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GENERALIZATIONS OF CASEY’S THEOREM
FOR HIGHER DIMENSIONS

NIKOLAY ABROSIMOV, VLADISLAV ASEEV

In 1881 Irish mathematician John Casey ([1], p. 103) generalized Ptolemy’s theorem in the
following way.

Direct Casey’s theorem. Let circles O1,05,03,04 on a plane touch given circle O in
vertices pi, p2, p3, pa of a convex quadrilateral. Denote by t;; the length of a common tangent
of the circles O; and O;. If O separates O; and O; then the internal tangent should be taken
as t;; else the external tangent should be taken. In both cases we assume that the tangents are
exist. Then

t12t34 + tagt14 = T13 124 .

FiGure 1. Circles Oy, Oy, O3, 0,4 touch a given circle O

A common tangent of two circles is said to be their external tangent if it does not intersect
the segment joining the centers of the circles. Otherwise, it is said to be internal tangent.

The converse to Casey’s theorem is seems more important for applications. It was proved
somewhat later by different authors, and with different kinds of restrictions. One of the proofs
belonging apparently to H. F. Baker, can be found in the famous book [2], p. 122.

Together, the direct and converse Casey’s theorem gives a criterion of existence for the com-
mon tangent to four given circles. A similar question for three circles is known as the problem
of Apollonius (see [2], p. 117). On the other hand, Casey’s theorem is a direct generalization
of Ptolemy’s theorem. The latter is obtained by taking the radii of the circles Oy, Os, O3, Oy
equal to zero.

We give generalizations of Casey’s theorem and its converse for higher dimensions. We also
present a solution for multidimensional generalization of the problem of Apollonius. To do
this we introduce a notion of y-tangent for a generalized k-sphere that touches a number of
generalized n-balls in proper way. 1-tangent is a natural generalization of a tangent in higher
dimensions.

A generalized ball can be defined as BN R" = {z € R" : a|z|* — 2(z,a) + 8 < 0} where
a,8 € R', a € R" and |a|> — aB > 0. Thus, any generalized ball is represented by vector
a®a®B € R up to multiplication by a positive number. We introduce the following
bilinear form in space R""2: q(ay @ a1 @ B1, o @ as @ B2) := 2(a1,az) — (a1 f2 + aB1). Hence,
q(l,1) > 0, at that, ¢(I,{) = 0 if and only if B is a one-point set.

This work was funded by the Russian Science Foundation (grant 16-41-02006).
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GENERALIZATIONS OF CASEY’S THEOREM FOR HIGHER DIMENSIONS 7

Let non-one-point generalized balls By, By are equipped with unit vectors e;,e; € R*!
called labels. Then the quantity

Q(lh 12)
Valli, 1)q(la, 1)

does not depend on a choice of direction vectors Iy, Iy of coefficient rays L(B;), L(Bs) and
called W-characteristic of pair of labelled generalized balls e;B1, esBs.

If S is a tangent k-sphere to generalized ball B then there is a unique generalized ball B®
such that B € B®, S C 9B® and 0B” is a tangent (n — 1)-sphere to B.

Definition. Let non-one-point generalized balls B, (j = 1,2, ...,m) are equipped with unit
vectors e; € R"™*. A generalized k-dimensional sphere S (1 < k < n — 1) is called ¥-tangent
k-sphere to the number of labelled balls e1By, ..., e, B,, if S is a tangent k-sphere to each of
them and ¥(e;B7,e;BY) = 0 for any i,j € {1,2,...,m}.

The following are generalized direct and converse Casey’s theorem for higher dimensions.

Theorem 1. Let k-dimensional generalized sphere S C R" n>21<k<n-1)Iis
y-tangent k-sphere to four labelled non-one-point generalized balls e;B; (j = 1,2,3,4). Then

(1) U(e;Bi,e;B;) > 0 for any 4,5 € {1,2,3,4} and equality is attained only when either
S C 0B, U0B; or B;,B; are the balls of type (i) and SN B; = SN B;.
(2) For any renumbering o : {1,2,3,4} — {1,2, 3,4}

\/‘1’(%(1)30(1)7 eo(2)Bo(2)) - ¥(€s(3)Bo3): €09 Bo) +
\/‘1’(60(1)30(1), o) Bow) - Y(eo2)Bo2); €o3)Bos) =

\/ U(esBo(): €o3)Bo3) - V(er(2)Bo(2), €o)Bos)) -

(3) The equality in (2) is attained only in two cases:
3a) either S C 0B; for some j,
3b) or SNB; = {p;} for any j and tangent points py, p2, ps, p4 lie on a generalized circle
in order of their o-numbers o(j).
Theorem 2. Let non-one-point Euclidean balls B; := B(aj,r;) (j = 1,2,3,4) with labels
e; = +1 € R! satisfy the following conditions

\Ij(elBl, €2B2) = (617 62) -

(1) for any i,j = 1,2,3,4, the following inequality holds
\Ijij = \IJ(GZ‘BZ‘, Bij) Z O,
(2) for any renumeration o : {1,2,3,4} — {1,2,3,4}, the Casey’s inequality holds

to(1)o(2) to3)o(a) T to()o(4) to(2)0(3) 2 to(1)o(3) to(2)o(a) -
If among these balls there is a ball By such that
(3) W, >0 for any j =1,2,3,4;
(4) r; > 1y, for any B, such that e; = e;, and j # k;
then there is (n — 1)-sphere S that is 1-tangent either to the balls e;B; (j = 1,2,3,4) or to
the balls B} (j =1,2,3,4). The latter take place only in case e; = e; = e3 = ey.

REFERENCES

[1] J. Casey, A sequel to the first siz books of the Elements of Euclid, containing an easy introduction to modern
geometry, with numerous examples. 5th. ed // Hodges, Figgis and Co., Dublin, 1888.

[2] R.A. Johnson, Advanced Euclidean Geometry. An Elementary Treatise on the Geometry of the Triangle and
the Circle // Dover Publications, New York, 1960.
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ON OVERLAPPING SELF-SIMILAR MEASURES

CHRISTOPH BANDT

A self-similar measure v with respect to contracting maps fi, fo, ..., f,n on R™ and probabilities
D1y, Pm > 0 is defined by an equation

v(B) = Hv(B) =) pw(f;'(B)) (%)

which has to hold for Borel sets B. There is always a unique solution, and the structure is
rather simple if one assumes the so-called open set condition which says that the m pieces of
the support are fairly separated.

The structure in the general case is much less understood, even the most simple case of two
linear functions on an interval, say fi(z) = tx, fo(x) = ta+1—t, where ; < ¢ < 1. The resulting
measures v; are termed Bernoulli convolutions. For ¢ = % we get the uniform distribution on
[0, 1], for inverses t = 1/ of so-called Pisot numbers we get singular measures, as proved by
Erdos in 1939. Despite much work over more than 70 years, it is not clear yet which of these
measures are represented by a density function.

1/2

>2

15/32

716

13/32

3/8

11132
113

FIGURE 1. Two-dimensional density of Bernoulli convolutions, t € [3,.63],y € [3, 3)-

This talk will discuss recent work on Bernoulli convolutions, using a dynamic and geometric
approach to the two-dimensional density of the v, which exists by a theorem of Solomyak. We
consider the multivalued map G(x) = {f;*(z), f; '(*)} as a dynamical system and study its
finite orbits. Some of them are ordinary periodic and preperiodic orbits, studied by Erdds,
Joo, Komornik, Sidorov, de Vries, Jordan, Shmerkin, Solomyak and others as ’'points with
unique address’. The truly multivalued dynamics leads to network-type orbits, however, which
appear only for very special parameters. We show how network-type orbits lead to singularities,
extending a result by Feng and Wang.

Given the fact that this is not a conference on fractals, the talk will introduce to the subject
and will touch related questions: the numerical approximation of self-similar measures by
Markov chains, the spectral gap of the Hutchinson operator H in (*), and, if time permits,
analysis on fractal measures.

INSTITUTE OF MATHEMATICS, UNIVERSITY OF GREIFSWALD, 17487 GREIFSWALD, GERMANY.
E-mail address: bandt@uni-greifswald.de

Supported by Deutsche Forschungsgemeinschaft, grant Ba 1332/11-1.
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MOBIUS STRUCTURES AND TIMED CAUSAL SPACES ON THE CIRCLE

SERGEI BUYALO

ABSTRACT. We discuss a conjectural duality between hyperbolic spaces on one hand and space-
times on the other hand, living on the opposite sides of the common absolute. This duality
goes via Mobius structures on the absolute, and it is easily recognized in the classical case of
symmetric rank one spaces. In a general case, no trace of such duality is known. As a first step
in this direction, we show how Mobius structures on the circle from a large class including those
which stem from hyperbolic spaces give rise to 2-dimensional spacetimes, which are axiomatic
versions of de Sitter 2-space.
It is classical that the quadratic form

g(v) = 2° +y° = 2

on R3 v = (x,y,2) € R? induces on any connected component of the set g(v) = —1 a
Riemannian metric of the hyperbolic plane H?, while on the set g(v) = 1 a Lorentzian metric
of de Sitter 2-space dS®. The (set of lines in the) cone g(v) = 0 serves as the common absolute
St of the both H? and dS?. A similar picture takes place in any dimension and even for all
rank one symmetric spaces of noncompact type.

In other words, we observe a life on the other side of the absolute S' of H? that is de Sitter
space dS?. This rises a bold question: Is there any life (a spacetime) on the other side of the
absolute, i.e., the boundary at infinity, of any Gromov hyperbolic space with the same symmetry
groups? The main result of the paper is the answer “yes” for a large class of hyperbolic spaces
with the absolute S*.

A Mobius structure on a set X is a class of semi-metrics having one and the same cross-ratio
on any given ordered 4-tuple of distinct points in X. Every hyperbolic space Y induces on its
boundary at infinity X = 0,Y a Mobius structure which encodes most essential properties of
Y and in a number of cases allows to recover Y completely, e.g., in the case Y is a rank one
symmetric space of noncompact type.

We axiomatically describe a class M of monotone Mobius structures on the circle S*. The
class M includes every Mobius structure M which is induced on S* by a hyperbolic CAT(0)
surface Y without singular points. In particular, the isometry group of Y is included in the
group of Mobius automorphisms of M.

On the other hand, the set aY of unordered pairs of distinct points on the circle S* has a
natural causal structure, which is independent of anything else. Points of aY are called events.
There is a large class T of 2-dimensional spacetimes compatible with that causal structure, and
we characterize it axiomatically. Any spacetime T € T is a triple T' = (aY, H,t), where H is a
class of timelike curves in aY called timelike lines, which are actually timelike geodesics, and ¢
is the time between events in the causal relation. We prove

Theorem. There is a bijection between the class M of monotone Mébius structures on the
circle and the class T of timed causal spaces such that automorphism groups of any M € M
and the respective T' € T are canonically isomorphic.

In other words, the class M of Mobius structures on the circle on one hand, and the class T
of timespaces on the other hand, are different sides of one and the same phenomenon.

POMI RAN, FONTANKA 27, ST.PETERSBURG, 191023, RuUssiA
E-mail address: sbuyalo@pdmi.ras.ru

Supported by RFFI Grant 14-01-00062.



TURAEV-VIRO INVARIANTS AND COMPLEXITY OF VIRTUAL
3-MANIFOLDS

EVGENY FOMINYKH

Virtual 3-manifolds were introduced by S. Matveev in 2009 as a natural generalization of the
classical 3-manifolds. In this talk we define the complexity of virtual 3-manifolds and calculate
it for virtual 3-manifolds defined by special polyhedra with one, two and three 2-components.
As a corollary, we establish the exact values of complexity for infinite families of hyperbolic
3-manifolds with geodesic boundary.

A part of the talk is based on a joint work with V. Turaev and A. Vesnin.

LABORATORY OF QUANTUM TOPOLOGY, CHELYABINSK STATE UNIVERSITY, BRAT'EV KASHIRINYKH ST.
129, CHELYABINSK 454001, Russia
E-mail address: efominykh@gmail.com

This work was supported in part by the Laboratory of Quantum Topology, Chelyabinsk State University
(contract no. 14.250.31.0020) and RFBR (grant number 16-01-00609).
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SMALL COVERS OF GRAPH-ASSOCIAHEDRA AND URC-MANIFOLDS

ALEXANDER GAIFULLIN

A closed oriented manifold M" is called a URC-manifold if it satisfies the following condition:
For any topologlcal space X and any homology class z € H,(X;7Z), there exists a finite-sheeted

covering M™ of M™ and a continuous mapping f: M™ — X such that I« [M "] = kz for some non-
zero integer k. In 2008 the speaker proved that URC-manifolds exist in every dimension n, and,
moreover, as an example of a URC-manifold serves the so-called Tomei manifold of isospectral
symmetric tridiagonal real matrices. Until recently this manifold has remained the simplest
known example of a URC-manifold. In the talk, we shall present simpler examples of URC-
manifolds. These examples will be the small covers of certain special polytopes called graph-
associahedra.

STEKLOV MATHEMATICAL INSTITUTE, GUBKINA STR., 8 Moscow, 119991, RussiA
E-mail address: agaif@mi.ras.ru

The work was partially supported by the Russian Foundation for Basic Research (grant 16-51-55017).
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HITCHIN THORPE INEQUALITY IN GENERALIZATION OF RICCI
SOLITONS

ALI JIZANY

We apply Hitchin-Thorpe inequality in Generalization of Einstein metrics specially Gradient
Ricci Solitons by using the diameter estimates. Also, the comparisons among the results have
been done. Other conditions, that depend on the potential function or Einstein constant, were
investigated in Koiso-Coa Soliton CP?#1CP2.
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ON UNIQUE DETERMINATION OF DOMAINS BY THE CONDITION OF
LOCAL ISOMETRY OF BOUNDARIES IN THE RELATIVE METRICS

ANATOLY P. KOPYLOV

The lecture contains results of recent author’s investigations of rigidity problems of domains
in Euclidean spaces undertaken for a development of a new approach to the classical problem
about the unique determination of bounded closed convex surfaces [1] which is represented by
work [2] in a sufficiently complete content.

In the lecture, the full characterization of a plane domain U with smooth boundary (i.e., the
Euclidean boundary fr U of U is a one-dimensional manifold of class C! without boundary) that
is uniquely determined in the class of domains in R? with smooth boundaries by the condition
of local isometry of boundaries in the relative metrics was produced. In the case where U is
bounded, the necessary and sufficient condition for the unique determination of the type under
consideration in the class of all bounded plane domains with smooth boundaries is the convexity
of U. And if U is unbounded then its unique determination in the class of all plane domains
with smooth boundaries by the condition of local isometry of boundaries in the relative metrics
is equivalent to its strict convexity.

In the second part of the lecture, we consider the case of space domains.

The theorem on the unique determination of a strictly convex domain in R, where n > 2, in
the class of all n-dimensional domains by the condition of local isometry of Hausdorff boundaries
in the relative metrics, which is a generalization of A. D. Aleksandrov’s theorem on the unique
determination of a strictly convex domain by the condition of (global) isometry of boundaries
in the relative metrics, is proved.

It is also established that in the case of a plane domain U with nonsmooth boundary and of a
three-dimensional domain A with smooth boundary, the property of domain to be convex is no
longer necessary for their unique determination by the condition of local isometry of boundaries
in the relative metrics.
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REDUCED L,,-COHOMOLOGY OF TWISTED CYLINDERS

YAROSLAV KOPYLOV

We establish vanishing results for the reduced L, ,-cohomology of twisted cylinders, a general-
ization of warped cylinders, for ¢ < p. The results obtained extend some results by Gol’dshtein,
Kuz'minov and Shvedov about the L,-cohomology of warped cylinders. One of the main obser-

vations is the vanishing of the “middle-dimensional” cohomology for a large class of manifolds.
This is a joint work with Prof. V. M. Gol'dshtein.
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THE BRIDGE BETWEEN DUBOVITSKII-FEDERER THEOREMS
AND THE COAREA FORMULA

MIKHAIL KOROBKOV

The talk is based on the recent joint preprint [2] with Jan Kristensen (University of Oxford)
and Piotr Hajtasz (University of Pittsburgh).

The Morse-Sard theorem requires that a mapping v: R® — R™ is of class C*, k > max(n —
m + 1,1). In 1957 Dubovitskil generalized this result to the case of C* mappings for all
integers k > 1 by proving that, for almost all y € R™ the intersection Z,,, Nv~'(y) has zero
s—dimensional Hausdorff measure for s = max(n —m — k + 1,0), where Z,,, = {v € R" :
rank Vou(z) < m} is the m—critical set. Another generalization was obtained independently by
Dubovitskii and Federer in 1966, namely for C* mappings v: R® — R¢ and arbitrary m < d
they proved that the set of m—critical values v(Z, ,,,) has zero ¢,—dimensional Hausdorff measure
forqo:m—l—i—WTerl.

Here we prove that Dubovitskii’s theorem can be generalized to the case of mappings of the
Sobolev—Lorentz class W;l(R”, R%), p = % (this is the sharp case that guarantees the continuity
of mappings). In this situation the mappings need not to be everywhere differentiable and in
order to handle the set of nondifferentiability points, we establish for such mappings an analog
of the Luzin N-property with respect to lower dimensional Hausdorff content. Finally, we
formulate and prove a ”bridge theorem” that includes all the above results as particular cases.
As the limiting case in this ”"bridge theorem” we also establish a new coarea type formula:
if £ C {z € R": rankVu(z) < m}, then [J,v(z)dz = [H"™(ENvt(y))dH™(y). The

E Rd
new fact is that we prove this formula for R%valued mappings with arbitrary d without usual
restrictions on the image of the mapping (such as m-rectifiability or o—finiteness with respect to
the m-Hausdorff measure, see, e.g., [3, 5]). These last results are new also for smooth mappings,
but are presented here in the general Sobolev context.

This paper summarizes a series of our previous works (see, e.g., [1, 4]).
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THE GAP PHENOMENON IN PARABOLIC GEOMETRY

BORIS KRUGLIKOV

In 2014 together with Dennis The we resolved the gap problem in complex and split-real

parabolic geometry, i.e. we computed the amount of submaximal symmetry for every geometry
in the class. Results of this type have been known for selected geometries since Ricci, Tresse,
Fubini, Cartan, Egorov, Kobayashi, Sinyukov, Yano and some others via specific techniques.
However it was in our paper that we first presented a universal solution for a large class of
geometries, including conformal structures, systems of second order ODE, almost Grassmanian
and Lagrangian structures, generic parabolic distributions, exceptional geometries etc. In the
later developments we covered CR-structures, c-projective structures and some other real (non-
split) specifications. I will review the results and overview further developments and problems.
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MONADOLOGY TODAY

SEMEN KUTATELADZE

Monadology stems from Leibniz (see [1]). This talk is an overview of the present-day versions
of monadology with some applications to vector lattices and linear inequalities.

The notion of monad is central to topology in external set theory. Justifying the use of
infinitesimals and the technique of descending and ascending in various branches of mathematics
requires adaptation of monadology for the implementation of filters in Boolean valued universes.
This is still a rather uncharted area of research.

The two approaches are available now. One is to apply monadology to the descents of objects.
The other consists in applying the standard monadology inside the Boolean valued universe
V® over a complete Boolean algebra B, while ascending and descending by the Escher rules.
For more details see [2] and [3].

These approaches are illustrated by order convergence and fragmentation of positive operators
in vector lattices. Also, Lagrange’s principle is shortly addressed in polyhedral environment
with inexact data.
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ON SINGULARITIES OF LINEAR-FRACTIONAL SU(2,2)-ACTION IN
U(1,1)

ALEXANDER LEVICHEV

Chronometric theory (which is due to Segal, see [1]) is based on the space-time D which
can be represented as a causal Lie group. The causal structure is determined by an invariant
Lorentzian form on the Lie algebra w(2). Similarly (in author’s publications), the space-time F
is represented as a causal Lie group where the causal structure is now determined by an invariant
Lorentzian form on the Lie algebra u(1,1). Lie groups G, G are introduced as SU(2,2)-reps
which are related by conjugation: h = WgW. Here g is arbitrary in the original G = SU(2, 2)
whereas W is a certain 4 by 4 matrix (see [2]) with 2 by 2 blocks P, @, @, P (in that order).
Linear-fractional G-action on D is global and conformal; it is fundamental for the analysis
in space-time bundles based on the parallelizing group U(2). This analysis has been done by
Paneitz and Segal in 1980s. Linear-fractional (locally defined) Gp-action in F = U(1,1)

hU)=(VU+W)XU+Y) ! (1)

has been introduced in [2]. Here each h is viewed as consisting of 2 by 2 blocks V, W, X, Y.
For a 2 by 2 matrix M denote W (M) = (PM + Q)(QM + P)~! when it exists. Define the
imbedding of F into D by

Z=W(U). (2)

One can verify that (2) is well-defined for arbitrary U in F. This W-mapping is conformal
but here that property is not exploited. Equation (2) is a special case of the Sviderskiy formula
(see [3]). Tt is easy to verify that the inverse map

U—W(Z) = (PZ+Q)(QZ + P) (3)

is only defined for those Z which do not belong to the thorus T which consists of all matrices

K in D of the form 0
p
K = g 0

Here p, g can be arbitrary complex numbers of modulus 1. The following statement has been
proven in [4]:

Theorem 1. If h(U) is defined then

g(W(U)) = W(h(U)). (4)

Remark. In [4] it has not been determined when (i.e., for which U in F) the r.h.s. of (4)
is well-defined. Clearly (see (1) above), it is defined if (and only if) the matrix (XU +Y) is
non-singular. However, this is equivalent to a condition which is easier to verify: see below.

Theorem 2. Let h be in G, and let U be in F. The matrix h(U) is defined if (and only if)
g(W(U)) is not an element of T.
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ON ATTRACTORS OF IFS IN UNIFORM SPACES

MARY SAMUEL, ANDREI TETENOV

A self-similar set in a complete metric space X is the unique non-empty compact set K C X

satisfying equation K = |J S;(K), where S; : X — X are contraction maps. Such set K may
i=1

be considered as the ﬁxed_point of the contraction operator 7" in the hyperspace C'(X) defined
by T(A) = |J S;(A), Hutchinson[1], 1981.
i=1

It is natural to get rid of metrics by means of passing to uniform spaces.As we found, in order
to obtain meaningful results, we have to impose the requirement that X is supercomplete, well-
chained, Hausdorff uniform space and the maps S; are B-contractions studied by Taylor [3].

This allows us to develop the theory of self-similar sets in uniform spaces. Particularly, we
prove the following non-metric versions of of Hutchinson theorem:

Theorem 1. Let X be a supercomplete, well-chained, Hausdorff uniform space and S =
{S1, ..., Sm} be a system of B-contractions in X. There is a unique non-empty compact K C X
such that K = S;(K)

and of Kigami’s connectedness theorem [2]:

Theorem 2. Under the conditions and notation of Theorem 1, The following statements
are equivalent:

1. The intersection graph of the family of sets S;(K) is connected.

2. K is connected.

3. K is arcwise connected.
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4-DIMENSIONAL GRAPH-MANIFOLDS WITH THE FUNDAMENTAL
GROUP QUASI-ISOMETRIC TO THE FUNDAMENTAL GROUP
OF AN ORTHOGONAL GRAPH-MANIFOLD.

ALEKSANDR SMIRNOV

We introduce a topological invariant, type M, of a 4-dimensional graph-manifold that is a
natural number. For an orthogonal graph-manifold its type does not exceed 2.
The main result of our talk is the following Theorem.

Theorem. Let M be the 4-dimensional graph-manifold with type M < 2. There is an
orthogonal graph-manifold N that the universal cover of M is bilipschitz equivalent to the
universal cover of N.

As a consequence we get the following Corollary.

Corollary. The fundamental group of any 4-dimensional graph-manifold M with type M < 2
can be quasi-isometrically embeded into the product of four metric trees. As a consequence
asdim my (M) = fl-asdimm (M) = 4, where asdim and (-asdim are asymptotic and linearly-
controlled asymptotic dimension.
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INTRODUCTION TO FLAT MANIFOLDS

ANDRZEJ SZCZEPANSKI

By flat manifold we understand a compact Riemannian manifold with sectional curvature
equal to zero. During my talk I will present the most important results as for example Bieber-
bach theorems. Moreover, I am going to give some achievements from the last decade. I promise
to illustrate my talk with examples and some open problems.
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SPECIAL BOHR-SOMMERFELD GEOMETRY

NIKOLAI TYURIN

Let (M,w) be a compact simply connected symplectic manifold of real dimension 2n with
integer symplectic form; let (L, a) be the prequantization data on M, so L — M is a C-bundle
and a is a hermitian connection with the curvature form F, = 2miw. Then a lagrangian subman-
ifold S C M is Bohr-Sommerfeld (BS for short) iff the restriction (L, a)|s admits covariantly
constant sections. We say that a Bohr-Sommerfeld lagrangian submanifold is special (SBS for
short) with respect to a smooth section a € T'(M, L) iff a|s = fe'“og, where og is a covariantly
constant section, ¢ is a real constant and f is a strictly positive real function.

The presented SBS condition cuts a subset in the direct product Usgs C P(I'(M, L)) x Bs
where the second direct summand is the moduli space of Bohr-Sommerfeld lagrangian cycles.
This subset is fibered over the projective space P(I'(M, L)) with discrete fibers, therefore the
standard Fubini-Study Kahler structure can be lifted to Uspg; this result is interesting since
we have constructed something Kahler strarting from pure symplectic situation.

Consider the case when (M,w) admits a compatible integrable complex structure /. This
means that we are working with algebraic varieties with standard Kaher metrics of the Hodge
type. In this case our hermitian connection a defines a holomorphic structure on L which cuts a
finite dimensional subspace H(Mj, L) C T'(M, L) of holomorphic sections, and we can consider
the space of lagrangian cycles which are SBS with respect to holomorphic sections so

Msps = {(p, S) | pE ]P)HO(M[,L),S € Bs}

and S is SBS with respect to a where o presents point p.

The main fact is that Mgps is a finite dimensional object. Indeed, take the projection
p1 i Mgps — PH(Mj, L). Then we claim that the fiber of p; consists of a finite number of
points. The arguments are based on the following reduction of SBS in the holomorphic case.

For any o € HY(Mj, L) define the following function ¢, = —In|al,, where the brackets
denote the hermitian norm of the section. This function is correctly defined on M\ D where
D is the zeroset of «, so is a complex submanifold (following algebro geometric tradition we
call it divisor). This function is plurisubharmonic w.r.t. the complex structure I, therefore its
isolated critical points have Morse indices less or equal to n. Then we have

Theorem. A lagrangian submanifold S C M is SBS w.r.t. o € H*(Mjy, L) iff gradg, € TS
at each point of S.

This implies that if ¢,|s has a critical point € S C M then # € M is a critical point of
®o on M. For a generic holomorphic section in this algebro geometric situation one has just a
finite number of critical points of ¢, on M\ D, while each SBS lagrangian cycle S must carry
at least two critical points; therefore the number of SBS lagrangian cycles for fixed o must be
finite. On the other hand it shows how such SBS lagrangian cycles can be constructed: one
just takes all finite trajectories of the gradient flow of ¢, and form the big set B, as the union
of these trajectories. Due to an old Milnor observation every smooth irreducible open part of
B, must be lagrangian or isotropic. Thus if we have an n - dimensional piece of B, we can
construct a singular SBS lagrangian cycle, compactifying this piece.

From the sight of algebraic geometry it leads to the following observation. Let X be an
algebraic variety and D C X be a very ample divisor. Then by the very definition the complete
linear system |D| defines an embedding X — CP¥ for certain N, and taking any standard
Fubini-Study metric on the last projective space we get the corresponding Kahler metric of
the Hodge type on X and the corresponding hermitian structure on Lp — X. Suppose that

The study has been funded by the Russian Academic Excellence Project '5-100’.
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for the corresponding holomrophic section ap it exists SBS lagrangian cycle. Then we get a
correspondence between pure algebro geometric objects (very ample divisor) and lagrangian
object. It is natural to call this SBS lagrangian cycle lagrangian shadow of the divisor D; as
in the real life where the shadow depends on the Sun position, our lagrangian shadow depends
on the choice of standard Fubini-Study metric, but it is not hard to see that the topological
type of the shadow doesn’t depend on this choice.

Untill now this is mostly phenomenological observation which can be illustrated by the fol-
lowing simple examples.

Example 0. Take X = CP' and [D] = 2h, where h is the class of point. Then for irreducible
D the function ¢, has 4 singular points: 2 infinite maxima (the zeros of D), one local minimum
and one saddle point. Consequently a separatix, joining the minimum and the saddle, must
exist, and this separatix is SBS loop since it is tangent to the vector field grad¢p. In contrast
if D is reducible (double point) then ¢p has only two critical points, and no separatix appears.

Example 1. More interesting case X = @ = CP! x CP! — complex quadric, let D has
type (1,1). Then for irreducible D the lagrangian shadow is Hamiltonian isotopic to lagrangian
sphere given by anti diagonal embedding of S? to Q; for reducible D we get again emptyset.

Example 2. Let X be the flag variety F'* realized as the incidence cycle in the direct product
CP? x CP?, and D represents the type (1,1). Then the lagrangian shadow of an irreducible
divisor is Hamiltonian isotopical to the Gelfand-Zeytlin lagrangian 3-sphere. If D is reducible
we again have trivial lagrangian shadow.

All the details of these constructions and observations can be found in the authors preprints
arXiv:1504.02589, arXiv:1508.06804 , arXiv:1601.05974 and in the references therein.
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OBb 9BOJIIOIINM MHBAPUNAHTHBIX PIMAHOBBIX METPUK
ITOJIO2ZKUTEJIbHON KPUBU3HBI PIYY11 HA OBOBIIIEHHBIX
ITPOCTPAHCTBAX VYOJIJIAXA CIIEIITMAJIBHOI'O BUJJIA

HYPJ/IAH ABIIEB

[esib paboTbl — UcCAEOBAHUE IBOTIONUA UHBAPUAHTHBIX PUMAHOBLIX METPUK Ha 0000IIEH-
HBIX TTPOCTPAHCTBAX YOJIaXa MO/ BIUSHIEM HOPMaJM30BAHHOTO MOTOKA PUd4n, onmrchBaeMOro
YpaBHEHUEM

% (t) = —2Ricg +2g(t)%, (1)
rae g(t) o3madaer l-mapaMeTpuduecKkoe ceMeiicTBO PUMAHOBBIX METPUK HA PUMAHOBOM MHOTO-
obpasuun M", Ricg u Sg — Tensop Puvyun u ckansgpHas KpuBU3HA METPUKHU g COOTBETCTBEHHO.

Cornacuo onpenesnenusiM pabor [6] u [9] obobrmennbie mpocrpancTBa Yosuraxa (Wil TpH-
JIOKATHHO-CHMMEeTPUYeCKHe TIPOCTPAHCTBA B IPYTOH TEPMUHOIOIHHN ), KaK CHEIHAJbHBII KAaCC
PUMaHOBBIX MHOTOOOpa3uit M", npejacTaBiagior co00il KOMITAKTHBIE OJTHOPOTHBIE TPOCTPAHCTRA
GG/ H, ipejicraBiienne B30TPOIMHH KOTOPBIX PACKJIAIBIBACTCS B IPAMYIO CyMMY P = P1 D po B p3
tpex Ad(H)-uHBApUAHTHBIX HEITPUBOIMMBIX MOJYJIEIl, YI0BIETBOPAIONINX YCIAOBUIO [p;, p;] C b
(1 € {1,2,3}) |6, 7]. Crout or™MeTuTh, 4TO MOJHAS KIACCHDUKAIHST 0GOOIIEHHBIX TPOCTPAHCTB
Yosnaxa moydena HenaHo B paborax [4] u [8] B HesaBucumocTH IpYT OT ApyTa.

g dukcuposanuoro Ad(G)-uHBapuaHTHOTO CKATSPHOTO TIPOU3BEIeHN (-, ) Ha anrebpe Jlu
g rpyuubl JIu G nupousBosibHast G-uHBapuaHTHAs puManoBa Merpuka g Ha G /H oupejessercs
Ad(H)-uHBapuaHTHBIM CKAJSIPHBIM [IPOU3BEICHIEM

(o) = (), + 22 ), + 23(0),, (2)
IJie X1, To, T3 — IHOJOXKUTEJIbHBIE JefiCTBUTEIbHbIE YncIa. MeTpukamu obuiezo nososicenus na-
30BeM METPUKH C MOMAapHO PA3IWYHbIMA T;, ¢ = 1,2, 3.

3BecTHO, 4TO Kazkaoe 060OMIeHHOe IPOCTPAHCTBO YOJUIaXa XapaKTepU3yeTcs TPOMKO# na-
pametpos a; := A/d; € [0,1/2], 1 =1,2,3, tie A — Heorpunaresbuoe unciao, d; = dim (p;) (cm.
uoapobuoctu B [6, 7]). Jannas pabora 1OCBAIIEHA CLENHUAIBHOMY CJLy4al0 TAKUX IIPOCTPAHCTB,
JIUIS KOTOPBIX a1 = ay = ag = 1/4. Hamu jnokazana cieiyonias Teopema.

Teopema 1. Ha o6o6imennom npocrparcrse Yosutaxa G/H ¢ a; = ay = az = 1/4 HOpMa-
JIH30BAHHBI HOTOK PH4dn mepeHocuT Bce METpHKH 0OIIEro MOJIOKeHHS B METPHKH C HOJIOMKH-
TeJTbHOH KpHUBHU3HOH Prin.

OrmeTuM, 9TO caydail a; = ay = ag # 1/4 6bu1 ucenenosan B pabore [1], Tae mokazaHbl
CJIeIYIOIIIe TeopeMbl, 0000IIAIOIIHE HEKOTOPBIe pe3yabTaThl pador [3| u [5].

Teopema 2 (Teopema 3 B [1]). Ilycrs G/ H siBisiercst 0600IEHHBIM IPOCTPAHCTBOM YOLTAXA
c ay =ay =az:=a, pae a € (0,1/4) U (1/4,1/2). Torga ecau a < 1/6, 10 HOpMau30BaH-
HBIH MOTOK Puddn nepeHocHT Bce METPUKH OOIIEro MOJIOXKEHHsI ¢ MOJOKATEIbHOH KPHBH3HOMH
Puaun B MeTpukn co cMmemanHoil KpuBnsHoii Puaam; ecom xe a € (1/6,1/4) U (1/4,1/2), To
HOPMAJIM30BAHHBII TOTOK PHY4i mepeHocHT Bce METPHKH OOIIEro IMOJOKEHUS B METPHKH C
IOJIOKATEeIbHOI KpuBH3HOH Pradn.

Teopema 3 (Teopema 4 8 [1]). Iycts G/ H sBisiercst 06001meHHBIM IPOCTPAHCTBOM YOLTaXa
¢ a; = ay = az = 1/6. Toraa HOpMam30BaHHBIH TOTOK Puddan coxpaHser mOJI0KHTEIbHOCTD
KpuBH3HBI Pudadn MeTpuk o0I[ero rmoJio;keHus, yJ0BJeTBOPSIONIAX YCIOBHIO Ty, < T; + T, IJ€

(i, k} = {1,2,3}.

Pabora Beimonnena npu moanep:kke rpanta Munucrepersa obpasoBanns u Hayku PecryOnnkn Kazaxcran Ha
2015-2017 roxpr (rpanr 1452/T'®4).
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Czema doxasameavcmea meopemos 1. Ilyetb a; = as = a3 := a. Torma, mepexois K HOBBIM
MepeMeHHBIM W = T3] U Wy := 37, ', ypasHerne (1) MOKHO TPUBECTH K SKBUBAJCHTHOI
cucremMe OOBIKHOBEHHBIX Jud depenrmanbubix ypapuennii (em. [1])

wy = (wy — 1)(wy — 2awwy — 2aws), Wy = (we — 1)(we — 2awiwy — 2awy ). (3)

13 Teopembl 2 paboThl [2]| HEmoCpeaCTBEHHO BHITEKAET, UTO pH @ = 1/4 cucrema (3) nme-
eT eJMHCTBEHHYI0 TOUKY mokost (1,1), sBastornytocst cejyioMm (¢ HysmeBoil MaTpuie JTuHelHOi
TACTH).

Cormacuo [1| uHBapHanTHBIM MeTpHKaM (2) ¢ MOMOKHTEJLHON KpuBu3noii Pudaunm ma es-
KJINJIOBOH TLIOCKOCTH (Wi, W) COOTBETCTBYET CBsi3Has 06jacTh (06o3HaIMM ee R) ¢ rpanuneii
r1 Ure Urs, vae 11,79, 73 — KPUBBIE, 33/IJaHHBIE COOTBETCTBEHHO YPaBHEHUAMU

2,2 2 2 2 _
awjw; + aw] — aw; —wjwy = 0,
2,2 2 2 2 _
awjw; — awy + aw; —wjwy; = 0,

2,2 2 2
awiw; — awy — awy +wiwy = 0.

[To Tem 2Ke coODOpazKeHNUsSIM CHMMETpHH, 9TO | B 1], Ipu g0Ka3aTe bcTBe TeopeMbl 1 MOKHO
OrpaRMINTHCS paceMorpenuem obactu €2 := {(wy, wp) € R? | wy > wy > 1}. Toraa, kak moxa-
3bIBaET I1ePeXo/l K IOJISIPHOIl CHCTeMe KOOD/INHAT € JaIbHEHIINM aCUMITOTHIECKUM aHATI30M,
IpsSIMBIE Wy = Wj U Wy = | ABJIAIOTCS COOTBETCTBEHHO HPUTSATHBAIONIUM U OTTAJIKHBAIOIIIM
mHOroo6pasusamu cemia (1,1) mas rpaekropuil cucremsl (3), Gepyuux Hadano B Q. Vcmoab-
3yd 3TH baKThl W aHaauTHYecKoe 3amanne dactu O(R) N ) C r rpanuns O(R) obractu R,
HECJIOKHO JTOKA3aTh CJENYIONNe YTBEPKIACHNs, UMEIONHe MecTo Mph ¢ = 1/4 u Baekyune
JIOKA3aTeThCTBO TeOpeMbl 1:

1) Jlrwo6ast TpaekTopust cucrembl (3), HaunHawomasicst B 2\ R, gocturaer RN Q 3a KoHEIHOE
BPEMH.

2) Hukakast TpaekTopHst cucTeMbl (3) He MoKeT HOKuHyTh RN, mocturimys RN ognazk o1
(nnm magapmmces B RN Q).

Astop BeIpaxkaer npusnareabHOCTh npodeccopy 0. T. Hukonoposy 3a mose3ubie 00Cy K 1e-
HUS.

CIUCOK JIMTEPATYPHI

[1] N. Abiev, Yu. Nikonorov, The evolution of positively curved invariant Riemannian metrics on the Wallach
spaces under the Ricci flow // Ann. Glob. Anal. Geom., DOIL: 10.1007/s10455-016-9502-8 (2016).

[2] N. Abiev, A.Arvanitoyeorgos, Yu.Nikonorov, P.Siasos, The dynamics of the Ricci flow on generalized
Wallach spaces // Differ. Geom. Appl., 35:Suppl., 26-43 (2014).

[3] C.Bohm, B.Wilking, Nonnegatively curved manifolds with finite fundamental groups admit metrics with
positive Ricci curvature // GAFA, Geom. Func. Anal., 17, 665-681 (2007).

[4] Zh.Chen, Y.Kang, K. Liang, Invariant Finstein metrics on three-locally-symmetric spaces // Commun.
Anal. Geom. (to appear), see also arXiv:1411.2694.

[5] M. Cheung, N. Wallach, Ricci flow and curvature on the variety of flags on the two dimensional projective
space over the complezes, quaternions and octonions // Proc. Amer. Math. Soc. 143:1, 369-378 (2015).

[6] A.Lomshakov, Yu. Nikonorov, E.Firsov, Invariant Einstein metrics on three-locally-symmetric spaces /|
Siberian Adv. Math., 14:3, 43-62 (2004).

[7] Yu. Nikonorov, On a class of homogeneous compact Einstein manifolds // Siberian Math. J., 41:1, 168-172
(2000).

[8] Yu. Nikonorov, Classification of generalized Wallach spaces // Geom. Dedicata, 181:1, 193-212 (2016).

[9] Yu.Nikonorov, E.Rodionov, V.Slavskii, Geometry of homogeneous Riemannian manifolds // Journal of
Mathematical Sciences, 146:7, 6313-6390 (2007).

TAPA3CKUI TOCYIAPCTBEHHBIN YHUBEPCUTET uM. M. X. JIviATH, Vvia. CYJIENMEHOBA, 7, TAPA3,
080012, KA3BAXCTAH

E-mail address: abievn@mail.ru



AHAJIOT OJHOII TEOPEMBI BAH JEP BAPJIEHA II ETO
I[IPUMEHEHUE K NU3VYEHUIO OTOBPAXKEHUI, COXPAHSIIOITIITX
JIBA PACCTOAHUSA

BUKTOP AJIEKCAHJIPOB

B 1970 rony B.JI. Ban nep Bapjaen jokaszast ciieyroiyo Teopemy

Teopema 1 (cm. [1, 2|). ITycrs B TpEXMEPHOM €BKJIHIOBOM MPOCTPAHCTBE JIAH IISITHYTOJIBHHUK,
¥ KOTOPOI'O JJIHHBI BCeX CTOPOH PaBHBI MEXKJTY coDOIl M JITHHBI BCEX JUArOHAICH PABHBI MEKITY
CO60ﬁ. TOF,Ja MHO2K€CTBO BEpDHIUH 9TOI'0 HATHYI'OJIbHUKA C HeO6XO,HHMOCTbIO JICZ2KHT B HEKO-
TOpOﬁ ,HByMepHOI/"I IIJIOCKOCTH M COBH&JAaeT ¢ MHO2KECTBOM BEPIIHH HEKOTOPOIr'o IPpaBUJIBHOI'O
HOATUYTOJIbHUKA.

CMBICST TeOpeMbl 1 B TOM, 9TO y Heil yKa3aH reOMeTpuIecKkuii 00beKT (& UMEHHO, MATHYTOJIb-
HHK ), KOTOPOMY H3HAYAJLHO Pa3pPElIaercs JIeKaThb B IPOCTPAHCTBE BBICOKON pasMepHOCTH (a
uMeHHO, B R?), HO KOTODBI{l I04eMY-TO BBIHYK/IEH JIeXKaTh B POCTPAHCTBE MEeHbIIel pa3Mep-
HOCTH (2 MMEHHO, B JBYMEDHOM MI0CKOCTH). JIerko moHsTh, B Teopeme | Heb3sl 3aMEHHTH
NSATHYTOJILHUK YeTHIPEXYTOJTHHUKOM.

[Henp maHHOrO COODINMEHHsST — PaccKa3aTh O MHOIOMEPHOM aHAJIOre TeopeMbl BaH Jep Bap-
JIeHa, OMyOIMKOBAHHOM aBTOPOM B [3]. MBI pacckazkem, 9TO B MHOIOMEPHBIX IPOCTPAHCTBAX
«HEOXKWJIAHHO TJIOCKHM» OOBEKTOM OKa3bIBAaeTCs THIEPOKTAdIpP — MHOTOMepHOoe 0600IIeHue
BCEM M3BECTHOTO OKTAdIPA.

Haunéwm c onpenenenwuii. [Tycts n > 1 — neoe uucsio u {ej,e,,. .., €,} — OPTOHOPMUPOBAH-
HbIil 6a3uc B eBKIM10BOM npocTpancrse [E". Obo3nadum depe3 V,, MHOKECTBO KOHIIEBBIX TOUEK
BEKTOPOB *eq, +e€s, ..., +e,. ['panuily BoinyK/a0il 000,109k MHOXKecTBaA V,, B mpocrpancTse K"
MBI HA3BIBAEM CTAHIAPTHBIM N-MEDHBIM THIIEPOKTA’ApPOM U obo3Hadaem qepe3 S,. flcHO, 41O
S, SBISIETCS BBIMTYKJIBIM MHOTOTPDAHHUKOM, & MHOXKECTBO €ro BepinuH coBmajaer ¢ V,,. Orpe-
30K, COCJIMHLAIONINN J[BE€ BEPIIUHBI U3 V,,, Mbl Ha3bIBaeM peOPOM THIIEPOKTa’dapa S, €CJu OH
HOJTHOCTBIO JIEZKUT B S,; B MPOTHBHOM CJIy9Yae MbI Ha3bIBA€M 3TOT OTPE30K JUATOHAJIBIO S),.

n-MepHBIM runlepokTasipoM B EY Mbl HaspiBaeM Begkoe HellpepbiBHOe oToOpazkenue S, —
EN, koTopoe JHHEHHO Ha KazKJI0M CHMILIEKCe, JexKaleM B S, U Cy:KeHHe KOTOPOTO Ha MHOKe-
¢TBO V,, MHBbEKTUBHO. JIerKO NOHATD, 9TO TaKOe OTODPAKEHUE OJHOZHAYHO 33,/1a6TCsl HHHEKTUB-
upiM oTobpazxkennem f : V,, — EN, KoTopoe MbI TO:ke HA3BIBAEM N-MEPHLIM IHIIEPOKTA3IPOM B
EN. n-mepnbrii runepoktasap S, — EY MoxkeT He GBITH BBITYKIBIM MHOTOTPAHHIKOM H MOZKET
HMeTh OYeHb CJOKHBIE CAMOIIEPECeUeHnsT; ero péOpaMu Ha3bIBaeM 00pas3bl pébep S,; a Auaro-
HaJISME — OTPe3Kn B KV, KoTophle coemHA0T 06pa3hl BEPIINH, HO He ABIAI0TCH PEOpaMIL.

MuOroMepHBIM aHAJIOTOM TeopeMbl BaH Jep Bap/eHa Mbl Ha3bIBaeM CJIEIYIONIYIO TEOPeMy:

Teopema 2 (cwm. [3]). Ilycrs n > 2 — gesoe gucio, mycrs a > 0 n b > 0 — BemecrBeHHbIe
wncaa u nycts f iV, — E* "2 — n-MepHLIH runepokTasap Takoi, 9TO JTHHA KasKIoro pebpa
f paBHa a, a jummHa Kaxjaoii guaronanan f pasra b. Torma f(V,) m3omerpuyen (B MerTpuke
npocrpancrsa E*"~2) romorernunoii komuu muozkecrsa Vy,,. B wacraocrn, b = V2a.

Mpbl pacckazkeM TakzKe KaK TeopeMa 2 MOXKeT ObITh IPHUMEHeHa I UCCIeJOBAHUS OTO0-
parKeHnil, COXPAHAIONIX IBa pacCToAHUsA. McTopus U3ydeHHsd TaKUX OTOOpPasKeHWH BKPATIE
TAKOBA.

ToBopar, uro orobpazkenue g : E" — E™ coxpaunser orobpaxkenue 1, ecau Jijis Bcex x,y € E"
u3 pasencrsa |r — y| = 1 Berrekaer pasenctso |g(x) — g(y)| = 1, tae | - | oboznagaer mopmy
BEKTOPa B COOTBETCTBYIONIEM €BKJIMIOBOM MPOCTPAHCTRE.

B 1953 rogy @.C. Bekman u [I.A. Kyaprec [4] mokasanu, uaro mig Jo6oro n > 2 BCAKOe

orobpaxkenue ¢ : K" — E", coxpangdrolee paccrosuue 1, gBasgeTcsd H30MeTpHueil, T.e. COXpaHsder
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Bee paccrogumda. B 1985 rony B.B. [ekcrep [5]| mpusén npumep otobpazxkenns E? — ES. co-
XPAHSIONIEr0 PAcCTOsTHUE 1, HO He SBJIsIoNIerocs udomerpueii. o cux mop octaércsa OTKPHITHIM
BOIIPOC O TOM fIBJseTC JU H30MeTpHeil Begkoe oTobpazkenne E2 — E3, coxpansioniee paccTo-
sguue 1. TpyaHoCcTH B pPeIeHur 3TOr0 BOIPOCA BBIHYIMIN I€OMETPOB UCKATh JIONOJHUTEbHbIE
YCJOBHSI, TAPAHTHPYIOIIHE H30MEeTPHIHOCTH oToOpaxkenns K" — E™. OxauM u3 HanpaB/eHHi
MCCJIeIOBAHUN CTaJI0 M3ydyeHne oToOpaskeHnil, COXPaHAIONINX /1B PACCTOSIHUS, CM., HAIIPUMED
[6]. Vconb3yst Teopemy 2 u Teopemy, nokasanuyio K. Besmexkom u P. Konuemnmn B [6], Mbr
JIOKA3bIBaeM CJIEJIYIONIee YTBEePK IeHue:

Teopema 3 (cm. [3]). IIyersn > 6 10 < m < 2n—2 — messre gucaa o mycrb A > 0 B > 0
— BemecTBeHHbIe gucaa. Ilyers g : B — E™ — orobpazkenne takoe, 9To s Bcex x,y € E" u3
pasercrBa |r — y| = A BeiTexaer pasencrso |g(x) — g(y)| = A u 3 papencrsa |z — y| = v2A
soiTekaer papencrso |g(x) — g(y)| = B. Torna g siBiasiercst nzomerpuei.
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HOPMUPOBAHHBIE IIJIOCKOCTHN B KACATEJIbHOM KOHVYCE K
XOPOOBOMY IIPOCTPAHCTBY HEIIOJIOZKUTEJIbHON KPUBN3HDBI

ITABEJI AHAPEEB, BEPA CTAPOCTUHA

Xop/oBble IPOCTPAHCTBA ONpe/IeJeHbl B [1] Kak reose3ndeckie MpOCTPAHCTBA C BbIIEJTEHHBIM
ceMeficTBOM OTPEe3KOB, JJIsi KOTOPOI'O BBIIOJHEHBI aHaJ0rn akcuoM G-IpocTpaHcTB. Boiaesen-
HbIEe OTPE3KH Ha3bIBAIOTCS OA30BBIMH XOPJAaMH. XOPJAOBOE MPOCTPAHCTBO X HA3BIBACTCS HPO-
CTPAHCTBOM HEIOJOKUTEIbHON KPUBU3HBI, €CJIU B JIIOOOM TpeyroJbHUKe, 0Opa30BaHHOM 0a30-
BBIMH XOPJAAMH, BBIIOIHIETCS CBONCTBO HEMOIOKHUTEIHLHOCTH KPUBU3HBI 110 By3emany: cpennsis
JIMHUS TAKOT'O TPEYTOJIbHUKA HE HMPEBOCXOJAUT MOJOBUHBI COOTBETCTBYIONIEIO OCHOBAHMSI.

B crarpe |2]| aBropamu mano onmcamme KOHCTPYKIHMHE KacaTeJbHOro Komyca K, X ¢ Bepmm-
HOt p € X K XOPJA0BOMY IPOCTPAHCTBY HEMOJIOXKUTEIBHON KPHUBU3HBI (X , d) U €T0 CBOWCTB.
B wactrocTH, Kacateabnsiit konyc K, X saBigeTcd reofe3mdecKn MOTHBIM Teoe3nIecKIM POo-
CTPAHCTBOM H JIONYCKaeT JeicTBUE IPyHIbl H MMOM0XKHUTE/TBHBIX TOMOTETHI ¢ IEHTPOM P.

ITo mocrpoennto konyc K, X Kak MHOKeCTBO TOYEK COBIIaJIaeT ¢ MHOZKECTBOM X, a €ro MeTpH-
Ka d, dBJIsieTCs IpeJebHOR i ceMeiicTBa MeTPHK, IOJYUYEHHBIX U3 d U3MEeHEeHHeM MacIITaba
npu obmieit orMedennoit Touke p. Orodpakenue Id : X — K, X He yBenn4yuBaeT pacCTOAHU:

JIst TI00bIX ,y € X. Boiaenennbie npsiMble IPOCTPAHCTBA X, IPOXOIAIINE Yepe3 BePITHHY P
IIpU 3TOM OCTAIOTCA HPAMBIMEU JUHHAME U B KoHyce K, X, MeTpuKka d, BIOJb TaKHX HPAMBIX
coBIaIaeT ¢ d.

Ounpepnesnenne. [Toagmuoxkecrso o C X B reopesudeckoM npocrpancrse (X, d) HasbiBaercst
CAGO0 BUINYKABILM, €CIH i JIOOBIX IBYX TOYEK T,y € (v CYIIECTBYET OTPE30K MPOCTPAHCTBA
X, COEMHATONINN WX W IEJUKOM JIeKAIINI B (L.

Caemytorniee CBOWCTBO KacaTeIbHOIO KOHYCA MIPAET BaKHYIO POJIb IPHU JAJbHEHIIEM H3yde-
HHUH €r0 TeOMEeTPUU U FeOMETPUH XOPAOBBIX HPOCTPAHCTB.

Teopema. Ilycts K, X — KacareibHEIH KOHyC K XopJgoBoMmy mpoctpaHcrsy (X, d) mHemosro-
2KuTe/IbHOH KpuBu3Hbl ¢ BepmuHoi p € X, a,b — zBe npsaveie B K, X, npoxozsniue 4epes p
TaK, 4T0 HX 1mpoobpaspl B X ABJIAIOTCA BbljegeHabivu npaveivu. Torna B K, X cymecrsyer
€J1a00 BBHIILYKJIOC MOJMHOXKECTBO (v, cojeprKaniee a u b, HHBapHaHTHOe OTHOCHTEJIBHO JICHCTBUS
rpymmsl H w n3omerpudnoe ByMepHOI MJIOCKOCTH, OCHAIIEHHOH HEKOTOPOH HOPMOI.
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O TO2KAECTBAX T'PEA 11 NX OBOBIIEHMNAX

MUXAUJI BAHAPY

1. TTourn spmuroBoii (almost Hermitian, AH-) cTpyKTypoii Ha YeTHOMEPHOM MHOTOOODA3UH
M?*" naswiBaerca napa {J, g = (-, )}, tae J — 1IOYTH KOMIUIEKCHas CTPYKTypa, g = (-, -) —
PUMAHOBA METPUKA HA 3TOM MHOT000pas3uu. [Ipu stom J u g = (-, -) JOTAKHBI OBITH COTIACOBAHDI
YCJI0OBHEM

(JX, JY) = (X, Y), X,Y € X(M™).

Buech N(M?") — moaynb raaakux (kiaacca C™ ) BeKTOPHBIX ToJjiell Ha MHOrooGpazuum M2" .
Muoroobpasue ¢ hUKCHPOBAHHONW HA HEM TOYTH SPMUTOBOI CTPYKTYPOIHl HA3bIBAETCH MOYTH
spmutoBbiM (AH-) muOrOoOOpasmem. C kaxaoii AH-crpykrypoit {J, g = (-, -)} Ha MHOr006-
pazuu M>" cBsg3aHO 1OJIe JBaK/Ibl KOBAPHAHTHOIO KOCOCHMMMETPHYECKOI0 TeH30pa (TO ecThb
2-cbopMbI), OpeIeSIIEMOTO PABEHCTBOM

F(X,Y)= (X, JY), X,Y € R(M*").

[TouTu >pMUTOBO MHOTOOOpAa3Ke HA3BIBAETCS SPMHUTOBBIM, €CJIH HHAYIIIpYeMast Ha HeM HOYTH
9PMHUTOBA CTPYKTYpa MHTEIpUpyeMa, 1 KeseposbiM, ecaun VF =0 [1].

Copok Jier Ha3a/1 BbIIAMOIINICS amepukaHcKuii reomerp Astbdpe ['peit BbItem1 HECKOIBKO
KJIACCOB (THIOB) MOYTH SPMHUTOBBIX MHOI00ODA3Mii, XapaKTepH3yeMbIX TOXKIecTBaMu [2]:
Knace R1: (R(X, Y)Z, T) =(R(X, Y)JZ, JT);

Knace R2: (R(X, Y)Z, T) =(R(JX, JY)Z,JT)+ (R(JX, Y)JZ, T)+ (R(JX, Y)Z, JT);
Knace R3: (R(X, Y)Z, T) = (R(JX, JY)JZ, JT).

Muoroobpasust Kjiacca R1 HHTEHCHBHO M3YyYaIuCh MHOTMMH MaTeMaTHKAMH, IIpHIeM 0ObIY-
HO TI0JI HA3BaHHEM IapaKeJepoBbIX MHOTrooOpasuil. 3a MHOroobOpasusaMu KJacca R3 3axpenu-
Jock HazBauue R K -MmHorooopasnii. [lo3zke ObLIH BBEIEHBI B pACCMOTPEHNE PA3THIHbIE AHATOTH
kJsiaccoB ['pest. Hanpumep, n3y4daJinch KJaacchl HOYTH SPMUTOBBIX MHOroobpasuii, rerzop Beitis
KOH(OPMHO KPUBU3HBI KOTOPHIX YI0BAETBOPSIET MOA00HBIM TOXK/IECTBaM. B 9acTHOCTH, UCCTIe-
noBanuch R1-muOr006pasus (i C-napakesepoBbl MHOTOOOPA3us), TO €CTh MOYTH 3PMHUTOBbI
MHOroo6pasusi, TeH30p Beilsis KoHDOPMHOi KPUBH3HBI KOTOPHIX YAOBIETBOPSIET TOXKIECTBY [3]:

WX, Yz, T)=W(X,Y)JZ, JT).
(OHO aHAJIOPHYHO TOXK/IECTBY, XapakTepusyomemy R1-mHOoroo6pasust.)

2. [IoaTH 3pMUTOBHI CTPYKTYPHI TECHO CBA3AHBI ¢ TOYTH KOHTAKTHBIMIA METPHYECKAMHU CTPYK-
Typamu. M3BectHo [4], uTo Ha BesiKOH OpueHTHpYeMOil rumepnoBepXHocTH N MOYTH 3PMUTOBA
MHOT'000pa3ust HHIYIUPYETCS MOYTH KOHTAKTHASI METpHUYEcKas CTpyKTypa. HamomunMm, 9To mosm
HOYTHU KOHTAKTHOM METPUYECKOIl CTPYKTYPOil HA HEYeTHOMEPHOM MHOroo0Opasuu [N OHUMAeTCs
cucremMa TeH30pHBIX nosteit { P, &, 1, g}, 1A KOTOPOii BBIIOIHSIOTCS CJIeIyOIIHe YCIOBHSI:

nE) =1 ) =0;n0d =0; P> = —id+ £
(DX, BY) = (X,Y) — n(X)n(Y), X,Y € X(N)

(31eck ® — moJte Tensopa Tuna (1, 1), £ — BeKTOpHOE 10JIe, 1) — KOBEKTOPHOE ToJie, g = (-, +) —
puManoBa MeTpuka, N(N) — MojyJib MIaJIKUX BEKTOPHBIX 0Jeil Ha MHOrooGpasun N.)

J1Jist HOYTH KOHTAKTHBIX METPHYECKHX MHOr0OOPa3uii BBEJIEHBI CBOM aHAJIOIM TOXKIeCTB 'pest
M BBIJICJIEHBI KJIACCHI MHOrOOOpasmii, anagorndnse Kiaaccam R1, R2 u R3 [5], [6].

3. B noknaze mpejanoaraercs o6CyaAnTh B3aNMOCBA3b MEXKIY KJIACCHIECKUMHU TOXKIECTBAMM
['pesd m uX pa3/IUYHBIMU aHAJIOTAMHU JJis MOYTH SPMUTOBBIX MHOTroobOpasuii. Hanpumep, Oyner

OKa3aHa CBA3b MEXKY XapaKTepU3alusMid MHOT000Opa3uil I'PeeBbIX KJIAaCCOB U UX KOH(MOPMHBIX
29
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AHAJIOTOB B TEPMHUHAX CIEKTPa TeH30pa PUMAHOBONH KPUBU3HLI U TeH3opa Beilns kondopmHoii
KPUBU3HBI, COOTBETCTBEHHO.

Byner o6cyzKaeH u Apyroii BayKHBIH BOMPOC, KOTOPLIH mocTaBieH B [6]: KAK B3aNMOCBSI3AHbI

roxaectBa I'pest Ha AH-MHOr0OOpa3nu 1 UX KOHTAKTHBIE AHAJIOTH HA aCCONMUUPOBAHHOM YTOMY
AH-MmHOr006pasuio moITH KOHTAKTHOM METPHIECKOM MHOro00pasnm?

Taxke mpesnosaraeTcs MPUBECTH KPATKHI 0030p Pe3y/abTATOB, IMOJTYYE€HHBIX B JAHHOM Ha-

IIpaBJIeHUN MaTeMaTuKaMM 3a ITOCJIeJHUEe 20 JIET, a TaKzKe IPUBECTU PAJ HOBBIX (I/I CyIIeCTBEHHO
bostee KOPOTKHX) [TOKA3ATEIbCTB PaHee HOJYUIeHHBIX pe3yabTaTos |7], [8].

1]
2]
[3]
[4]

5]
[6]
7]
18]
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O IIOYTHU 3PMHNTOBBIX MHOI'OOBPA3UNAX KJIACCA G

MUXANJI BAHAPY, TAJINHA BAHAPY

HapepHuoe, camoii muTupyemoii craTbeil 1Mo reoMeTpun MoYTH SPMUTOBBIX MHOIO0OOpa3unii sB-
JISIeTCST 3HAMEHUTash PadoTa BHIIAIONETOCS aMepukaHckoro reomerpa Amnndpena ['pes u ero
ucnanckoro kosteru Jlyuca M. Xeppemisl [1|, B KoTropoit oM BB HIN 16 KJIACCOB MOYTH
SPMUTOBBIX MHOrooOpasuil. Kiraccudukanus I'pes—XepBebl II0YTH SPMATOBBIX CTPYKTYP —
OOIIeNPU3HAHHBIH Pe3yJIbTaT B 9pMUTOBO# reomerpun. Cpeu BBIIETCHHBIX THIIOB IIOYTH IPMHU-
TOBBIX CTPYKTYP €CTh XOPOIIO M3YUYeHHBIE, KaK, HAIPUMEP, KJIACCH KeJePOBBIX, IIPUOIMKEHHO
KEJIEPOBBIX, II0YTH KEJIEPOBbIX U JIOKAJIbHO KOH(DOPMHO KEJEPOBBIX MHOI00Opas3uii. DTu KJIaCChl
['pesi—XepBesuibl HHOTIA HA3BIBAIOT «MaJbiMuy. Haobopor, «Gosbinues Kiacchl (Koropeie B [1]
oboznauenbl Kak Wy & Wo @ Wy, Wy @ Wy & Wy, Wy @ Wi @ Wy, Wy & W3 & W) usydenst
ropaso xyze. [I[puaunbl 9TOro BIIOJIHE OYeBUAHBI — YCI0BUsS | pes—XepBesuIbl MPUHAIICAKHO-
CTH TIOYTH 3PMUTOBA MHOrO00Pa3ust TOMY WJIN WHOMY «BOJIBITOMY» KJACCY BeChMa CJIOKHBI, a
IIpUMEpBI COOCTBEHHBIX IIPEJICTaBATE e [T TAKKMX KJIACCOB OTHICKATH HenpocTo. EiBa jin Haii-
JIETCS B XOPOIIUX KYPHAJAX [Ba JeCATKA CTaTell O MOYTH SPMHUTOBBIX MHOT000PA3UAX KJIACCa
Wy & W3 @& Wy , mim, Kak dale ero obo3nadaioT, Kiaacca Gs.

Hanomuuum [1|, wro moutn spmutoroii (almost Hermitian, AH-) cTpyKTypoii Ha YeTHOMEPHOM
MuorooGpasuu M?" naswiBaercs napa {J, g = (-, -)}, nue J — 104Tu KOMILJIEKCHast CTPYKTYpa,
g = (-, -) — pumaHOBa MeTpHKa Ha 3TOM MHOroobpazuu. [Ipu srom J u g = (-, -) MOJKHBI OBITH
COTJIACOBAHDI yCJIOBHEM

(JX, JY)=(X,Y), X,Y € R(M*™).

Bnecn V(M?") — monynab raagkux (kiaacca C™ ) BEKTOPHBIX Tosiell Ha MHOrooGpasmm M2 .
Muoroobpasue ¢ puKCcupoOBaHHOM HA HEM IIOYTH SPMUTOBOI CTPYKTYPOIl HA3BIBAETCS OYTH IP-
muToBbiM (AH-) muoroo6pasuem. C kaxnoit AH-crpykrypoit {J, g = (-, -)} Ha mHOrooGpasnu
M?" ¢cBst3anO0 1101 JIBAZK bl KOBAPHAHTHOIO KOCOCHMMETPUYECKOro TeH30pa (To ecTh 2-hopMbi ),
Ha3bIBaeMoro (hbyHIaMeHTaJbHONH (POPMOIT CTPYKTYPHI U ONPeIeIsIeMOTO PABEHCTBOM

F(X,Y)=(X, JY), X,Y € X(M*").
[Tourn spmuToBO MHOrOOOpasue Ha3biBaeTCss (Go-MHOrOOOPA3UEM, €C/IU BBIIIOJTHSICTCS CJIeIy-
fomee ycosue [1]:

G AVx () (Y,2) = Vx (F) (JY, Z) = 0} = 0,

rie V — pUMaHOBa CBSI3HOCTH MeTpuku g = (-, -). B [2| mokazamno, aro mannoe yciobue I'pesi-
XepBe/LIsl paBHOCHILHO TAKOMY YCJIOBHIO, KOTOPOMY JIOJZKHBI yIOBJIETBOPATL CTPYKTYPHBIE
TeH30psl Kupnuenko AH-CTpyKTypHI:

Babc -+ Bbca -+ Bcab = 0, Babc + Bbca + Bcab =0

B jokiaze npeanonaraeTcs MmpejacTaBUTh 0030p OCHOBHBIX Pe3Y/IbTaTOB, MOJYYEHHBIX DU
UCCJICJIOBAHUU IIOYTH SPMHUTOBBIX MHOTooOpasuil Kiacca (9: oT cTraTbhbu XepBe/ibl U Buja-
as1 |3], e BmepBble BOSHHUKJIO TOHATHE Takoro Bujga AH-mHOrooGpasus, 10 HOBOH paboThI
H.A. Taypuesoit [4]. OTmeTnM, 9T0 HpakTHUECKH BO BeeX paboTax 0 (Go-MHOTOOOPA3UsIX Pac-
CMaTpHUBAIOTCsT MHOroobpasusi pazmepuoctu 6 (kpome [4] sro, nanpumep, [5], |6] u ap.). B
OCTAJIBHBIX 2Ke padoTax aBTOPbI UMeT jeja ¢ (Go-MHOrooOpa3usiMiu IIPOU3BOJILHON pasmep-
HOCTH 2n. 3aech Henm30€:KHO BO3HHUKAIOT ajI03MN C TaK Ha3biBaeMoil «3amadeii ['pess: erme
50 JieT Ha3aJ STOT BHIJAIOIHIACS aMePUKAHCKHUIT crieruaancT obparns BuuManue [7] Ha To, 94To
He M3BECTHO HU OJHOTO IpUMepa cOOCTBEHHOTO 6-MEPHOTo HOYTH KeJIepoBa MHOr000Opasust (M/Iu

Wa-MHOrO06pasusi, eciu cjiegoBarh Tepmunoaoruu [1]). OH OpeanoIoKuI, 9T0 OTIHIHAST OT
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KeJIEPOBOY MOYTH KeJlepOBa CTPYKTYpa He MOKeT OBITh peaJn30BaHa Ha 6-MepHOM MHOTO00-
pasuu. C Tex mop, OJTHAKO, HUKTO He CMOT 3TO JI0Ka3aTh. Brupodewm, runoresa ['pes He Oblia
U ONMPOBEPTHYTA, TAK KaK HUKOMY He yIAJI0Ch NPUBECTH MpuMep 6-MepHOTo cobecTBerHHOro Wah-
MHOIroobpa3usi.

Bompoc, koTopslit MBI cTaBUM B KOHITE, TAKOB: CYIIECTBYeT Jin cOOCTBeHHAA (Go-CTPYKTypa Ha

MHOT000pa3usIX PasMepHOCTH, OTJIHIHON OT IeCTH?!

1]
2]
3]
4]
[5]
[6]
7]
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PEOYKIINA TEH30PA A®O®UMHHOI KPUBU3HEI
HA ITIOAMHOTI'OOBPA3NN T'VIAAKOI'O MHOI'OOBPA3UA

KCEHUA BAIITAIIIMTHA

Paccemorpum n-mephoe 1j1a/ikoe 1oJIOHOMHOe MHOTooOOpasue V,, CO CIPYKTYPHbIMHU yPaBHEHU-
AMU

(1) dw' =w/ Nl (1T, K =T,n), dol =0 Awk + 0 Ay, (w[]JK] =0).

Uccaepyem cBsi3HoCTh B paccjoenuu perepos 1-ro nopsijka L(V,) co crpykrypHbIMU ypaBHe-
Husivu (1), THIIOBBIM CJI0€M KOTOPOTO CJIy2KUT JinHeiiHas rpynua L,z = GL(n), nefictByiomnas
B KacareabHOM mpoctpancTse 1), kK mHOroobpasuw V,, B ¢puxkcupoBanuoii Touke . Addunnyio
CBSI3HOCTH B ryaBHOM paccioenun L(V,,) samamum crnocobom Jlanresa-Jlymucre ¢ mOMOIIBHIO

dbopm
I I I L M I M |, M I I ~q.
WJ = wJ FJKW , Al twig = Dpepw™, AFJKL JMWKL—F kWit y gy twik, = 0;

B CMJIy cuMMeTpun (hopm wJK €CTEeCTBEHHO TPeJNoIaraTb, 4To (OyHKIUN F]K VAOBJIETBOPAIOT
YCJIOBUIO F[JK] = 0. CrpykrypHbIle YypaBHEHUsT (GOPM CBI3HOCTH UMEIOT BU/IL

dw’ = w! ANGY, dh = OF ANDk + RY i 0™ Awh R{,KL:Fg[KL]—FJM[KI‘&L],

npudeMm o0obekT R adduHHONE KPUBU3HDBI SABJIACTCA TEH30POM.

[Toaxmuoroobpazue V,, mHoroobpasusi V,, IpeJIcTaBUM KakK m-lapaMeTpuiecKoe ceMeicTBo,
OIMCAHHOE TOYKOH MHOrooopasust V,. [IpousBesém HacTHUIHYI0 KaAHOHH3AIMIO IMOIBUXKHOTO
penepa {e;,eq} (4,7, k = 1,m; a,b,c = m + 1,n) xacaresbuoro upocrpaucrsa 1), nomeras
BEKTOPDI €; B KacaTebHOE MOIPOCTPaHcTBO 1),. Torna ypaBuenusd momuoroodbpasus V,, Oyayr
HMeTb BUI:

(2) 07 =0, 0% = Alwd AAL + 05 = A%wF AL = 0, A% = 0,A% = 0(8 = wly,,).

Bagaaum QyHIAMEHTATBHO-TPYIIIOBYIO CBA3HOCTH B IyiaBHOM paccioenun G(V,,), acconuu-
POBAHHOM C IOAMHOTO0Opa3uem V,,, ¢ moMOIIbo GpopM

Qi = 00 — 1wk, QF = 6 — T, Q= 61 — T w,

rne dbynxunn 1%, T2, sz VIOBIETBOPSIOT AupdepeHInaaIbHbIM YpaBHEHISIM

Jk

AL+ A% 0L+ 0%, = T 0!, AT — ALOL+ 05 = T, .w’, AL, — 11,08 + 1126, + 07, = 11, 0",

CTpyKTypHBIe YpaBHeHHS (DOPM CBI3HOCTH UMEIOT BH/I

dQZ Qk/\QZ—l—Klklw AWl dQE = QEAQT+ bijW AW A = QJAQ’+QbAQZ+KZ]kw]Aw

R 7 a
e KOMIOHEHTHl 00bekTa KpuBu3ubl K = { K o i K } BeIpazKaroTcs 1m0 HopMysIaM

ajk

Ky = H;‘[kl] - H;fkmnl}a K(?ij = Z[ij] - Hg[iHZj]v ;jk = H;[jk] Ha[jHlk] IT; alj ku]

J

a
Conocrapias nuddepenrmanbubie ypasaenns o0bekTa A, (23) m nudpdepennmaIbHbIE ypaB-
HeHNS KOMIOHEHT ad@UHHOIN CBA3HOCTH |, COOTBETCTBYIONIUX ITOMY OOBEKTY, HOJOKIM

(3) L=ALT=T

75

Vin *

Taxum obpa3zoM, KOMIOHEHTHI F?j O6T>€KTa acppunnoit caznoctu [, orpannyennble Ha TO/I-
MHOroobpazuu V,,, oxBadeHbl B CJIydae JAHHOI'O HO,ZLMHOFOO6pa31/IH Vin- I3 (26) caemyer, 4ro

JIOJIZKHBI BBITIOJIHATHCA PaBEHCTBA f?[jk] + TZUA? i F A = 0.
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BoiBoa. Penykiusa tenszopa adpdunnoit kpususnsl R, 3agaBaemoii odbexkTom I, K TeH30pY

KpuBU3HBI K QyHIaMEHTAIBHO-TPYINOBO CBI3HOCTH, 3aaBaeMoit obbekToM 11, BosmoxkHa, ec-
. = i
v nonobbekT adbdurHoi cBs3HocTH ') = { i L

IT u BBIMOTHSIOTCST paBeHcTBa (3).

—a
ajs Lpi} OTOFKIIECTBIIEH € OOBHEKTOM CBA3HOCTH
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TEH30P KPYUYEHUS CBSA3HOCTU HEN®EJIbIA
MHOTI'OOBPA3UA T'PACCMAHA

OJIBT'A BEJIOBA

B mpoekTusHOM TipocTpaHcTBe P, paceMorpuM MuHOrootpasue I'pacemana Gr(m,n) [1], T.e.
MHOroo0pasue BCexX 11 — MEPHBIX IUIOCKocTel. [IpousBeseM ClenuaIn3anyuio TOIBUKHOTO pere-
pa {As, Ay} (a,... =0,m; «a,...=m+ 1,n), nomemas BepmuHb A, Ha 06pa3yIONMIYIO ILIOC-
KOCTh L. Basucubie dopmbl wd MuHOroobpasusi I'pacemana Gr(m,n) yaoBaeTBOPSIOT CTPYK-
TYPHBIM YPaBHEHUSIM

Dwi = wf A wgﬁb,

riae we 6 = 5%}5 5g‘w2. Haxonum BHemnune nudppepeHIuaibl oT mocaeanux (popm

Duwl = Wc,e AW + w) Awse,

rie woy = —0h05ws — 0§05

Han mHoroo6pasuem I'pacemana Gr(m,n) BO3HHKAET IJIABHOE DACCIOCHIE KACATEIbHBIX JIH-
neiinbrx pemrepos L(Gr(m,n)). Tumoseim cioem pacciaoenns L(Gr(m,n)) asasercs aunueiinas
rpynma L = GL((m + 1)(n — m)), dimL = (m + 1)*(n — m)?, aeficreyiomas B KacaTe/JbHOM
IPOCTPAHCTBE K MHOT0oOOpasuto Gr(m,n).

B rnasuom pacciaoennn L(Gr(m,n)) 3amaanm csasuocts Hefideapaa |2, 3|. Bemem moBbie
dopmbI
~ ab b
a5 = was — Tagwl

Pacemorpum jiuddepenipasibt 3rux hopm

Dagh = aJ5 AN + wl A (ATGE, + wihe) + Tl Tacdwl A wh.

Caa3uocThb B r1aBHOM pacciaoeranu L(Gr(m,n)) 3a1aeTcs ¢ TOMOMIBIO MO 00HEKTa CBI3HOCTH

I' = {95 } na 6ase Gr(m,n) ypaBaenusvu

abe abc _ 1abed
Araﬁv Wapy = Faﬁwwd’

rJie TeH30pHBIH quddepeHnuaabHbi omepaTop A meifcTByeT CIeIYIONIM 00pa3oM:

abe __ abe abd ade pbe o abe abe abe
Araﬁv - draﬂv Faﬁ’y Faﬁv Faﬁv M Faﬁu Fa/w de’v a:

[lToacTaBisiss B cTpYKTypHbIE YpaBHeHHUs Oa3uCcHBIX (hopM MHOroobpasus ['paccmana (popMbl
CBSI3HOCTH W, IPUXOANM K CJIEAYIOUIUM yPABHEHHUSIM

Dw® = Wi A Nab+5’3§fy Aw],

171 KOMIIOHEHTHl 00beKTa KpydeHus S BbIPAZKAIOTCS 110 (hopMyiam

Sk =Tals).

afy —

3/1ech KBaJpaTHble CKOOKH 03HAYAIOT aJbTePHUPOBAHNE TT0 KPAHUM mapaM WHIEKCOB.
YuurbiBas jpuddepeniuaibable CpaBHEHU KOMIIOHEHT 00beKTa ', IPUX0 UM K Cjie/yIonum
CPaBHEHUSAM I10 MOJYIIO 6a3UCHBIX HopM

Asabc =0
Taxum 06pa3oM, cIpaBeInBa CJIEAYIOIIA

Teopema. Ob6bekt kKpydenust S wHxynupoBaHHOH cBsi3HOoCcTH Hefigpesnma mMuaOrOOOpa3mst
I'paccmana siBisieTcst TEH30POM.
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BBIBO/I, YPABHEHIIY ®EHOMEHOJIOTMYECKOI CUMMETPUI OJId
HEKOTOPBIX TPEXMEPHBIX I'EOMETPUU

PAJIA BOTJTAHOBA, TEHHA JTNIT MUXATIJIMYEHKO

TpexMepHbIe TeOMETPHH 33JIAI0TCs Ha TPeXMepHOM MHOroobpasuu 91 MeTpudeckoi (aByxX-
roueunoii) dbynknueii f : M x M — R, comocrapisgiomneii mape Touek (ij) € M x M neii-
crurenbHoe uncao f(ij) € R (em. [1], §4). HeBbipoxkaenuocts Merpudeckoii dbynknun [ B ee
JIOKAJIbHOM KOODJMHATHOM I1DE/ICTABICHUH

f(zj> :f(xzuylaz’mxjuyjuzj) (1)
3allUCbIBa€TCAd B BHJAEC CIACAYIOINUX IBYX HEPAaBEHCTB:

A(f(ik), f(il), f(im)) o(f(kj), f(13), f(myj))
(i, i, %) (x5, Y5, 2j)

# 0, #0 (2)
ns wiotHerx M MHOKecTB WerBepok Touek (tklm) u (klmj). Beimoanenne akcuoMm oObIMHOM
METPUKH B OTHOIICHUN (hYHKIUK [ He TPeJIIoJaraeTcs, oIToMy ee 3Hadenue f(ij) s mapsl
(1j) B ODOIIEM ciiydae HE SBJISETCS PACCTOSHUEM MEXKIy TOIKamu i u j. DeHoMeHOIornaecKast
cummerpust (PC) paunra 5 TpexmepHoil reomerpuu, 3ajaBaeMoil Merpudeckoit dyuknueit (1),
BBIDAKACTCS Y PABHCHUEM

O(f(ig), f(ik), fGl), f(im), f(5k), f(51), f(Gm), f(KL), f(km), f(Im)) = 0, (3)

CHPaBeIMBLIM JIJ1s OTKPBITOTO U IIOTHOTO B I)° MHOZKeCTBa NATEpoK Touek (1jkIm). 3ameTum,
aro B owimane ot Baomentasns [2], Bun dyukinun ¢ B neBoit yactu ypauenus (3) 3apamee He
sazercs. [Ipejmonaraercs ToabKO, 4TO Takasi byHKIuUs cyimectByer. B padore [3| ycranosieno,
gro @C panra 5 TpexMepHOHl reoMeTpur KBUBAJEHTHA €€ IPYIIOBOH CHMMETPHH CTerneHu 6.
Cnenyer ormMeruTb, 910 TpexmepHbie PC-reoMeTpun SBISIOTCS T€OMETPUSIMA MAaKCUMAJILHON
IIOABUZKHOCTH.

[Hestbio tannoit paboThI ABJISETCS BHIBOJ SBHOT'O BU/IA YPaBHEHUs (PDEHOMEHOJIOTMIECKON CUM-
MEeTPUH JJIs 0COOOr0 TPEXMEPHOIO PACIINPEHHs IIIOCKOCTH EBKINIA, CHMILIIHATBHBIX IIPO-
crpancTs I, II THIOB W CHMILIEKTHYECKOTO MPOCTPAHCTBA, MeTpUIecKre (GYHKIMA KOTOPHIX B
HAJ[TeXKAIIM 00pa30M BBLIODAHHOI CHCTEME JIOKATBHBIX KOODIMHAT MMEIOT CJIeIYIONHi BUJL
(M. patorsr [1],[4]):

Flig) =[x — 2;)* + (yi — y)?] exp 2(2 + 2)); (4)
fig) = gliiz + 2 + zj; (5)
flij) = 4 =¥ . L (6)

3
Tr; — l’j ZZ'Zj

KOTOPOE IKBUBAJIEHTHO KAHOHMYECKOH (popme

.. Yi — Vi /
f(ig) P exp(z; + z;) (6')
fij) = Ty — Ty + 2 — 24, (7)

rae (z;,y;) u (j,y;) — KOODAHHATHL TOUEK § U j.
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38 PAJTA BOTTAHOBA, TEHHA NI MUXAJIMYEHKO

Teopema 1. YpapHenueM, BoIpakaiomiuM (PeHOMEHOJIOTHIECKYIO CHMMETPHIO 0CO60ro Tpex-
MEpHOTO pacHIHpeHHs IJIOCKocTH EBKImIa, 3amaBaeMoro Ha TpeXMepHOM MHOTOOOpa3HH MeT-
puveckoii ¢pyuknueii (4), sapisercss ypaBHeHHE BHJIA:

0 fQg) fGk)  f)  f(im)
fag) 0 fGk) FGD - f(Gm)
fGk) fGk) 0 f(kD) ff((/;fm)) =0

fal) fGh) - fkl) 0
fam)  f(Gm)  f(km) f(m) 0O

Teopema 2. VpaBHeHwneM, BbIParKaroIuM (PeHOMEHOJIOTHIECKYI0 CHMMETPHIO CAMILIHITHAIb-
HOro mpocrpaHcTrBa I Tuia, 3ajaBaeMoro Ha TPEXMEPHOM MHOIOOODa3HH METPHYIECKOH (hyHK-
mueii (5), sABasgercs ypapoenune BHJA:

S(jk) R(ik) f(ij) x R(jF)R(il) f(ij)  R(ig) f(il) x Rl R(km)f(im) | _
R(ik)f(ig) x R(jk)R(im) f(i7)  R(ij)f(im) x R(im)R(KL) f(il) ’

(k
e R(ij) = 1 — w(ij) — omeparop amprepunpoBanns,S(ij) = 1+ w(ij) — omepaTop cuMmer-
pu3aIum, B KOTOpbix m(ij) — oneparop mepecTaHoBKH.
Teopema 3. VpaprernmeM, BbIPAKAIOIIM (DEHOMEHOJIOTTIECKY 0 CAMMETPHIO CHAMILIHI[AATb-
Horo npocrpancrsa Il Tuma, 3ajaBaeMoOro Ha TPeXMEPHOM MHOTOOODAa3HH METPHICCKONH (PyHK-
mueii (6), siBjIsieTcst ypaBHEHIe BHJIA:

FQg) f(km) f (Im) + f (KD f (im) f(Gm) - f (i) f (K1)
FQR)f(Gm) f(Im) + f (1) f(im) f(km) [ (ik) f(j1
FGR)f(m) f(Im) + f@l) f (Gm) f(km) - f(Gk) (il

Teopema 4. VpasHenueMm, BrIpaKarouM (peHOMEHOJIOTHIECK Y0 CAMMETPHIO CHMILIeK THIe-
CKOI'O MPOCTPAHCTBA, 33JIaBAEMOT0 Ha TPeXMEPHOM MHOroobpasnn Merpudeckoii ¢pyrkimueii (7),
sBJIsieTcs ypasHenne (8) wid SKBHBaJeHTHOe eMy ypapaenne (8):

F@g)(f (kL) = f(km) + f(Im)) = f@k)(f(51) — fFGm) + f(Im)) + fil)(f(Gk)—
—f(Gm) + f(km)) = f(im)(f(GK) = F(G1) + F(RD) + f(GR) f(Im)—

1
1]1=0.
1

— —

— (U F(km) + f(kD) f(jm) =0, (8)
0 1 1 1 1 1
-1 0 fag) - flk) o f@) o flim)
—1 = f(k)  —f(jk) 0 FKL) [ (km) ’
—L—=f(l)  —=fGh  —f(kD) 0 f(im)
=1 —f(im) —f(jm) —f(km) —f{m) 0
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OB OJIHOM IIPUMEPE IIOYTU KOHTAKTHOI'O MHOTI'OOBPA3UA
KDJIEPA-SMHIIITENMHA

AN BYKYHIIEBA

[louTr KOHTAKTHOE METPUIECKOE IIPOCTPAHCTBO (), 5, 1,9, M, D) Ha3bIBAETCS TOYTH KOHTAKT-
HBIM K3/1€POBBIM IPOCTPAHCTBOM [1], ecsin Beimosustiorcst yeaosus d§) = 0, N, +2(dno ) ®¢ B
pabote [2| 6bLI0 OKA3AHO, YTO MOYTH KOHTAKTHASI K3JIEPOBA CTPYKTYPa MOKET GbITh Olpejie-
JIEHa, €CTeCTBEHHBIM 00pa30M Ha pacIpejie/IeHuN Hy/IeBOI KPUBU3HBI CACAKHEBA MHOTO00pA3H.
Hazosem muOTOOOpa3ne M modrn KOHTAKTHBIM MPOCTPAHCTBOM Kaepa-DiiHmiTelina, ecaim oT-
HOCUTEJIPHO TOYTH KOHTAKTHON K3JIEPOBOU CTPYKTYPBI MHOrooOpasue M aBisgercsa MHOrooOpa-
3ueM DUHIITeHHA.

Omnpenennm Ha pactpefeaeHnn [ MOYTH KOHTAKTHOTO METPUYECKOTO MHOTOOOpa3us KaK Ha
[JIaJIKOM MHOTOOOPAa3UH MOYTH KOHTAKTHYIO METPUYECKYIO CTPYKTYPY ([7, J U, A = nom,, G, D),
nosarast G(,,8,) = G(Opiya, Grip) = Gabs G(€,, Ontp) = G(E,, 1) = G(U, Opyp) = 0, G(W, 1) = 1,
J(ga) = an—l—aa J(an+a) = _5117 ‘](ﬁ) = 0.

Nmeer mecTo

Teopema. Ilycre M — muOroobpasmue Cacaku-itamreiina [3]. Torma pacnpenenenne D c¢
HOYTH KOHTAKTHOH METPHYECKOH CTPYKTYPOH (f), J, U, A\ =nom, G,D) sBasgercs noIrn KOH-
TaKTHBIM MpOcTpaHcTBoM Kamepa-Diiaireitna, eciim renzop Cxoyrena [2]

R(Z,9)7 = ViVyZ — ViVeZ — Vpiz g — PlQ[Z, ], Z]

obpaliaercsi B Hy.JIb.
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OYHKIINNM C HYJIEBBIM CPEPNYECKNIMUNU CPEAHVIMI HA
ABYXTOYEYHO-OJAHOPOJHBIX ITPOCTPAHCTBAX

BAJIEPUIT BOJIYKOB, BUTAJINN BOJTYKOB

Uccnenyerca npobsiema onucanus HeHyJAeBbIX (DYHKIUNA, UMEIONUX HYJeBble UHTEI'PAJIbl 110
BceM cdepaM ¢ IMEHTPaMH Ha 33 [aHHOM MHOXKECTBE B JIBYXTOYEIHO-OJHOPOJIHOM IIPOCTPAH-
crBe X. JIJist COOTBETCTBYIOIIEr0 HHTErPAIbHOTO TpeobpasoBanns (npeobpasosanue Pasona Ha
cdepax) HallJeHO onuCcaHUue AApa, MOJIYIEHB TOYHAS TeopeMa €TMHCTBEHHOCTH ¥ JIOKAJbHAS
TeopeMa O JBYX PaIuyCcax.

OTHOCUTEJIBHO BCEX HCIOJb3YeMbIX HUKe obosHauenuii cM. [1]. dus dukcuposanubix 0 <
R < diam X u r € (0, R) nosioxum

V,(Br) = {f € L(Bg): f x xit|g, =0 VYte(0,R-r)},
rae x; — WHAWUKATOp Imapa B;. HyCTb
Nian(r) = {1 > 0: &Y™(Q(r)) = 0}.
OcHOBHBIE CBejieHUsT 0 HYJAIX A (DyHKIUNA CID/\’ (Q(r)) mpusomgarcs B [1]. Ormerum, uTo s
mobpix 7 € (0,diam X), k € Z;, 0 <m < Mx (k) MuOKecTBO Ny (1) ABASLETCS CICTHBIM H

He UMeeT KOHEYHBIX IPeJesIbHBIX TOUCK.
Teopema 1. Ilycrs f € L"°¢(Bpg). Toraa mis toro, urobsl f € V,(Bg), Heobxomumo H

Joctarodno, 4robbl st godbix k> 0,0 < m < Mx(k) u j € {1, e ,d;’m} HMEJIH MEeCTO
DAaBEHCTBA
C j ka ) j
(1) fk7m7j — Z Ceom,j q))\mj7
/\ENk’m(T)

-1

k,m,j 2 ,m,j akmago
vtons = | [ 1@ due) | [ 1m0 @) dta),
B Br
rie psa (1) exonnrest B mpocrpancrse pacupegenennii D' (Bg) u

Cakmy = O(NT ) ipn X — 4o0.

OHUM U3 NPUIOKEHHHA TeopeMbl 1 SIBISeTCH CIEIYIONasd TeOPeMa e IHHCTBEHHOCTH.

Teopema 2. Ilycts 0 < r < R < diam X, f € L'°(By,_g r) H BBUIOJHEHBI CICIYIONIHE
VCJIOBHSL:

1) /=08 B2rfR,r;

2) [ fdw=0 mpuBcex x € S, umourn Beex t € (0, R — ).

Si(z)
TOF,Z[& f =0 B BQT_R’R.
Omnpemenum mMuOKecTBO N (71,73) PABEHCTBOM

oo Mx (k)

7’1,7“2 U U Nkm 7"1 mem(TQ))

k=0 m=0
Teopema 3. Ilycrs max {ry,rs} < R < diam X. Torza:
(i) ectm R =1y + 19, N(ri,re) =@ u f €V, (Br) NV, (Bg), 10 f =0;
(ii) ectm R < 11 + 19, TO cymiecTByer HeHyseBas beckonedHO Juchgepentupyemas Ha Bp

¢yuknust f €V, (Bg) N V,,(Br).
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OYHKINN C HYJIEBBEIMII COEPUYECKNMI CPEIHNMUI 41

(iii) ectm N(ri,r3) # &, TO cyniecrByer HEHyJeBasl BelIeCTBEHHO-aHAJTUTHYECKas B Bp
¢yuknns f € V., (Br) N V,,(Br).
OTHOCHTEJIBHO APYIUX PE3YJILTATOB, CBSI3aHHbIX ¢ IpeobpasoBanueM PajoHa Ha JIBYXTOYEYHO-
OIHOPOAHBIX MPOCTPAHCTBAX M. [2]-[4] 1 umerontyiocs tam 6ubarorpadmio.
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ITPOEKTUBHBDBIE ITPEOBPASOBAHNYA HEKOTOPBIX KJIACCOB
ITIO4YTN KOHTAKTHBIX METPUYECKUX CTPYKTVYP

CEPI'EIl TAJIAEB

[Iycte M — riajgkoe MHOroobpasume HedeTHOU pasmepuoctu n = 2m + 1, m > 1. By-
JIeM TOBOPHUTDB, UTO 3aJIaHHbIe HA MHOrooOpasuu M MOYTH KOHTAKTHBIE METPUYECKHE CTPYK-
TYpHbI (M,g,n,go,g,D), (M,g,n,gb,g,D) HAXOJATCS B HPOEKTUBHOM COOTBETCTBUH (CBSI3AHBI
reoJIe3NIecKiM TPeodpPa30BaHueM), ecii OHH HMeT obime reofesudeckue. [lycrhb fgv, By
(o, B,7v = 1,...,n;a,b,c = n — 1) — roaddunuentsr cpsizHocru Jleu-Hupnra MeTpHaecKux
TEH30POB § W ¢, 3aJlaHHbIe B aJalTHPOBAHHON crucreme kKoopauHat [1]. Xopormo usBecTHo, 4T0
JIg KO3 DUIMUEHTOB HAXOAANUXCA B IPOEKTUBHOM COOTBETCTBUU CBA3HOCTEH BBIIOJIHSIIOTCS
CJIEJLYIOIIME COOTHOIIECHMS: f‘g,y =TI', + 05py + 05ps, vie p. — nexkoropwiit Koekrop. Co Bes-
KO TTOYTH KOHTAKTHOW METPHYECKOH CTPYKTYPOl acCOMUUPYETCs BHYTPEHHSIST CBS3HOCTD, KO-
s uimenTs KOTOPOil B aJanTHPOBAHHON CHCTEMe KOOP/JMHAT HMMEIOT CJeAyIONIHil BUT [1]:

o = %gad(ébgcd + €eGbd — €qgbc)- IIpH 3TOM JAOTMYCTHMBIE TEOIE3NUECKIE ONPEIESIOTCA yPaBHe-

d?z® a dab dz® __ da™ __ n dx®
muavn S + 15 - = 0, 9= = —I'7%-. Vssectno [2], 4To mouTH KOHTAKTHBIE CTPYKTYDbI

(M, &,n,0,9,D), (M,&,n,¢,7, D) umeror obiue TONyCTHMbIE De0Je3HYeCKHe TOIIA U TOJBKO
TOI/1a, KOTJa BBIIOTHAIOTCS paBeHcTBa: 'y, = 't + 08 q. +0%qp, TA€ g. — JOLMYCTHMBIN KOBEKTOP.

Teopema 1. [1] Kosppunmenrsr cesizaocrn Jlepu-QuBurta mouTn KOHTAKTHOTO METPHIECKOTO
1 _ad

HIpOCTPaHCTBA B aJalTHPOBAHHBIX KoopAuHaTax uMmeroT sua: 'y, = 5g (€pGed + €cGod — €aGbe)s
n o __ b _1b _ b b n _ o __
Fab = Wha — Cab7 Fan - Fna - Ca — Pas Fna — an =0.
st K-KOHTAKTHBIX MeTPHUIECKHX MHOT00Opasuii [1| Beipazkenust 1jist KOIDDUIMEHTOB CBSA3-
. . Tae _ 1 _ad(z = > n __
nocru Jlepn-Hupura umeror Gosee mpocroit ug: Iy, = 5g (€bged + €cGbd — €agbe), Iy = Whas
b _1b _ b n _ 7o __
Fan - Fna = —Ya> Fna - an =0.
Teopema 2. Eciin K-koHTakTHBIE MeTprdeckue ctpyKTypol (M, &, n, ¢, g, D), (M,&,n, $, g, D)
HAaXOJATCSI B IPOCKTHBHOM COOTBETCTBHH, TO OHH HMEIOT OOIIHE JOIYCTHMBIC I'€OdC3HICCKHE.

CIINCOK JINTEPATYPHI

[1] C.Tanaes, Buympennsan 2e0mempus MEMPUIECKUT NOUMU KOHMAKMHLE MH02000pasud [/ 3. Capar. yn-
ta. Hos. cep. Cep. Maremaruka. Mexanuka. Mudopmaruka, 12:1, 16-22 (2012).

[2] B.Baruep, I'eomempua (n — 1)-mepHozo 1e2040HOMHO20 MHO2000pA3UA 8 N—MepHom npocmpancmee [/ M.:
U3sn-Bo Mock. yu-ta, 1941, 5, 173-255 (1941).

CAPATOBCKUM HAIIMOHAJIbHBIN UCCJIELJOBATE/ILCKUN T'OCYIAPCTBEHHbBINT YHUBEPCUTET UMEHU H.T.

YEPHBIIIIEBCKOTO, ¥JI. ACTPAXAHCKAS, 83, CAPATOB, 410012, Poccus
E-mail address: sgalaevlmail.ru

42



TP MUHUMAJIBHBIX TPUAHI'VJIALINN KBATEPHUOHHOII
ITPOEKTVBHOU IIJIOCKOCTU

JEHNC T'OPOJIKOB

3ajada 0 HAXO0XKJIECHUH MUHUMAJIBHBIX 10 KOJHYECTBY BEPIIUH TPHAHTYJISIUNA MHOrooOpa-
3us — KJaccHUecKas 3ajada KoMOnHaTopHO#l Tomooruu. [loa Tpuanryndgmnueii Mbl Beeraa mo/I-
pa3yMeBaeM CUMILIMIUAIBHYIO TPUAHTYJIAIUIO. KoMOuHamopHvim MH02000pa3uem HA3HIBALTCs
CUMILIAIMAJABHBIA KOMILJIEKC, TAKOH 4TO JUHK KazKAO0W €ro BePIIUHbI KyCOYHO JUHEHHO TOMEO-
MopdeH rpaHule cuMiLiekca. Kcean Tpuanryagaiuss MEHOrooOpa3ns UMeeT MaJio BEePIIUH, TO 9TO
HaKJ/aJbIBAET Ha MHOrooOpasmue orpaHuvYeHnsa. B 9acTHOCTH, UMeeTCs CJIeyIONni pe3y/abTaT:

Teopema. (Bpem, Kioneus, [1|) Ilycte M™ — KomMbuHATOPHOE MHOTOOODA3He ¢ M. BEPITHHAMH.
Torma ecm m < [3n/2] + 3, o M™ Kycouno JmmHeiiHO romeoMopghHO cepe, a ecmm m =
3n/2 4+ 3, To M™ moxker OBITH He KYCOTHO JIHHEHHO rOMeoMOppHO chepe, TOIBKO eI n =
2,4, 8 u, BosmozxkHO, 16. B aTtoMm ciayuae M™ siBiasercs maHOroobpasmem Mica—Kioiinepa, To ecTp
Jomnyckaer ¢yukmaro Mopca ¢ TpeMst KpHTHYIECKHME TOYKAMH B CMBICJIe CTaThi |2|.

B rnagkom ciydae dactHblil npumep muoroodopasus ica—Kioiiepa — MpoeKTUBHBIE TLIOC-
KocTH. Eciu HAlIeTCss TPHAHDYJISIIINSA COOTBETCTBYIONIEH IPOEKTUBHOM II0CKOCTH B 3n/2 + 3
BEPIIHHBI, TO OHA ABTOMATHYECKH ABJIAETCI MUHHUMAJILHOMN 110 KOJMYECTBY BEPIIHH.

B pasmepnoctax n = 2 u n = 4 Takue KOMOMHATOPHBIE MHOI'000OPA3Usd € TMHCTBEHHDBI U SIBJISI-
I0TCAd MUHUMAJIbHBIMU TPUAHTYIANUAMEA BEIIECTBEHHON M KOMILIEKCHOM MPOEKTUBHBIX ILIOCKO-
creit coorBercTBeHHO. B pasMepnoctu n = 8 Bpem u Kiounens [3] namuiu 3 npumepa KoMOuHA-

TOPHBIX MHOTOOGPaswit ¢ 15 Bepmmaamu My, M S m M 8., KOTOpbIE ABAAIOTCA MHOTOOODA3ZHSIME
Nnca—Kioiinepa u Kyco4HO JIUHEHHO ToMeOMOPdHBI JApyT Apyry. OaHaKo UM He yIaJI0Ch J0Ka-
3aTb, YTO 9TH MHOrooOpa3us KYCOUHO JIUHEHHO roMeoMOp(HBI KBATEPHUOHHONR HPOEKTHUBHOM
mwiockocT HP?.

Mmuoroobpasust ica—Kioiinepa KinaccuduIupyoTca cBouMu YuciaaMu [lonTpsaruna ¢ ToaHo-
CTBIO JI0 KYCOYHO JmHeiiHOro romeomopdusma |2|. Hamr ocHOBHOI pesy/brar coCcTOuT B IO/
cuere guces [lonrpsruna npumepoB Bpema u Kronesst mocpeicTBoM peain3aliinu aJropuTMa
Taitdynauna 4] moxcuera nepsoro kiaacca [ToHTpsirnHa KOMOHHATOPHOTO MHOTOOODA3HSI.

Teopema. Ilepprrii kiaacc IloaTpsiruna pl(MfE)) paBeH 2u, 17ie u — OJJHa U3 JABYX HOPOKIAF0-

mux rpymsl HA(MY 7)) 2 7.

—~

Orciona ciejyer, uro muoroobpasus M, M$. u M. kycouno juneiino romeomopdub HP?
" ABJIAIOTCA MUHUMAJbHBIMU TPUAHTYJIATNAMA HP2
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IMPEJCTABJIEHIN A I'PVIIII BUPTYAJIbBHBIX KOC 1 NTHBAPVAHTDBI
BUPTVYAJIBHBIX 3ALEIIJIEHUU
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(1, 42)-KBABVUMETPUYECKUE ITPOCTPAHCTBA " X OBOBIITEHN I

AJIEKCAH/IP I'PEIIIHOB

CTh 3a/IaHbI ITOJIOZKUTEJIBbHBIEC YUNCJIA N MHOZKECTBO . HKIINA .

[Ty ot 1, 42 X. ®ynkn x 1 X x X — R,
YOBJIETBOPSIIOIIAsT AKCHOME TOXKIECTBA, Ha3bIBACTCS ((1, Go)—K6a3UMEMPUKOT, €CTH BBITIOIHS-
ercs (g1, g2)-0600wentoe HEPABENCTNEO TPEY20LLHUKA

(1) px(z,2) < qpx(z,y) + @px(y,z) Vz,y,z € X.

[Tapa (X, px) HazsiBaercs (qi, g2)-k6asumempuseckum npocmparcmeom. Ecmu (g, g2 )-KBasu-
METPHKA, px YAOBICTBOPLAET /I 3aJaHHOIO ¢o > 0 JOIOIHUTEILHOMY yCIOBHIO

(2) px(2,y) < @px(y,z) Yo,y € X (g0 — cummempus),

TO Gy/IeM Ha3bIBATh ee go-cummempuyeckol, a napy (X, px) — qo-cummempuueckum (qi,qa)—
Kk6azumempuseckum npocmparcmeom. Ecin qo = 1, 1o napy (X, px) OymeM Ha3bIBATH CUM-
mempuyeckum (qi, gz)-K6azumempuyeckum npocmpancmeom. Eemn ¢ = ¢o = 1, T0 px — KBa-
3uMeTpuKa, a (X, px) — KBA3UMETPHIECKOE MPOCTPAHCTBO, €CJIH Ke (o = ¢1 = G = 1, TO px —
merpuka, a (X, px) — 970 00bIYHOE METPUUECKOE LPOCTPAHCTBO.

Konnenmust (q1, ¢2)-KBa3uMeTpuIecKuX MPOCTPAHCTB Oblja BBejeHa B pabore [1| B cBs3M ¢
pPa3BUTHEM TEOPUH TOUYEK COBIAIEHUS JABYX 0TOOpAYKEHU, YIOBJIETBOPSAIONINX TPEIIOI0KEHUIO
0 TOM, YTO OJHO W3 ITHX OTOOpPAYKEHWl SABJIAETCA HAKPBIBAIOIINM, & JPYTOe YIOBIETBOPIET
ycsoBuio JInmmmna.

Tomosorust (qy, ¢2)-KBA3UMETPHYECKUX TPOCTPAHCTB MOZKET OBITh YCTPOEHA BECbMa HEITPOCTO.
B HenasHeit pabore 2| 6buin n3ydeHbl TOMOJOMHYECKHE CBOHCTBA Gostee OBIMUX f-KBa3UMETPHU-
YECKHUX ITPOCTPAHCTB.

Pacemorpum npoussoabyio dyrkmmio f: RY x RT — R rakyo, uro f(z,y) — 0 npu 22 +
y? — 0. Tlapa (X, d) nasbiBaercs f-K6a3UMEMPUHECKUM NPOCMPAHCME0oM, ecan dynKnus d
X x X — RT yroBrersopger akCuoMe TOXKAECTBA U CJAeAYIOIeMY f-HepaBeHCTBY TPeyroJbLHIKA
d(z,z) < f(d(z,y),d(y, z)). N3ydenune f-xpazumerpuk Bocxoaut K pabore M. @permre [3].

B HacTodmeM COO6m€HHH MBI pacCCKazKeM O HeJaBHUX JOCTU2KECHHAX B 3TOM HallpaBJICHHH.
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HE3AMKHYTBIE APXVMEJIOBBbI KOHYCbI

AJIEKCAHIP TYTMAH, AHATOJINI MATIHOXITH

[Toa KauroM Oy1eM IIOHUMATH HEILyCTOE BBIYKJIOE OAMHOKECTBO K BEKTOPHOIO IIPOCTPAH-
crBa (371€Ch W J1aee BCE BEKTOPHBIE MPOCTPAHCTBA MPEANOJIATAOTCS BEIIECTBEHHBIME), Y10~
srrerBopsioniee yeaosuio (Va > 0)(aK C K). Knun K OyneMm Ha3bIBATH KOHYCOM, €CJIH
KN (—K) = {0}. Kak xopormo u3BecTHO, B JI000M (MPe)ynopsTOI€HHOM BEKTOPHOM MPO-
crpanctse (X, <) muoxkectso {x € X : x > 0} apagerca kouycom (kaunoMm). Haobopot, eciun B
BEKTOPHOM mpocTpancTBe X (bUKCHPOBAH HEKOTODBIH KoHyC (KiauH) K, TO NOpsIoK <, Olpe-
JeJIEHHBIH TpaBUIOM & <k Y < y —x € K, npespamaer X B (Ipe/)yIopsiioueHHOE BEKTOPHOE
IPOCTPAHCTBO.

(ITpex)ynopsaouennoe BeKTOpHOE mpocTpancTBo (X, <) HA3BIBAIOT aPLUMEOOGHIM, ECIIU JJIs
mobbix snementoB x,y € X (y > 0) u3 ycaosua (Vn € N)(z < %y) craenyer, uro r < 0. Konyc
(kmuH) K B BEKTOPHOM IPOCTPAHCTBE X HA3BIBAIOT GPTUMEIO8HLM, €CITH APXAMEIOBO COOTBET-
cTByioree (TIpe)ynopsigodeHoe mpocTpatcTBo (X, < ). O6o01mast moHsITHe apXUMeI0Ba KJINHA,
HA30BEM [POU3BOJIBHOE BhIYKJI0€ MHOKECTBO C' C X aprumedosvim, €Cim Jijis JHIOObIX 3JIeMEeH-
108 2,y € X ycnosue (Vn € N)(z + +ty € C) sreuer © € C. Hecnoxuo nousits, aro s
KJIMHBEB 9TO ONPEJIEJIEHNe DABHOCUIBHO NPUBEJIEHHOMY BBIIIIE.

OcHoOBHBIE CBeJIeHUsT 00 APXUMENOBBIX KOHYCAX MOYKHO MOYeprnHyTh u3 [1].

Cuetyroree npe/iiozxkenne 6ojiee MOJHO PACKPBIBAET [OHATHE APXUMEI0Ba MHOKECTBA.

IIpenuioxxenne. Ilycts X — Bekroproe npocrpanctBo, C' C X — BBHIIYKJIO€ MHOXKECTEO.
Curesyroline yTBepKIeHHs SKBUBAJICHTHDI:

(a) C' apxuMeI0BO;

(b) mast mobuix x,y € X yeaosue (Fe > 0)(z+]0,¢]y C C) Bieuer z € C;

(c) muo)kecTBO X \ C' coBmagaer co cBoeii anreGpandeckoil BHYTPEHHOCTDIO;

(d) nepecedenne C' ¢ 060§t IPSAMOIT 3aMKHYTO;

(e) nepecedenue C' ¢ JOOBIM KOHEYHOMEPHBIM MOANPOCTPAHCTBOM X 3aMKHYTO.

OrmeTuM, 9TO BBIIYKJIOE MHOXKECTBO, CEKBEHITHAJHHO 3aMKHYTOE B KaKOWH-TH00 BEKTOPHOI
TOIIOJIOTUM, OYEBUAHO, ABJAETCA apXHUMEIOBbBIM. qTO6bI JaTh €1ie OAHO OIIHCaHNE IIOHATHA
APXUMEIOBA MHOXKECTBA, BBEJEM BCIOMOTATENIbHOE Ompeenenne. TOMmoMOrnIecKoe BEKTOPHOE
IIPOCTPAHCTBO Oy/IeM HA3BIBATDH CEKGEHUUAADHO MOMANLHBLM, CIN BCE TUHEHHbIe (DyHKITMOHA-
JIBI HA HEM CEKBEHIMAJbHO HENPEPHIBHEIL.

Jlemma. Ilycte X — cekBernmua/bHO TOTasibHOE mpocTparcrBo, C' C X — BBIIYKJI0€ MHO-
sKecrpo. Torga apxumenoBocts C 3KBHBaJICHTHA CeKBeHIIHabHOMH 3aMkHYyTOCTH C'.

[IpesncTaBisger nHTepec 3a/1a4a ONMUCAHUS KJIaCCa TOMOJOTHYeCKIX BEKTOPHBIX IIPOCTPAHCTB,
COJIepyKaIlUX He3aMKHYThle apXuMeJI0Bbl KOHYChl. Huke MpUBOJAATCSI OCHOBHBIE PE3YIbTATHI,
IOJIyYeHHbBIE HA MYTH K PEIIeHUI0 JTAHHON 3a/1a91, a TakkKe ee Bapuanuii (B GopMyImpoBke Bo-
IpOca KOHYCHI MOTYT OBITH 3aMeHEHbI Ha KJIMHbS, & OTCYTCTBHE 3aMKHYTOCTH — HA& OTCYTCTBUE
ceKBeHIMaIbHON 3aMKHyTOCTH). Cpady OTMETHM, 4TO B KOHEYHOMEDHBIX IPOCTPAHCTBAX BCE
apXMUMe/IOBbI KJIHHbsI (D0JIee TOro, BCe apXMMeI0BbI BBITYKJIble MHOXKECTBA) 3aMKHYTHI.

Kpurepuii cymiecTBoBanus apXuMeJIOBbIX KOHYCOB JIMOO KJIMHBEB, HE SBJISIONIMXCA CEKBEH-
NUAJIBHO 3aMKHYTBHIMH, y/Ia€TCs MOJIYYUTh CPABHUTEIBHO HECJIOXKHO.

JlemMa. Ilycte X — romosormieckoe BeKTOpHOE mpocTpancTBO. Cegayroine YCIOBU K-
BHUBAaJIECHTHDI:
(a) X cekBeHIMATHHO TOTAJBHO;

(b) mo6oit apxuMe10B KIUH B X CEKBEHITHATBHO 3aMKHYT;
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HE3AMKHYTBIE APXUMEJOBBL KOHYCEI 47

(¢) 060t apxuMe10B KOHYC B X CEKBEHI[HATBHO 3aMKHYT.

OcHoBHast 337242 peIeHa s MHPOKOTO KJIACCA TOMOJTOTTIECKUX BEKTOPHBIX MPOCTPAHCTB
HECYeTHOH pPa3MepHOCTH.

Teopema. ./I[1o6oe JTOKaJIbHO BBIIYKJIO€ HPOCTPAHCTBO HECYETHOH Da3MEPHOCTH COJIEPIKHT
He3aMKHYTHIH apXHMe 0B KOHYC.

JIsist TpoCTpaHCTB CYETHON pa3sMepHOCTH Ha JAHHBIH MOMEHT YJAJI0Ch IOJYYHTh JUIb KPU-
Tepuil CyImecTBOBAHUS HE3aMKHYTOT'O apXUMe 0Ba KJWHA.

Teopema. Tonosiorugeckoe BeKTOpHOE MPOCTPAHCTBO CIETHOH Pa3sMepHOCTH COJEPAKUT He3a-
MKHYTbBIH apXUMEJO0B KJUH TOIA8 U TOJbKO TOLJA, KOI/J& HA HEM eCTb DA3DbIBHbIH JIHHCHHDIH
DYHKIIHOHA.

Chemyionige TeOpeMbl IOMOTAIOT «0YePTUTb» I'PAHUIBI KJIAcCa HPOCTPAHCTB CYETHOI pas-
MEPHOCTH, COJIEPZKAIIUX He3aMKHYThIE apXUMeIOBbl KOHYCHI.

Teopema. B TonojiornueckoM BeKTOPHOM MPOCTPAHCTBE, COACPKAIICM HE3aMKHYTOe JTHHEL-
HO He3aBUCHMOe MHOXKeCTBO, CYIIeCTBYET HE3aMKHYThIH apXuMel0B KOHYC.

Teopema. B TonosiormaeckoM BEKTOPHOM MPOCTPAHCTBE CIETHOH pa3MepHOCTH, Ha KOTOPOM
Bce JIHHeIHbIe (DYHKITHOHAJIBI HEIIPEPBIBHBI, BCE aPXHMEIOBbI BBIITYK.JIbIe MHOXKECTBA 3aMKHY THI.

I'mmoteza. [lycre X — rmomosiornmueckoe BEeKTOPHOE MPOCTPAHCTBO CHYETHOH Pa3MepHOCTH.
st cymecrBoBanust B X HE3aMKHYTOT'O apXHMEJOBa KOHYCa HEOOXOJAUMO H JOCTATOYHO CYTIE-
CTBOBaHHE Pa3PbIBHOI'O JIHHCHHOIO (hyHKIHOHAIA Ha X .

I'umoreza. Ilyctr X — Tomosiormieckoe BEKTOPHOE MPOCTPAHCTBO CYETHOH pa3MepHOCTH.
Jlist cymecTBoaHust B X HE3aMKHYTOIO apXHMEI0Ba KOHYCa HeOOXO[UMO H JJOCTATOYHO CYIIE-
CTBOBaHH€ HE3aMKHYTOI'O JIHHEIHO He3aBUCHMOI'O HOIMHO>KeCTBa X

JIBe npuBeIeHHBIX THIOTE3bl He ABISIOTCS PABHOCAILHBIME: MOKHO IPHBECTH IPHMEP TOIO-
JIOTHYECKOT0 BEKTOPHOIO IIPOCTPAHCTBA CYETHOH pa3sMepHOCTH, B KOTOPOM BCe JIMHEHHO He3a-
BUCHMBIE MHOYKECTBA 3aMKHYTBI, HO He BCe JUHEeHHbIe (DYHKIMOHAIB HEIPEePLIBHDL.

OCHOBHBIE PE3YJIbTATBI UCCAE0BAHMs Oy OJIMKOBaHbL B [2].
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MAPKOBCKUN THUII I IIPOCTPAHCTBA AJIEKCAHIPOBA

BJIAANMUP 30JI0TOB

MerpudeckoMmy mpocTpaHCcTBY X MOXKHO COIMOCTaBUTH KOHCTAHTY MapKOBCKOTO THIa 2, pH-
Ha Iekanyo [1, 0o]. MapkoBckuii Tum 6b11 BBEIeH Bosom [1] s usyderust npobaeMsr mpo-
noskenuii Jlunmunessix orobpazkenunit. [lonsrtne MapKOBCKOTO THIIA HAINLIO TPHJIOKEHHS B
TeopHu OGUITMTINUIEBBIX BAOKeHHil |2, 3|.

Oxra [4] mokasas, 4To KoHCcTaHTa MapKOBCKOTO THITA OTPAHHYEHA CBEPXY aOCOMIOTHOMN KOH-
CTAHTON Ha MHOXKECTBE MPOCTPAHCTB HEOTPHIATETBHON KPUBU3HBI 10 Asiekcanapony. Kpome
Toro (eMm. [5]), ecan reogesndeckoe npocTpancTBo obagaeT MapKOBCKHM THIIOM 2 ¢ KOHCTAHTO
1, TO OHO ABJZETCH MPOCTPAHCTBOM HEOTPHIATEBHON KpuBH3HBI 110 Anexcanaposy. Cieyro-
Ui BOIPOC SB/ISETCSH OTKPBITHIM.

Boupoc. Obsajaor jn IpocTpancTBa HeOTPHIATETbHON KpHBA3HBI 10 AstekcanpoBy Map-
KOBCKHM THIOM 2 ¢ KorcranToii 17 (Ammonn, Haop n Heiiman, cu. [6])

[eomerpuyeckuit uHTEPEC K ITOMY BOLPOCY MOTUBMPOBAH M3Yy4YE€HUEM AHAJIOIOB HEOTPUIA-
TeJBbHOH KPUBU3HBI JJIA JUCKPETHBIX IIPOCTPAHCTB U B YACTHOCTH CJICJAYIOIIUM BOIIPOCOM.

Bomnpoc. Ilycrs X koneunoe merpudeckoe npoctpanctBo. Ilpun kakux ycaopusix X H30MeT-
PHYHO IOJMHOXKECTBY HTPOCTPAHCTBA HEOTPHIATEIbHOH KpuBH3HBI 1m0 AsekcanapoBy? (I'po-
MOB)

B noknage Oymer pacckazana caeayIonas TeopeMa.

Teopema. [Liockne KOMIAKTHBIC PUMAHOBBI MHOI000Opa3ust objagaior MapKOBCKUM THIIOM
2 ¢ KoHCTaHTOM 1.
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IIPUMAPHOE PA3JIO2KEHUE Y3JI0OB B K?xI

AJIEHA KATITOPOJIOBA

Buamennras Teopema IllyGepra (1949r) yrBep:kaaer, 4To J0OOH HETPUBHAIBHBINA y3ea B
S3 1pejcTaBUM B BHJe KOHEYHOH CBA3HOH CyMMbI HPHMApPHBIX y3JI0B, KOTOPbIE OLpe/IeIeHbl C
TOYHOCTBIO JIO TOps/iKa. AHaJOrHIHbIN pe3yiabrar ObL1 jiokaszan C.B. MareeBbiM i y3710B
reoMeTpUIecKoOl cTernmeHn 1 B yToJmeHHoM Tope 1" X I. Mbl gokazkeM MoI0OHBIN pe3yabTaT /s
y3n0B B K2xI, rne K? — 6yrouika Kagitra. BygeMm Takzke paccMaTpUBATh Y3JIB TeOMETpHYC-
CKOil cTenenn 1.

[Tycrs K% — 6yrhika Koaiina, Torma mox ymoawennots 6ymuoiakoti Kaating Oymem 1onu-
MaTh TPEXMEPHOE OPUEHTUPYEeMOe MHOT00Opa3ue, AB/ILIONIeecs KOChIM IIPOU3BEeIeHueM Oy ThLI-
ku Kurstitna wa orpesok I = [0, 1]. Vasaom B yrommennoit 6yroiike Kistiina HazbiBaeTcst mpocras
samkHyTad Kpusasg K C Int(K?xI).

Teopema. JI1060ii HeropusoHTabHBI y3ea cremenn oqun K B K2Xx1 Moxer 6bITH IIpel-
craBjieH B BHJE KpyroBoli cBsizuoit cymmbl K = Ko# K #...# K, _1, riae Bce K; — npuMapHbIe
v3ibl. CiraraeMple olIpeaeJeHbl OJHO3HATHO ¢ TOYHOCTHIO J0 MepeCcTAHOBKH.
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YCTONYNBOCTD 2KOPIJAHOBBIX HUIIIIEPOB
CO BHAKOYEPEAYIOIMIIENCSA CUTHATYPOU

KIPUJIJT KAMAJIYTINHOB, AHJIPEIN TETEHOB

[Iycts {zg, ..., 2m} — HabOp Touek B R™. CamonomobubiM numnmepom B R™ ¢ BeprimHamu
{20, ..., Zm } ¥ CUTHATYPOIT € = (€1, ...,£,,); € = 0, 1, HA3BIBaeTCs Takast cucrema S = {5, ..., Si }
cxkuMaronux moaobuit B R™, aro mra jgwobdoro k =1, ...,m,

Sk((z(b Zm)) = (Zk*1+5k7 Zkf€k>
[Tunnep S HA3BIBACTCA YKOPAAHOBBIM, KOLJA €r0 aTTPAKTOP Y — KOPAAHOBA Jyra ¢ KOHIAMU
20y Zm, M 15t 1100010 k = 2, ...;m, Sk_1(7) N Sk(y) = {zx}- [1]

CBOCTBO KOPJAHOBOCTH HUIIIEPA, BOOOIIE rOBOPSA, HE COXPAHACTCA IPU MAJIBIX H3MEHEHHAX
340X €ro IMapaMeTpPOB, IIO3TOMY BAsKHO BBISIBUTH YCJIOBHS, MPU KOTOPBIX 3TO CBOICTBO
YCTOWYMBO.

Ol U3 MOAXOJ0B K PEIIEHUI0 9TOr0 BOMPOCA OMUPAETCs HA MOJIYUIeHHYI0 HaMu B [2]| Teo-
peMy 00 00meM HOI0KeHHH g (PpaKTaJbHBIX KOHTHHYYMOB. MBI ITOKa3bIBaEM CJIEIY IO
pe3yabTAT IS MUIIIEPOB CO 3HAKOYEpeTyIOIeiics CUrHATY POi:

Teopema. ITycts Y — cemeiicTBo caMononobnbx mumepos B R® ¢ m BepmmHaMu n co 3Ha-
Kouepeyouieicss curHarypoi € = (€1, ..., €y, YAOBACTBOPSIOIHUX CJACAYIOUIHM YCJIOBHSIM:
1. 20 =0; 2, = &;
2. Jlns mo6oro k, q, = LipSy, < 1/3;
3. Cymecryer tarkoe orkpsiToe Muoxkectso W C Vi3([z0, 2m)) Taroe, 4ro
a) st o6bix k, Sy(W) C W n
b) prsa mobeix k= 2,...,m — 1, Sp(W) N (Vg /2(20) U Vy,.2(2m)) = D5
4. Pasmeproctpb mogobust cucreMbl S Menbie 3/2.
Torna moxcemericto Y/ C ¥ KOpAAHOBBIX IHUIIIEPOB OTKPHITO H BCIOJY ILIOTHO B Y..
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CB4A3b HOTOIJ0OB 1 Y3JI0B TEOMETPUYECKOI CTEIIEHHU 1 B
YTOJIIEHHOM TOPE

OUJINIII KOPABJIEB, SHA MAIT

Teopusga y3noB 6s11a moctpoena B.Typaessim B 2011 roxy. Kak n kimaccuueckue y3ibl, HOTO-
HJIBI 331a10TCS CBOUMH JHarpaMMaMy Ha JByMepHoii cdepe S2.

Jwmarpammoii HOTOWIa Ha ABYMepHOU cdepe Ha3bIBaeTCd 3aMKHYTas KPUBasg C caMolepe-
CEeUEHMsIMU, KazKIas TOYKa camonepecedeHust cHabkeHa wHMOPMaIHeil 0 Mpoxojie,/ mepexoe.
Ha mHoxkecTBe jiparpaMM HOTOMJIOB BBOJUTCH OTHOIIEHUWE SKBUBAJECHTHOCTH: JIBE JIMArDAMMbl
SKBHUBaJIEHTHBI, €CJIM UX MOYKHO CBsI3aTh IENOYKOil jBuzKeHnit Paiigemaiicrepa, He 3arparubaio-
IMUX KOHIEBbIE TOYKH JIHArPAMM, U H30TOMHEH IBYyMepHOii cdepbl. Torma HOTOMIO0M HA3BIBACTCS
KJIACC SKBUBAJEHTHOCTH JTHArDAMM.

CJI0YKHOCTHIO HOTOW/ 1A HA3BIBAETCST HAMMEHBITIEE THCJI0 TOUEK TTePeceIeHust TPOCTOH KPUBOii,
COeJIMHSIONIEIl ero KOHIEBble TOYKH, U €TI0 JIHArPAMMBI.

Y TOJIIEeHHBIM TOPOM Ha3bIBaeTCsl MPSIMOe TIPOU3BeIeHle JIBYMePHOI0 TOPa Ha OTPEe30K. Y 3-
JIOM B YVTOJIMIEHHOM TOPE Ha3bIBAaeTCs MPOCTasd 3aMKHYTasd KpuBas. /IBa y3/1a 9KBHBaJE€HTHHI,
eCJTH CYIIEeCTBYeT TOMeOMOPMU3M YTOIIEHHOTO TOpa Ha cedsd, TepeBOJIINI OUH y3eJT B JIpY-
roii. Y3ejl UMeeT I'eOMeTPUYECKYI0 CTeleHb 1, €Cjiu B yTOJIIEHHOM TOPE CYIIECTBYET TaKOe
BEPTUKAJIBLHOE KOJIBIIO, YTO OHO IIEPECEKAET y3e/ B OJHOM TOUKe.

B pabore crpoutcsa orobpazkeHue mogHATHS, KOTOPOE KayKJIOMy HOTOHUJLY COIOCTABIAET y3e1
reoMeTpUIecKoil crenenn | B yTOIIIEHHOM TOPe. DTO 0TOOpazkKeHne KOPPEKTHO OMpeeeHo n
SABJISIETCS CIOPbEKTUBHBIM, HO OHO HEUHbEKTUBHO.

Ha mHO2XKecTBe HOTOHJIOB CJIOXKHOCTH 1 BBOJUTCH ollepalins NepeKJrodeHusd. Eean 1Ba HOTO-
U713 CJOXKHOCTH 1 CBA3aHBI ¢ TOMOIIBIO ITOU OTepaIu, TO TPU OTOOPaYKEHUHN TMOHIATHS U3 HUX
MOJIYYaI0TCS SKBUBAJIEHTHBIE Y3JIbI.

Ha mmoxKecTBe HOTOMIOB BBOJIUTCS Olepalinsd yMHOXKeHud. [ 71aBHOe CBONCTBO JAHHOI OTre-
palyu B TOM, YTO OHa HEKOMMYyTaruBHa. HOTOM/I HAa3bIBa€TCH HEIPUMAPHBIM, €CJIM €10 MOYKHO
NPEJICTABUTH B BUJIE TTPOU3BEICHUS JIBYX HETPUBHAJILHBIX HOTOUIOB.

[Tycrs manbl gBa HerpuBHa bHBIX HOTOMIA N7, Ns. Ilocrpoum ux mpousBenenuss Ny - Ny u
Ny - N;. Ilpu oTrobparkeHny MOAHATHS U3 MMOCTPOEHHBIX HOTOUJIOB TOJIYYaIOTCA SKBUBAJICHTHBIC
V3JIBI.

Teopema. Orobpazkenne NOTHATAS HHBEKTHBHO JIJIs IPAMAPHBIX HOTOHIOB CJOXKHOCTH He
MeHee JIBYX.

Boir mpoBeen cpaBHUTE/BHBI aHAIN3 ABYX TAOIUI TAOJIUIBI HOTOUIOB, MTOCTPOEHHOM A.
Bartholomew B 2013 romy, u Tab/uIbl y3/10B B YTOIIMIEHHOM TOPE, TOCTPOEHHON A.AKUMOBOit
n C.Marseessim B 2012 romy. Anasm3 mokasas, uro B Ttabsauie A.Bartholomew mnpomymena
JIHarpaMMa OJIHOTO U3 HOTOU/IOB € IIATHIO MEPEKPECTKAMH.
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CYBJIATPAHZ?KEBbBI 11 CYBJIE2ZKAH/IPOBbBI ITOAMHOI'OOBPA3UAA

EBIEHUIT KOPHEB

[Iycth o« — mezamknyTasg 1-popma mHa MHOroodbpaszuu M. Pamukaaom 1-popMbl v MBI Ha3bI-
BaeM IJIAJIKOe pacipeeeHne KacaTeIbHBIX MOAIMPOCTPAHCTB

rada = U rada, : rada, = {v € T, M : da(v,.) = 0}.

zeM

Ecnu pacupenenenne rada sBisiercs peryagapaabiM, 1-hopMa o HA3bIBAETCS PETY/ISIPHOI, & PAHT
9TOTO pachpeeeHns Ha3bIBAeTCs PAHTOM pajiukasia 1-dpopmbr a. [lycts ¢ — pumaHoBa MeTpH-
ka Ha M u D — pacupejesieHne opTOroHaJabHOE pacipeieeHnio rada OTHOCUTEIbHO MeTPUKN
g. Pacupenenenne D OyneMm Ha3bBaTh pabodnM paccioeHneM. Temepb, MbI MOKEM OIIPeIe/IuTh
adGUHOPHYI0 METPUUIECKYIO CTPYKTYPY Ha MuHOroobpasuu M. Dto dersepka (a, D, P, g), rue
¢ — addunop, cBA3bBIBAOIIMI MEeTPUKY ¢ U BHeIIHIOKW 2-dopMmy da. Aapo adpdunopa @ ectnb
pagukaa 1-popMbl .

[To reopeme Pucca o simneiinom dynknuonaje na M cyniecrByer €JUHCTBEHHOE BEKTOPHOE
noste § : a = g(&,.). Takoe BEeKTOPHOE 110/I€ HA3BIBAETCS XAPAKTEPUCTUIECKUM BEKTOPHBIM 10~
jgeM adpduHOpHOIT MeTPpUYECKOl CTPYKTYpbl. B oT/imynm 0T KOHTAKTHBIX METPHYECKUX CTPYK-
TYP, 371eCh MBI cuuTaeM, 9To 1-hopma v mmeer paauKas Mpou3BOJILHOTO panra Oosbire (. [To-
CKOJIBKY OI'DaHHYeHHE BBIPOXKIeHHOH 2-popMbl da Ha pabodee paccioenue [) HEBBIPOXKICHO,
TO PaHTr pabovdero pacC/JIOeHNs BCEeraa eCTh deTHoe Juca0. AdpduHOpHAS MeTpuIecKas CTPYKTY-
pa (o, D, ®, g) naspiBaercs crporoit, ecan & € rada. g crporux adOUHOPHBIX METPUICCKUX
CTPYKTYp pabodee paccioenue [ Bcerma JiexKuT B ker av.

[Toamuoroobpasue () HA3BIBAETCA CYOJIEKAHIPOBBIM, €CJIH OHO KacaeTcsd pabovuero paccoe-
Husg D Bo Bcex cBomx Toukax. CyOsrexkaHapoBO moaMHOroobOpasue () Ha3bIBaeTCs CyOaarpaH-
JKEBBIM, €CJIH €r0 Pa3MepHOCTh MaKCHMaJbHa, HO He ke 2, u dalg = 0. B cayuae, xorga
rada = {0}, cybmarpankeBo moMHOroo0Opasue ecTh KJIACCHIECKOe JarpaHzKeBO TOIMHOI000-
pasue; a B ciydae cTporoit adpGUHOPHON MeTPUIECKO CTPYKTYPHI ¢ PaJInKaJIoM panra 1, cyo-
JIEZKAHIPOBO MOJAMHOT000pa3ue ecTh KJIACCHYECKoe JIeXKaHIPOBO MoJAMHOroobpasue. ng cy6-
JIATPAaHKEBBIX MOIMHOT000pa3nit MOKHO J0KA3aTh CJAEAYIOIINA pe3y/IbTar:

Teopema. Eciin panr paboudero paccioenusi D pasen 2n > 4, u D C ker «, 10 pacipee.ie-
aue D sgBisieTcst HErOJIOHOMHBIM, H Pa3MEPHOCTH JII000Ir0 cybJarpanzkeBa MmoJaMHOI000pa3ust He
HIIPEBBITTAET N.

B cayuae, korga addunopHas MeTpuyeckas CTPYKTypa He sIBJIgeTcd CTPoroit u ee pabodee
paccjioeHne gBIIeTCs TOJOHOMHBIM pacipejeaeHueM paHra 2n > 4, pa3MepHOCTh cybOaarpaH-
JKeBa, MOAMHOT000pa3us He MOKET IPEeBHIIATh 21 — 1, XoTd B M cyIIeCTBYIOT CYO.1e:KaHIPOBDI
HOIMHOr000pa3usi pazMepuoctu 2n. Kpome Toro, Mbl JIOKa3biBaeM, 4TO Jijisd CTporoit addu-
HOPHOI METPUYECKON CTPYKTYPbl ¢ paboyuM paccioenneM panra > 4 joboe cybiexKanipoBo
HOJIMHOT000pa3ne MaKCUMAThLHOW Pa3MePHOCTH sIBJISETCs CyOIarpaHKeBBIM MTOIMHOT000pa3H-
em. Takrke, MBI TIPUBOJINM DPA3TMIHBIE YCJIOBUSI U TPUMEPHI, KO CY0JIeKaHIPOBO TTOIMHOTO-
oOpasue pa3sMepHOCTH 2 COJEPKUTCSA B HETPUBUAJIBLHOM CyOJIarpaHzkKeBoOM IOJMHOrooopasuu. B
YACTHOCTH, €CJU XapaKTePUCTHIECKOe BeKTOpHOE 1oJjie £ adpdUHOPHON METPUIECKONR CTPYKTY-
Pl U BeKTOpHOE ToJie P& KacaroTes cyO/1e:KaHIpoBa MoAMHOroo0pa3us () BO BCeX ero TOYKax,
TO TOJAMHOrooOpasue () He MOXKET JeKaTh B cyOaarpaHzkKeBoM MOJIMHOT00Opasnu. Kpome Toro,
JII000e cyOJ/Ie2KaHIPOBO MOAMHOI000pa3ne BEIEeCTBEHHON PasMepHOCTH 2, Ha KOTOPOM CYIIe-
CTBYIOT TpaHCBepcaJibHble BeKTOpHbIe 10Jist X u Y : Y = ®X ecrb KOMILJIEKCHas KpUBasi Ha

Pabora nmonnep:kena npesugenTCKIM IPAHTOM 110 mojiepzkke nay4dubix mkosa Ne HIT1-9740.2016.1.
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M. Ecan sTa KOMILIEKCHasE KpuBas KacaeTcs ker v BO BceX CBOUX TOYKaxX, TO B M cyimecTByeT
HETPpUBHAJIbHOE CYOIarpaHzkKeBo MOJIMHOr00OOpasne.

KEMEPOBCKUIT TOCYIAPCTBEHHBII YHUBEPCUTET, VJI. KPACHAS, 6, KEMEPOBO, 650043, Poccus
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O HEKOTOPBIX CBOICTBAX IICEBJIOOBHBEMA
I'MIIEPBOJINMYECKOI'O TETPASIPA

EKATEPUHA KV/INHA

[Tesb paboThl MOKA3aTh UTO Kjaaccuvdeckas TeopeMa [llteitrepa ([1], ctp. 99) ocraercs crpa-
BEJJIMBOI Jij1s 11¢eB1000beMa ruIepOoJIMIecKOro TeTpasipa, HO nepecraer ObITh BEPHON i
€ro HeeBKJIUI0Ba 00beMa.

PaccMoTpuM B KadecTBe MOJeIN runepboamdeckoil reomerpun H? BepxHee mosympocTpan-
creo R3 = {(z,y,t),r,y,t € R,t > 0}, cnabxennoe merpukoit ds®> = (da? + dy? + dt?) /t2.

PeanmsyeM rumepbondecKne TeTpasIphl B BepxaeM mnosynpocrpanctse H? takmm o6pasom,
9YTO B3AUMHBIA IEePIEHIUKYILp MEKIY CKPEIIUBAIONIMMHUCA pedpaMy COBIAIACT ¢ BEPTUKAIb-
noit ocpio Ot. Torma BepmUHBI TeTpasapa OYAyT 33J1aBATHCS CICAYIONIMME KOODIXHATAME:

A= (Rcospa,0,Rsinpa);
B = (Rcospp,0, Rsinpg);
C= (% COS (PC COS @, F COS Pc Sin @, + sin ng) :
D = (% COS P COS P, % COS p sin @, % sin ¢D)
Boruucigg oupepenurens marpunpbl I'pamma G IaHHOIO TETPas3ipa UMEEM:

(1) det(G) = —sh? psin® psh® p(A, B) sh® p(C, D).

Teopema 1. [IceBioobbem 1% ruInepooJIMIeCcKOro TeTpaspa, JJIMHBI €10 IPOTHBOJICKAIUX
pebep p(A, B) u p(C, D), a Takyke yroa ¢ u pacCTOSHHe p MeXKJY ITHMH PeOPAMH CBI3aHbI
MezKJIy CODOf CJeAYIONIHM COOTHOUICHHEM:

(2) V =shpsingshp(A, B)shp(C, D).

DopmyJasl, sxBUBaeHTHBIE (bopMmyste (1), HO BRIpasKeHHBIE HECKOJIBKO B APYTHX T€OMeTpHYe-
CKUX TepMHHAX W JIOKA3aHHBIE COBEPIIEHHO APYTOil TEXHUKOH OBLIN MOJTy4YeHBbl B MOHOTpadun
B.®@euxens ([2], p.169, dbopmyna (24)) u B Heonybnukosanuoii pykonucu B. /1. C. MakKouness
[3].

B kauectse caeacrsug u3 dopmyst (2) noxyanm reopemy [lteitnepa ajist rumep6oamaeckoro
TeTpasapa.

Teopema 2. IlceB1oo6beM rHIEPOOTHIECKOIO TeTpadapa He H3MEHSIETCs, eCJIH ero IpOTH-
BOIIOJIOZKHBIE pebpa repemerarh 6€3 H3MEeHEeHHsI JIJIMHBI 110 IPSMbIM, COJAepKallluM 3TH pebpa.

s mocTpoenusi KOHTpupuMepa K Teopeme lllTeftnepa paccMoTpuM runepOOJHIecKuii TeT-
pasap OABC ¢ TpeMs MOIapHO OPTONOHAIBLHBIME I'DAHIMHU, TepeceKaomuMucs B Beputune O.
N3 Bepmuabt O npsaMoro yrjia mpoBeeM TPU B3aUMHOOPTOTOHAJIBHBIX N0/ I€3MIECKIX, HATIPAB-
JIEHHBIX BJOJIb €r0 pebep, KOTOpbIe YCI0BHO OyjeM Ha3bBaTh ocsmu koopauuat Oz, Oy u Oz.
Bynem canrars uro Beprmabr A, B, C' 1ekar HA COOTBETCTBYIONUX KOOPIMHATHBIX OCHAX.

[Tycts chz, chy, ch 2 — kKocunychl JuH CTOPOH TEeTpas/ipa, JeKallue Ha COOTBETCTBYIONUX
kKoopauHaTHBIX ocsax Oz, Oy u Oz. g ymnoberBa IMOCTpOEHHBINH TeTpa’dap OyaeM 0003HAYATH
aepes T'(x,y, z).

[onoxum x = y = z = u u pacemorpum Terpasap 1) = T'(u, u, u). Ha ocu Oy BeibepeM ToIKn
D, D', 3epKaJbHO CHUMMETPHYHBIE OTHOCHTENbHO IIocKocTH OAC u JiexKaipe Ha pacCTOSHUH
% or roukm O. Ilycts T; - 310 Terpasap ACDD'. Torga Ti u T, mmeet obmee pe6po AC' AamHBI

Pabora nopuepxkana PO®OU (rpant Ne 16-31-50009 u rpanr Ne 15-01-07906).
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b u mporuBosexkamye eii pedbpa OB u DD’ miuabl u. 3amernMm, 4ro pedbpo DD’ monydaercs
u3 pedbpa OB mnapa/uieJbHbIM caBuroM Baosb ocu QOy. Takum obpasom, Terpasapsl 1 u 15
VIOBIETBOPSIOT yeaoBusaM TeopeMbl LlITeiinepa. Harra menb moka3aTh, 9T0 OHH UMEIOT pa3HbIe
runepoo/indeckue 0ObLEMBI.

Jlemma 1. 'mnepbosmaecknii oobem terpasapa Vol(T)) waxomures mo opmyire

chu

(3) valt) = [ s

- 3 arch(t?)
wae f(8) = 21+ £2(1 + 22)

Jlemma 2. I'mmepbosmieckuii o6beM TeTpasapa Ty HaxoauTes mo ¢opmyie

chu

(@) Vol(Ty) = 2 / o()dt,

arch(t %)(2 +1) a,rch(t2)(1 —1)

rae g(t) = .
A SRTING s AN TE BTN, prar

[To dopmyste Ilnedn

dVol(Ty) = —%adoz — %Bdoz - %dv = g(t)dt,

riae g(t) — Ta ke, 9o U B GpopMynaupoBKe JeMMbl 2. OTKyIa, yIUTHIBasS OYEBUIHOE PABEHCTBO
Vol(T,) = 2Vol(T3), umeem (4).

Herpynno y6eaurcst, aro dyHknum, 3a1aBaeMbie uHTerpagamu (3) u (4) — paszauansl. Takum
obpazom, Teopema Illreiinepa He BepHA i1 TUIEPOOINIECKUX 00HEMOB TETPA3/IPOB.
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IIPOBJIEMA BJIO2KEHI Y IICEBJOEBKJINJI0BON 1
CUMIIVIEKTNNYECKOV TEOMETPUN

BJIAZINMUP KBIPOB, TEHHA T MUXAINYEHKO

PaccmorpuM ananuTHaeckoe Tpexmeproe muoroobpasue M [1,2]. Ilycrs na M 3amana ana-
autudeckasd dyukiusa f o M x M — R, HazpiBaeMas Mempu4eckoti, ¢ OTKPBITOH U ILTOTHOM
obacThio onpesetennd Sy. Brlmoanenne MeTpHIeCKIX aKCHOM He IIpeanonaraercd. Jlokaabable
koopauHaTel B M obo3naunm (z,y, 2).

Paccmorpum 4 TOUKHY i, iy, ig, i3 € M: (1), (iia), (iis) € Sy, (i19), (i2i), (i3i) € Sy.

AKcrmomMa HEeBBIPOXKIEHHOCTH.

O(f (ii1), [(iia), f(ids)) 40 O(f (119), f(in1), f(isi))
(i) y(@),2G) 7 0wli), y(i), 2(0)

ede (x(i),y(i), z(i)) — xoopduramu, mouru t € M.

#0,

PacemorpuMm remeps 5 TOUeK iy, . .., 45 € M, upudeM (iyi,) € Sy, p,q=1,...,5, p#q.

Axcuoma (peHOMEHOJIOTNYECKON CUMMETPUU. /44 HeKoOmOopot OKpecmHocmu nocaedo-
samesvrocmu movex (i1, ..., 15) U3 OMEPLMO20 U NAOMHO20 NOOMHONCECTNEA NPAMOZO NPOU3-
sederua M3 evnoangemea moscoecmeo:

Q)(f(ZlZZ)? ce f(7’425)) = 07
2de @ — anarumuveckas gynruua, npuvem rangd = 1.

Onpenenenne. [osopam, wmo na muo2006pasuyu M mempuveckas pynxuyua f 3adaem gde-
HOMEHONOLUYECKY CUMMEMPUYHYIO 2COMEMPUIO, ECAU BUNOAHAIOMCA GKCUOMDL HEBBLPOHCIEH-
HOCTU U PEHOMEHOA02UYECKOT, CUMMEMPUL.

PaccmoTpuM MeTpudeckne (QPyHKIUU TICEBIOCBKIUIOBON W CHUMILIEKTHYECKOH TIOCKOCTEM
[1,2]:

0= (2~ 2, + elyi — ;)
=Ty — T e\Yi —Yj)

0 = zyy; — x5y,
rae (x;,vy;) u (T;,y;) — KOODAUHATLL TOUEK { U j, € = £1, mpudeM Jyist eBKINIO0BON reoMeTpun
e = +1, a jjig 1CeBI0EBKINI0BOI reomerpun € = —1.

[Tesb fanHOI pabOTHI — HAXOYXKEHWUE BCEX TPEXMEPHBIX (DEHOMEHOJOTINIECKH CUMMETPUIHBIX
reoMeTpuii ¢ MeTpruIecKuMu PYHKIUSIMA, B TOAXOASIIAX KOOPANHATAX TPUHUMAOIIIX BUIL;

FUig) = f(0, 2, 2) = f((@i — 2;)* + e(yi — ;)% 2, %) (1)

f5) = [0, 2z, %) = f(zay; — x5, 21, 7). (2)
Ciie/lyeT OTMETHTD, YTO TeOMETPUY ¢ TAKUMHA METPUYECKUME (DYHKIUSIME JIOIYCKAIOT IPYIILY
JIBUZKEHUH MAKCHMAJIbHOU mojiBuyKHOCTH [1,2].

Teopema. Merpuueckas ¢yukmus f(ij) TpexmepHOil (heHOMEHOJIOTHIECKH CHMMETPHIHOM
reomerpui, 3ajgaBaeMast popmyoii (1) u (2), B IOAXOMANINX KOOPJHHATAX U MACHITAOHOM TIpe-
obpasoBanun ((yHKus or Mmerpudeckoit pyuxmun o(f) — f) numeer Bu:

Fg) = (xi — ) + e(yi — y;)* + (2 — 2)%,
Fg) = (@i — 2;) + e(yi — ;)] exp[22; + 22],
fij) = xy; — xjys + 2 — 2,
rae €, = 1.

3aMeTnM, YTO JaHHAS TeMa HCCJIeOBaHUs MOJHUMAIACH B paborax [3,4,5].
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TEH30P KPUBUN3HbI JJI{d CI'VIA2KIBAEMBIX ITPOCTPAHCTB
AJIEKCAH/IPOBA

HUHA JIEBEJIEBA
o coBmectHol pabore ¢ A. IlerpyrunaniM

Mp#bI ToKa3bpIBaeM, 9TO €CJIN TOCAe0BaATETbHOCTD N-MEPHBIX PUMAaHOBBIX MHOTO0Opa3uii ¢ paB-
HOMEPHO OIPAHMYEHBIMI CHU3Y CEKITMOHHBIMU KPUBU3HAME CXOINTCH K TPOCTPAHCTBY AJIeKcaH-
JIPOBA TOii 2Ke PasMepHOCTH, TO MOCIe0BATEIbHOCTD TeH30POB KPUBU3HBL CXOIUTCA (B OMpe/ie-
JEHHOM €J1a00M CMBICJIE) K MEPO3HAYHOMY TE€H30PY Ha MPOCTPAHCTBE AJIEKCaHIPOBA.
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O HEKOTOPBLIX ®OPMVYJIAX OJd CEMENCTB KPUBBIX
1N ITIOBEPXHOCTEN N1 JVUBEPI'EHTHBIX IIPEJCTABJIEHNAX
FO. A. AMIHOBA

AJIEKCAHZIP METPABOB

1. Joknan obobmaer u paspuBaer cratbu asropa B JTAH (2009, 1. 424, N 5; 2010, T. 433,
Ne 3, 4; 2011, r. 441, No 3). Tlycrs D — HekoTopast 06JacTh B eBK/IMI0B0OM K3 npocrpancrse ¢
JEKAPTOBBIME KOODJAUHATAME T, Y, 2; T = T(Z, Yy, 2) — BEKTOPHOE II0JIe eJUHIUIHBIX BEKTOPOB,
onpejenernoe B D. s monHoi Kpusu3ubl Broporo poga K nosis 7 FO. A. Amunos (ewm. [1],
r1. 1, § 7) yCTaHOBUI TIEPBOE IUBEPTEHTHOE TIPEJICTABICHHE

K =div{(r - 1)P},

rJe T — PaJuyCc-BeKTOp TOUKH (X, z), & BeKTop P, Ha3biBaeMblil BEKTOPOM KPUBHU3HBI OIS T,
umMeer naBapuanTHyo dopwmy [1, rr. 1, § 10| P = KT —2divr K, + (K, - V)7, tne K, = kv =
rot T X T — BEKTOp KPUBW3HBI KPUBOI L, C KacaTeJbHBIM OPTOM T U TJIABHOH HOPMAaJIbIO V,
L, — BekTOopHag JuHus moasg T, k — ee kpususna. CumBosisl (@ - b) uw a X b obo3nauaT
CKAJISIPHOE U BEKTOPHOE TIPOU3BeieHnst BeKTopos a u b, (grad v-V)a — npousso/iaasi BEKTOpa a
0 HANPABJIEHHIO BeKTOpa v, V — oneparop Lamuibrona (Habuia).

2. Ilycts {L,} — cemeiicTBO KPUBBIX L, CILUTOMIHBIM 00PA30M 3aMOJHAIOMAX 00JacTh D, un
(A) uepes kaxuyo 104Ky (7,y,2) € D upoxoaur oaHa u TOJbKO ogHa Kpusas L. € {L.};
(B) B kaxkoit Touke (z,y,z) moboit kpusoit L, € {L,} cymecrsyer (upassiit) 6a3uc @pene
(T,v,B) (B — Gunopmasib), Tak uTo B D OnpeneseHbl TpH B3aMMHO OPTOTOHATBHBIX BEKTOPHBIX
nosst T, v, 3; (C) 7(z,y,2) € C*(D).

Haiigeno, aro npu yeaosusx (A)—(C) mone P u3 dopmynbr FO. A. AmunOBa MOXKeT OBITH
IIPEJICTABIEHO B BHJIE

P =—rotR",
Ijie JiUId BeKTOPHOro 1o/ R* cipaseyinBo Jiro60e U3 HHBAPUAHTHBIX IIPe/ICTaB/IeHuUi
RYr 1 kB4 Bdive — vdiv g,
R =[x— (1t -r0t7)]T+V(V,B)=®+ 85 xT,
R* = st + (7 - rotv)v + (1 - rot 3) 3.

31ech » — Kpydenue Kpuboii L., ® aef »1+kB3 — Bextop Hapby, V(v, B) dﬁf(,@-V)l/— (v-V)3B—

ckoOka Ilyaccona mns v, 3, §* — cymMMa Tpex BeKTOPOB KPUBH3HBI BEKTOPHLIX JUHUN L., L,,
Ls nouteit T, v, 8 cOOTBETCTBEHHO:

S YK 4+ K,+ Ksy=rotT x T +rotv x v+rot 8 x B={S(t)+ Sv)+ S(B)}/2,

S(T)défl“ot‘l' xT—71divr =K, —7tdivr.
Orcroaa ciaegayer, aro ynomsinyToe npeacrasienne 0. A. AmuHOBa paBHOCHIBHO (hOpMYyIIe
K = —(grad (r - 7) - rot R")
U JIUBEPIeHTHOMY MPEJICTABICHHIO
K =div{grad (r- 1) x R"}.

Bekrophoe nosie R* spjsercs takxke mepoil pasjauuust noseit S* u S(T) B ciaenyroiiem
cmpicte: S* = S(1) + 7 x R*. Kpowme Toro, Beauunnaa rot R* = —P nonyckaer awo6oe n3
npeJcTaBJIeHAN

rot R* = %Tdiv S(t) —kv(v-rot B) — kB[» + (B - rot 3)],
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rot R* = 7 divS® — »rot 7 — krot 3,
rot R* = 7{»* — s(7 -10t T) — (T - [rot v x rot B])} — kv (v - rot B) — kB[» + (B - rot B)];

TaKZKe nMeeM 1
§div S(7) = [ — (T -rot T)] — (7 - [rot v X rot B]),

div S(7) = 2(1 - rot R"),
divS* = %div S(7) + (7 -rotT) + k(7 - rot 3).

[Mocaemaue dopmyasl, comepzxkamue Boipaxkenus div .S(7), div.S* u rot R* mpeacraBisior
cob0ii COOTBETCTBEHHO CKAJISIPHBIE U BEKTODHBIE aHAJIOIM 3aKoHa coxpanenus div S(7) =0 <
div S; = 0 J1s1 ceMeiicTBa IIOCKUX KpuBbIX { L, }, nosydennoro asropom B JTAH, 2001, 1. 441,
Ne 3. Bnecw S; = K;+ K, = 10t T X T+10t ¥ XV — CyMMa BeKTOPOB KPHBHU3HbBI KPUBBIX L, u L,
13 B3aHMHO OpTOroHanbHbIX cemeiicTs { L, } u {L,}. B mwiockom ciaygae umeem T = 7(x,y), B =
k,x=0=R"=0,8(1) = S, rot R* = 0 1 u3 ynomanyThix (GOpMyJI CIejlyeT JaHHbI{ 3aKOH
coxpaHeHus. B TpexMepHOM cjiydae MoJIydaeM TaKKe 3aKOH COXpaHeHus jiis cemeiicta {L,}
KpuBHIX L, Oostee BBICOKOTO mopsiaka Buga div F' = 0, rae BeKTOpPHOe coeHOuaabHoe moJie F'
BBIpAYKaeTcs depe3 XapaKTepUCTHKu T, V, (3, k, » KpuBbIX L, n npeicrtapisger coboii mpaByio
qacTh a1000# 13 dbopmyn as rot R*. Hanpuwmep, div {7 div S* — s rot 7 — krot 3} = 0.

4. Ilycrb s nosist T B D cyliecTByeT ceMeiicTBO HOBEPXHOCTEH Sy, OPTONOHAJBHBIX HOJIIO T .
[Tycrs {S;} — cemeiicTBo noBepxHOCTEH S, € €MHUYHON HOpMaJbIO T = T(x,y, 2). [1aBHOe
HarpapjeHue OyJeM NpeIcTaBIaTh eIHHUIHBIM BekTopoM l; (i = 1,2) ¢ CcOOTBETCTBYIOINM
HallpaBJIieHueM; BEKTOp l; sBJISIeTCS KacaTeJbHbIM OpPTOM JWHUW KpuBu3Hbl L; Ha S;. [lycrh
(D) wepes kaxkay0 TOUKY (Z,%, 2) € D TPOXOANT OJHA ¥ TOJBKO OJHA MOBepXHOCTH S, € {5, };
(E) B kaxmoit Touke (,y,2) € D cymectByer (IpaBas) CHCTeMa B3aUMHO OPTOTOHAIBHBIX OD-
TOB T, l1, I, T/ie T — euHIYIHAA HOPMaJIb, [ u ly — ryIaBHBIE HAIIpABJICHHS Ha TOBEPXHOCTH S,
IPOXOJISIIER Yepe3 3Ty TOUKY. JIjisi 3TOr0 JO0CTATOYHO, YTOObI KazKiasi IOBePXHOCTE S, € {5, }
obl1a C%-perynsapnoit. (F) = € CY(D), l; € CY(D), i =1,2.

Haiigeno, aro yeaosusix (D)—(F): 1) Besmauubl HErOJIOHOMHOCTH BEKTOPHBIX MOJIEH TJIABHBIX
nanpasienuii 1 u ly pasubt B D: (I - rotly) = (I - rotly); 2) mone S(7) B JH060# TOUKE
(x,y, z) € D npeacrasiser coboit cymmy Tpex BekTopos kpususubsl: S(7) = K, +K 1+ K, rae
K, = ku7mu Kj = kgT — BeKTOPbI KDUBU3HBI JABYX I'e0/[e3U4eCKuX JUHU ¢ KpususHamu kg
u kg Ha MOBEPXHOCTH S, MPOBEJEHHBIX Yepe3 TOUKY (,Yy,z) € S; B JIOOBIX ABYX B3aHMHO
OPTOTOHAJIBHBIX HAIIPABJIEHUSX; 3) rayccoBa KpubusHa K nosepxuoctu S, € {S,} Beipaxaercs
aepes opThl Ppene (T, v, (3) U KpyUeHHe 3 BEKTOPHBIX JTUHUN L, 07151 HopMasiel T o dhopmy.ie

K = (1 - [rotv x rot B]) — »”.
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COIIPA2KEHVE 1N ITPUMAPHOE PA3JIO2KEHUE ¥Y3JI0B
B SAMKHYTBIX OPUEHTUPYEMBIX 3-MHOI'OOBPA3UMNAX

BJIAMMUP MOPO30OB

B 1949 roay Beiia B cBer crarbs [ybepra 2], mocsinennas mpobyeme CymecTBOBAHUS U
eIMHCTBEHHOCTH IPUMAapPHOTO Pas/IozKeHus y3710B B cdepe S3. Ha cerojnsmnuii 1eHb akTyalb-
HOI gBJIsieTcd Mpo0aeMa O CYIeCTBOBAHUHT W e MHCTBEHHOCTH MMPUMAPHOTO PA3JIOKeHUs Y308
B POW3BOJBHOM TpexMepHOM MHoroobpasuu. [lepBuril pe3yabTaT B 9TOM BOIPOCE MPeICTABUIT
K. Miyazaki B cBoeii cratne [1].

[Iycrs K C M, rjpe M— npousBoJibHOE 3aMKHYTO€ OPUEHTHPOBAHHOE 3-MHOroobpasue, K—
y3eJ1 B 3ToM MHOroobpaszun. HeobxommMo 1aTh OTBeT Ha CJIEAYIONINAE /IBA BOIPOCA:

(1) CymectByer i pa3iozkeHue y3ia K Ha mpuMapHbie cjaraeMbie?
(2) Ecaum takoe passioKeHHe CYNIECTBYET, TO €THHCTBEHHO JIH OHO?

K. Miyazaki B cTathe [1] maeT orBeTHl HA 9TH BOIPOCHL:

(1) Ecau cymecrsyer pazbusaiomas cepa S* C M, nepecekatomias yzes K B ojuoii Touke,
TO y3eJ1 K ABJIAETCA TPUBUAJIBHBIM, IIO9TOMY BOIIPOC O CYIIECTBOBAHUU €0 IPUMapHOI'O
PA3JIOKEHUSI HE UMEET CMBIC/IA.

(2) Eciu e cymecrsyer pasbusaiomieii cepsl S? C M, nepecekaromieii yzen K B ojHoil
TOYKe, TO pa3/joxkeHHe y3ja K Ha OpuMapHbIe CJaraeMble CYIIECTBYeT, HO He BCeria
SIBJIS€TCS eMHCTBEHHBIM. 1eM He MeHee, eIHHCTBEHHOCTH PA3JI0KEHHUS MMEeT MeCTO,
HO B BechbMa cJaboM cMbicae. OKa3bIBAaeTCsI, YTO CYIIeCTBYyeT HpUMapHBIA y3ea1 R B
S? x S C M rakoit, uTo ecqu cpeIu MPUMApHBIX claaraeMblX ya3ga K ero mer, To
npuMapHoe pasJsioxkenne y3ja K eIuHCTBEHHO, & eC/Id eCTh, TO MPUMAPHOE PA3JI0KEeHHe
y3ia K eIuHCTBEHHO C TOYHOCTBIO 70 CONPAHCEHU.
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CITAMHBI JOIIOJIHUTEJIbHBIX ITPOCTPAHCTB Y3JIOB
B YTOJIINEHHON BYTBIJIKE KJIEMHA

JINJINAd HABEEBA

Yromménnoit 6yTeiaKoil Kiteitna HaspBaeTcs opHeHTHpYeMoe Kocoe mponssenenne K x I 6y-
Teiikn Kieitna K Ha orpe3ok [. [loa y3/10M moHEMaeTcs MPOU3BOJbHAS TPOCTasT 3aMKHYTas
KpuBas, JexKamad B yTouénnoii 6yrsuike Koeitna. Isa ysua ki, ks C K X1 Ha3bIBAIOTCS K-
BUBAJICHTHBIMU, €CJIM CYIIECTBYET COXPAHMIONIUAN OPUEHTAIIMIO TOMEOMOPGU3M MHOT000pa3us
K xI na cebs, nepepogamuit k B ky. Byroiaky Kieitna K npunaro n3o0pazkaTh B B KBa/I-
paTa ¢ OTOXKIECTBJIEHHBIME cTopoHamu. Torma ysea k B K xI MOXKHO 337aBaTh ¢ MOMOIIBIO
muarpamm D(k) na xksajgpare |[1].

[Iycte M — KoMIIaKTHOE CBA3HOE TPeXMEpHOe MHOroobOpasue ¢ KpaeM u P — JBYMepHbI’
nosimdaAp B Hem. Torga P HasbiBaeTcs ciailHOM MHOrooOpasusi M, eciu pasnocts M\ P romeo-
MopdHa TPSIMOMY TPOU3BEIEHUI0 Kpast OM MHOrooGpasusi Ha MOJIYOTKPBITHIH uHTepBas [0;1).
JIBymepHBIi oMdap P Ha3bIBaeTCs TPOCTBIM, €CJAU KaykK/Ias ero TOUKa UMeeT OKPECTHOCTD,
roMeoMop@HYI0 JubO JIUCKY, JIMOO KOHYCY HaJl OKPY?KHOCTBIO C JIByMs WJIM TPEMS Pa/nyCaMu
(Takasi TOYKa HA3BIBAETCS HEOCOOOM, TPOIHON TOYKON M HCTHHHOI BEPITHHOMN, COOTBETCTBEHHO).
[Ipocroit nosmanap P Ha3bIBaeTCH CIENUaJbHbIM, €CJAN KazK/1asd KOMIOHEHTA CBA3HOCTH MHOYKe-
CTBa HEOCOOBIX TOUYEK sIBJIAOTCH 2-muckavu. Craitn 3-MHOT000pa3ust HA3bIBAETCS TPOCTHIM UJIN
CIIETIUATBHBIM, €CJIH OH SBJISIETCsI IPOCTHIM WM CIIEIUATBHBIM MOJHIIPOM, COOTBETCTBEHHO [2].

B namnoit pabore mpeiozKeH aJropuUTM HMOCTPOCHHUS CHENHAIBHBIX CHANHOB I JOIOJIHE-
TeJBHBIX IIPOCTPAHCTB Y3108 B K X 1. C IOMOIIBIO 9TOr0 alropHTMa yAaaoch BBIIACATL KOJbI
CHANHOB JIOMOJHUTEIBHBIX TPOCTPAHCTB BCeX TabyIHPOBAHHBIX Y3JI0B U3 paborsl [1]. Tak ke
BBIYHCICHBI MHBAapuaHTH Typaesa-Bupo ¢ momormpio nporpammvet "Pacnosuasaress” [3], BXos-
HBIMH JIAHHBIMH JIjISI KOTOPOM CJIYZKAT KOJIbl CHEIUaJbHbIX CHAIHOB PAaCCMaTPUBAEMbIX MHOT'O-
obpa3zmui.

[Mycrs E(k) — ponosHuTe/ibHOE IPOCTPAHCTEO y31a k B yromndunoii 6yreuike Kieiina K X 1.

Teopema. /L siroboit quarpammbl D(k) vana k B K X1 npeicrap/ieHHoii Ha KBajpare Cy-
IeCcTBYeT aJrOPHTM HOCTPOCHHSI MIPOCTOTO MOJTHIIPpa P, KOTOPHIIH SIBJISI€TCS NPOCTHIM CITaltHOM
muoroobpasust E(k).
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CIIAVMHBI HEOPUEHTUPYEMBIX MHOTI'OOBPA3UIN 3EVM®EPTA C
HEN30JINMPOBAHHBIMIU OCOBBIMU CJIOSIMMU

AJTEKCAH/JIP HUKN®OPOB

CymecTByIOT JIBa IOJX0/1a K oIrpejaeseHnio Muoroobpasuit 3eiidpepra. [lepsolii 6611 paspa-
ooran I'. Beitbeprom (cm. [1]), Bropoit 6but1 npemmoxen II. Ckorrom (em. [2]). On ompemesmt
MHOroobpazue 3eiidepra Kak TpexmMepHoe MHOrooOpa3ue BMecTe ¢ ero pasduenueM Ha IOMapHO
HelepeceKaoIuecss OKPYKHOCTH, HA3bIBaeMble CJIOSIMU. [IpuueM y KazKk10it Takoit OKpYKHOCTH
JOJIZKHA, OBITH OKPECTHOCTH B M, aBJASIONMAsCS 00beIMHEHHEM CJI0€B U U30MOpPMHAS CI0EHO-
MY IOJIHOTOPHUIO MJIU CJoeHoil ciiontHoit O6yreiike Kieiina. /lamHoe onpejesienue jiomyckaer
MHOroobpasus 3eiipepra ¢ HEM30IUPOBAHHBIMIA OCOOBIMHU CJIOSIM.

Hamomuanm, aro nosmmaap P C Int M wa3wpiBaeTcs: craiitHOM KOMIAKTHOTO MHOTOOOpasusa M
C HEMyCTHIM KpaeM, eciim M roMeoMopdHO MUIWHIPY HEKOTOPOro otobpaskenust p : OM — P,
KOTOpOe YJI00HO HAa3bIBaTh IPOEKIeil Kpad Ha CHaiiH.

B coobmienun 6yner mpejcTaBieHa cepus IPUMEPOB HEOPUEHTUPYEMBIX MHOTOOOpas3uit 3eii-
dbepra (¢ HEM30IUPOBAHHBIMU OCOOBIME CJIOSIME) W TOCTPOEHBI UX CIAWHBI.
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TPEXMEPHOE MHOI'OOBPA3IE,
3AJJABAEMOE 4-IIBETHBIM I'PA®OM,
TIBYJINCTHO HAKPHIBAIOIIINM 4-IIBETHBIITI OCTOB OKTADJIPA

MHIXAJI OBYMHHINKOB

Peryngapuslii rpads cremenu n, y KOTOPOro Kazkaoe pebpo cHaOZKeHO OTHUM U3 1 IBETOB, HA3bI-
BACTCH N-UBEMHBIM 2Padom, ecjiu pedbpa, HHIUICHTHBIE OJIHON BepIINHE, MOKPAIIEHbBl PA3HBIMU
nseramu. B pabore paccmarpusaercs peryasapubiii rpad G cremnenu 4 ¢ 12 Bepuinnamu, KOTOPbIe
0603HAYEHBI SJIEMEHTAME TPYIIbl Zg X Zo. Beputunbl (a,b) u (¢,d) B rpade G coenunenbr ped-
pom, ecsiu ¢ = a =+ 1. IIBera pebep oboznauum nudpamu 0, 1, 2, 3. [Toaoxkum, aro mser 0 umeror
pebpa ¢ kounamu (a,0) n (a+1,1), a € Zg. Onpenesnm mis kaxaoro k = 1,2, 3 orobpakenne
ia Bepiunax rpada G mpasuioM gx((a, b)) = (a,b), ecn a = kmod 3, u gr((a,b)) = (a,b+1) B
npoTuBHOM caydae. [losaraem, aro pebpa 1mBera k 310 06pas3bl pebep 1Bera 0 Ipu 0TOOPAXKEHUH
gk Jlerko ybeauThest, 9To KaXK 0¥ BepIInHe WHIMIeHTHBI pebpa Beex 4 mBetoB. ['pad G ¢ aToii
pacKpackoil Mbl HazbIBaeM 4-ysemmoim epagom G.

Ucnonb3yem criocod mOCTpOeHUs TPEXMEPHOTO MHOI00Opa3us ¢ KpaeM o 4-1BETHOMY pery-
asgpaoMy rpady crenenn 4, omucannbiii B [1]. Ciocob ocHOBaH Ha HOCTPOEHUH 110 4-IIBETHOMY
rpady crermasbHOTO CHafiHa, KOTOPHIH 3aaeT TpeXMepHOe MHOT0oOpasue oxHo3HaqHO ([2]).

O6o3uaunm M 3-muOTOOOpa3me, 3agaBaemoe 4-1BeTHbIM rpacdom G.

Teopema. Muoroobpaszue M romeoMopphHO JONOJIHHTETBHOMY HPOCTPAHCTBY 3aIleIlICHHS
L B tpexmepnoii chepe, cocrosmiero u3 koJer; boppoMeo u OKPYKHOCTH, SIBJISIIOIICHCS OCBIO
BpalleHHs 3-1o nopsiaka KoJerl boppomeo.

JT0Ka3aTeIhbCTBO TEOPeMbl COCTONT B MPEIbABICHUN BIOKeHHd B S° CHEMUAILHOTO CHaifHa
Muoroobpasust M, 3amaBaemoro rpadom (. HemocpencrBeHHO yOexkaaeMcst, 9TO 3TO CHAliH
JOTIOTHATETHHOTO TTPOCTPAHCTBA YKAZAHHOTO 3allelleHns B S°.

CIUCOK JIMTEPATYPHI

[1] P. Cristofori, M. Mulazzani, Compact 3-manifolds via 4-colored graphs // arXiv:1304.5070 [math.GT].
[2] S.Matveev, Complezity theory of three-dimensional manifolds // Acta Appl. Math., 19, 101-130 (1990).

YEJAABUHCKHNI TOCYJIAPCTBEHHBINI YHUBEPCUTET, YJI. BPATBEB KAIIMPUHBIX, 129, YEJSIBUHCK,
454001, Poccud
E-mail address: ovch_csu_ru@mail.ru

Pabora Boimosnnena npu moamepkke Jlaboparopun KBaHTOBOH TOMOJOTHHA UessiOMHCKOTO TOCYHUBEPCHUTETA
(rpanT npasutenscrea PO Ne 14.750.31.0020).
64



O-TAPMOHMNYECKUE ®YHKIINN HA T'PA®AX

POMAH ITAHEHKO

Honyctum, uro ¢ — BbiMyKaasd (PYHKIUS ¢ HEKOTOPHIMHU JIONOJTHUTEJIHLHBIME CBOMCTBAMH,
N-byuknus, roopsa crporo. B mokiajie paccmarpuBaioTcs psji npodjieM P-rapMOHHYIECKOTrO
aHajn3a Ha rpadax. B gacTHOCTH, BBOASTCS OCHOBHBIE OIIPEIEJC€HHsS W YCTAHABIHBAIOTCI HX
KOPPEKTHOCTb W 6a30BBI€ CBOMCTBA. Tak »Ke MPHBOIUTCI 0030P MOJIYIEHHBIX PE3YJIHTATOB, Ia-
IOIUX JUCKPETHBIE aHAJIOTH KJIACCHIECKUX TEOPeM I TapMOHMYEeCKUX (DYHKIIHI: € IHHCTBEH-
HOCTH, HepaBeHCTBa ['apHaka u TeopeMbl ['apHaka o mpeaeae MOHOTOHHOR ITOC/IeI0BATEILHOCTH
rapMonndeckux Gynknuit. B obcyxkaaemoit pabore obobimatorcs pesyabrarst 1.
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AIIIIPOKCUMAIIMOHHBIE IIPOCTPAHCTBA
AJ1d OHEHKW KOPPEJIAIINN B IMTHAMUWYECKUX CUCTEMAX

VBAH ITOJABUTUH

[Tycth 1 — HOpMHEpOBaHHas OOpeseBcKas Mepa Ha MeTpudeckoMm mpocrpancree M. ITycts
Sp € Ly(M, p), p € [1,00] ecTb 6aHax0BO HPOCTPAHCTBO KOMILIEKCHO3HATHBIX (DYHKIIUII ¢ HOD-
Moit || - ||z, Cunras §), Beroay wiorabiM B Ly (M, 1), onpeaesum jyis npoussoibnoit f € Ly(M, p)
HauIyqInee §,-npubamkenne nopaaka ¢t > 0 kax

77(t) = inf{[|f = hll, - h €Ty [hlls, <t}

OnpeneanM anmrpoKCHMAIIOHHBIE IPOCTPAHCTBA MHTETPUPYEMBIX (DYHKINN, COOTBETCTBYIONTHE
PA3JUIHBIM OIleHKaM HamwIydinero mpuoauzkenns. [lycTh = ecTb MHOXKECTBO BceX YOBIBAIOIIHX
K HyJai0 dbyukiuid O : Ry — Ry e, O(t) > O(tz) mpu 0 <t < ty, u O(t) — 0 mpu t — +00.
ITycrs Z° C = Te u3 HuX, KOTOPble 06palialoTcd B HOJIb ¢ HEKOTOPOI'O MOMEeHTA.

Onpenenenne. /s © € E annpoKCHMAIHOHHBIM IPOCTPAHCTBOM §,(0©) Oyaem HA3BIBATDH
muOkecTBO Beex gynkmuii f € L,(M, ) takux, 910 g1 HAHIy9IIero §,-mpuoJInKeHnsl CIpa-
BEJLJTHBO HEPABEHCTBO

Tr(ct) < cO(t)

npu Bcex t > 0 st HekKoTopoii KoHcTaHTh ¢ > 0. MHOXKecTBO Takux KOHCTaHT OyjaeM 0003Ha-
uarp kak C(O, f). HanbobIryio HUXKHIOI I'PAHHILY 3TOr0 MHOXeCTBa Oyaem oboznaqars || |z, (o),
T.€.

= inf c.
1/ ll,0) eiid ) ©
IIpocrpancrsa §,(0) cyrh 6aHaxoBhl IpocTpancTBa (ByHKIMH ¢ HOPMOIL || - |3, (@), pacumps-

IOIHE UCXOJIHOE NMPOCTPAHCTBO §p.

ITpumep. B npocrpauncrse Ly (M, 1) BozbMem §1 = Loo(M, 1) ¢ ero ecrecTBeHHOIT ess sup-
Hopmoii. Herpyaao npoBeputs, ato juist o060t f € Ly (M, ) ee nauaydiiee Lo,-npubinzkenne

nopgaaka t > 0 uMmeeT BUJ
)= [ Uflde
{If1>t}

ITycrs, nanpumep, O4(t) = min{l,¢7 7}, ¢ > 0. Torga kaxnas Gyukuus f € §1(0,) Oyzer je-
1
KaThb B c1aboM L1 (M, 1) npocrpancrse, T.e. sup tpuari{|f| >t} < oo,
>0

WHTepec K TAaKUM amIPOKCUMAIIMOHHBIM TPOCTPAHCTBAM OOYCJIOBJIEH 33/1aUeil O pacIIupeHun
UMEIOIUXCA ONEeHOK yObIBaHUS KOppeIdanuil B IWHAMUYECKHX CHCTeMax Ha 0Oojee MIHPOKUit
KJace MYHKIUM.

[Ipeamonoxkum, 9TO 3a/1aHO cOXpaHsdoIee Mepy [ orobpaxkernue T : M — M, and KoTopo-
ro CIpaBeJIUBBI OLEHKU Koppesanumii: mas mobbx f € §, C L,(M,p) n g € 6, C L,(M, p),
p:q €1, 400, 1/p+1/g=1

len(f5 9)| = Mf(fv)g(T”f€> dp — Mf(fv) du/Mg(l‘) du’ < Allfls, llglle,®(n), n €N, (#)

Jutst HeKOTopo#t kKoHcTaunTel A > 0, u & \ 0 upu n — oo.

Nmeercsd 60b1110€ KOJIMYECTBO JIMHAMUYIECKUX CHCTEM C OIEHKAMU KOPPEJISIUil TaKOr0 THIIA;
K HIM OTHOCSITCSI KJTACCHIecKne Tpau3uTuBHbIe quddeomopdu3mbl AHOCOBA, a TakzKe OOJIBIIOM
KJIACC CUCTeM, JOMyCKaoIux cTpyKTypy ['mboca—MapkoBa—¢IHT, cpean KOTOPBIX U HEKOTOPHIE
HOLYJIApHBIE OUNbAPABL. Bo MHOrEX U3 HEX §), 1 &, — 9TO MHOXKECTBA I'eJIbIePOBCKIX (DYHKINI

(nnm KJacewl, cofepzaiinue B cebe TéNbIepOBCKHe).
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Cremyromnast TeopeMa MO3BOJISIET PACIPOCTPAHSTD ONEHKH (#) HA MPOU3BOJIBHBIE APl (DYHK-
mnit f € Ly(M,p) n g € Ly(M,p), p,q € [1,+00],1/p+1/q=1.
Teopewma. [Ipeimoioxum, uro cupaseamba onenka (#). Ilycrs ©1, 09 € =, Torga st Jifo-
obrx f € §p(01), g € B,(02) a1t Bcex n > ng

len(f: 9)l < Al 5,00 9]0, (02 ' (1)
Jist HekoToporo ng € N, korcraarer A" > 0, u &' \ 0 upu n — oo.
B cayuae ©1V 0y € Z° gyaer @' (n) = ®(n)v(®(n)), rge v: Ry — R, obparnoe orobparke-
HHUE K 1
i CIRY 0,)(Vt), t > 0;
" Ny — HAHMEHBIIIEE HATYDAJIBHOE YHCJIO, VOBJIETBODSIONIEE HEPABEHCTBY
O (ng)v(®(ng)) < 1.
B ciyuae O,V O, € Z0 Gyger @' (n) = ®(n) uny = 1.

MHCTUTYT MATEMATHUKKU uM. C.JI. CoboJIEBA CO PAH, nip. AK. Konrtwra, 4, HOBOCUBUPCK,
630090, Poccusa

HoBOCUBUPCKUI TOCYAAPCTBEHHBIII YHUBEPCUTET, YJI. ITUPOroBA, 2, HoBocusuprck, 630090, Poc-
cugd
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BEKTOPHO3SHAYHBIE ®OPMbI TPEX IIOPAJKOB
AJId SAJAHUA APOPVIHHON CBA3HOCTHN 2-I'O IIOPAIKA

KATEPUHA TTOJIAKOBA

Ilycts L, X, — paccioenne perepos nopsaaka ¢ (¢ =0,1,2,...) Hax m-MepHBIM MHOr00Opa-

sueM X,,. llpu ¢ = 0 umeem LoX,, = X,,. [IpaBast yacTb JepUBAIHOHHONR (POPMYJIBI
9 jr...j - —
dA, = W'’ ez—i—w’e g +wﬁ e (4. =1,m)
ABJIdeTcsd KaHoHu4ecKoit popmoit 1-ro nopsaka muoroodpasusd Ly X,,. Ona cBg3piBaeT KacaTellb-
— J J1--Jq * _ i i i
noe T'LyX,, = span(é;, e {,...,¢ ;") n koxacareapnoe T" Ly Xy, = span(w',wj, ... ,wj )

IIPOCTPaHCTBAa K MHOroobpasuio L,X,, B Touke A, € L,X,,, a TaKiKe COOTBETCTBYeT TOXKJIe-
CTBeHHBIM IMpPeoOpasoBaHUAM 3THX MPOCTPAHCTB, T.e. dA, = idrr, x,,, dA; = idr-r, x,,. Penep
a9 4 q; qji..j S -
— J J1---Jq _ i i i
e={e;,ei,...,e; 7"} nmropenep w = {w',wj, ..., wj

O6osnaunm wepes (V) = T"*L,X,, ® TP L,X,, MHOKeCTBO BCEX BEKTOPHO3HAYHBIX (HOPM MO-
paJKa 7 €O 3HaYeHUAME B KacaTeIbHoM npocrpancTse 17 L, X, nopanka p, rae T L, X, — MHO-
JKecTBO AuddepeHnuaabHbX hopM HOpgaKa r, He coBllajiatomiee ¢ npocTpanctsoM 17" Ly X, =
(T Ly X,,)" = AN"LyX,, dopm crenenn r, te. (I"L,X,,)" # (I*L,X,,)". MHO)KecTBO BEeKTOD-
HO3HAYHBIX (pOPM CTelleHH 7 O 3HaYeHUAME B KacaTeJbHoM npocTpancTse 17 L, X, obosHaunM

p
QP(Ly X))

Adduaayo CBI3HOCTH 2-TO TOPSIKA MOZXKHO 3a/aBaTh, UCIOJIB3Ysl KAHOHHUIECKHE (POPMBI
dP A, nopsiika p muoroobpasuit L, X,, (p,q = 1,2,3), npuaem p+ ¢ = 3. Torna Gopmer cBs3HO-
CTH, TaK Ke KaK 1 caMu KaHoHn9Ieckne hpopmbl dP A, 6yayT BEKTOPHO3HAYHBIMI (DOPMaMU TIPO-

P _ *
CTPAHCTB Q/p(Lqu) = TP L, X,, ® TP L, X,,. lloapobuee, dA; — xanonndeckas $hopMa mopsii-
ka 1 muoroobpasust Ly X,,, 1.e. dAy € (Lo X,,) = T* Ly X,, @ T Ly X,,; d*A; — kanonuueckas
dbopma mopsaka 2 muoroobpasnsg LX,, = L1 X,,, T.e. d*A; € Q?Q(LXm) =T*LX,, ® T°LX,,;
d®Ay — xkanonmueckas gopma nopsjka 3 Muoroobpasusa X, = LoX,,, T.e. d*Ay € Q‘;’B(Xm) =
T3 X,, @ T3X,,.
Kanonuueckast ¢popma 1-ro mopsiaka Ha paccJOeHUH KacaTeIbHBIX JUHEHHBIX pernepoB L.X,,

)} siBaIsSIFOTCST IBOCTBEHHBIMH.

umeer Buj dA; = w'e; + wéef (A € LX,,, e :é) [1]. OrmeTum aBoficTBeHHBIH XapakTep mefi-
CTBUSI BEKTOPHO3HAYHBIX POPM W ® € = we = ew: OHU AeHCTBYIOT B MPOCTPAHCTBE BEKTO-
POB U B IPOCTPAHCTBE KOBEKTOPOB. [yt BekTOpHO3HA4HON bopMbl Q = we € Q1(LX,,), rue
weT"LX,,,eecTLX,, cupaBeIJuBO

Q=cw:uecTLX,, - Qu) =c- -w(u) € TLX,,
Q=we:0eT"'LX,, > Q) =w-e(f) =w-0(e) € T*LX,,.

g BekropHO3HAUHOH dbopMbl ) = we € Q}(LX,,), sremnuero auddepenmuana D 1 06bId-
noro auddepennuana d crupapeainBoO

D: Qe Q(LX,,) = Dw=eDw—wAde € Q3(LX,,),
d: Qe N(LX,,) = dw = edw + wde € Q?Q(LXm),

rie Dw — nuddepennmanpbaas Gopma crenenn 2; dw — dbopma nopsaka 2 (cum., Hanp., [3]).

Hudbdepennupys dbopmy dA; BHemHIM 00pa30M U pasperiasd no JIeMMe KapTaHa HaXO,ZLHTCH

k k
JACPUBAIHOHHbIE cbopMyﬂbI 1-ro nopsaka 1] de; — ejwl; = é;w7 + ¢ fwy, de] = &l wh + ezsz :

5k ke gl Jl 7l 2
rae €;; = €, Zk—elk,e” ew +d7ej, €5, =€), — 0re; € T°LX,,.
[Ipu ucnosnp3oBanuu (poOpM CBI3HOCTH 1-I0 HOPSIKA wj = wj
5 i J
dA; TIPUBOAUT K TOPU3OHTAJIBHBIM BeKTOpaM 1-ro mopsjika € = ex + ' e;. Kopapuanrhoe
68
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BEKTOPHO3HAYHLIE ®OPMHBI JIJId 3AJAHUA A@OMHHON CBA3ZHOCTU 69

3ajiaue CBA3HOCTH 2-TO mopsika Jaetca dopmoit 0° = {@F, 0k}, rme @ = wi — Léklwl.

+ L% Tt
14s] I [kls]
o0pa3syer TeH30p BMeCTe ¢ KPUBU3HOH 1-ro nopsiaka. OCHOBHON 0OBEKT KpyUieHust 2-ro nopﬂm{a
Ty =L, ks Fj[kf s/l obpasyeT TeH30p BMecTe ¢ KpydeHUeM 1-ro mopsika 17, = F[kl]

Hepupanmonusie GopMyabl 1-T0 HOPsIKA ¢ MOMOIIBIO (DOPM CBI3HOCTH 2-TO MOPsiIKA W

OcHOBHO# 00BHEKT KPHBU3HBI 2-r0 mopsaka (' Tkls = gk[zs} ij[lflt‘s] + Ltk[lF

2

HpI/IBogLﬂT K TOPH3OHTAIBLHBIM BEKTOPAM 2-T0 nmopsaKa €;; = Vzei = e + A'-kljk + ekLh],

e, = Vke = el — €] F . Kacarenbnoe npocrpancrso 2-ro mnopsaka 12LX,, colep:KuT ro-
2 2 _ Jl

pusontaibnoe H1*LX,, = span(€;;, € Zk) u Beprukanbnoe VI2LX,, = span(él,) nommpocrpar-

cTBa 2-T0 nopsijika B Touke A, € LX,,
Ecm xpydenune cBI3HOCTH paBHO HYJIIO TJZ =0, N! i =0, 10 GOpPMBI 2-TO TOPSIIKA

20" = dw' + Wl — Thwlo®, 2@ = dwl — wiw), + W, + 2T whw] — THD W' — L whe!
apGUHHON CBA3ZHOCTH 2-T0 MOPSAIKa aHHYJIHPYIOTCSI FOPU30HTAJIBHBIMUA BEKTOPAMHU 2-TO MOPSI-
ka. Qopmal 20" apagiorcda GpopMaMu 2-To HOPAIKa CBA3HOCTH 1-To MOpAIKa 3, ¢. 30].

Juddepennnpys KaHoHTIECKYIO popMy dA; 0OBITHBIM 06pPa30M, IIPUXOINM K KAHOHHIECKOM
dopme 2-ro nopsiaka muOroobpasust LX,,

P A = (dw' + Wwhe; + (dw) — whwj, + wfwl)el + (wiw!)ey; + (2wwi)el, + (wiw))el,

npuyYemM pemep 2-ro HOpH,ZLKa {ei,ef,eij,egk,egk} € T?LX,, u kopenep 2-ro nopsjxa {dw’ +

iji» dwi. — w’-“w,i + whuw? ks W il 2" w; wlkw’i} € T* LX,, sIBISIOTCS COHpH)KeHHbIMI/I
KaHOHquCKon cbopMy 2-To TopsKa d2A; MOYKHO WpeacTaBuTh B BUIe d2A; =2 & +2 Oh,

rie 2QY =2 Ole; +2 w’ej +2 ;’fez,i BePTUKATbHAS (AHHYJIUPYETCS] TOPUIOHTANBLHBIME BEKTO-

paMu 2—F0 Nope/Ka) BepTHKaJIbHO3HaYHAad (HOPMa CBA3HOCTH 2-r0 mopsjka; 20 = (w w])ew +
2(wkw lew wl)ezk — TOpHW30HTAJbHAS (AHHYJIMPYETCS BePTHKAJIBHBIMH BEKTOpaMH 1-10 u
2-to HOpﬂ;LKOB) rOPU30HTAILHO3HAYHAA (DOPMA CBAZHOCTU 2-T'0 MOPSIIKA.

Kanonuueckas popma 1-ro mopsiika Ha PacCJOEHNH KacaTeabHBIX JUHEHHBIX PErnepoB 2-T0
. . . . . 2
_ J gk _
nopaaka Ly X, umeer sua dAy = w'E; +wi B + W) B (As € Ly X,,, E =e). TopusonTasibHbie
n I Jk
BEKTOPHI 1-ro mopsiaKa I CBA3HOCTH 2-T'0 Mopaiaka mMeioT Bun F; = F; + F Oy + LJME
npudyem @;k(El) = 0. ®opmy dA, MoxHO 3anucarh B Bujge dA; = OV + &, rne OV = w;Ef
S .
w;kEf n W' = W'E; — BepTUKaJbHAS U TOPU30HTANbLHAS (DOPMEI 1-TO MOPSAIKA I CBA3HOCTH
2-T0 HopgaKa.
Kanonndeckasa dpopma d3 Ay mopsaaka 3 moaydaeTcsa MOBTOPHBIM IuddepeHInpoBaHueM Ka-

: 0
nonuueckoit popmbl dAg = w'e; (Ag € Xy, € =€) 1 103B0JsICT TOCTPOUTH (DOPMBI CBSBHOCTH
" 2 _ (i T
3-ro mopsizka. [last konTpaBapuanTHOro 3a1anus addunnoii ceaznoctu [* = {T’ ko ijl} BTO-
pOTO TOPSIKA, MCHOJB3Ysl ypaBHeHus [2] Aeg;; = wfjsk + wPejj, CTpoOATCS TOPU3OHTATBHBIE
o ! l l 3

BEKTOPBI 3-TO NOPAIKA Eijk = Eijk + QjFl-keilek + QLijk € T°X,,. Eciu ucxomurs u3 xaca-
TEJbHBIX BEKTOPOB 3-I'0 LOPsJ/IKa K MHOIOOOPa3uio X,,, T0 MHBAPUAHTHOCTH NOPU30HTAJIbHBIX
noanpocrpancts H = span(€;jx) Aist CBA3HOCTU 2-T0 TOPAAKA OTHOCHTEIBHO JAeHCTBUS IPYIIILI
He Tpedyercs.
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I'PVYIIIIbBI JUMEPOB I'PA®OB KBAJ/JIPATHBIX PEIIETOK

JMUTPUI POKKOB

B teopun rpadoB napocovemarus n3ydarTcss OOBIYHO ¢ TOYKN 3PEHUS YNCJIOBbIX WHBAPHUAH-
toB rpados. B pabore [1] B.I.Typaes npe/io:Kui HOBBII TTOJX0/ K H3YIEHUIO HAPOCOTeTAHMIL:
¢ KaxKJIbIM ITapocoveTaHueM B rpade OH CBS3aJl TPYIILY, HA3BIBAEMYIO 2pynnot napocouemanu.i
m4(l). 'pynma mapocoderanust OTHECEHHAS K COGEPUEHHOMY NAPOCOYETAHUIO, TAKIKE HAZHIBA-
eMOMY JUuMEPHbLM NOKPBLMUEeM, Ha3bIiBaeTcst epynnot dumepos D(T).

B.I.'Typaes nokasaJi, 4To rpyliiiia JUMepPOB UMEET eCTECTBEHHOE OLIUMCAHNE Ha A3blKe ajredpa-
MYeCKOil TOIOJIOTHH — OHA MOXKEeT ObITh Olpeje/ieHa Kak PyHIaMeHTa bHas IPyIa HEKOTOPOIo
KYOUECKO20 KOMNAEKCA HENOAOHCUMEALHOT KDPUCUSHDL.

Pabora mocesitena nccie0BaHno BOMPOCA O BOSHUKHOBEHNUN COOTHOINEHUIT B TPYTIIE JTnMe-
poB. Xopormio uzpectHbiii daxt w3 reopun CAT(0)-1pocTpaHCTB COCTOUT B TOM, 9TO TIOCKHE
TOPBl B IPOCTPAHCTBE HEIOJOKHUTEIbHOW KPUBU3HBI COOTBETCTBYIOT abeeBBIM IMOJIPYIIIaM
dbyrnamenTaapHOR Tpynbl. Bosee Touno (eMm. [2]), ecam X — KOMIAKTHOE MPOCTPAHCTBO HEMO-
JMOKUTENbHON KpuBuU3HbI 1 1 (X ) comepkut abeneBy noarpynny G panra k > 1, to X comepkut
BBINIYKJIO€ MOAMHOKECTBO, H30OMETPpUIHOE k — MEpHOMY ILTOCKOMY Topy. s xomnaexcos du-
MEPOG HEKOTOPHIX TPadOB HAM YIAJIOCH JaTh KOMOMHATOPHOE OIIUCAHUE TAKOTO TOAMHOXKECTBA,
OTBEYAIOIIEro abeIeBOi MOIPYIIe PAHTA JBA.

I'pagp xeadpammnoti pewémryu — 510 Tpad, BEPIIUHBI KOTOPOTO COOTBETCTBYIOT TOYKAM Ha
MJIOCKOCTH € PA3JIUIHBIMI KOODJANHATAMY, L-KOODIANHATAME U3 IHANa30HA 1, ..., N, Yy-KOOpIUHATA~
MU U3 JHalla3oHa 1,...,mM, U BEPHUIXLHBI KOTOPOI'O COEJIUHEHBI PeOPOM, eCii COOTBETCTBYIOIIHE
TOYKH HaXOJATCd Ha paccrosdnun 1. Takue rpadbl n3ydaiorcs B 3HAUYUTETILHON CTEIIEHH B CBSA3H
€ TOYHO PEIIAeMBIMU MOJIEJISIMU CTATUCTHICCKON MEXaHUKH.

Teopema. Ilycrp I' — rpag kBaaparHoii pemerku ¢ n BepHIMHAMH 110 T U M BEPHIMHAMH
o y. st mobeix n uw m rpynna guvmepoB D (L) we siasiercst ¢cBO6OJHO TOLIA W TOJBKO TO-
raa, korga y rpacga I cymecrByer 5 qumeprbrx mokpertuii Ag, Ay, ..., Ay 1 HAOOP CKOJIbKEeHMIT
{51, 82, ..., S¢}, YAOBJIETBOPSIOIAX CHETYIOUIHM YCIOBHSIM :

1) {(Sla 84)7 (817 85)7 (Slu 86)7 <827 84)7 <S27 85)7 <S27 86)7 <S37 84)7 <S37 85)7 <S37 86)} — Hapbl HE3aBUCH-
MBIX CKOJIb2KCHHUH,

2) Ay = 5140, Az = 5941, Ag = s34, A3 = s4Ao, Ay = s5A43, Ao = s¢Aa.
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OTOBPA2KEHUN S, NTHAYIVPYRIINE N30MOP®U3MbI
ITPOCTPAHCTB COBOJIEBA C IIEPEMEHHDBIM ITIOKA3ATEJIEM
CYMMMNPYEMOCTU

AJIEKCAH/IP POMAHOB

Pacemorpum obnacts G C R™ u dyukmuo p : G — (1,00). [Ipunagnexnocts dynknun f
upocrpancrsy Jlebera ¢ nepemennbiM nokazaresem cymmupyemoctu p(x) (f € Ly (G)) oupe-
JIEJIAM yCJIOBAEM

oo () = / (@)D dm, < oo,
G

a HOPMY OINPeJIeJIUM PABEHCTBOM
Lf | Loy (G| = inf {a > 0| pyy(f/a) <1}
Coorsercryioriee npocrpanctso Cobosesa [1| onpegennm yeaosuem
Ly (G) ={f € Li(G) | V[ € Lyy(G)},

a TMOJIYHOPMY paBeHcTBOM || f | L}D(.)(G)H = ||V f] Ly (G)]].

Co BcgkuM u3MepuMbIM oToOpazkeHueM ¢ : G — G’ cBsKeM oIepaTop KOMIO3UIHHA ™,
onpejiessseMblil yeaosueM ©*f = f o o, rae f UpUHALIEKHT HEKOTOPOMY (DYHKIUOHAJIBHOMY
kinaccy F(G'). B obmem ciaydae smHeitublit onepatop ¢* meiicrByer u3 F(G') B HEKOTODBIii
kaace byuaxkmuit H(G).

Hac OyayT unTepecoBarh ycjoBus Ha OTODpayKeHUE ¢, UPU KOTOPbIX oneparop ¢ oyier
nsomopdusmom mpocrpancts Cobosena L;(,)(G’ ) u L;(,)(G), T.e. COOTBETCTBHE OyJeT B3anMHO
OJIHO3HAYHBIM ¥ HOpPMa oleparopa * Oyaer orpaHudeHa.

[TockoMBKY OmepaTop KOMIIO3UINE He MOXKET MOBBINIATH JazKe JIOKAIBHO TMOPSIIOK CYMMHU-
pyeMocTH Jiist BeeX (byHKIHUT OJHOBPEMEHHO, TO HEOOXOIMMBIM TpeOOBAHHEM CYIIECTBOBAHUS
uzoMopdusma ssjsiercs yeiaosue q(z) = p(e(x)).

Taxum obpazom OygemM paccMaTpUBaAThH CHTYAIUIO, KOTJIA

#7 Loy (@) = Lo (@) (1)

[Mpeamonoxum, uto p(y) < p* < oo npu Beex y € G'. IIpu TaKOM OrpaHUYEHUH YIAETCS
JIOBOJIBHO TIPOCTO MOKA3aTh, YTO TpeOOBAHUE KBA3UM30METPHIHOCTH (OUIIMIIITHIIEBOCTH) 0TOG-
pazKeHUsl  SBJSETCsI JOCTATOYHBIM JIJIsl CyTIecTBoBaHus n3oMopdusma (1). D10 MOKHO H0Ka-
3aTh HEIOCPEICTBEHHO OMEHNBAsI COOTBETCTBYIOIIIE HHTETPAJIBI, HO MPOIIE MCIOIb30BATEH a/b-
TePHATUBHOE OTMCAHNE TPOCTPAHCTBA L;(,), OCHOBAHHOE HA JIMIIIUIIEBON OIEHKE CIIeNNATHLHOTO
BT [2].

CroiicTBa MYHKIUNE U3 TPOCTPAHCTBA Lzl)(.) CYIIECTBEHHBIM 00Pa30M 3aBUCSIT OT PA3JIUIHBIX
xapakTrepucTuk byHkuu p(x). [Ipr HEKOTOPBIX JTONOJHATETBHBIX YCIOBHIX YIAETCS OKA3ATh,
4TO TpeboBaHUe KBA3UM30METPHYHOCTU OTOOPaYKeHUs p OyIeT U HEOXOAUMBIM. DTO MPECTaB-
JISIeTCS BIIOJTHE eCTECTBEHHBIM, YIUTHIBAS COOTBETCTBYIONINE PE3YIbTATHI /I TPOcTpaHcTB Co-
OoJieBa ¢ IOCTOSHHBIMUI HOKa3aTe MU |3)].

Mbr Gygaem npejnonararb, uro obgactu G u G’ orpaHWYeHBl W UMEIOT TJIAJKYI TpaHU-
iy, a byskuus p(y) saagerca junnmuesoii u n < p_ < p(y) < pt < oo. Tpu usyuennu
HEOOXOIMMOCTH OOBIYHO OCHOBHAs Mpob/ieMa BO3HUKAET € JIOKA3aTe/HLCTBOM TOMEOMOP(HOCTH
oTobpazkenus . B maHHOM ciydae ¢ TOKa3aTebCTBOM HEIIPEPBIBHOCTH BCe MPOCTO: (PYHKIUS

Pabora nmognepxana rpanrom PH® Ne 16-41-02004.
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72 AJIEKCAHJIP POMAHOB

f(y) = y; npuHAIEKUT TPOCTPAHCTBY L;O(C?)IKBTOMy'KoopAHHaTHaH(byHKuHﬂ:0T06pa»w—
HHﬂi@i::f()@1::¢*fijHHaﬂﬂeHﬂﬂ?HpOCTpaHCTBy<L&¢t»<6».E3CHﬂy1EOp€M]mHDKeHHH
L;(w(,))(G) cL, (G)cC(G).

Pacemorpum ToURH 41, Y2 € G’ w0 Takyo TecToByo dyHKIMO u, 910 u(y;) = 0 w u(ys) = 1.

Vcmonb3yst TeOpeMbl BJIOXKEHHUsI, MOZKHO JIETKO OIIEHUTh HOPMY (DYHKIUU U CHU3Y
C

ly1 — yalp-
DTa J0BOJBHO rpybast OleHKa MO3BOIIeT JOKA3aTh, YTO OTOOPAaYKEeHUe (p He MOXKET “CKIeHBATEL’
00pa3bl JBYX PA3JUIHBIX TOYEK U ABJIAETCS B3AUMHO OJIHO3HAYHBIM.

Heckonbko GoJiee ci0KHBIE OIEHKN HOPM CIIENHMA/JIbHBIX TECTOBLIX (PyHKIMII 1 uX 00pa3on
MO3BOJIAIOT YCTAHOBUTD JIOKAJIHHYIO KBA3UU30METPUIHOCTD OTOOPaKEHUS .

[ | Ly (G- =
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ABYMEPHBIE MHOI'OOBPA3MA 1 IIOBEPXHOCTHN C
JIOKAJIBHO-EBKJINN/TOBO METPNUKOUN

NIKAI XAKOBUY CABUTOB

1. Merpuka pumanoBoro Mmuorootpasust M" Ha3bIBaeTCsl JTOKAJIBHO €BKJIMIOBOM (J1.e.), eciiu
KazKJiash €ro TOYKa UMeeT OKPECTHOCTh, N30METPUYHYIO HEKOTOPOMY IIapy B €BKJIMJIOBOM IPO-
crpanctBe R™ co crampaprHoit Merpukoii. Mup muoroodbpasmii ¢ Ji.e. METPUKO 04eHb Oorar
U OH K HACTOMIIEMY BPEMEHH U3y4eH eIe cOBceM Mauio. JIocTaTrouHo HAOMHUTD, YTO J00ast
MHOTOrpaHHast TOBEPXHOCTH TPOU3BOJIBHON PA3MEPHOCTHU € MPOKOJIOTHIMHU BEPITUHAMU HECEeT Ha
cebe J1.e. METPHUKY; Ha KaxKJI0il JIBYMEPHON MUHUMAJILHOM ITOBEPXHOCTH ¢ HEPABHON HYJIIO KPH-
Bu3HOM K 1 ¢ MeTpukoil ds?, kBagparnunas dbopma ds? = v/—Kds?, 3amaer J.e. METPHKY.

2. B Teopunm m30MeTPUYECKHX MOTPYKEHUU J.e. METPHK, B OTJIMYHE OT METPHK HEHYJIeBOi
KPUBU3HBI, €CTh CIEMUATIBHBII BOMPOC 00 N30METPUUYECKUX TMOTPYZKEHUTX ITUX METPUK B CTAH-
JAPTHOE €BKJINJIOBOE IIPOCTPAHCTBO TOR 2Ke PasMepHOCTH (KCTATH, AHAJOTHYHBIH BOIIPOC HMeeT
CMBICJI CTABUTH W JIJIs JIIOOBIX METPHK MOCTOSIHHON KPUBU3HBI). Ecm Mbl MOKEM H30MeTphIe-
CKU MOTPY3UTH WU JlayKe BJIOKUTH JAHHYIO JI.e. METPUKY B €BKJIMOBO MPOCTPAHCTBO, TO TOIJA
MBI MOYKEM CKa3aTh, YTO UMEEM HATypaJIbHOE MPEJCTABICHUE ITOH METPUKU KAK METPUKHU 00-
JIACTHU € eCTECTBEHHOM eBKJINI0BOI METPUKON (HAIPUMEp, Te0/Ie3NIecKe TOH MeTpUKH OyIyT
NPAMOJTMHERHBIME OTPE3KaMU B 9T0i obact). B mokiaje 6ymer paccka3aHo O HEKOTOPBIX Pe-
3yJbTaTaX, CBA3aHHBIX C 9THM KPYT'OM BOIIPOCOB B CJIyUae MOTPYKEeHUl TBYMEPHBIX JI.e. METPUK
B €BKJIUJIOBY ILIOCKOCTb.

3. CTpyKTypa MOBEPXHOCTEH € JI.e. METPUKO XOPOIIO U3BECTHA, HAUWHAS C MPEINOTOXKe-
nus ux C?-rmagxocrn. i coxpaHeHHs WX aHAJOTHYHOIO CTPOCHHS B KJIACCE HOBEPXHOCTEll
Cl-rmagkocTn Ha 3TH HOBEPXHOCTH HYYKHO AIPHOPH HAIOKHTL HEKOTOPBIE IOHOJHHTETLHBIC
reoMeTpUYIeCKHe TPenookeHusd. Mbl JjaeM aHaJMTHYECKOE OMHUCAHUE YCJIOBU, KOTOPbHIE SIB-
JISTIOTCST HEOOXOIUMBIMU W JOCTATOYHBIMUA JIJIST BBITIOJTHEHUN STUX T€OMETPUIECKIX TpebOoBaHMIA.

4. Jl1a n30MeTpuIecKuX MOTPYKEHUil JTBYMEPHBIX METPHK B TpPeXMepHOe eBKJIUIOBO IPO-
CTPAHCTBO, U3YYEHHBIX C JOCTATOYHOM MOHOTON B CaydasdX MeTPHUK CO 3HAKOMOCTOSHHON KPH-
BU3HOW, B cJIydae Ji.e. METPUK €CTh TOJBKO YaCTHIHBIE Pe3yJbTaThl. B dacTHOCTH, JOKa3aHO,
YTO €CJIM TakKas MeTpPHUKa JOMyCKaeT M30MeTPHYECKOe MOTDYKeHHe B JIBYMEPHYIO eBKJIHJIOBY
ILJIOCKOCTD, TO JIJIsl Hee CyLIeCTBYeT M30MeTpHuecKoe Bjoxkenue B R3. B noxiane Oyaer pac-
CKa3aHO 00 TOM M JIPYTHX COILYTCTBYIOIIUX PE3y/bTarax 00 M30METPUYECKUX MOIPYKEHHSX
Jl.e. MeTPHUK. DOJIBITMHCTBO 3TUX pPe3yJIbTATOB OIYOJUKOBAHO B YKAa3aHHBIX B Oubauorpadun
paborax.

5. TToBepxHOCTH € J1.e. METPHKOW W 3ajaHHble B Bue rpaduka dyukmnm z = f(z,y) apis-
I0TCS PelleHusIME TPUBHAIHHOTO ypaBHenus MomzKka-Amiepa

ZuaZyy — 2oy = 0. (1)
st perieHuii 3TOro ypaBHEHUS MOXKHO MOCTaBUTH BOMPOC 00 WX JIOKAJHLHOM U TJI00AJHHOM
HOBEJIEHNN B MPEJNOJIOKEHNN HAJNYINd W30JUPOBAHHBIX ocobeHHOCTel. OKa3bpIBaeTcs, s JI0-
KaJbHOTO TOBEJIEHUS] MOXKHO MOJYYHTh HEKOTOPble aHAJIOTH TOBEJIeHHS PelleHnuil SJIANTIIe-
ckux ypapuennii. Huzke dopmyaupyiorcs moka HeonydJIMKOBaHHBIE pe3yabTaThl. [lycts D u Dy
obozHauaror obaactu x2 +y? <ru 0 < 22 +y* < r ¢ JoCTATOYHO MAJBIMH 3HAYCHHIMH 7.

Teopema 1. ITycrs C'-ruajkas HOpMaJibHAs pa3BepTHIBAIONIASCS TOBePXHOCTh 2 = (T, )
onpenenena Haj obaacreio Dy. Torna ¢yrkmust z(x,y) HEIPEPBIBHO IPOTOIKACTCSI B TOUKY
(0,0).
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74 NAXKAL XAKOBIIY CABUTOB

Teopema 2. Ilycrp pemenne z(x,y) € C? ypapuenns (1) onpegeneno max obaacteio Dy
umeer B Dy orpaHnvaeHHble BTOpbIe Ipou3BoAHbIe. Torma ero nepBbie IpOU3BOIHBIE HEIIPEPHIBHO
npogomxkaorcs Touky B (0,0).

Teopema 3. Ilycrb ¢pyukmnus z = z(x,y) npunamiexkur xiaaccy C1(D) N C?*(Dy) u ymgo-
saeropsier B Dy ypasrennto (1). Torga dyakmmo z(x,y) MOKHO HETPEPBIBHO MPOJIOJAKHATE B
dynxnmio kaacca C?(D).

Teopema 4. Eciin ma passeproiBaroneiics nosepxnocta kjaacca C? LIagKocTh I0BePXHOCTH
B HEKOTOPOIT TodKe obpa3zyronieli uMeeT TIaakocTh Kiaacca C™,n > 2, Torga ee riIajgKocThb BO
BceX TOYKaX 3TOH obpa3zyromieii Toxke 6yaeT Toro ke kaacca C™.

Caexncrsue. [Iycro penrenne z = z(x,y) ypaBaenns (1) npunagiexknt B Dy kiaaccy C™,n >
2 u u nycrb oHO npojokumo B D kak gynkmnus knacca C'. Torna ynxmuio z(x,y) MOKHO
renpepblBHO pojokuth B Touky (0,0) kak ¢yaknuio kmacca C"(D).

B 1es10M onpeiesienHas HaJl Beeil miockoceTbio Cl-rutaikas HopMasbHas pa3BepThIBAIONIAACA
MOBEPXHOCTD 2 = z(x, y) sBasiercst munuHapoM. O perennsx ypasaerust (1) ¢ ©30J0pOBAHHBIME
0COOBIMKM TOYKAMU MOYKHO JIOKa3aTh CJIE/LYIONIEe YTBEPK JICHUE

Teopema 5. Ilycrp Ha miaockocTh (,y) 3a/JaHO MPOH3BOIBHOE KOHEYHOE MHOMKECTBO TOTEK
M. Torga ypasuenne (1) umeer perneHusi, onpegeeHAbIe Ha BCEl IIOCKOCTH, IIPHHA/TIKAIHE
kiaaccy C* Bcrogy, KpoMe To9eK MHOxkecTBa M, B KOTOPBHIX OHH HEIPEPBIBHBI H I'DaOHIECKH
JIOKAJIbHO YCTPOEHBI KaK KOHUIeCKHE MOBEPXHOCTH ¢ BEPHIMHOH B 3THX ToUKaX. IIpm HEKOTOPBIX
CITeIHAIbHBIX PACIOJIOKCHHSIX MHOXKECTBO JHCKPETHBIX OCOOBIX TOUEK MOXKET OBITH H CICTHBIM.

Yacrb UpHUBEJIEHHBIX B 9TUX TeOpeMax pe3y/bTaToB IIePeceKkaercss ¢ COODIEeHHBIMU MHE B
JIMYHON MEepenncKe pesyabraraMu ncnaHckux maremMatukoB Jose A. Galves u Barbara Nelli.
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NMHBAPNAHTHBIE ITOYTNN KOHTAKTHBIE METPNYECKVE
CTPYKTYPBbI HA OAHOPO/AHBIX IITPOCTPAHCTBAX

APOCJIABHA CJIABOJIFOBOBA

Ha nmeuernomepnbrx rpynnax Jlu oOBIMHO paccMaTpUBAIOT JEBOMHBAPUAHTHBIE MOYTH KOH-
TaKTHBIE (KOHTAKTHbBIE) METPUIECKHE CTPYKTYDBI. B ciiydae 0JHOPOIHBIX IPOCTPAHCTB HEYOT-
HOIl Pa3MEpPHOCTH TaKhe CTPYKTYPHI JOJIZKHBI ObITh WHBAPUAHTHBIMHU, T.6. Pedb yiKe uaer 00
MHBAPHAHTHBIX MOYTH KOHTAKTHBIX (KOHTAKTHBIX) METPHUECKHUX cTpyKTypax. B pabore [1] JTxk.
Kansapyco nosyuena kinaccuduKaiysd AHBAPUAHTHBIX MTOYTH KOHTAKTHBIX METPIIECKUAX CTPYK-
TYP Ha OJHOPOJIHBIX MPOCTPAHCTBAX PA3MEPHOCTH 3, & TaKzKe TTPUBEJIEHBI HEKOTOPBIE Pe3yIbTa-
THl OTHOCHTEJIFHO UX CBOWCTB W TeOMeTPUIECKUX XapaKTepucTuk. Lleabio manHoi paboThl ABIs-
eTcsl M3yUeHne TeOMETPUIEeCKIX XapPAKTePUCTUK MOUTH K -KOHTAKTHBIX METPUYECKUX CTPYKTYD
HA OJIHOPOHOM HPOCTPAHCTBE IPOU3BOJILHON HEYETHOH PA3MEPHOCTH.

[Iycrs M = G/ H - riaskoe 0HOPOHOE TPOCTPAHCTBO pasMepHocTu 2n+ 1, rie G - cBsa3Has
rpynna Jlu, aeiicrBytomas na M tpansutuBHo u 3 pexTuHo, H - moarpyima w30TpONun
9JEMEHTA 0.

HamomHuM, 9T0 MOYTH KOHTAKTHOI MeTprueckoii crpykrypoit na M ([1]) waswiBaercst ger-
Bepka (1,&,p,9), tae n - 1-dpopma knacca C! ma M, £ - XapaKTepuCTHIECKOE BEKTOPHOE MOJIE
Ha M, ¢ - xapakrepucTudeckuii sugoMopdusm 1I'M, u g - pumanosa Merpuka na M, yiaoBie-
TBOPSIONIAs CJIEIYIONAM YCIOBUSIM:

nE) =1 ¢£=0, nop=0,
2 1
' =—I1+n®¢ gX,Y)=g(eX, oY) +nX)nY), X,Y € C(TM).

[Tourn KoHTaKTHASE MeTpUYecKasi CTpykrypa (1,£, ¢, g) Ha3biBaeTCs MHBAPUAHTHOl, ecjn 1-
dopma 7, XapakTepucTUUecKoe BeKTOpHoe 1ojie &, apduHop ¢ n puMaHOBa METPUKA § SABJIs-
I0TCAd MHBapHUaHTHBIMU OTHOCHTEJIHLHO ,ZLGIU/ICTBI/IH I'pynnbl ﬂI/I G

MokHO moKa3aTh, 9TO KOTJIa MOATrPyIa u3orponuun H uMeeT 9eTHYIO pa3MepHOCTD, JII0OO0i
MHBAPHAHTHOW TOYTH KOHTAKTHOH MeTpu4eckoii crpykrype Ha G/H COOTBETCTBYET JIeBOWH-
BapUaHTHAas MOYTH KOHTAKTHasd MeTpHYecKasd CTPYKTypa Ha rpynne JIlu G ¢ TOYHOCTBIO 110
H-6unHBapHaHTHOM MOYTH SPMUTOBOM CTPYKTYPHI Ha noArpytie H.

Anpom Bremrreit 2-bopmbl dn Ha MuorooOpasun M ([1]) HaswbiBaeTcs pacupejeneHue Kaca-
TEJIbHBIX ITOAIIPOCTPAaHCTB!

kerdn = {X € C*(TM) : dn(X,-) = 0}.

B ciydae naBapuaHTHON MOYTH KOHTAKTHON METPUYECKONH CTPYKTYPbI HA OJHOPOIHOM TPO-
crpauctBe M sapo 2-gopmbr ker dn Bcerma siByisiercst peryasapabiM G-MHBAPUAHTHBIM PACIIpe-
JleJIeHneM ¥ MTOJTHOCTBIO OlpejiesigeTcs TOIPOCTPAaHCTBOM Ker dn, B HA9aJIbHOM TOUYKE O.

[Toutn K-KOHTaKTHO# MeTpHYecKO# CTPYKTYPOil Ha3bIBaeTCd MOYTU KOHTAKTHAs MeTpHYe-
CKas CTPYKTYPa, XapaKTepPUCTHIECKOe BEKTOPHOE T0JIe KOTOPO! SABJIeTCS KUJIJTMHIOBBIM BeK-
TOPHBIM TIOJIEM OTHOCUTEJBHO METPUKH .

g moutn K-KOHTAKTHBIX METPUUECKUX CTPYKTYP MOJIYUEH CJICAYIONUN Pe3yIbTaT:

Teopema. IIycts HA omHOpOIHOM HpOocTpaHcTBe M paszmepHOcTH 2n + 1 3a71aHa HHBapHaHT-
mast nouTH K -KoHTaKTHasT MeTpIdeckast cTpykrypa (1, €, ¢, g), r - paHr sapa BHeITHe 2-¢hopMbI
dn u X - upoussoJibHOe BeKTOpHOE noJie, X # £. Torpa:

1. Ecim X € C'(ker dn), To ceKHOHHASA KpUBH3HA TOYTH KOHTAKTHO MeTPHICCKOIl CTPYK-
1ypsi B jaBymeproM Hanpasiaeaun {&, X'} pasua 0 B 060ii Touke u3 M.

Pabora Boimosena npu pUHAHCOBOI ToaIep:kKe mporpammbr [Ipesuaenta “Beaymue Hayanbre mkoibr PO”
(upoexr HII-9740.2016.1).
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2. Ecim BekTopHOE mosile X OpTOrOHAJBHO paclpeneeHHI0 ker dn, TO CeKNMMOHHAST KpH-
BH3HA MMOYTH KOHTAKTHOH MeTPHYECKOI CTDYKTYDbI B IByMepHOM Harpasiaennn {£, X }
paBHa 1 B 11060i Touke u3 M.

3. Kpususzna Puyyn B Hanpas/jieHnn XapakTePUCTHIECKOI'O0 BEKTOPHOI'O 10JIs1 £ paBHA 21 —
r + 1 B J1060i#t Touke 3z M.

CIUCOK JIUTEPATYPHI

[1] G.Calvaruso, Three-dimensional homogeneous almost contact metric structures // Journal of Geometry and
Physics, 69, 60-73 (2013).

KEMEPOBCKUI MHCTUTYT oUJANAJ POY um. I''B. TIJIEXAHOBA, np. Ky3HELKWI, 39, KEMEPOBO,

650992, Poccusa
E-mail address: jar1984@mail .ru



ITPEOBPA3SOBAHUE JIE2KAH/JIPA KOH®OPMHO-IIJIOCKNX METPUK
HEOTPULATEJIbBHOUN KPVIBU3HDBI

BUKTOP CJIABCKUI, MAPIS KYPKIHA, EBTEHII POIMOHOB

PaccmarpusaioTcst KoHMOPMHO-ILIOCKHe MeTpukH Kiaacca C? pusa ds? oIIpesieIeHHbIE

f2( )
Ha n-mepHoii cepe r € S® C R Heorpunarennnast Gyuknus f(z) no oguopognoctu (To
ectb f(Ax) = Af(x), A > 0) POJIOJIIKEHA Ha BCe R™| mpeobpaszosanuem Jlezkanapa Ha30BeM

KOH(OPMHO-ILIOCKYI0 MeTPHKY ds> Fcé oy Ha cpepe S™ C R™! onpesengeMyio n3 paBeHCTB:
2f(x) 2f(x)Vf(x)

FO=Riop Y= " ViwP @

Teopema. ITycth KoH(pOpMHO-TIITOCKas MeTpuka ds? npmragmrexnT Kiaaccy C? m mMeer HeoT-
PHITATEIBHYIO OJHOMEPHYTO CEKITHOHHYIO KDHBH3HY, TO €CTh HEPABEHCTBO

a* f 25
Kipo(z,8) = f(x )d—gg——Wf\ (2)
BHIITOJIHACTCS /I 1060# Toukn x € S™ C R™™! u smoboro KacarelbHOro eJHHHYIHOIO BeKTODA
d2
¢ € T,(S™), amecw V f - rpaament ¢pynaknmn f B R™ d_szc — BTOpas Npou3BOoAHasA (GyHKIHH [

B R"™! Broms BexTopa €.
JInbo ¢pyuxmus f(x) ymosiaerpopsier aKBHBaﬂeHTHOMy cBoiicTBy [2]:

VI < Vi = i e

|2—1|

ok (3)

JUIST JTIOOBIX TPEX TOUEK X1, T, Ty chepbl. 3mech |b— a| — obpranoe xopmoBoe paCCTOHHI/IG MEXKITY
Toukamu a 1 b B eskngoBoM npoctpamcrse R, Toraa apoiicreennas ds? = ng W KOH(POPMHO-
IJIOCKAsT METPHKA Takzke obsanaer csoiicramu (2), (3).

dy?
CsoiicTBa MeTpukn ds? = =y
e [1aBHBIe 3HAUEHMs OJHOMEDHBIX CEKIMOHHBIX KPHBHU3H (2) MeTpuk ds® u ds? cBa3ambl
B COOTBETCTBYIOIIMX TOYKaX paBeHcTBaMmu kkf =1, i =1,...,n;

e [IpeoGpasoBanue (1) UHBOJIOTHBHO;
e /IBoiicTBeHHas K KOH(MOPMHO-IJIOCKOI METPHKE ¢ HEOTPUIATEIbHON OTHOMEPHON CeK-
IMOHHON KPUBU3HOIT |2] MozkeT ObITh onpeesena 6e3 TpeboBaHusl [JIAAKOCTH METPUKH.

CIINCOK JINTEPATYPHI

[1] C.Kyrarenanze, A.Pybunos. Jeoticmeennocms Munkosckozo u ee npuaosicenus |/ Hosocubupck: Hayka,
1976. — 250.

[2] M. Kypkuna, E. Pognonos, B. Cnasckuii. Kongopmmo-sunyrivie GynEyuu u KORGOPMHO-NAOCKUE MEMPUKL
Heompuyamesvrol kpususno, // Jokmansl Akagemnn Hayk, 462:2, 141-143 (2015).

FOrorPcKuil roCYIAPCTBEHHBIII YVHUBEPCUTET, V1. YEXOBA, 16, XAHTH-MAHCUICK, 628012, Poc-
crst, AJTATICKUI TOCYJAPCTBEHHBINI YHUBEPCUTET, TP-T. JIEHUHA, 61, BAPHAYII, 656049, Poccusl.
E-mail address: slavsky20040mail .ru, mavi@inbox.ru, edr2002@mail.ru

Pabora BbImOMHEHa TIpM (DUHAHCOBOM TMOAIEp:KKE TI'PAHTOB IPABUTENLCTBA Poccmiickoit ®emeparinn:
(14.B25.31.0029, Nsh of RF (2263.2014.1)), the RFBR (15-41-00092-r — Urals, 15-41-00063-r — Urals, 15-01-
06582-a, 16-01-00336-a).
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f-FKBASVMETPUKN N IIPOLHEAYPA p+— infp

KOHCTAHTUH CTOPOZKYK

Oyuknuio p : M X M — [0,00) Ha3BIBAIOT f-KBA3UMETPUKOI, €CIM OHA YIOBJIETBODSET
CJENYIONEMY « f-HEPABEHCTBY TPEYTOJbHUKA» (JIJIs HEKOTOPO# HENMpephIBHOM B HyJ1e DYHKINH

f:[0,00) = [0,00), f(0) = 0):

Va,y,z € M p(x,z) < f(p(x,y) + p(y, 2)).

B 9acTHOCTH, p HA3BIBAIOT ¢-KBa3UMeTpuKoii, ¢ > 1, ecim p(x, 2) < q- (p(z,y) + p(y, 2)).

Tonosnoruio npocrpanctsa M onpenensior, cauTas MHOKECTBO U OTKPBITHIM, €CIH KarK1as
ero Touka BXxomut B U BMecte ¢ HeKOTOpbIM e-mmapoM B(z,e) = {y | p(z,y) < £}.

Onpenennm dyHKUO inf p Kak “HOUMYM JTJIHH A0MaHbE B «MeTpukes p. [lo-Bumumomy
BIIEPBBIE TAKYI0 KOHCTPYKIHUIO B MEJIAX MeTPH3AIUNA UCHOJIb30Bau Bupkrod [1] u @pusk [2].

Yropsgodennsiit Habop Touek {zg, 21, - . ., Zn_1, Zn; OYIEM HA3LIBATH JIOMAHOM, COEMTUHSIIO-
wieil TouKU 2 U z,. Jyiunoii ssomanoit L nazosem cymmy s ee 3senses: |L| =" | p(zi_1, 2i).
[Tomoxkum

inf p(z,y) = inf{|L| | L — nomamste, coequusiomue ,y}.

[Ipu u3MeHeHnn f-KBa3sMMETPUKH p HA METPUKY (WK MceBIOMeTpuKY) inf p Tomosorus mpo-
CTPAHCTBA MOKeT MpeTepreTh HeOKHIaHHble W3MeHeHus. Hampumep, HEKOMIAKTHOE CIETHOE
muOKecTBO (M, p) MOXKeT craTh cxofgiieiics nociaenosarenbHoctbio (M, inf p). Ml crponm
HOJIMHOYKECTBO ILJIOCKOCTH, HA KOTOPOM TPH JIIOOBIX Pa3HBIX ¢ > 1 TOMOJOTMYECKH IKBHUBA-
JeHTHBIe ¢-KBasuMeTpuku d? ( d — eBKJIMJIOBA METPUKA) MHAYIUPYIOT TOTOJOTHIECKU HEIK-
BuBajienTHBIe MeTpuku Infd?. Ilpm 3TOM BCe MpPOCTPAHCTBA OKA3BIBAIOTCS OMEOMOP(HBIMEI
(coorsercrrytomue romeomopdusmbr (M, inf d*) — (M, inf d?) — me ToxecTrenHbIe OTOOpA-
JKeHNS).

Bamaun o cesa3u p u inf p, nomHsTHE B [3], cBsI3aHBI ¢ W3yYeHHWEM TreOMETPHM WJIEATbHOI
rpaHuIel rurepbosndeckoro mo ['pomoBy mpoctpancrsa Y. IlycTh sg — BepxHss rpaHb TAKHX
s, aro inf p® Gununmmieso sKkBuBaaeHTHA p. Ecom X = 0,Y, TO —(80)2 — TaK Ha3bIBaeMas
ACHMIITOTHYeCKas BepXHsisl TpaHuna Kpususubl Y, (|3, 4, 5|). Hamu npumepbl TO:Ke MOLYT
OKa3aThCs MOJE3HBIME JTIsT TOTO, YTOOBI HALVISAIHO MPEJICTABIATH cebe crenuduKy pacCTOsSHUR
HA MJEASbHON I'PaHKIE POCTPAHCTBA.

CIINCOK JINTEPATYPHI

[1] G.Birkhoff, // A note on topological groups, Compositio Mathematica (1936) Volume: 3, page 427-430.

[2] A. H. Frink. Distance functions and the metrization problem// Bull. AMS 43 (1937), p 133-142.

[3] Schroeder, V. Quasi-metric and metric spaces// Conform. Geom. Dyn. 10, p.355-360.

[4] Buyalo, S., Schroeder, V. Elements of asymptotic geometry. (English). EMS Monographs in Mathematics.
Zurich: European Mathematical Society (2007).

[5] M. Bonk, Th. Foertsch. Asymptotic upper curvature bounds in coarse geometry// Math. Zeitschrift 253 no.
4 (2006), 753-785.

[6] Apyrionos A.B., I'pemmror A.B., Jlokymmesckwuit JI.B, Cropokyk K.B.
TOmoJIOrMIecKre U reOMeTPUYECKHEe CBOMCTBA IIPOCTPAHCTB ¢ CUMMETPUIECKUMY ¥ HECUMMETPUUECKUMHU f-
kBazumerpukamu, Topology Proceeding, to appear.
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PEIIIEHUE OJHOMN IIPOBJIEMEI A.B. APXAHI'EJILCKOI'O

I[TABEJI HEPHUKOB

A. B. Apxanresnbckuii [1] copmymmposan mpobmemy: OmeHnTh MOI[HOCTD (DUHAIBHO KOM-
naxrHoro Ti-npocrpancrsa X CYETHOrO HCEBAOXapaKTepa.
O6o3naunM depes 3 nepBbiil u3MepumMblii Kapaunai. B [1] ykazano, aro Bepra

Teopema 1. Eciu Y — Tomosorudeckoe NpocTpPaHCTBO TaKOe, YTO
1) Y sausiercst Ts-upocrpancrBom;

2) Y ¢unAIBHO KOMIIAKTHO;

3) Y mmeer cuerHbIii mceBIoxapakrTep,

To Y| < 5.

FOxac B [2| mokazan cienyoriee yTBepKIeHHe.

Teopema 2. /Lns Besikoro mmuoxkectsa Xo, | Xo| < (8, cymecrByer ¢puHaapHO KOMIAKTHOE
Ti-upocrpancrBo X* cuernoro ncepjoxapaxrepa rakoe, aro | Xo| < | X*| < 3.

Taxmm 06pa3oM, BIHINM, UTO JJis MOJTHOTO PerteHust c(popMyJIHPOBAHHOI TTpobIeMbl ApXaH-
reJThCKOTO JOCTATOYHO JI0KA3aTh, 9TO yCa0oBHe 1 B Teopeme 1 MOXKHO OMYCTUTH. DTO CJIEJTAHO B
[3]. Tounocts nosygaemoii npu srom onenku |X| < [ caemyer u3 Teopemsr 2 FOxaca (TOIHOCTD
B TOM CMBICJIE, UTO €€ HeJb3sl YMeHbIIUTh ).

CIIUCOK JINTEPATYPBI

[1] A.B. Apxanrensckuii Cmpoenue u KAGCCUGUKAYUL MONOAOZUNECKUT NPOCTNPAHCMS U KAPOUHAALHOLE UHE-
puanmu // Yemexu mar. Hayk. 33:6, 29—84 (1978).

[2] 1. Juhasz Cardinal functions in topology — ten years later. Second ed. Amsterdam: Math. Centrum, 1980.

[3] II.B. Yepuukos O mownocmu gunasbrozo Komnaxmmuozo Th-npocmparncmea cuemnozo ncesdoraparmepa /|
Mar. 3amerku CBOY. 22:1, 89—92 (2015).

HoBOCUBUPCKUI I'OCYIAPCTBEHHbBIIT YHUBEPCUTET, YJl. [IMPOroBA, 2, HoBocusuprck, 630090, Poc-
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JABYJINCTHOE HAKPBITUE OJHOCTOPOHHUX IMTOBEPXHOCTEN

MUPA YEIIKOBA

Ecsn Ha moBepxuoctn B E® cymecTByer 3aMKHyTas Kpupas (Je30pHEHTUDYIOMAN KOHTYD),
00T IAI0IMAsT TEM CBOWCTBOM, YTO IPHU ee 00X0Je JOKAJbHAS OPHEHTAIUS B KACATEIBHOM IIPO-
CTPAHCTBE MEHsIeT 3HAK, TO MOBEPXHOCTH HA3BIBACTCS odHocmoponned. Tlpocreiireii oxHOCTO-
poHHell OBEPXHOCTHIO gBJisgercs jenta Mebuyca. K 0HOCTOPOHHUM HOBEPXHOCTAM OTHOCHTCS:
CKDEIeHHBI Kosak, OyThiika Kueilina, puMckas moBepxHocrs [1-5].

B eBKINI0BOM HPOCTPaHCTBe 3 paccMOTpHM TIaJKyIo 3aMKHYTYIO HEILIOCKYIO KPHBYIO 7,
3a/aHHy 0 4T-TIeproandeckoii Bekrop-yHKumeir p = p(u), KOTOpasi He sSIBJsIETCS 27T-TIePUO/IH-
JecKoM U 2mM-aHTHIEPHOINICCKOM.

Tax xax p(u) = p(u+4m), To bynkuus s(u) = 3(p(u)+ p(u+27)), ecrs 2m-nepuoauIecKasd, a

sexTop-bynxmus [(u) = £ (p(u)—p(u+27)) ectsb 2r-anTUNEpHOAHIecKas GyHKIEs. C TOMOIIHIO

2
TuX (PYHKIUH TOCTPOUM ITPUMEPHI OJIHOCTOPOHHUX ITOBEPXHOCTEH.

Onpesiesinm oBepxHOCTH M ypaBHEeHHEM
(1) r(u,v) = s(u) +vl(u),u = [-m,7],v =[-1,1].

Teopewma 1. llosepzrocmov M ecmv modeav aenmu, Mebuyca, dasa xomopoti kpusasa p = p(u)
ABNAEMCH KPAEM.

Hesopuentupytonuit KOHTYp moepxuoctu M (cpenusig aunust) umeer suf r(u, 0) = s(u).

PaceMorpuM 3aMKHYTYIO TOBEPXHOCTH K :

(2) T(U, U) = (p + COS(U))S(U) + SZTZ(U)Z(U),]? 3& Fl, u= [_7.‘-7 7T],U = [_ﬂ-a W]'
Teopema 2. Qopmysa (2) onpedeasem modeav bymoiaku Kaelina.

[ToBepxnocTs K uMeeT JBa JAe30PUEHTUPYIOMUX KOHTYPA:

r(u,0) = (p+1D)s(u), r(u,m) = (p—1)s(u).

Paspexkem K BIOJIb KpuBOH 1 = 1(u,v),u = [—2m,27|,v9 # 0, Fx. [lomydum jaBe JeHTHI
Meb6uyca co cpemunvu auanamu r(u,0) = (p + 1)s(u),r(u,7) = (p — 1)s(u). IloBepxHocTn
Kaneitna K moxuo mosyants “ckiaens” fase jgeHThl Mebuyca mo kpato 7 = r(u, vg).

Ecoim p+1=0(p—1=0), to cpeansisi unuss S : r = (p+ 1)s(v)(S* : r(m,v) = (p—1)s(v))
BBIpOKIaeTcsa B Touky. Oana u3 jgent Mebuyca BIPOXKIA€TCs B KOHYC, TOMeOMOPdHBI cdepe
¢ apipoit. TToBepxuocth (2) B aTOM ciydae romeomopdra cdepe ¢ IbIPOil, 3aKIEEHHOI JTHCTOM
Mebuyca. Nmeem Mozieb TPOEKTUBHOM m1ockocTH [5, crp. 25].

PaccMmorpuM 3aMKHYTYIO OBEPXHOCTD F:

(3) r(u,v) = (14 cos(v))s(u) + sin(v)l(u), u=[—m 7],v=[-7, 7]

Teopema 3. Popmyasa (3) onpedessem modeav npoexmusnot naockocmu P.

Jlokasnbno TpuBHATBbHOE paccaoenue Y = (K, m, B), tae B — 6a3a, £ — ToTaabHOe TpoCcTpaH-
CTBO, T — TIPOCKIHSA, HA3BIBACTCA K-AUCTNHBIM HAKpimueM, ecar caoil m1(b), b € B cocTouT u3
k rouek. Toranbroe npocrpanctBo F HaszpiBaercst npocmpancmeom narpoimus |6, c. 34]. Bes-
Kad OAHOCTOPOHHAA IMOBEPXHOCTH HMEET B KavdeCTBE ,ZLBy.HI/ICTHOﬁ HaKprBaIOH_[eI';I HEKOTOPYIO
JIBYCTOPOHHIOK) TTOBEPXHOCTb.

Pacemorpum srenty Mebuyca M (1)u nunnaap Z:

r*(u*,v*) = e(u”) + vk, e(u”) = (cos(u”), sin(u*),0), k= (0,0,1), u* = [-m, x|, v* = [-1,1].
CootrBeTcTBHE MeK Ty TOUKamu JeHTH Mebuyca M u nmumuaapa Z yCTAHOBUM O TPUHITAIY

paserncTBa Koopaunat u* = u/2, v* = v. Tak Kak s(ug + 2m) = s(up), (v + 2m) = —I(up), TO
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JIBYJINCTHOE HAKPBITUE OIHOCTOPOHHUX TTIOBEPXHOCTEN 81

KOOpAUHATHI (g, Vo), (g + 27, —Vy) OUPEETAIOT OJHY TOUKY JeHThl Mebuyca M u jBe TOUKH
muinaapa Z: r*(ug, vo) = e(ug/2) + vok, 7 (ug + 27, —vg) = e((up + 2m)/2) — vok.

Cpenueii munun et Mebuyca v = 0 (me3opentupyromuii KoHTyp JeHThl Mebuyca) Ha
IHJIMH/PE COOTBETCTBYET cpeiHsst OKpyKHocTh ¢ errpom O(0,0,0). A Tak kak e((u+27)/2) =
—e(u/2), r*(ug,vg) = e(ug/2)+vok, r*(uo+2m, —vy) = —r*(ug, vo), T0 TOUKE 1* (U, Vo), T*(Up+
271, —vg) cumMeTpuaHbl oTHOCHTETHHO TeHTpa O(0,0,0) 370l OKPYKHOCTH.

YrBepxkaeuue 1. [[uiundp Z dsysucmmo naxposaem aerwmy Mebuyca M. Touxe aenmor M
coomsememeyom d6e mouku yusundpa Z, cummempuunvie omuocumenvno uerwmpa O(0,0,0).

Pacemorpum 6yTeuiky Kieitna K (2), Top T: r*(u*,v*) = (p + cos(v*)) e(u*) + sin(v*)k,
e(u*) = (cos(u*), sin(u*),0), k = (0,0,1), u* = [—m, 7], v* = [—7, 7] u cooTBeTcTBHE U* =
u/2, v* =w.

Jurusgm v = 0, v = 7 (Ae30perTHPYIONTIE KOHTY b Oy ThiiKH Kieiina) Ha TOpe COOTBETCTBY-
o1 okpyzkuOoCcTH 7% (u*, 0) = (p+ 1)e(u®), r*(u*,m) = (p — 1)e(u*) ¢ obmmm nenrpom O(0,0,0).
Torma Touku 1 (ug, vg) = (p + cos(vy)) e(uo/2) + sin(vo)k, r*(ug + 27, —vg) = —1*(uo, vo) cuM-
MeTPHYHBI 0OTHOCUTEbHO ob1iero merrpa O(0,0,0).

YrBepxkaeuue 2. Top T dsyaucmno naxpwsaem oymuiary Kaetina K. Touxe bymoviiku
Kaetina K coomsememesyiom dee mouru mopa T, cummempuumvie omuocumenvho yenmpa O.

Pacemorpum npoekTusnyio miockoctb P (3), cdepy S:

r*(u*,v*) = cos(v*)e(u”) + sin(v)k, e(u”) = (cos(u”), sin(u*),0),
rae k= (0,0,1), u* = [-m, 7], v* = [, ] u coorBeTCcTBUE U* = U/2, V* = V.
Koopaunatsr (ug, vg), (ug + 27, —vp) OUPEAETAIOT OJHY TOUYKY MPOEKTHBHOI MIocKocTH P 1
JBe ToUKH chepbl S, CAMMETPUYHBIE OTHOCUTEIBHO MEHTPA.

YrBepxkaeuue 3. Cgepa S dsyaucmno naxpweaem npoexmushyro naockocmsv P. Touxe
npoexmusHol naockocmu P coomsememeyrom dee mouku chepor S, cummempuuHvle OMHOCU-
MEADHO UEHMPA.

ITpumep. IlocTpoum mpuMep HAKPBITHsI TPOEKTUBHON miockoctu P cdepoii S (puc. 1).
Homoxum s(u) = (cos(u), sin(u),0), l(u) = (sin(u/2),0, cos(u/2)). [loBepxuoctsh P ecTh cKpe-
IIEeHHBIT KOJIMIAaK.

Puc. 1. Ckpemennslit Komnax u cgepa
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BEKTOPHOE PACCJIOEHUE IN®PEPEHIINMAJIOB ITPIMA
HAJ ITIPOCTPAHCTBAMU TENXMIOJIJTEPA
TIOBEPXHOCTEN C IIPOKOJIAMU

BUKTOP YVYEIIIEB

Teopust GyHKIMIT HA KOMIIAKTHBIX PUMAHOBBIX MOBEPXHOCTAX CYMIECTBEHHO OTJINYACTCS OT
Teopurt (bYHKIUH Ha KOHEIHBIX PUMAHOBBIX MOBEPXHOCTSIX JazKe s Kjacca abeneBbix ( 0Ji-
HO3HAUHbIX) quddepenimanos. [Iycrs F — dukcupoBaHHasl 113 IKasi KOMIIAKTHAS OPHEHTHPO-
BaHHAs MOBEPXHOCTh poja g > 2, ¢ orMmedanueM {ay,bg}i_, ma m(F), a Fy — KoMnakrTHas
PUMAaHOBA MOBEPXHOCTH ¢ (DHKCUPOBAHHON KOMILIEKCHO-AaHATUTHIECKOH CTPYKTYpoii Ha F. 3a-
dbukcupyem pasmnunvie Touku P, ..., P, € F. llycts F' = F\{P,,...,P,} — noBepxHoCTbH
runa (g,n), n > 1, g > 2, u I — dykcoBa rpynna nepBoro poja, MHBAPUAHTHO JEHCTBYIOIIAsI
Bkpyre U = {z € C: |z| < 1} u Fj = U/I". Jlwobag apyras KOMILICKCHO-aHAIHTHICCKAS
crpykrypa Ha F' 3amaercsa mexoropsiM auddepennnanom Beabrpamu p Ha Fjj, T. €. BeIpazke-
nneM Buga (i(2)dz/dz, KOTOpoe NHBAPHAHTHO OTHOCHTEILHO BEIOOPA JOKAIBLHOTO TapaMeTpa Ha
F{, tne pu(z) — xommutexcnosnadnas dbyuknus na L. 91y crpykrypy #a F’ Oymem obo3nadarhb
Jepes F;i (p, q)-dudpeperyuanrom Ipuma ornocuTesnbHo (hykcoBoit Tpynmbl IV HasbiBaercs
muddepennuan w(z)dz? taxoit, uro w(T'z)(1T"z)? = p(T)w(z),z € U, T € I". dusuzopom na F),
HazoBeM dopmasboe npoussenenune D = P .. P Pe Fyn; €Z, j=1,... k.
O6o3nauum uepes QZ(W, F,,) BeKTOpHOE IPOCTPAHCTBO, cocrosiee u3 (p, q)-nuddepen-
1MAJIOB KPATHBIX JIMBU30PY W,
aepes Q9(1; F,,) — BeKTOPHOE MOANPOCTPAHCTBO TOI0MOPBHBIX (p, ¢)-nuddepennnanos ma F,.
3nech amBusop () . .. Qs Ha F), moAmMaeTcs, Kak MOCTOSHABIN HAOOp TOYeK Ha moBepxHoCcTH [
HaJ| npocrpancrBoM Teixmrostepa T,

Teopema 1. Bexmophoe paccaoenue UQ‘;(W; F) /(15 Fy) nad Ty x (Hom(T',C*)\1)
npu q > 1 (nad Ty x (Hom(I', C*)\L,) npu q¢ = 1) bydem 20aomopdroim sexmoproim paccaoe-
HUEM Panea oy + - -+ + g, nputem Habop Kaaccos cmescrocmu (p, q)-duddepernyuanos

(1) (a1) (1) (as)
Topa:Q17 0 TpgsQur 9 TpaiQsr 0 Tp,giQso

rmea; >1, q; €N, j=1,...,5,s>1,g>1,g€ N, a

— 6a3UC A0KAALHO 20/l0M0p¢HbLLL’ ceverutl 3mozo PACCAOEHUA.

Jlemma. /laa arbozo dususopa Plkl-. PR ki >0,5=1,...,n,q¢> 1 uamobozo p (uaug=1

u cywecmsernnozo capaxmepa p) na F,, cywecmsyem duddepernyuan & € Qg(ﬁ, F,) c
1 et

dususopom (@) = %, ede R #P,l=1,...n,j=1,. N N=29—-2)q+ ki +...+k,,
1 et

U ¢ MOOBLMU 3A0GHHOLMU 2AA6HBMU Yacmamu pados Jlopana 6 moukax Py, j =1,....,n, daa ezo
semeetl. Imom duddepenyuan L0KaALHO 2040MOPPHO 3a8ucUm 0Mm MOJYAET 1] noseprHocmu
F,, u xapaxmepa p.
B nasbheitem Gyzem npepimnosararh, 4ro xapakrtep p' Ha I Ttakoii, uro p'(y;) = 1, j =

1,...,n, 1. e. p=pe Hom(l',C*). PaccmoTpuMm nuarpammy

1 1
Yogras M - Glgrgs )

Q5(L, F),) N My Q5(1, F,)

! ! 1)

Tyn X Hom(I",C)\1 — T, x Hom(T", C*)\1.

E =

Pabora nopuepxana Poccuiickum ®@ongom @ynnamenranbubix Uccnenosanuit (rpant 15-01-07906).
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Teopema 2. Jluazpamma (1) asasemca wommymamuenoti duazpammots us 2040 MOPPHHHLT
BEKMOPHBIT PACCAOCHUT, 1 KOMOPHLT COOMEEMCMEYIOULUE CAOU USOMOPPHDL, U 20A0MOPHHBIT
n!l-aucmuvir omobpasicenuti nad 6a3amu cOCMOAWUMU U3 npoudsedenus npocmpancmea Tetiz-
mroanepa aubo wa Hom (L', C*)\1 npu ¢ > 1, aubo na Hom(I',C*) \ L, npu ¢ = 1.
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I'PA®UKN PEIIEHNI HECKOJIbKIX HEJUHEIHBIX
ANPOPEPEHIINAJIBHBIX YPABHEHUN

HAJIE?KJIA UYEIIEBA
Ypasuenne Kopresera-ige @pusa gB/isgercsd HEJUHEHHBIM YPABHEHUEM TPETHEro MOPIIKa

Piu=u+ ugpy +6 u-u, =0.

OHUM U3 TOYHBIX PelleHuil ITOro ypaBHeHUs OyaeT dyHKITHS

1 8-b%—
u(m,t):6-8TC—2-b2-tanh2(a+bx+ct). (1)
V2+1

IIpu b=1,c=2,a= —% In Y =T+ 2t rpaduk byuxmun u(y) n300pakeH HA PHCYHKE

1.TMlpub=1, c=2, a= —% In gi rpacduk bynkuun (1) n306paken Ha pHUCyHKe 2.
JIluneapusoBanubiM ypasaenunem Kopresera-jge @pusa gpiisiercs ypaBHeHUe

Pou = ug + Ugee = 0.

BerecTBeHHBIM pellieHreM 3TOr0 ypaBHeHus Oyier byHKIust
o 3 3
u(w,t) =be " e 2 (sin %x + V3 cos \/7_:6> = uy(t)ug(x).

Ipaduk dynkmun us(x) uzobparken Ha pHCYHKe 3.

st ypaBuenns Kopresera-ne-Opusa nusatoro mopsika [1]
2
Ut — Ugggzzr T C1 (u3)l’ + ((ux) )x + c3 (U umc)ac =0
TOYHBIM pernenneM (3| mpu: co = —1, ¢; = ¢3 = 1 Gymer BemecTBeHHast GhYHKIUS:

u(z,t) = 8b* — 12b* tanh® (—a — bx + 16b°¢) ,

rje nocroguubie a,b € R. Hanpumep, npu b =1, y= —x 4+ 16t, a =

=%
VR
s
g
N———

rpadux bynkmun 2 = u(y) = 8 — 12tanh®(—a + y) — Ha pucynke 4,
rpadux bynkuun z = u(r,t) = 8 — 12tanh*(—a — x + 16t) — na pucyuke 5.

u
() iy )
1 28 10
5
1 9 T
1 9 1 2 \3y
Al
-1 -1 2/ 0 2 ~ A% ~
Puc. 1 14 Puc.3 Puc. 4

[Tpu namunu puccunanun ypapaenne Koprepera-ae @pusa nepexoanT B ypaBHerue broprepca-
Koprepera-ge ®@pusa, nmeroniee Buj Pou = uy + Uppr + 6 © - up — auy, = 0. Tounoe perienne
STOI'0 ypaBHEHUS

1 3a®—250c; 1

1 1 1
u(z,t) = — - ———"——.a* -tanh <01 + 1—Oax + cgt) —%-CZQ-taunh2 <01 + 1—Oax + cgt) )

IIyctb a =1, y=c1 +0,1lx + cst, 632%"

Torma rpaduk bynxkmun z = u;(y) = 150u(y) = —1 — 6tanh(y) — 3tanh?(y) — na pucynxe 6.
84



I'PA®UKIN PEINEHNI HECKOJIBKIX HEJTMHENHBIX OUOPEPEHIINAJIBHEIX YPABHEHUN 85

B asymepnoit reomerpun o6o6menueM ypasaenns Kopresera-ne @pusa gapigercd ypaBHeHHe
Kanomnesa-Ilersrmamsumm Py = a% (U + Uggy +6u - uy) —a-uy, =0, a==*l1. Ogaum u3s
TOYHBIX PENICHUIT 9TOr0 ypaBHEHHUA ABJIAeTCH (PYHKIIUS

1 —cseo +act +8c)

u(z,t,y) = 6 2 —2-c3-tanh? (¢; + ez + c3t + cgy) -
I[Ipu 2z = cow + c3t + cuy, ¢ = —%ln%, co = ¢4 = 1. Jlubo , a = 1, cg = 3, smbo
a=—1, cg =1, rpadux pemreruss u(z) — pucynok 1.
Bropoe ypaBuenne Kagomuesa-Ilersuarnsuim
3 0 3 1
Zuyy = 9z <ut + Quuz — Zumm)

OOmuM perieHreM 9TOTO YpaBHeHUs OyleT pyHKINs
1 —3c3 4 8¢5 + 4eycs

u(z,t,y) = ~6 5 + 2c2tanh® (¢; + cox + c3y + cqt) |
&
rJe TMOCTOSHHBbIE C1,Cy,C3,C4 € R. Hanpumep, ipu ¢o = c3 = ¢4, =1, z=x+y+1t, ¢ =
—% - In (%) rpaduk byskmun z = u(z) = —% + 2tanh?(c; + 2) — ma pucynke 7, npnu
=1 c3=-1,¢c,=0, ¢ = —% -In (\/‘/%—jé) rpaduk bysxnun u(z,y) — Ha pECYHKe 8,
upu co =1, c3=1, c4 =0, ¢; = —% -In (%) rpaduk Gyukiun u(xr,y) — Ha pucyHke 9,
u )
5 H(z)
0,5 //(/;’/’;,,_,,
\ /’?’%%/f/';
4 -2 -2 -10§y 1 2 3 4 ¥y 1 0 1 2 l},/‘////‘//’!i;,{t////“//oy
L
P . / //I)-fl]/ ,...
W
Puc. 6 Puc. 7

TounbiMm periennem Tperbero ypapuenus Kajgomnesa-Ilersuaipuiim:

P4uE12-umt—6'uix—umm—uyy:0
sBaisiercst pyHkuns u(x, t,y) = ¢5 + In <61 + cox + % . %t + C4y> )
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O IIOJIYI'OJIOHOMHOCTHU T'PVIIIIBI JIN
N ITAPAJIJIEJIN3YEMOI'O MHOI'OOBPA3UA

IOPU MIEBYEHKO

PaccMoTrpuM ¢TpyKTYpHBIE YPABHEHHSA T-MEPHOTO HapaJLIen3yeMoro MHOroobpasus P,
1 do' = CL W AWF (i,...=T1,7), C',, =0, C" const.
Ik (7k) gk
[Tponuddepentupyem ypaprenns (11) BHeNTHIM 06pa3om
[dC}k + (C',’;Ik(]g‘ + ijC’ﬁj)wl] Awl AwP=0.
Buipazkenue B KBQJIPATHBIX CKOOKaX MMeeT BHU/I
(2) dC’;k + (C,"nkC'Z}L + C;mC’[,’;)wl = C}klwl,
npuIemMm C(ijk)l =0, ijkl} = 0. Vpasuenus (2) gafor:
dCly |uizo= 0, C% |ui—o= const, Ci = Cl(x), x € P,.
Ecm C, = const, To u3 ypapuenuit (2) ciesyer

J
SIkobu C? =10
OTKyAda C IIOMOIIbIO MUKJIUPDOBaHUA MOJYYINUM TOXKICCTBa s1IKOOH m{j "~ kl} .

BamumieM ypasuenus (11) B BIJIe CTPYKTYPHBIX YPABHEHUH [JIAIKOTO MHOTOOOPA3HST
i g R I
(3) dw' = W Awj, wi = Chw"
Torna ypaBaenus (2) npeacraBuM nHade
i il il i
Brermaue muddepentuanbr Gopm (3;) UMeOT BHT
ik i k i i il i il
dwj =wj ANwp + W' Awjy, wy = —C’jklw = Wik = —C’jklw )
PesynabTaThi:
1) anrncavverpiambie kosgunmentsr Cf) B CTPYKTYpHBIX ypasrennsx (1,) mapasiennsy-
eMoro MHOroobpasusi P, saBISOTCS abCOTIOTHBIMA HHBADHAHTAMU;
2) abcoIIOTHBIE HHBADHAHTHI Cjy, muoroobpasns P, BoobIe ropops, He yI0BJIEeTBODSIIOT TOK-
JsrecrBaM SIko6m;
g C) = const, To MHOT i BBIpOKTaeTcss B rpynny Jln MpHIeM MOCTOSTH-
3) ecmm Cy t, To MHOrOOOpasue P, 0K TaeTC JIn G, eM MOCTO
i .
mpie Cf; VI0BJIETBOPSAIOT TOIECTBAM SKobu;
4) abcoroTHRIE HHBADHAHTHI C?y, mHOrOOOpasus P, B 4aCTHOCTH NMOCTOSIHHbIE TDyIIIbl JIn
G, obpasyior r apyxpasentusix Tensopos C* = {C1};
5) mapasiesm3yemoe maOroobpasue P, u rpynmna Jlu G, sSBIsIOTCS B 00IIEM CIydae MoJIyro-
JIOHOMHBIMH TJIAJKHMH MHOTO0ODA3HSIMIT;
6) IpH BBIIOJHEHHH YCJIOBHUS Clr = 0 mHOroobpasue P, tpusnajipuo, s rpynnsl G, 910
cy=0.

i
yeaosue npaanvaet sag Cy

BANTUNCKUIA ®ENEPAJIBHBIA YHUBEPCUTET UMEHU MMMAHYUJIA KAHTA , vi. A. HEBckoro, 14,

Kanuuunarean, 236041, Poccu4a
E-mail address: EScrydlova@kantiana.ru
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