 )% 1551

is finite. Moreover, Cs ~ Bg + B1 + Bs.
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6. Boundedness of classical operators in the Lorentz spaces

Since 90's A—analysis was started, — problems related to characterization of
classical operators in the Lorentz spaces. Remind, that given f on R", the
non-increasing rearrangement f* is defined by

fr(@t) :=1inf{s > 0: mes{z € R" : |f(x)| > s} < ¢}, t € Ry.
Given p € (0,00) and a weght v(z) > 0 on R Lorentz A-space AP(v) is a
collection of all functions f such, that || f||a»(,) < co, where

1/p
I fllar(v) = (fooo[f*(t)]pv(t)dt> .

A problem is to characterize the boundedness T : AP(v) — A%(w). Let

1
Li’v = {fei)ﬁi:|f||p, : (fR )dx) /p<oo}.
If for some T : AP(v) — A?(w) the inequality
[T5]" () < [Sf7)(E), >0
holds, where S is a positive operator, then
S:Ly,—LE,=T:A(v) = Al(w)

and
Il ap o) anw) < ISl rt -
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T (t) ~ / " (e, s)u(s) £7(s)ds, (33)

where k(t,s) > 0 and u(s) > 0, then the boundedness of T': AP(v) — A%(w) is
equivalent to the validity of

(/OOO </O°° k(t’s)f(s)u(s)d8>qw(t)dt>é =3¢ (/Ooo[f(t)]pv(t)dt> T(34)

for all f € 9.
Examples. The Hardy-Littlewood maximal operator

1
M) 1= s [ 170l

has the two-sided estimate

M 1T ~f/f

Consequently, the boundedness M : AP(v) — A9(u) is equivalent to

(/ ( / fs > dt>é =C (/Ooo[f(t)]pv(t)dt); , feM. (35)
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Analogously, for the Riesz potential
d
Iaf(x)::/ M,O<a<n
re [T — Y[
and the Hilbert transform
flz—y)dy

Hf(x) = lim ;

. e—0
the estimates ly|>e

Loy @ < |57 [ @+ [T 0] < 10, e >0
0 t
where f(y) = f*(Aly|") and
e < |t [ reas [Tt < oy
0 t
hold. For v € (0,n), the fractional maximal operator M., is given by

5 1) = o [ / F@)ldy.
Then B>z B

||MVHAP(U )= A (w) HS ||LLU~>L+ )

S, f(t) —suan / f*(s)ds

where
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Weighted Hardy inequality

(/Ooo (/Ox f(y)U(y)dy>qw(x)dx>é <C </OOO f%;)zl)’ Femt,  (36)

has numerous applications. The charcterization of (36) was taken about 15 years.

M. Arifio M, B. Muckenhoupt, Maximal funcrions on classical Lorentz spaces and
Hardy's inequality with weights for non-increasing functions, Trans. Amer. Math.
Soc., 320 (1990), 727-735.

E. Sawyer, Boundedness of classical operators on classical Lorentz spaces, Studia
Math., 96 (1990), 145-158.

V.D. Stepanov, The weighted Hardy's inequality for nonincreasing functions,
Trans. Amer. Math. Soc., 338 (1993), 173-186.

M.L. Goldman, Sharp estimates for the norms of Hardy-type operators on cones
of quasimonotone functions, Proc. Steklov Inst. Math., 232 (2001), 109-137.

G. Bennett, K.-G. Grosse-Erdmann, Weighted Hardy inequality for decreasing
sequences and functions, Math. Ann., 334 (2006), 489-531.

with latest survey

A. Gogatishvili, V.D. Stepanov, Reduction theorems for weighted integral
inequalities on the cone of monotone functions, Russian Math. Surveys, 68(4)
(2013), 597-664.
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Put U(t fo u, V(¢ fo v, W(t fo

Theorem 9. For the /east p0551ble constant C’ in the inequality (36) the
following equivalences hold:

(a) Let 1 < p < g < oo, then C = Ay + Ay, where

t 2 .
Ag = sup Ay(t) := sup (/ Uqw> V7R (1),
0

t>0 t>0

o) t U Pl P
Ay = — .
e () ([ ()

(b) If0< qg<p<o0,1<p<oo,then C = By+ By, where

Bo = Bo(p.q) : ( / T2 ( / Uqw);Uq(t)w(t)dt> ,
i)
sesin= ([7([7) ([ (5)") o)

and

Q=

Sh=

Sl
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(¢c) For0 < qg<p<1,C = By+ %, where

* UON
By = B1(p,q) := / esssup
' (p.9) 0 <s€[0,t] V(3)>

(d) fo<p<g<oo, 0<p<1,then C = o,

I

3
N
cﬁ\_,
8
g
N—
1Y
£
=
=5

=g v 0 ([ tmint o)

t>0

It is well known that the set of functions 9} := { [ h,h € L; Nt} is dense
in M+, Consequently, if we change [f(2)]? = [° h in (36), we obtain an
equivalent inequality

</om </0 </m ') % “<y>dy> q w<x)dx>

characterized by Theorem 3.
Analogously, we solve the inequalities with the Riesz potential, Hilbert transform,
fractional Hardy-Littlewood operator, etc.

<3

gcp/ WV, heamt, (37)
0
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7. I'’(v) — I'’(w) boundedness of the maximal operator

The Lorentz I'—spaces were introduced by E.T. Sawyer while working on
characterization of the boundedness of classical operators in the weighted Lorentz
A—spaces. More exactly, if v € T and 0 < p < oo, then

I?(v) = {f measurable on R : (/Ooo[f**(x)]pv(x)dx); < oo},

where f**(z):= 1 fo f*(t)dt. Certainly, the natural problem was to characterize
M : Ap(v) — T9u), M : TP (v) = A(u), M : TP(v) = T (u).

Using the relation [M f]*(z) ~ 1 [ f*, we see that M : T'?(v) — I'I(u)
boundedness is equivalent to the weighted inequality

(G G L))’ e ([ G ) o)

(38)
restricted on the cone f € M*. Moreover, the least possible constant C' is
equivalent to the norm of M

1M fllrau
C = ||M||rr(v)>raw) =  sup N2 JIre(u)
ozrerr(w) |1fllre()
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The inequality (38) was first characterized in the diagonal case
l<p=gq<oo,u=nv.

V.D. Stepanov, Integral operators on the cone of monotone functions. J. London
Math. Soc. 48 (1993), 465—-487.
For 1 <p,q < oco,u # v in

M.L. Goldman, H.P. Heinig and V.D. Stepanov, On the principle of duality in
Lorentz spaces, Canad. J. Math. 48 (1996), 959-979.

and

G. Sinnamon, Embeddings of concave functions and duals of Lorentz spaces,
Publ. Mat. 46 (2002), 489-515.

The case 0 < p,q < 1 is new.

Applying Theorems 3 and 4 we solve the problem for all 0 < p, ¢ < oo and our
criteria have an explicit integral form.
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Let Q10 := {g € M, tg(t) € M'}. Then F(t) = %fot f €Qyp forany f e M
and FP € Q, 0 := {g € M, tPg(t) € M'}. By the change G = FP (38) becomes
equivalent to

(/OOO <ip /O“" G’l’)qu(z)d:ﬂ)s < CP /Ooo Gu, G ey (39)

and using the density of functions [, ijzjj

the inequality

/ l/ (/ WW) dy | u(z)dz gcp/ hV, h e M*,
0 z Jo o YP+=z2P 0

(40)
V(z) = /0°° v(y)dy

yp+zp

in the set Q, o we reduce (39) to

where
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Since

/Ooo h(z)dz %/yoo h(z)dz +i yh(z)dz,

yp + zP VA4 yp 0

(40) is characterized by the following pair of inequalities:

(/OOO (11: /O” (/yoo h(z)dz) ' dy) qlL(x)d:c)5 < CF /OOO WOV (), b e M+
and
(/OOO (; /Ox (/Oy h(Z)dz>; C;y)qu(m)dx)ﬁ < ©F /Ooo WV, b€ M,

which are of the form (5) and (7), respectively. Moreover,

C=C+Cs.
Hence, applying Theorems 3.1 and 3.2, we see that and

C1 ~ oy + (41)
and

Cy~ Ap+ Ay, (42)

where the constants A’s are defined by (22) and (23) for (41) and by (18) and
(24) for (42) under related changes of weights.
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Suppose for simplicity that 0 < ftoo s~ %u(s)ds < oo for all t > 0. Now, the
functions ¢ and ¢~ are defined by

T

¢ !z) == sup {y >0: /yoo s u(s)ds > Q/w

For 0 <c<d< ooand h €M+ we put

(() = sup {y >0: / " su()ds > L / B s—Qu<s>ds} ,

o0

squ(s)ds} .

¢(d)

(H.ah)(®) = Xe (&) / h,

x
(oo}

(Hh)(@) = X(0.0(®) / h

T
x

@)= xea® [ h

(1) (@) = X0 (@) / “h
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By Theorem 3 .o is the least possible constant in the inequaity

(/Ooou(ﬂc) (/:o h)}i dx)’;' S%p/ooo h(2)PV(2)dz, h € M*

and % is defined by

oA =
SUP¢te(0,00) (ft"o s*qu(s)dS)E H%HDW( )_}L%a p<gq,
00 oo - e L KR
(I o uta) (2" 590615 | Hosorol 27 o) o a<p
sy AL
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Also, by Theorem 4 Ay is the best possible constant in the inequaity

/0°° z " Tu(x) (IOg C;C(x)>q (/Oiz(x) h)Z .

and A, is determined from

P
q

o0
gAg/ KV, h € Mm*
0

p
q
)

SUDre(0,00) ([ 5~ Mu(s)ds) ¥ |7
LV—>

L

Q=g

Ab .=

q
|| P—q
)

v—L

(fooo e (@) ([ s~ u(s)ds) ™ A7 ) o

QS =
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By well known results we have

t
% = p(tfv>

AP (/Ooo PV (1)) (/Ot u) u(t)dt) —_—

Analogously, we find

and

Sy ™ u(x) ‘
At — oy B0 7 (8 ) )"
t>0 V(t)
and for ¢ < p
¢\ 75 KB
oo [ [0 s u(s) (log %) ds " q
APl ~ / " %u(x (10 ) dx
iy V(@) W\ =)
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Similarly, we obtain

i, a =] 0<p
and -
K adz\T

1, s ([VersE) e

so that it follows from (36) for p < ¢

oy = sup (/ s_qu(s)ds) ’ [V(t)]_%, 0<p<l,
te(0,00) t
and
1 1
[e s} F t L dz %
oy 2 sup </ s_qu(s)ds) </ [V(m)]l—p—) D> 1,
te(0,00) \Jt 0 z
where p’ := 1%
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By the same way,

- [c@c) (@)

P
1
W 0<p<l1
11 @).c@l } V@) L <P

v ((z) (=)
and
¢(@) , Y
H‘%’l(“’“m)”L;pv(z)_w% ~ (/Cl(m)[tpv(t)]lp(t - C—l@))mdt) ,p> L.

Hence, from (36) we see that for ¢ < p

if0<p<1andwhenp>1
oy ~

a(p—1) pP—gq

([ oo ([ rona)™ ([ (S0 ) )™
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Similarly,

p
1, s = s V) (ls2)  0<p <t
L

1
=LY se(0)
Yy

<

and

6 t = dx 7
1 r—
(Bl 1A (/ [V(z)] ™= <log ) ) , p> 1
LL—L% 0 s 7

Now, it follows from (37) for p < ¢

Ay = sup (/ s_qu(s)ds> sup [V(s)]_% log—, 0<p<1
te(0,00) t S

1
oo q t ﬁ v’
Ay~ sup (/ squ(s)ds> / [V(m)]ﬁ (log t) dr ;p> 1
te(0,00) \Jt 0 8 %
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We have

P

(e 2)
A L= su ~ "/ og<p<i1
I (w)’C(m)”L%Li SG(@(SC(I)) V(s) b=

Yy

and

<) L @\ a\T
i a = V(1= [ log 222 at 7 1
7@l o3 /41@)[ ()] P(og , ) ; p>
Y

Thus, from (37) we find for ¢ < p

© © _\eh (log<2)" 555\ %
(e ([Comon) ™ | ] )
if 0 <p<1andwhenp>1.
As x~

a(p—1) p—q

(ol )™ (7 (5) )
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Finally, we obtain the following.

Theorem 10. Let 0 < p,q < oo. Then for the maximal Hardy-Littlewood
operator
| M| rr(v)y—Ta(u) ~ o + 22 + Ag + As.

D.V. Prokhorov, V.D. Stepanov () Sublinear integral operators Novosibirsk, 2014 43 / 45



C OHEM PO>XAOEHUSA !
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THANK YOU FOR ATTENTION !
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