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We will consider a smooth oriented manifold
with a smooth action of a compact torus,
such that all fixed points are isolated.

Such manifolds naturally appear
in different areas of mathematics.

They are the key objects of toric geometry, toric topology,
and the theory of homogeneous spaces of compact Lie groups.
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The theory of Hirzebruch genera of manifolds

is a well-known area of algebraic topology.

It has important applications

in the theory of differential operators on manifolds,
mathematical physics and combinatorics.

In the case of manifolds with compact torus action
there is an equivariant Hirzebruch genus
and arises the famous rigidity problem for this genus.

In many cases this problem is equivalent to the problem
of fiberwise multiplicativity of Hirzebruch genera.
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The localization formulas for equivariant genus appear.
They give the value of this genus in terms of torus
representation in the tangent space at fixed points.

The rigidity conditions and localization formulas
lead to functional equations that characterize
the fundamental fiberwise multiplicative genera.

In the talk we will describe the general approach
to rigid Hirzebruch genera problem and demonstrate the results
for the homogeneous manifolds of compact Lie groups.
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The main construction

Let us consider
aset N={N;,i=1,....,m} of (k x n)-matrices A;
with integer coefficients
and a map ¢ : [1,m] — {—1,1}.
Let A be a commutative associative ring over Q.
We associate to each series f(x) = x + a;x? + apx3 + ... € A[[]]

the characteristic function of the pair (A, ¢):

m n 1

L(Ae; F)(t) = Z€(i)H P

2Oy &

Here t = (t1,. .., tk), /\Jl:,j =1,...,n are k-dimensional column
vectors of A; and (N, t) = Mty + ..+ NoKg.
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Admissible pairs

Set

We have:

LA & £)(t) =) &) (H

i=1 J 1<

)HQ( 0). ()

The pair (A, ¢) is called admissible if
L(A.e: F)(2) € Allt]]
for any ring A and any series
f(x) = x4+ ax® + a3+ ... € A[[x]].
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The universal series

It is sufficient to check that the pair (A, ¢) is admissible for
the universal series
fu(x) = x+ ) agx™ € A[[x]],

q>1

where A= 3" A_2, =Qla1,...,aq,...], degag = —2q.
n>0
Set degtj =2 for | =1..., k. If the pair (A, ¢) is admissible,
then
LA & f)(1) = Pt (3)
w
where each w = (i1, ..., Ik) is a set of non-negative integers,

=1t tf, |wl=i4...+ikand P, € A_onip))-

Note L(A,¢; ,)(0) = P(a1, ..., an),
where P(-) = Pg(-), deg Py = —2n.
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Rigid pairs

The pair (A, ) is called rigid for a family of series F if
L(N,e; f)(t) = L(N\,&;f)(0) = P(a1,...,an) € A

for any series f € F.

Problem
Find the solution of rigidity functional equation

L(Ae; f)(t)=C

where C is constant in t,
that is, for a given pair (A, ¢), find the family of series F
and calculate the polynomial C = P(ay,...,an).
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Manifolds with torus action

Theorem

For any smooth oriented manifold M?"
with a smooth action of the compact torus T* such that
all the fixed points are isolated there is the correspondence

L: (M, T = (Ae).

Proof. Let x1,...,xn be the set of all fixed points.
Then in the tangent space 7; ~ R?" of the point x;
a representation of the torus TX is defined.

Given a basis in T one can choose a set of weights

N={N . .. N% j=1,...n
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Manifolds with torus action

One can define the map
€ [1)m] — {_17 1}7

where (i) =1,

if the orientation in 7;, induced by the orientation

of the manifold M?", coincides with the orientation in 7,
defined by the set of weights /\J,-,

and (i) = —1 otherwise.

Therefore we have the correspondence L.
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Normal complex T*-manifolds

Let (M?", T¥) be a smooth manifold M?"
with an action of a torus TK.

There is a linear representation of the torus TX in R?N ~ CN
and an equivariant embedding M?" c CN.
Let vn(M?") be the normal bundle of this embedding.

The pair (M?", T) is called normal complex T*-manifold
if there exists N such that vy(M?") is a complex T*-bundle.

If (M?", Tk) is a normal complex T*-manifold,
then M?" is a stably-complex T*-manifold
and therefore it is orientable.
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Hirzebruch genus (complex case)

Let
f(x)=x+ Z agx9tt € A[[x]], as before.
g>1
The series
n t;
f(ti)

i=1
can be presented in the form L¢(o1,...,0,), where o is
the k-th elementary symmetric polynomial of ti, ..., t,.

We have L¢(oy,...,0,) = 1—ajo1+(a3 —a2)os +(2ap—at)oo+. . .
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The Hirzebruch genus L¢ of a stably complex manifold M?"
with tangent Chern classes ¢; = ¢;(1(M?"))
and fundamental cycle (M?2") is defined by the formula

Le(M?") = (L¢(ct, ..., o), (MP™)) € A_a,.
The universal series f,(x) determines the isomorphism
qu :QU®Q—>@[31,...,aq,...],

where Qy is the ring of cobordisms of stably-complex manifolds
and ag, g = 1,2,... are the coefficients of f.

Any series f(x) € A[[x]] gives a ring homomorphism

Lf:Qu—>A.
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Equivariant genus

Let (M?", TX) be a normal complex T*-manifold M2"
with an action of a torus T*.
Then for any series f(x) there is the equivariant genus

Le(M?", TA)(e) = Le(IM*]) + ) Qut,
|w|>0

where Q, = Lf(BE,(nHwD).
Here [M?"] € Q;*" is the complex cobordism class of M?"
and BL%("H(’JD € szz("ﬂw') ® Q for all w.
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The construction of admissible pairs

From localization theorem for equivariant genus
(V. Buchstaber, T. Panov, N. Ray IMRN, 2010), we obtain

Corollary

Let (M?", Tk) be a normal complex T*-manifold
with isolated fixed points. Then the correspondence

L: (M TK)Y = (M)
gives the admissible pair (A, €) and

Le(M?7, TR)(t) = L(L(M?", T5), £)(t).

In particular, for every £(M?", TX) the equation holds:

AT L
g(l)H</\{:,t> 0.

i=1 j=1
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Complex and almost complex manifolds

A pair (M?", T) is called a complex T*-manifold,
if M?" is a complex manifold
with a holomorphic action of a torus TX.

A pair (M?", TK) is called an almost complex T*-manifold,
if on the tangent bundle 7(M?")
there exists a structure of a complex T*-bundle.

The structure of

a complex or almost complex T*-manifold (M?", T*)

defines the structure of a normal complex manifold (M?", T*)
and therefore an admissible pair (A, ¢).

For each such pair (i) =1,i=1,...,m.
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Complex projective spaces

CP"={(z1:...: zny1)i (21, .-, Zny1) € (Cn+1}

has the canonical structure of T"t1-complex manifold
with the fixed points ex = (6%, .. ., 5,’(’*1), k=1,...,n+1,
6 =0if i # k and 6§ = 1.

The weights at ey are the n-dimensional vectors
such that </\J'-‘, t) = tj — tx, j # k, and the signs are e(ex) = 1.

For any series f(x) € A[[x]] such that £(0) =0, f/(0) =1 we get

n+1

ZHf EA[[tl,...,th]].

i=1 j#i
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Complex projective line

CP! = {(z1 : ); (21, 22) € C?}.
The action of T2 on CPL: (z1:22) = (t1z1 : taz0)
has two fixed points (1 :0) and (0 : 1).
Rigidity functional equation:
1 i 1
f(tz — tl) f(tl — t2)

The general analytic solution of this equation is

X
=————, wh =1
f(x) a(2) — arx’ where g(0)

C, where f(x) = x+...

C = *231.
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Hirzebruch L-genus — the signature of the manifold

Rigidity functional equation for CP? is

1 1 1
f(tl — t2)f(t1 — t3)+f(t2 — tl)f(tz — t3)+f(t3 — t1)f(t3 — t2)

From this equation we get
C = 3(2a% — av), (2a% — ay)(a} — 2ajay + a3)®> = 0.
If (x) is a solution of this equation and f(—x) = —f(x), then

)+ f(y)
fix+y)= T+ CFOOF(y)’

that is f(x) = %th(\FCx).
This series determines the most famous Hirzebruch genus,
namely, the signature.

C.
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Let the bundle CP(¢) — B
with fiber CP(2) be the projectivization
of a 3-dimensional complex vector bundle £ — B.

A Hirzebruch genus L¢ : Qy — R is called CP(2)-multiplicative,
if we have L¢[CP(§)] = L¢[CP(2)]L¢[B].

If a genus L¢ is CP(2)-multiplicative, then it is rigid on CP(2).

Definition

We will call special CP(2)-multiplicative genus
a CP(2)-multiplicative genus Ly

such that L¢[CP(2)] = 0.
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Theorem (V. Buchstaber, E. Netay 2014)

Let L¢ be a CP(2)-multiplicative genus.

If LeF[CP(2)] # 0, then Ly is the two-parametric Todd genus, and
eox _ e,Bx

fx) = ——— 4
() = e 4)
If Le[CP(2)] = 0, that is L¢ is a special CP(2)-multiplicative
genus, then it is the two-parametric general elliptic genus and
20(x) + %
o) = —— A )

() —apb) + b— %
Here o and ¢ are Weierstrass functions of the elliptic curve
with parameters g» = —+(8b—3a%)a, g3 = 5 (8b® — 12a3b + 32°),
discriminant A = —b3(3b — a%).
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In terms of coefficients of f(x) we have:

in the first case
2a1=—(a+p), 3am=af+2a3, a=2aa-ai,

in the second case
2a; = —a, 2a; = 32, 8as = 4b — 3a°.

Corollary

In the case a, = 2a2, a3 = 3a3, we have the “intersection case”:
19 1

2 igly) _ V3,
k) +vs 2 $2
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Krichever genus

Consider the series

where

d(x) = O(x; g2, 83) = me_C(T)X

is Baker-Akhiezer function of the elliptic curve with
Weierstrass parameters g», g3.
Here o(x) = o(x; g2, g3) and ((x) = ((x; &2, &3)

are Weierstrass functions.
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Krichever genus

The Hirzebruch genus determined by the series (7)

arx
el

®(x)’

f(x) =
is called Krichever genus.

For this genus the following important result holds:

Theorem (. Krichever, 1990)

The equivariant genus L¢ determined by the series (7)
is rigid on SU-manifolds with torus action.
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The Baker-Akhiezer function ®(x) can be decomposed in series
whose coefficients are polynomials of p(7), ¢'(7) and g».

Lemma

The equality (7) corresponds to the isomorphism

Qla1, a2, a3, as] = Q[ay, p(7), 9'(7), &2], (8)

where
il 1
ayt»ay, ar E(W(T)-i-a%)a a3~ ¢ (¢ (1) + 3a1p(7) + 43)

1 3
as — o <9gg(7’)2 — §g2 +4a19' (1) + 6a%p(7) + a‘{) .

Corollary

The coefficients ay, k > 4 of the series f(x) for Krichever genus
can be expressed using (8) as polynomials in a1, a2, as, as.
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Theorem (V. Buchstaber, E. Netay 2014)

The special CP(2)-multiplicative genus is a special
Krichever genus, and (5) can be written in the form

f(x) = Z(();)j_(:)) exp (—gx + C(T)X)
for the Baker-Akhiezer function with parameters
& = %(24b +a¥a, g3= —%(72b2 +60a%b — a°),
A = —81bh(3b — a°)3.
The parameter T is determined by the relations
2

3
o(7,82,83) = 2% ©(7,82,83) = 3b— a°.
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Corollary

Each CP(2)-multiplicative genus is rigid
on manifolds with S'-equivariant SU-structure.

The parameters of the special CP(2)-multiplicative genus
form a manifold

K= {(al7 ap,a3,as4) : ap = 235, Say = —231(833 — 733)}
in the space of parameters of Krichever genus.
Let us note that expression of the series f(x)
for the special CP(2)-multiplicative genus
in terms of Weierstrass p-function and Baker-Akhiezer function
correspond to different functions g» and g3z in K:
in the first case

g = 4a1(2a3 —33}), g3 =

in the second case

g = —12a1(6a3 — 19a3), g3 = —4(9a3 — 84a3as + 169a5).

420 46
—az — 4ay,
33 1
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Homogeneous spaces of compact Lie groups

Let G be a compact connected Lie group,
H its connected compact subgroup having the same rank as G
and T their common maximal torus.

On a smooth oriented manifold M?" = G/H

the left action of the group G is defined.

This action induces a smooth action of Tk

with isolated fixed points xi, ..., Xm,

where x; is the image of identity e € G

under the projection G—M?",

x;j = wjx1, where w; are elements of the Weyl group W(G)

and m = |W(G)/W(H)|.
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Homogeneous spaces of compact Lie groups

In the correspondence
L: (M TK) = (M)

we get ' '
/\J,- = W,'/\Jl,

where {/\Jl} is a set weights of the representation the torus T*
in the quotient of the Lie algebra G(G) by Lie subalgebra G(H).
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Homogeneous spaces of compact Lie groups

In the case Ho(M?";Z) # 0
a homogeneous space M?" = G /H is a complex T*-manifold.

Examples:

o Complex flag manifolds:
Fn,=U(n)/T".
o Complex Grassmann manifolds:
Grig = U(n)/(U(q) x U(n — q)).

@ Generalized complex flag manifolds:

Gn,qr,...q = U(n)/(U(qr) x ... x U(ar)),
where g1 + ...+ q = n.
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Homogeneous spaces of compact Lie groups

In the case Hy(M?";Z) = 0 a homogeneous space M?" = G/H,
where H is the centralizer of some element g € G of odd order,
has a G-invariant almost complex structure.

Example.
The sphere S® = G,/SU(3) has a G,-invariant almost complex

structure, because SU(3) is the centralizer of an element g € G,
of order 3, which generates the center of Go.

This almost complex structure on S° is not integrable.
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Almost complex T2-manifold S°

The action of T? C G, on S°
has two fixed points x; and x» with weights

xi: A =(1,0), A2 =(0,1), A3 = (-1,-1),
x: N =(-1,0), A3 = (0, 1), A3 =(1,1).

Rigidity functional equation:

1 1

f(tl)f(tQ)f(—tl = tz) + f(—tl)f(—tz)f(tl = t2) C.
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Almost complex T2-manifold S°

Set t1 = x, tp = y. The rigidity equation becomes

1 1

N9 ey O

Set

b(x) = — )E(_X))() =14 Z brxk.

f
k>1

We get the equation
b(x +y) = b(x)b(y) — CF(x)f(y)f(x +y). (10)

For C = 0 we obtain b(x) = e ¥
and the function f(x) is characterized by the relation

f(—x) = —et*f(x).
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Almost complex T2-manifold S°

Let C # 0. Using the operator

from (10) we get

b'(x)b(y) — b(x)b'(y)
Cfix+y)= .
B = F00ry) — 0P )
For y = 0 this equation becomes
b'(x) = byb(x) — Cf(x)?,
therefore we get C = (b3 — b3).

From these relations we get

f(x+y)=

(11)
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Almost complex T2-manifold S°

From a theorem by V. Buchstaber, 1990, we obtain

Corollary

The general analytic solution of equation (11) is given by the
function

where

is the Baker-Akhiezer function.
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Hirzebruch genus (oriented case)

Let
F(x) =x+>_ anx® € Allx]].
k>1
The product of even series
7
i f(t)

can be presented in the form L¢(ps, ..., pn), where py is
the k-th elementary symmetric polynomial in tf, oy B2,

We have  L¢(py, ..., pn) = 1—axp1+ (a3 —as4)p? + (223 —a3) pa + . . .
The Hirzebruch genus L of a oriented manifold M*"
with tangent Pontriagin classes
pr(T(M*")) = (=1)*car(rc(M*"))
and fundamental cycle (M*") is defined by the formula
Le(M*) = (Lp(p1, . ), (M*™)) € A_ap,
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The construction of admissible pairs

From localization theorem for equivariant genus we obtain

Corollary

Let (M*" TX) be an oriented T*-manifold M*".
Then the correspondence

L:(M*™, TF) = (Ae)
gives the admissible pair (A, <) and

‘Cf(M4nv Tk) = L(‘C(M4n7 Tk)7 f)
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Let (M*", T¥) be an oriented T*-manifold.
For any odd series f(x) = x + > -1 axq t29+1
is defined the equivariant genus

Lf(M4n, Tk) _ Lf[M4n] + Z thw

where Q,, = Lf(c:i("ﬂwl)).

Here [M*"] € Q2" is oriented cobordism class of M*"

and 2" e Q2D @ @ for all w.

For the ring of oriented cobordisms Q2sp the epimorphism holds:

uP  Qla, ...y aq,-- ] = QOQ = Qs0®@Q = Q[az, - -, azg; - - -]

where ,u,ﬁo(azq) = ayq, Mﬁo(32q+1) =0.
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Quaternionic projective spaces

HP" ={(q1: ... qns1)i (a1, - -, Gny1) € H™}
where (q1,...,qn+1) = (919, ...,9n11q), g € H\O.
The oriented manifold HP"
has the canonical structure of T"1-manifold
with fixed points e, = (6%, ... ,(5,’(’“), k=1,...,n+1, where
(t17~'-7tn+1)(q17~'-aqn+1) ::(thla-~~ahr%1qn+1)’
The weights at e, are the 2n-dimensional vectors
{(N;T,N:7),j # kY such that (N5 t) =t + t.
For any odd series f(x) € A[[x]] we get
n+1

1
2.1 ot i =g <Al teall

k=1 j£k
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Quaternionic projective line

HP' = {(q1 : g2); (q1, q2) € H?}.
The action of T2 on HP!

(q1: q2) = (t191 : taq2)

has fixed points e; = (1:0) and e; = (0: 1). The equivariant
genus is

1 o 1
f(t2+t1)f(t2—t1) f(t1—|-t2)f(t1— tz)'

Le(HP!, T?) =

In oriented cobordisms [HP!] = 0 the condition
Lr(HP', T?)(0) = L7[HP'] =0

is provided by the condition that f(x) is odd.
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Rigidity equation for HP?

For any odd series f(x) = x + ... by setting t; = x, tp = y,
t3 = z we have

1
fly +x)f(y — x)f(z+ x)f(z — X)+
1
TN =)z —y)
1

T =+ fy =) & 12
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By setting z = 0 and using that f(x) is odd we get
the functional equation

X)2 — 2
f(x+y)f(x—y)= 1f_( C)f(x)zsf)g/y (13)

Theorem

The general analytic solution of (13) is the function satisfying
the differential equation

f'(x)% = 1+ 3axf(x)? — Cf(x)*

with initial conditions f(0) = 0, f'(0) = 1, that is f(x) = sn(x)
is elliptic Jacobi sine.
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Proof.

Decomposing the left and right hand side of (13) as a series in y
and equating the coefficients at y? we get the equation

(f2 =1+ ff" — Cf*. (14)

Using that f'(x) is even and f'(0) = 1 we can set
(F)P =1+ bf

Hence ff" = 3" kb, f?%. Now from (14) we immediately obtain
b1:332, bngand kaOfOI‘k>2.

Therefore if f(x) satisfies (12),

then it’s necessary that f(x) = sn(x).

From the classical addition theorem for Jacobi elliptic sine

it follows that sn(x) satisfies (12).
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Ochanine genus

The Hirzebruch genus determined by the series f(x) = sn(x)
is called Ochanine genus.

Theorem (Ochanine, Bott — Taubes)

Ochanine genus is fiberwise multiplicative for bundles E — B
of oriented manifolds with fiber M being a spin-manifold,

that is wo(M) = 0 where wy is the second Stiefel-Whitney class
in ordinary cohomology.
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Let B be an oriented manifold
and HP(§) — B be a bundle with fiber HP(2),
which is a quaternization of the vector bundle £ — B.

The Hirzebruch genus Lf: Qso — R
is called HP(2)-multiplicative if

L¢[HP(&)] = L¢[HP(2)]L¢[B].
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From a theorem of V. Buchstaber, T. Panov, N. Ray we obtain:

Corollary
Each HP(2)-multiplicative genus is rigid on HP(2).

Theorem

The Hirzebruch genus Ly¢ is fiberwise multiplicative
for bundles of oriented manifolds whose fibers are spin-manifolds
if and only if it is Ochanine genus.
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Addendum.

Flag manifolds U(n)/T"
Universal rigidity rings for flag manifolds
F,=U(n)/T"

Using of divided difference operators
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Addendum: Flag manifolds U(n)/T".

We consider U(n)-invariant complex structure on U(n)/T".
Recall that the Weyl group Wy, is the symmetric group S,
and it permutes the coordinates xi, ..., Xp

on Lie algebra t” for T".

The canonical action of the torus T” on this manifold has

Wyl = x(U(n)/T") = n!

fixed points and its weights at identity point
are given by the roots of U(n).
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Addendum: Universal rigidity rings for flag manifolds
F,=U(n)/T".

The rigidity functional equation for flag manifolds F,, is

CAr=) (signo)o J[ Q(xi—x) (15)

€Sy 1<i<j<n
where Q(t) = 1+ >_ b;t' and C is a homogeneous degree —2n

i1

polynomial in by, ..., by, deg by = —2k.

Here signo is the sign of the permutation o.
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Addendum: F3 = U(3)/T3

A3z = (x1 — x2)(x1 — x3)(x2 — x3).

C = 6(b3 + b1by — b3).

CAz = Z (signo)a(Q(xl —x2)Q(x1 — x3)Q(x2 — X3)>.
0ES3

The first generators of the rigidity ideal are

5bs = by b3 + 6b2bs — bybs + 5by by,
7by = 3b1b3 + 2by boby + b3by 4 6b7bs — 3bybs + 7by bg.
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Addendum: Using of divided difference operators.

Consider the ring of the symmetric polynomials

Sym,, C Z[x1, ..., Xn]-

There is a linear operator

1
. o I5E = g 3
L:Z[x1,...,xn) — Sym, : Lx> = E (signo)oxs

n oES,

where € = (ji,...,Jjn) and x¢ :x{I-'-x{;".
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It follows from the definition of Schur polynomials
Shx(x1,...,%n), where A=A =X =2 X;,20)

that
LXA—’_5 = Sh)\(Xl, cee ,Xn),

where § = (n—1,n—2,...,1,0) and Lx% = 1.

Here
x) = xf_lxé’_2 e Xp—1.
For n=3
x0 = x12x2.
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Moreover, the operator L have the following properties:

o IxX*=0,if 1 >p>2jp>0andE£AN+0
for some A= (A1 =X >--- >\, > 0);

o Let £=(j1,---,Jn) and o 6 S, such that o€ = &/,
where ¢ = (ji,...,J}), J .. > Jl, then

[xt = (signU)Lxgl;

e L is a homomorphism of Sym, -modules.

We have

[T Qi—x)=1+>" Pe(b)xt

1<i<j<n l€]>0

Here |{| =&+ ... +&p, and b= (by,..., by, .. .).
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Let us introduce the action of S, on polynomials P¢(b) by

1—}-2 (oP¢(b))x 5—0 H Q(x,

€[>0 1<i<j<n

where o € S, on the right acts
by the permutation of variables xi, ..., Xp.

Directly from the definition we have
1+Z(0P§( x5—1+ZP§ Cad's

€[>0 1€1>0

Therefore oPe = Poe.
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Corollary

@ The operator

I = Z (signo)o

o€S,

acts on polynomials P¢(b).
@ The formula holds

C =Y L*Py 5(b) Sha(x),
[A|>0

where
6:(n—1,n—2,...,1,0), )\:()\12)\22...2)\,,20).

Using that the Schur polynomials Shy(x)
form an additive basis in the ring of symmetric polynomials
we obtain the following result.
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Using the action of S, on polynomials Pe(-)

Theorem

For standard structure on complex flag manifolds F,
and the canonical admissible pair (A, €) we have

0 c=1;
o C = L*Ps(b);
o Generators of rigidity ideal are L* Py 5(b) for all |]\| > 0.

Remark

Polynomials P, in the formula for C
appear to be polynomials only in variables by, ..., bop_3.
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The generator

byb3 + 6b3bs — bybs + 5by by — 5bs

of rigidity ideal for F3 = U(3)/T3
is the coeflicient at

2 (Sh(2’0’0) —2 Sh(l,l,O)) o
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Addendum.

Simple polytopes.
Moment-angle manifolds Zp.
Quasitoric manifolds M(P,Ap).
Admissible pairs for quasitoric manifolds.

2-truncated cubes.
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Addendum: Simple polytopes

A convex n-polytope P C R” is called simple
if in every vertex exactly n facets converge.

Let P={xecR":{a,x)+b>01<i<m}
It is assumed that none of the inequalities can be removed.

Let us form a (n x m)-matrix Ap,

whose columns are the vectors a; in the standard basis.
We identify the polytope P with the intersection

of the n-dimensional plane

{y e R™:y = Apx + b}

and the positive cone in R".

Here and below x is the symbol of transposition.
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Addendum: Moment-angle manifolds Zp

The manifold Zp with the canonical action of the torus T™
is defined by the commutative diagram

Zp ——CM

|

P——>RT

It is called the moment-angle manifold.

Here p: C™ — RZ : p(z) = (|1, - . ., |zm[?).
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Addendum: Quasitoric manifolds M(P, Ap)

Let Fi,..., Fn be the set of facets of a simple polytope P.
The (n x m)-matrix Ap with integer coefficients
defines the characteristic mapping

AN {F, .. Fn} > Z% AF) =\

if for any vertex v=F; N---NF;

the columns Aj,...,\; form a basis in Z".

The matrix Ap defines an epimorphism A : T™ — T".

The group K(Ap) = ker A of rank (m — n) acts freely on Zp.
The orbit space M?" = Z"/K(Ap)

is a smooth manifold called quasitoric.

An n-dimensional torus T" = T™/K(Ap) acts on M?" with
isolated fixed points, which are numbered by vertices of the
polytope P.
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Addendum: Admissible pairs for quasitoric manifolds

Each quasitoric manifold M(P, Ap)
is a normal complex T"-manifold, where n = dim P.

Let v=F; Nn---NFj, be a vertex.
For a (n x n) matrix A\, with columns {)\;,q=1,...,n}
one can define a matrix with integer coefficients

A=)

Each quasitoric manifold corresponds to an admissible pair
(A, e), where A = {A,}, and

e(v) = sign(det(\j,, ..., \;,)det(aj, ..., aj,))-
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Addendum: 2-truncated cubes

A simple polytope is called 2-truncated cube if it is obtained
by a sequence of truncations of the cube facets of codimension
2. The sequence of facets truncations, giving 2-truncated cube,
is called its framing.

Let P be a 2-truncated cube with the (n x m)-matrix Ap.
The truncation of the facet G ;, = F, N Fj, # @

gives the polytope Q with (n x (m + 1))-matrix Ag,
which is obtained from Ap

by adding a column Aj; + Aj, on the (m + 1)-th place.

The cube /" has a canonical (n x 2n)-matrix Ajn = (E,, —E,),
where E, is the identity (n x n)-matrix.

Each 2-truncated cube corresponds to a canonical matrix Ap,
which is obtained from A;» by the operations described above.
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Addendum: 2-truncated cubes

One of the central results of the theory of 2-truncated cubes
is the proof that

flag nestohedra, graph-associahedra, graph-cubahedra,

and other polytopes important in various fields of research
are 2-truncated cubes.

Thus, we conclude that each of these classes of polyhedra
has a canonical matrix Ap, and therefore, for each such polytope
we obtain an admissible pair (A, ¢), where ¢(i) =1 for all /.
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