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GENERALIZATIONS OF CASEY’S THEOREM
FOR HIGHER DIMENSIONS

NIKOLAY ABROSIMOV, VLADISLAV ASEEV

In 1881 Irish mathematician John Casey ([1], p. 103) generalized Ptolemy’s theorem in the
following way.

Direct Casey’s theorem. Let circles O1, O2, O3, O4 on a plane touch given circle O in
vertices p1, p2, p3, p4 of a convex quadrilateral. Denote by tij the length of a common tangent
of the circles Oi and Oj. If O separates Oi and Oj then the internal tangent should be taken
as tij else the external tangent should be taken. In both cases we assume that the tangents are
exist. Then

t12 t34 + t23 t14 = t13 t24 .

Figure 1. Circles O1, O2, O3, O4 touch a given circle O

A common tangent of two circles is said to be their external tangent if it does not intersect
the segment joining the centers of the circles. Otherwise, it is said to be internal tangent.

The converse to Casey’s theorem is seems more important for applications. It was proved
somewhat later by different authors, and with different kinds of restrictions. One of the proofs
belonging apparently to H. F. Baker, can be found in the famous book [2], p. 122.

Together, the direct and converse Casey’s theorem gives a criterion of existence for the com-
mon tangent to four given circles. A similar question for three circles is known as the problem
of Apollonius (see [2], p. 117). On the other hand, Casey’s theorem is a direct generalization
of Ptolemy’s theorem. The latter is obtained by taking the radii of the circles O1, O2, O3, O4

equal to zero.
We give generalizations of Casey’s theorem and its converse for higher dimensions. We also

present a solution for multidimensional generalization of the problem of Apollonius. To do
this we introduce a notion of ψ-tangent for a generalized k-sphere that touches a number of
generalized n-balls in proper way. ψ-tangent is a natural generalization of a tangent in higher
dimensions.

A generalized ball can be defined as B ∩ Rn = {x ∈ Rn : α|x|2 − 2(x, a) + β ≤ 0} where
α, β ∈ R1, a ∈ Rn and |a|2 − αβ ≥ 0. Thus, any generalized ball is represented by vector
α ⊕ a ⊕ β ∈ Rn+2 up to multiplication by a positive number. We introduce the following
bilinear form in space Rn+2: q(α1⊕ a1⊕ β1, α2⊕ a2⊕ β2) := 2(a1, a2)− (α1β2 +α2β1). Hence,
q(l, l) ≥ 0, at that, q(l, l) = 0 if and only if B is a one-point set.

This work was funded by the Russian Science Foundation (grant 16-41-02006).
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GENERALIZATIONS OF CASEY’S THEOREM FOR HIGHER DIMENSIONS 7

Let non-one-point generalized balls B1, B2 are equipped with unit vectors e1, e2 ∈ Rn−1

called labels. Then the quantity

Ψ(e1B1, e2B2) := (e1, e2)−
q(l1, l2)√

q(l1, l1)q(l2, l2)

does not depend on a choice of direction vectors l1, l2 of coefficient rays L(B1), L(B2) and
called Ψ-characteristic of pair of labelled generalized balls e1B1, e2B2.

If S is a tangent k-sphere to generalized ball B then there is a unique generalized ball BS

such that B ⊂ BS, S ⊂ ∂BS and ∂BS is a tangent (n− 1)-sphere to B.

Definition. Let non-one-point generalized balls Bj (j = 1, 2, ...,m) are equipped with unit
vectors ej ∈ Rn−k. A generalized k-dimensional sphere S (1 ≤ k ≤ n − 1) is called ψ-tangent
k-sphere to the number of labelled balls e1B1, . . . , emBm if S is a tangent k-sphere to each of
them and Ψ(eiB

S
i , ejB

S
j ) = 0 for any i, j ∈ {1, 2, ...,m}.

The following are generalized direct and converse Casey’s theorem for higher dimensions.

Theorem 1. Let k-dimensional generalized sphere S ⊂ R̄n (n ≥ 2, 1 ≤ k ≤ n − 1) is
ψ-tangent k-sphere to four labelled non-one-point generalized balls ejBj (j = 1, 2, 3, 4). Then

(1) Ψ(eiBi, ejBj) ≥ 0 for any i, j ∈ {1, 2, 3, 4} and equality is attained only when either
S ⊂ ∂Bi ∪ ∂Bj or Bi,Bj are the balls of type (i) and S ∩Bi = S ∩Bj.

(2) For any renumbering σ : {1, 2, 3, 4} → {1, 2, 3, 4}√
Ψ(eσ(1)Bσ(1), eσ(2)Bσ(2)) ·Ψ(eσ(3)Bσ(3), eσ(4)Bσ(4)) +√
Ψ(eσ(1)Bσ(1), eσ(4)Bσ(4)) ·Ψ(eσ(2)Bσ(2), eσ(3)Bσ(3)) ≥√
Ψ(eσ(1)Bσ(1), eσ(3)Bσ(3)) ·Ψ(eσ(2)Bσ(2), eσ(4)Bσ(4)) .

(3) The equality in (2) is attained only in two cases:
3a) either S ⊂ ∂Bj for some j,
3b) or S∩Bj = {pj} for any j and tangent points p1, p2, p3, p4 lie on a generalized circle

in order of their σ-numbers σ(j).

Theorem 2. Let non-one-point Euclidean balls Bj := B̄(aj, rj) (j = 1, 2, 3, 4) with labels
ej = ±1 ∈ R1 satisfy the following conditions

(1) for any i, j = 1, 2, 3, 4, the following inequality holds

Ψij := Ψ(eiBi, ejBj) ≥ 0 ;

(2) for any renumeration σ : {1, 2, 3, 4} → {1, 2, 3, 4}, the Casey’s inequality holds

tσ(1)σ(2) tσ(3)σ(4) + tσ(1)σ(4) tσ(2)σ(3) ≥ tσ(1)σ(3) tσ(2)σ(4) .

If among these balls there is a ball Bk such that

(3) Ψjk > 0 for any j = 1, 2, 3, 4 ;
(4) rj > rk for any Bj such that ej = ek and j 6= k ;

then there is (n − 1)-sphere S that is ψ-tangent either to the balls ejBj (j = 1, 2, 3, 4) or to
the balls B̄∗

j (j = 1, 2, 3, 4). The latter take place only in case e1 = e2 = e3 = e4.
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ON OVERLAPPING SELF-SIMILAR MEASURES

CHRISTOPH BANDT

A self-similar measure ν with respect to contracting maps f1, f2, ..., fm on Rn and probabilities
p1, ..., pm > 0 is defined by an equation

ν(B) = Hν(B) =
m∑
k=1

pkν(f−1
k (B)) (∗)

which has to hold for Borel sets B. There is always a unique solution, and the structure is
rather simple if one assumes the so-called open set condition which says that the m pieces of
the support are fairly separated.

The structure in the general case is much less understood, even the most simple case of two
linear functions on an interval, say f1(x) = tx, f2(x) = tx+1−t, where 1

2
≤ t < 1. The resulting

measures νt are termed Bernoulli convolutions. For t = 1
2

we get the uniform distribution on
[0, 1], for inverses t = 1/β of so-called Pisot numbers we get singular measures, as proved by
Erdös in 1939. Despite much work over more than 70 years, it is not clear yet which of these
measures are represented by a density function.

Figure 1. Two-dimensional density of Bernoulli convolutions, t ∈ [1
2
, .63], y ∈ [1

3
, 1
2
].

This talk will discuss recent work on Bernoulli convolutions, using a dynamic and geometric
approach to the two-dimensional density of the νt which exists by a theorem of Solomyak. We
consider the multivalued map G(x) = {f−1

1 (x), f−1
2 (x)} as a dynamical system and study its

finite orbits. Some of them are ordinary periodic and preperiodic orbits, studied by Erdös,
Jóo, Komornik, Sidorov, de Vries, Jordan, Shmerkin, Solomyak and others as ’points with
unique address’. The truly multivalued dynamics leads to network-type orbits, however, which
appear only for very special parameters. We show how network-type orbits lead to singularities,
extending a result by Feng and Wang.

Given the fact that this is not a conference on fractals, the talk will introduce to the subject
and will touch related questions: the numerical approximation of self-similar measures by
Markov chains, the spectral gap of the Hutchinson operator H in (*), and, if time permits,
analysis on fractal measures.

Institute of Mathematics, University of Greifswald, 17487 Greifswald, Germany.
E-mail address: bandt@uni-greifswald.de
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MÖBIUS STRUCTURES AND TIMED CAUSAL SPACES ON THE CIRCLE

SERGEI BUYALO

Abstract. We discuss a conjectural duality between hyperbolic spaces on one hand and space-
times on the other hand, living on the opposite sides of the common absolute. This duality
goes via Möbius structures on the absolute, and it is easily recognized in the classical case of
symmetric rank one spaces. In a general case, no trace of such duality is known. As a first step
in this direction, we show how Möbius structures on the circle from a large class including those
which stem from hyperbolic spaces give rise to 2-dimensional spacetimes, which are axiomatic
versions of de Sitter 2-space.

It is classical that the quadratic form

g(v) = x2 + y2 − z2

on R3, v = (x, y, z) ∈ R3, induces on any connected component of the set g(v) = −1 a
Riemannian metric of the hyperbolic plane H2, while on the set g(v) = 1 a Lorentzian metric
of de Sitter 2-space dS2. The (set of lines in the) cone g(v) = 0 serves as the common absolute
S1 of the both H2 and dS2. A similar picture takes place in any dimension and even for all
rank one symmetric spaces of noncompact type.

In other words, we observe a life on the other side of the absolute S1 of H2 that is de Sitter
space dS2. This rises a bold question: Is there any life (a spacetime) on the other side of the
absolute, i.e., the boundary at infinity, of any Gromov hyperbolic space with the same symmetry
groups? The main result of the paper is the answer “yes” for a large class of hyperbolic spaces
with the absolute S1.

A Möbius structure on a set X is a class of semi-metrics having one and the same cross-ratio
on any given ordered 4-tuple of distinct points in X. Every hyperbolic space Y induces on its
boundary at infinity X = ∂∞Y a Möbius structure which encodes most essential properties of
Y and in a number of cases allows to recover Y completely, e.g., in the case Y is a rank one
symmetric space of noncompact type.

We axiomatically describe a class M of monotone Möbius structures on the circle S1. The
class M includes every Möbius structure M which is induced on S1 by a hyperbolic CAT(0)
surface Y without singular points. In particular, the isometry group of Y is included in the
group of Möbius automorphisms of M .

On the other hand, the set aY of unordered pairs of distinct points on the circle S1 has a
natural causal structure, which is independent of anything else. Points of aY are called events.
There is a large class T of 2-dimensional spacetimes compatible with that causal structure, and
we characterize it axiomatically. Any spacetime T ∈ T is a triple T = (aY,H, t), where H is a
class of timelike curves in aY called timelike lines, which are actually timelike geodesics, and t
is the time between events in the causal relation. We prove

Theorem. There is a bijection between the classM of monotone Möbius structures on the
circle and the class T of timed causal spaces such that automorphism groups of any M ∈ M
and the respective T ∈ T are canonically isomorphic.

In other words, the classM of Möbius structures on the circle on one hand, and the class T
of timespaces on the other hand, are different sides of one and the same phenomenon.

POMI Ran, Fontanka 27, St.Petersburg, 191023, Russia
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TURAEV-VIRO INVARIANTS AND COMPLEXITY OF VIRTUAL
3-MANIFOLDS

EVGENY FOMINYKH

Virtual 3-manifolds were introduced by S. Matveev in 2009 as a natural generalization of the
classical 3-manifolds. In this talk we define the complexity of virtual 3-manifolds and calculate
it for virtual 3-manifolds defined by special polyhedra with one, two and three 2-components.
As a corollary, we establish the exact values of complexity for infinite families of hyperbolic
3-manifolds with geodesic boundary.

A part of the talk is based on a joint work with V. Turaev and A. Vesnin.

Laboratory of Quantum Topology, Chelyabinsk State University, Brat’ev Kashirinykh st.
129, Chelyabinsk 454001, Russia
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SMALL COVERS OF GRAPH-ASSOCIAHEDRA AND URC-MANIFOLDS

ALEXANDER GAIFULLIN

A closed oriented manifold Mn is called a URC-manifold if it satisfies the following condition:
For any topological space X and any homology class z ∈ Hn(X;Z), there exists a finite-sheeted

covering M̂n of Mn and a continuous mapping f : M̂n → X such that f∗[M̂
n] = kz for some non-

zero integer k. In 2008 the speaker proved that URC-manifolds exist in every dimension n, and,
moreover, as an example of a URC-manifold serves the so-called Tomei manifold of isospectral
symmetric tridiagonal real matrices. Until recently this manifold has remained the simplest
known example of a URC-manifold. In the talk, we shall present simpler examples of URC-
manifolds. These examples will be the small covers of certain special polytopes called graph-
associahedra.

Steklov Mathematical Institute, Gubkina str., 8, Moscow, 119991, Russia
E-mail address: agaif@mi.ras.ru
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HITCHIN THORPE INEQUALITY IN GENERALIZATION OF RICCI
SOLITONS

ALI JIZANY

We apply Hitchin-Thorpe inequality in Generalization of Einstein metrics specially Gradient
Ricci Solitons by using the diameter estimates. Also, the comparisons among the results have
been done. Other conditions, that depend on the potential function or Einstein constant, were
investigated in Koiso-Coa Soliton CP 2#1CP 2.
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ON UNIQUE DETERMINATION OF DOMAINS BY THE CONDITION OF
LOCAL ISOMETRY OF BOUNDARIES IN THE RELATIVE METRICS

ANATOLY P. KOPYLOV

The lecture contains results of recent author’s investigations of rigidity problems of domains
in Euclidean spaces undertaken for a development of a new approach to the classical problem
about the unique determination of bounded closed convex surfaces [1] which is represented by
work [2] in a sufficiently complete content.

In the lecture, the full characterization of a plane domain U with smooth boundary (i.e., the
Euclidean boundary frU of U is a one-dimensional manifold of class C1 without boundary) that
is uniquely determined in the class of domains in R2 with smooth boundaries by the condition
of local isometry of boundaries in the relative metrics was produced. In the case where U is
bounded, the necessary and sufficient condition for the unique determination of the type under
consideration in the class of all bounded plane domains with smooth boundaries is the convexity
of U . And if U is unbounded then its unique determination in the class of all plane domains
with smooth boundaries by the condition of local isometry of boundaries in the relative metrics
is equivalent to its strict convexity.

In the second part of the lecture, we consider the case of space domains.
The theorem on the unique determination of a strictly convex domain in Rn, where n ≥ 2, in

the class of all n-dimensional domains by the condition of local isometry of Hausdorff boundaries
in the relative metrics, which is a generalization of A. D. Aleksandrov’s theorem on the unique
determination of a strictly convex domain by the condition of (global) isometry of boundaries
in the relative metrics, is proved.

It is also established that in the case of a plane domain U with nonsmooth boundary and of a
three-dimensional domain A with smooth boundary, the property of domain to be convex is no
longer necessary for their unique determination by the condition of local isometry of boundaries
in the relative metrics.
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REDUCED Lq,p-COHOMOLOGY OF TWISTED CYLINDERS

YAROSLAV KOPYLOV

We establish vanishing results for the reduced Lq,p-cohomology of twisted cylinders, a general-
ization of warped cylinders, for q ≤ p. The results obtained extend some results by Gol′dshtein,
Kuz′minov and Shvedov about the Lp-cohomology of warped cylinders. One of the main obser-
vations is the vanishing of the “middle-dimensional” cohomology for a large class of manifolds.
This is a joint work with Prof. V. M. Gol′dshtein.
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THE BRIDGE BETWEEN DUBOVITSKĬI-FEDERER THEOREMS
AND THE COAREA FORMULA

MIKHAIL KOROBKOV

The talk is based on the recent joint preprint [2] with Jan Kristensen (University of Oxford)
and Piotr Haj lasz (University of Pittsburgh).

The Morse–Sard theorem requires that a mapping v : Rn → Rm is of class Ck, k ≥ max(n−
m + 1, 1). In 1957 Dubovitskĭı generalized this result to the case of Ck mappings for all
integers k ≥ 1 by proving that, for almost all y ∈ Rm the intersection Zv,m ∩ v−1(y) has zero
s–dimensional Hausdorff measure for s = max(n − m − k + 1, 0), where Zv,m = {x ∈ Rn :
rank∇v(x) < m} is the m–critical set. Another generalization was obtained independently by
Dubovitskĭı and Federer in 1966, namely for Ck mappings v : Rn → Rd and arbitrary m ≤ d
they proved that the set of m–critical values v(Zv,m) has zero qo–dimensional Hausdorff measure
for qo = m− 1 + n−m+1

k
.

Here we prove that Dubovitskĭı’s theorem can be generalized to the case of mappings of the
Sobolev–Lorentz class W k

p,1(Rn,Rd), p = n
k

(this is the sharp case that guarantees the continuity
of mappings). In this situation the mappings need not to be everywhere differentiable and in
order to handle the set of nondifferentiability points, we establish for such mappings an analog
of the Luzin N–property with respect to lower dimensional Hausdorff content. Finally, we
formulate and prove a ”bridge theorem” that includes all the above results as particular cases.
As the limiting case in this ”bridge theorem” we also establish a new coarea type formula:
if E ⊂ {x ∈ Rn : rank∇v(x) ≤ m}, then

∫
E

Jmv(x) dx =
∫
Rd

Hn−m(E ∩ v−1(y)) dHm(y). The

new fact is that we prove this formula for Rd–valued mappings with arbitrary d without usual
restrictions on the image of the mapping (such as m-rectifiability or σ–finiteness with respect to
the m-Hausdorff measure, see, e.g., [3, 5]). These last results are new also for smooth mappings,
but are presented here in the general Sobolev context.

This paper summarizes a series of our previous works (see, e.g., [1, 4]).
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THE GAP PHENOMENON IN PARABOLIC GEOMETRY

BORIS KRUGLIKOV

In 2014 together with Dennis The we resolved the gap problem in complex and split-real
parabolic geometry, i.e. we computed the amount of submaximal symmetry for every geometry
in the class. Results of this type have been known for selected geometries since Ricci, Tresse,
Fubini, Cartan, Egorov, Kobayashi, Sinyukov, Yano and some others via specific techniques.
However it was in our paper that we first presented a universal solution for a large class of
geometries, including conformal structures, systems of second order ODE, almost Grassmanian
and Lagrangian structures, generic parabolic distributions, exceptional geometries etc. In the
later developments we covered CR-structures, c-projective structures and some other real (non-
split) specifications. I will review the results and overview further developments and problems.
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MONADOLOGY TODAY

SEMEN KUTATELADZE

Monadology stems from Leibniz (see [1]). This talk is an overview of the present-day versions
of monadology with some applications to vector lattices and linear inequalities.

The notion of monad is central to topology in external set theory. Justifying the use of
infinitesimals and the technique of descending and ascending in various branches of mathematics
requires adaptation of monadology for the implementation of filters in Boolean valued universes.
This is still a rather uncharted area of research.

The two approaches are available now. One is to apply monadology to the descents of objects.
The other consists in applying the standard monadology inside the Boolean valued universe
V(B) over a complete Boolean algebra B, while ascending and descending by the Escher rules.
For more details see [2] and [3].

These approaches are illustrated by order convergence and fragmentation of positive operators
in vector lattices. Also, Lagrange’s principle is shortly addressed in polyhedral environment
with inexact data.
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ON SINGULARITIES OF LINEAR-FRACTIONAL SU(2, 2)-ACTION IN
U(1, 1)

ALEXANDER LEVICHEV

Chronometric theory (which is due to Segal, see [1]) is based on the space-time D which
can be represented as a causal Lie group. The causal structure is determined by an invariant
Lorentzian form on the Lie algebra u(2). Similarly (in author’s publications), the space-time F
is represented as a causal Lie group where the causal structure is now determined by an invariant
Lorentzian form on the Lie algebra u(1, 1). Lie groups G,GF are introduced as SU(2, 2)-reps
which are related by conjugation: h = WgW . Here g is arbitrary in the original G = SU(2, 2)
whereas W is a certain 4 by 4 matrix (see [2]) with 2 by 2 blocks P,Q,Q, P (in that order).
Linear-fractional G-action on D is global and conformal; it is fundamental for the analysis
in space-time bundles based on the parallelizing group U(2). This analysis has been done by
Paneitz and Segal in 1980s. Linear-fractional (locally defined) GF -action in F = U(1, 1)

h(U) = (V U + W )(XU + Y )−1 (1)
has been introduced in [2]. Here each h is viewed as consisting of 2 by 2 blocks V,W,X, Y .

For a 2 by 2 matrix M denote W (M) = (PM + Q)(QM + P )−1 when it exists. Define the
imbedding of F into D by

Z = W (U). (2)
One can verify that (2) is well-defined for arbitrary U in F. This W -mapping is conformal

but here that property is not exploited. Equation (2) is a special case of the Sviderskiy formula
(see [3]). It is easy to verify that the inverse map

U = W (Z) = (PZ + Q)(QZ + P )−1 (3)
is only defined for those Z which do not belong to the thorus T which consists of all matrices

K in D of the form

K =

[
0 p
q 0

]
.

Here p, q can be arbitrary complex numbers of modulus 1. The following statement has been
proven in [4]:

Theorem 1. If h(U) is defined then
g(W (U)) = W (h(U)). (4)

Remark. In [4] it has not been determined when (i.e., for which U in F) the r.h.s. of (4)
is well-defined. Clearly (see (1) above), it is defined if (and only if) the matrix (XU + Y ) is
non-singular. However, this is equivalent to a condition which is easier to verify: see below.

Theorem 2. Let h be in GF , and let U be in F. The matrix h(U) is defined if (and only if)
g(W (U)) is not an element of T.
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ON ATTRACTORS OF IFS IN UNIFORM SPACES

MARY SAMUEL, ANDREI TETENOV

A self-similar set in a complete metric space X is the unique non-empty compact set K ⊂ X

satisfying equation K =
m⋃
i=1

Si(K), where Si : X → X are contraction maps. Such set K may

be considered as the fixed point of the contraction operator T in the hyperspace C(X) defined

by T (A) =
m⋃
i=1

Si(A), Hutchinson[1], 1981.

It is natural to get rid of metrics by means of passing to uniform spaces.As we found, in order
to obtain meaningful results, we have to impose the requirement that X is supercomplete, well-
chained, Hausdorff uniform space and the maps Si are B-contractions studied by Taylor [3].

This allows us to develop the theory of self-similar sets in uniform spaces. Particularly, we
prove the following non-metric versions of of Hutchinson theorem:

Theorem 1. Let X be a supercomplete, well-chained, Hausdorff uniform space and S =
{S1, ..., Sm} be a system of B-contractions in X. There is a unique non-empty compact K ⊂ X
such that K =

⋃
Si(K)

and of Kigami’s connectedness theorem [2]:

Theorem 2. Under the conditions and notation of Theorem 1, The following statements
are equivalent:

1. The intersection graph of the family of sets Si(K) is connected.
2. K is connected.
3. K is arcwise connected.
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4-DIMENSIONAL GRAPH-MANIFOLDS WITH THE FUNDAMENTAL
GROUP QUASI-ISOMETRIC TO THE FUNDAMENTAL GROUP

OF AN ORTHOGONAL GRAPH-MANIFOLD.

ALEKSANDR SMIRNOV

We introduce a topological invariant, typeM , of a 4-dimensional graph-manifold that is a
natural number. For an orthogonal graph-manifold its type does not exceed 2.

The main result of our talk is the following Theorem.

Theorem. Let M be the 4-dimensional graph-manifold with typeM ≤ 2. There is an
orthogonal graph-manifold N that the universal cover of M is bilipschitz equivalent to the
universal cover of N .

As a consequence we get the following Corollary.

Corollary. The fundamental group of any 4-dimensional graph-manifoldM with typeM ≤ 2
can be quasi-isometrically embeded into the product of four metric trees. As a consequence
asdimπ1(M) = `-asdimπ1(M) = 4, where asdim and `-asdim are asymptotic and linearly-
controlled asymptotic dimension.
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INTRODUCTION TO FLAT MANIFOLDS

ANDRZEJ SZCZEPAŃSKI

By flat manifold we understand a compact Riemannian manifold with sectional curvature
equal to zero. During my talk I will present the most important results as for example Bieber-
bach theorems. Moreover, I am going to give some achievements from the last decade. I promise
to illustrate my talk with examples and some open problems.

Institute of Mathematics, University of Gdansk, ul. Wita Stwosza 57, Gdansk, Poland
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SPECIAL BOHR-SOMMERFELD GEOMETRY

NIKOLAI TYURIN

Let (M,ω) be a compact simply connected symplectic manifold of real dimension 2n with
integer symplectic form; let (L, a) be the prequantization data on M , so L→M is a C-bundle
and a is a hermitian connection with the curvature form Fa = 2πiω. Then a lagrangian subman-
ifold S ⊂ M is Bohr-Sommerfeld (BS for short) iff the restriction (L, a)|S admits covariantly
constant sections. We say that a Bohr-Sommerfeld lagrangian submanifold is special (SBS for
short) with respect to a smooth section α ∈ Γ(M,L) iff α|S = feicσS, where σS is a covariantly
constant section, c is a real constant and f is a strictly positive real function.

The presented SBS condition cuts a subset in the direct product USBS ⊂ P(Γ(M,L)) × BS
where the second direct summand is the moduli space of Bohr-Sommerfeld lagrangian cycles.
This subset is fibered over the projective space P(Γ(M,L)) with discrete fibers, therefore the
standard Fubini-Study Kahler structure can be lifted to USBS; this result is interesting since
we have constructed something Kahler strarting from pure symplectic situation.

Consider the case when (M,ω) admits a compatible integrable complex structure I. This
means that we are working with algebraic varieties with standard Kaher metrics of the Hodge
type. In this case our hermitian connection a defines a holomorphic structure on L which cuts a
finite dimensional subspace H0(MI , L) ⊂ Γ(M,L) of holomorphic sections, and we can consider
the space of lagrangian cycles which are SBS with respect to holomorphic sections so

MSBS = {(p, S) | p ∈ PH0(MI , L), S ∈ BS}
and S is SBS with respect to α where α presents point p.

The main fact is that MSBS is a finite dimensional object. Indeed, take the projection
p1 : MSBS → PH0(MI , L). Then we claim that the fiber of p1 consists of a finite number of
points. The arguments are based on the following reduction of SBS in the holomorphic case.

For any α ∈ H0(MI , L) define the following function φα = −ln|α|h, where the brackets
denote the hermitian norm of the section. This function is correctly defined on M\D where
D is the zeroset of α, so is a complex submanifold (following algebro geometric tradition we
call it divisor). This function is plurisubharmonic w.r.t. the complex structure I, therefore its
isolated critical points have Morse indices less or equal to n. Then we have

Theorem. A lagrangian submanifold S ⊂ M is SBS w.r.t. α ∈ H0(MI , L) iff gradφα ∈ TS
at each point of S.

This implies that if φα|S has a critical point x ∈ S ⊂ M then x ∈ M is a critical point of
φα on M . For a generic holomorphic section in this algebro geometric situation one has just a
finite number of critical points of φα on M\D, while each SBS lagrangian cycle S must carry
at least two critical points; therefore the number of SBS lagrangian cycles for fixed α must be
finite. On the other hand it shows how such SBS lagrangian cycles can be constructed: one
just takes all finite trajectories of the gradient flow of φα and form the big set Bα as the union
of these trajectories. Due to an old Milnor observation every smooth irreducible open part of
Bα must be lagrangian or isotropic. Thus if we have an n - dimensional piece of Bα we can
construct a singular SBS lagrangian cycle, compactifying this piece.

From the sight of algebraic geometry it leads to the following observation. Let X be an
algebraic variety and D ⊂ X be a very ample divisor. Then by the very definition the complete
linear system |D| defines an embedding X → CPN for certain N , and taking any standard
Fubini-Study metric on the last projective space we get the corresponding Kahler metric of
the Hodge type on X and the corresponding hermitian structure on LD → X. Suppose that

The study has been funded by the Russian Academic Excellence Project ’5-100’.
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for the corresponding holomrophic section αD it exists SBS lagrangian cycle. Then we get a
correspondence between pure algebro geometric objects (very ample divisor) and lagrangian
object. It is natural to call this SBS lagrangian cycle lagrangian shadow of the divisor D; as
in the real life where the shadow depends on the Sun position, our lagrangian shadow depends
on the choice of standard Fubini-Study metric, but it is not hard to see that the topological
type of the shadow doesn’t depend on this choice.

Untill now this is mostly phenomenological observation which can be illustrated by the fol-
lowing simple examples.

Example 0. Take X = CP1 and [D] = 2h, where h is the class of point. Then for irreducible
D the function φα has 4 singular points: 2 infinite maxima (the zeros of D), one local minimum
and one saddle point. Consequently a separatix, joining the minimum and the saddle, must
exist, and this separatix is SBS loop since it is tangent to the vector field gradφD. In contrast
if D is reducible (double point) then φD has only two critical points, and no separatix appears.

Example 1. More interesting case X = Q = CP1 × CP1 — complex quadric, let D has
type (1,1). Then for irreducible D the lagrangian shadow is Hamiltonian isotopic to lagrangian
sphere given by anti diagonal embedding of S2 to Q; for reducible D we get again emptyset.

Example 2. Let X be the flag variety F 3 realized as the incidence cycle in the direct product
CP2 × CP2, and D represents the type (1,1). Then the lagrangian shadow of an irreducible
divisor is Hamiltonian isotopical to the Gelfand-Zeytlin lagrangian 3-sphere. If D is reducible
we again have trivial lagrangian shadow.

All the details of these constructions and observations can be found in the authors preprints
arXiv:1504.02589, arXiv:1508.06804 , arXiv:1601.05974 and in the references therein.
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ÎÁ ÝÂÎËÞÖÈÈ ÈÍÂÀÐÈÀÍÒÍÛÕ ÐÈÌÀÍÎÂÛÕ ÌÅÒÐÈÊ
ÏÎËÎÆÈÒÅËÜÍÎÉ ÊÐÈÂÈÇÍÛ ÐÈ××È ÍÀ ÎÁÎÁÙÅÍÍÛÕ

ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÓÎËËÀÕÀ ÑÏÅÖÈÀËÜÍÎÃÎ ÂÈÄÀ

ÍÓÐËÀÍ ÀÁÈÅÂ

Öåëü ðàáîòû � èññëåäîâàíèå ýâîëþöèè èíâàðèàíòíûõ ðèìàíîâûõ ìåòðèê íà îáîáùåí-
íûõ ïðîñòðàíñòâàõ Óîëëàõà ïîä âëèÿíèåì íîðìàëèçîâàííîãî ïîòîêà Ðè÷÷è, îïèñûâàåìîãî
óðàâíåíèåì

∂

∂t
g(t) = −2 Ricg +2g(t)

Sg

n
, (1)

ãäå g(t) îçíà÷àåò 1-ïàðàìåòðè÷åñêîå ñåìåéñòâî ðèìàíîâûõ ìåòðèê íà ðèìàíîâîì ìíîãî-
îáðàçèè Mn, Ricg è Sg � òåíçîð Ðè÷÷è è ñêàëÿðíàÿ êðèâèçíà ìåòðèêè g ñîîòâåòñòâåííî.
Ñîãëàñíî îïðåäåëåíèÿì ðàáîò [6] è [9] îáîáùåííûå ïðîñòðàíñòâà Óîëëàõà (èëè òðè-

ëîêàëüíî-ñèììåòðè÷åñêèå ïðîñòðàíñòâà â äðóãîé òåðìèíîëîãèè), êàê ñïåöèàëüíûé êëàññ
ðèìàíîâûõ ìíîãîîáðàçèé Mn, ïðåäñòàâëÿþò ñîáîé êîìïàêòíûå îäíîðîäíûå ïðîñòðàíñòâà
G/H, ïðåäñòàâëåíèå èçîòðîïèè êîòîðûõ ðàñêëàäûâàåòñÿ â ïðÿìóþ ñóììó p = p1⊕ p2⊕ p3
òðåõ Ad(H)-èíâàðèàíòíûõ íåïðèâîäèìûõ ìîäóëåé, óäîâëåòâîðÿþùèõ óñëîâèþ [pi, pi] ⊂ h
(i ∈ {1, 2, 3}) [6, 7]. Ñòîèò îòìåòèòü, ÷òî ïîëíàÿ êëàññèôèêàöèÿ îáîáùåííûõ ïðîñòðàíñòâ
Óîëëàõà ïîëó÷åíà íåäàâíî â ðàáîòàõ [4] è [8] â íåçàâèñèìîñòè äðóã îò äðóãà.
Äëÿ ôèêñèðîâàííîãî Ad(G)-èíâàðèàíòíîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ 〈·, ·〉 íà àëãåáðå Ëè

g ãðóïïû Ëè G ïðîèçâîëüíàÿ G-èíâàðèàíòíàÿ ðèìàíîâà ìåòðèêà g íà G/H îïðåäåëÿåòñÿ
Ad(H)-èíâàðèàíòíûì ñêàëÿðíûì ïðîèçâåäåíèåì

(·, ·) = x1〈·, ·〉|p1 + x2〈·, ·〉|p2 + x3〈·, ·〉|p3 , (2)

ãäå x1, x2, x3 � ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà. Ìåòðèêàìè îáùåãî ïîëîæåíèÿ íà-
çîâåì ìåòðèêè ñ ïîïàðíî ðàçëè÷íûìè xi, i = 1, 2, 3.

Èçâåñòíî, ÷òî êàæäîå îáîáùåííîå ïðîñòðàíñòâî Óîëëàõà õàðàêòåðèçóåòñÿ òðîéêîé ïà-
ðàìåòðîâ ai := A/di ∈ [0, 1/2], i = 1, 2, 3, ãäå A � íåîòðèöàòåëüíîå ÷èñëî, di = dim (pi) (ñì.
ïîäðîáíîñòè â [6, 7]). Äàííàÿ ðàáîòà ïîñâÿùåíà ñïåöèàëüíîìó ñëó÷àþ òàêèõ ïðîñòðàíñòâ,
äëÿ êîòîðûõ a1 = a2 = a3 = 1/4. Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Íà îáîáùåííîì ïðîñòðàíñòâå Óîëëàõà G/H ñ a1 = a2 = a3 = 1/4 íîðìà-

ëèçîâàííûé ïîòîê Ðè÷÷è ïåðåíîñèò âñå ìåòðèêè îáùåãî ïîëîæåíèÿ â ìåòðèêè ñ ïîëîæè-

òåëüíîé êðèâèçíîé Ðè÷÷è.

Îòìåòèì, ÷òî ñëó÷àé a1 = a2 = a3 6= 1/4 áûë èññëåäîâàí â ðàáîòå [1], ãäå äîêàçàíû
ñëåäóþùèå òåîðåìû, îáîáùàþùèå íåêîòîðûå ðåçóëüòàòû ðàáîò [3] è [5].

Òåîðåìà 2 (Tåîðåìà 3 â [1]). Ïóñòü G/H ÿâëÿåòñÿ îáîáùåííûì ïðîñòðàíñòâîì Óîëëàõà

ñ a1 = a2 = a3 := a, ãäå a ∈ (0, 1/4) ∪ (1/4, 1/2). Òîãäà åñëè a < 1/6, òî íîðìàëèçîâàí-

íûé ïîòîê Ðè÷÷è ïåðåíîñèò âñå ìåòðèêè îáùåãî ïîëîæåíèÿ ñ ïîëîæèòåëüíîé êðèâèçíîé

Ðè÷÷è â ìåòðèêè ñî ñìåøàííîé êðèâèçíîé Ðè÷÷è; åñëè æå a ∈ (1/6, 1/4) ∪ (1/4, 1/2), òî
íîðìàëèçîâàííûé ïîòîê Ðè÷÷è ïåðåíîñèò âñå ìåòðèêè îáùåãî ïîëîæåíèÿ â ìåòðèêè ñ

ïîëîæèòåëüíîé êðèâèçíîé Ðè÷÷è.

Òåîðåìà 3 (Òåîðåìà 4 â [1]). Ïóñòü G/H ÿâëÿåòñÿ îáîáùåííûì ïðîñòðàíñòâîì Óîëëàõà

ñ a1 = a2 = a3 = 1/6. Òîãäà íîðìàëèçîâàííûé ïîòîê Ðè÷÷è ñîõðàíÿåò ïîëîæèòåëüíîñòü

êðèâèçíû Ðè÷÷è ìåòðèê îáùåãî ïîëîæåíèÿ, óäîâëåòâîðÿþùèõ óñëîâèþ xk < xi + xj, ãäå

{i, j, k} = {1, 2, 3}.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí íà
2015-2017 ãîäû (ãðàíò 1452/ÃÔ4).
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Ñõåìà äîêàçàòåëüñòâà òåîðåìû 1. Ïóñòü a1 = a2 = a3 := a. Òîãäà, ïåðåõîäÿ ê íîâûì
ïåðåìåííûì w1 := x3x

−1
1 è w2 := x3x

−1
2 , óðàâíåíèå (1) ìîæíî ïðèâåñòè ê ýêâèâàëåíòíîé

ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ñì. [1])

ẇ1 = (w1 − 1)(w1 − 2aw1w2 − 2aw2), ẇ2 = (w2 − 1)(w2 − 2aw1w2 − 2aw1). (3)

Èç òåîðåìû 2 ðàáîòû [2] íåïîñðåäñòâåííî âûòåêàåò, ÷òî ïðè a = 1/4 ñèñòåìà (3) èìå-
åò åäèíñòâåííóþ òî÷êó ïîêîÿ (1, 1), ÿâëÿþùóþñÿ ñåäëîì (ñ íóëåâîé ìàòðèöåé ëèíåéíîé
÷àñòè).
Ñîãëàñíî [1] èíâàðèàíòíûì ìåòðèêàì (2) c ïîëîæèòåëüíîé êðèâèçíîé Ðè÷÷è íà åâ-

êëèäîâîé ïëîñêîñòè (w1, w2) ñîîòâåòñòâóåò ñâÿçíàÿ îáëàñòü (îáîçíà÷èì åå R) ñ ãðàíèöåé
r1 ∪ r2 ∪ r3, ãäå r1, r2, r3 � êðèâûå, çàäàííûå ñîîòâåòñòâåííî óðàâíåíèÿìè

aw2
1w

2
2 + aw2

1 − aw2
2 − w2

1w2 = 0,

aw2
1w

2
2 − aw2

1 + aw2
2 − w1w

2
2 = 0,

aw2
1w

2
2 − aw2

1 − aw2
2 + w1w2 = 0.

Ïî òåì æå ñîîáðàæåíèÿì ñèììåòðèè, ÷òî è â [1], ïðè äîêàçàòåëüñòâå òåîðåìû 1 ìîæíî
îãðàíè÷èòüñÿ ðàññìîòðåíèåì îáëàñòè Ω := {(w1, w2) ∈ R2 | w2 > w1 > 1}. Òîãäà, êàê ïîêà-
çûâàåò ïåðåõîä ê ïîëÿðíîé ñèñòåìå êîîðäèíàò ñ äàëüíåéøèì àñèìïòîòè÷åñêèì àíàëèçîì,
ïðÿìûå w2 = w1 è w2 = 1 ÿâëÿþòñÿ ñîîòâåòñòâåííî ïðèòÿãèâàþùèì è îòòàëêèâàþùèì
ìíîãîîáðàçèÿìè ñåäëà (1, 1) äëÿ òðàåêòîðèé ñèñòåìû (3), áåðóùèõ íà÷àëî â Ω. Èñïîëü-
çóÿ ýòè ôàêòû è àíàëèòè÷åñêîå çàäàíèå ÷àñòè ∂(R) ∩ Ω ⊂ r1 ãðàíèöû ∂(R) îáëàñòè R,
íåñëîæíî äîêàçàòü ñëåäóþùèå óòâåðæäåíèÿ, èìåþùèå ìåñòî ïðè a = 1/4 è âëåêóùèå
äîêàçàòåëüñòâî òåîðåìû 1:

1) Ëþáàÿ òðàåêòîðèÿ ñèñòåìû (3), íà÷èíàþùàÿñÿ â Ω \R, äîñòèãàåò R ∩ Ω çà êîíå÷íîå
âðåìÿ.

2) Íèêàêàÿ òðàåêòîðèÿ ñèñòåìû (3) íå ìîæåò ïîêèíóòü R∩Ω, äîñòèãíóâ R∩Ω îäíàæäû
(èëè íà÷àâøèñü â R ∩ Ω).

Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü ïðîôåññîðó Þ.Ã. Íèêîíîðîâó çà ïîëåçíûå îáñóæäå-
íèÿ.

Ñïèñîê ëèòåðàòóðû

[1] N.Abiev, Yu.Nikonorov, The evolution of positively curved invariant Riemannian metrics on the Wallach

spaces under the Ricci �ow // Ann. Glob. Anal. Geom., DOI: 10.1007/s10455-016-9502-8 (2016).
[2] N.Abiev, A.Arvanitoyeorgos, Yu.Nikonorov, P. Siasos, The dynamics of the Ricci �ow on generalized

Wallach spaces // Di�er. Geom. Appl., 35:Suppl., 26�43 (2014).
[3] C.B�ohm, B.Wilking, Nonnegatively curved manifolds with �nite fundamental groups admit metrics with

positive Ricci curvature // GAFA, Geom. Func. Anal., 17, 665�681 (2007).
[4] Zh.Chen, Y.Kang, K. Liang, Invariant Einstein metrics on three-locally-symmetric spaces // Commun.

Anal. Geom. (to appear), see also arXiv:1411.2694.
[5] M.Cheung, N.Wallach, Ricci �ow and curvature on the variety of �ags on the two dimensional projective

space over the complexes, quaternions and octonions // Proc. Amer. Math. Soc. 143:1, 369�378 (2015).
[6] A. Lomshakov, Yu.Nikonorov, E. Firsov, Invariant Einstein metrics on three-locally-symmetric spaces //

Siberian Adv. Math., 14:3, 43�62 (2004).
[7] Yu.Nikonorov, On a class of homogeneous compact Einstein manifolds // Siberian Math. J., 41:1, 168�172

(2000).
[8] Yu.Nikonorov, Classi�cation of generalized Wallach spaces // Geom. Dedicata, 181:1, 193�212 (2016).
[9] Yu.Nikonorov, E.Rodionov, V. Slavskii, Geometry of homogeneous Riemannian manifolds // Journal of

Mathematical Sciences, 146:7, 6313�6390 (2007).

Òàðàçñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Õ. Äóëàòè, óë. Ñóëåéìåíîâà, 7, Òàðàç,

080012, Êàçàõñòàí

E-mail address: abievn@mail.ru



ÀÍÀËÎÃ ÎÄÍÎÉ ÒÅÎÐÅÌÛ ÂÀÍ ÄÅÐ ÂÀÐÄÅÍÀ È ÅÃÎ
ÏÐÈÌÅÍÅÍÈÅ Ê ÈÇÓ×ÅÍÈÞ ÎÒÎÁÐÀÆÅÍÈÉ, ÑÎÕÐÀÍßÞÙÈÕ

ÄÂÀ ÐÀÑÑÒÎßÍÈß

ÂÈÊÒÎÐ ÀËÅÊÑÀÍÄÐÎÂ

Â 1970 ãîäó Á.Ë. âàí äåð Âàðäåí äîêàçàë ñëåäóþùóþ òåîðåìó

Òåîðåìà 1 (ñì. [1, 2]). Ïóñòü â òð¼õìåðíîì åâêëèäîâîì ïðîñòðàíñòâå äàí ïÿòèóãîëüíèê,
ó êîòîðîãî äëèíû âñåõ ñòîðîí ðàâíû ìåæäó ñîáîé è äëèíû âñåõ äèàãîíàëåé ðàâíû ìåæäó
ñîáîé. Òîãäà ìíîæåñòâî âåðøèí ýòîãî ïÿòèóãîëüíèêà ñ íåîáõîäèìîñòüþ ëåæèò â íåêî-
òîðîé äâóìåðíîé ïëîñêîñòè è ñîâïàäàåò ñ ìíîæåñòâîì âåðøèí íåêîòîðîãî ïðàâèëüíîãî
ïÿòèóãîëüíèêà.

Ñìûñë òåîðåìû 1 â òîì, ÷òî ó íåé óêàçàí ãåîìåòðè÷åñêèé îáúåêò (à èìåííî, ïÿòèóãîëü-
íèê), êîòîðîìó èçíà÷àëüíî ðàçðåøàåòñÿ ëåæàòü â ïðîñòðàíñòâå âûñîêîé ðàçìåðíîñòè (à
èìåííî, â R3), íî êîòîðûé ïî÷åìó-òî âûíóæäåí ëåæàòü â ïðîñòðàíñòâå ìåíüøåé ðàçìåð-
íîñòè (à èìåííî, â äâóìåðíîé ïëîñêîñòè). Ëåãêî ïîíÿòü, â òåîðåìå 1 íåëüçÿ çàìåíèòü
ïÿòèóãîëüíèê ÷åòûð¼õóãîëüíèêîì.
Öåëü äàííîãî ñîîáùåíèÿ � ðàññêàçàòü î ìíîãîìåðíîì àíàëîãå òåîðåìû âàí äåð Âàð-

äåíà, îïóáëèêîâàííîì àâòîðîì â [3]. Ìû ðàññêàæåì, ÷òî â ìíîãîìåðíûõ ïðîñòðàíñòâàõ
¾íåîæèäàííî ïëîñêèì¿ îáúåêòîì îêàçûâàåòñÿ ãèïåðîêòàýäð � ìíîãîìåðíîå îáîáùåíèå
âñåì èçâåñòíîãî îêòàýäðà.
Íà÷í¼ì ñ îïðåäåëåíèé. Ïóñòü n > 1 � öåëîå ÷èñëî è {e1, e2, . . . , en} � îðòîíîðìèðîâàí-

íûé áàçèñ â åâêëèäîâîì ïðîñòðàíñòâå En. Îáîçíà÷èì ÷åðåç Vn ìíîæåñòâî êîíöåâûõ òî÷åê
âåêòîðîâ ±e1,±e2, . . . ,±en. Ãðàíèöó âûïóêëîé îáîëî÷êè ìíîæåñòâà Vn â ïðîñòðàíñòâå En

ìû íàçûâàåì ñòàíäàðòíûì n-ìåðíûì ãèïåðîêòàýäðîì è îáîçíà÷àåì ÷åðåç Sn. ßñíî, ÷òî
Sn ÿâëÿåòñÿ âûïóêëûì ìíîãîãðàííèêîì, à ìíîæåñòâî åãî âåðøèí ñîâïàäàåò ñ Vn. Îòðå-
çîê, ñîåäèíÿþùèé äâå âåðøèíû èç Vn, ìû íàçûâàåì ðåáðîì ãèïåðîêòàýäðà Sn, åñëè îí
ïîëíîñòüþ ëåæèò â Sn; â ïðîòèâíîì ñëó÷àå ìû íàçûâàåì ýòîò îòðåçîê äèàãîíàëüþ Sn.
n-ìåðíûì ãèïåðîêòàýäðîì â EN ìû íàçûâàåì âñÿêîå íåïðåðûâíîå îòîáðàæåíèå Sn →

EN , êîòîðîå ëèíåéíî íà êàæäîì ñèìïëåêñå, ëåæàùåì â Sn è ñóæåíèå êîòîðîãî íà ìíîæå-
ñòâî Vn èíúåêòèâíî. Ëåãêî ïîíÿòü, ÷òî òàêîå îòîáðàæåíèå îäíîçíà÷íî çàäà¼òñÿ èíúåêòèâ-
íûì îòîáðàæåíèåì f : Vn → EN , êîòîðîå ìû òîæå íàçûâàåì n-ìåðíûì ãèïåðîêòàýäðîì â
EN . n-ìåðíûé ãèïåðîêòàýäð Sn → EN ìîæåò íå áûòü âûïóêëûì ìíîãîãðàííèêîì è ìîæåò
èìåòü î÷åíü ñëîæíûå ñàìîïåðåñå÷åíèÿ; åãî ð¼áðàìè íàçûâàåì îáðàçû ð¼áåð Sn; à äèàãî-
íàëÿìè � îòðåçêè â EN , êîòîðûå ñîåäèíÿþò îáðàçû âåðøèí, íî íå ÿâëÿþòñÿ ð¼áðàìè.
Ìíîãîìåðíûì àíàëîãîì òåîðåìû âàí äåð Âàðäåíà ìû íàçûâàåì ñëåäóþùóþ òåîðåìó:

Òåîðåìà 2 (ñì. [3]). Ïóñòü n > 2 � öåëîå ÷èñëî, ïóñòü a > 0 è b > 0 � âåùåñòâåííûå
÷èñëà è ïóñòü f : Vn → E2n−2 � n-ìåðíûé ãèïåðîêòàýäð òàêîé, ÷òî äëèíà êàæäîãî ðåáðà
f ðàâíà a, à äëèíà êàæäîé äèàãîíàëè f ðàâíà b. Òîãäà f(Vn) èçîìåòðè÷åí (â ìåòðèêå
ïðîñòðàíñòâà E2n−2) ãîìîòåòè÷íîé êîïèè ìíîæåñòâà Vn. Â ÷àñòíîñòè, b =

√
2a.

Ìû ðàññêàæåì òàêæå êàê òåîðåìà 2 ìîæåò áûòü ïðèìåíåíà äëÿ èññëåäîâàíèÿ îòîá-
ðàæåíèé, ñîõðàíÿþùèõ äâà ðàññòîÿíèÿ. Èñòîðèÿ èçó÷åíèÿ òàêèõ îòîáðàæåíèé âêðàòöå
òàêîâà.
Ãîâîðÿò, ÷òî îòîáðàæåíèå g : En → Em ñîõðàíÿåò îòîáðàæåíèå 1, åñëè äëÿ âñåõ x, y ∈ En

èç ðàâåíñòâà |x − y| = 1 âûòåêàåò ðàâåíñòâî |g(x) − g(y)| = 1, ãäå | · | îáîçíà÷àåò íîðìó
âåêòîðà â ñîîòâåòñòâóþùåì åâêëèäîâîì ïðîñòðàíñòâå.
Â 1953 ãîäó Ô.Ñ. Áåêìàí è Ä.À. Êóàðëåñ [4] äîêàçàëè, ÷òî äëÿ ëþáîãî n > 2 âñÿêîå

îòîáðàæåíèå g : En → En, ñîõðàíÿþùåå ðàññòîÿíèå 1, ÿâëÿåòñÿ èçîìåòðèåé, ò.å. ñîõðàíÿåò
26
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âñå ðàññòîÿíèÿ. Â 1985 ãîäó Á.Â. Äåêñòåð [5] ïðèâ¼ë ïðèìåð îòîáðàæåíèÿ E2 → E6, ñî-
õðàíÿþùåãî ðàññòîÿíèå 1, íî íå ÿâëÿþùåãîñÿ èçîìåòðèåé. Äî ñèõ ïîð îñòà¼òñÿ îòêðûòûì
âîïðîñ î òîì ÿâëÿåòñÿ ëè èçîìåòðèåé âñÿêîå îòîáðàæåíèå E2 → E3, ñîõðàíÿþùåå ðàññòî-
ÿíèå 1. Òðóäíîñòè â ðåøåíèè ýòîãî âîïðîñà âûíóäèëè ãåîìåòðîâ èñêàòü äîïîëíèòåëüíûå
óñëîâèÿ, ãàðàíòèðóþùèå èçîìåòðè÷íîñòü îòîáðàæåíèÿ En → Em. Îäíèì èç íàïðàâëåíèé
èññëåäîâàíèé ñòàëî èçó÷åíèå îòîáðàæåíèé, ñîõðàíÿþùèõ äâà ðàññòîÿíèÿ, ñì., íàïðèìåð
[6]. Èñïîëüçóÿ òåîðåìó 2 è òåîðåìó, äîêàçàííóþ Ê. Áåçäåêîì è Ð. Êîííåëëè â [6], ìû
äîêàçûâàåì ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 3 (ñì. [3]). Ïóñòü n > 6 è 0 6 m 6 2n−2 � öåëûå ÷èñëà è ïóñòü A > 0 è B > 0
� âåùåñòâåííûå ÷èñëà. Ïóñòü g : En → Em � îòîáðàæåíèå òàêîå, ÷òî äëÿ âñåõ x, y ∈ En èç
ðàâåíñòâà |x− y| = A âûòåêàåò ðàâåíñòâî |g(x)− g(y)| = A è èç ðàâåíñòâà |x− y| =

√
2A

âûòåêàåò ðàâåíñòâî |g(x)− g(y)| = B. Òîãäà g ÿâëÿåòñÿ èçîìåòðèåé.
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ÏÀÂÅË ÀÍÄÐÅÅÂ, ÂÅÐÀ ÑÒÀÐÎÑÒÈÍÀ

Õîðäîâûå ïðîñòðàíñòâà îïðåäåëåíû â [1] êàê ãåîäåçè÷åñêèå ïðîñòðàíñòâà ñ âûäåëåííûì
ñåìåéñòâîì îòðåçêîâ, äëÿ êîòîðîãî âûïîëíåíû àíàëîãè àêñèîì G-ïðîñòðàíñòâ. Âûäåëåí-
íûå îòðåçêè íàçûâàþòñÿ áàçîâûìè õîðäàìè. Õîðäîâîå ïðîñòðàíñòâî X íàçûâàåòñÿ ïðî-
ñòðàíñòâîì íåïîëîæèòåëüíîé êðèâèçíû, åñëè â ëþáîì òðåóãîëüíèêå, îáðàçîâàííîì áàçî-
âûìè õîðäàìè, âûïîëíÿåòñÿ ñâîéñòâî íåïîëîæèòåëüíîñòè êðèâèçíû ïî Áóçåìàíó: ñðåäíÿÿ
ëèíèÿ òàêîãî òðåóãîëüíèêà íå ïðåâîñõîäèò ïîëîâèíû ñîîòâåòñòâóþùåãî îñíîâàíèÿ.
Â ñòàòüå [2] àâòîðàìè äàíî îïèñàíèå êîíñòðóêöèè êàñàòåëüíîãî êîíóñà KpX ñ âåðøè-

íîé p ∈ X ê õîðäîâîìó ïðîñòðàíñòâó íåïîëîæèòåëüíîé êðèâèçíû (X, d) è åãî ñâîéñòâ.
Â ÷àñòíîñòè, êàñàòåëüíûé êîíóñ KpX ÿâëÿåòñÿ ãåîäåçè÷åñêè ïîëíûì ãåîäåçè÷åñêèì ïðî-
ñòðàíñòâîì è äîïóñêàåò äåéñòâèå ãðóïïû H ïîëîæèòåëüíûõ ãîìîòåòèé ñ öåíòðîì p.
Ïî ïîñòðîåíèþ êîíóñKpX êàê ìíîæåñòâî òî÷åê ñîâïàäàåò ñ ìíîæåñòâîìX, à åãî ìåòðè-

êà d∗ ÿâëÿåòñÿ ïðåäåëüíîé äëÿ ñåìåéñòâà ìåòðèê, ïîëó÷åííûõ èç d èçìåíåíèåì ìàñøòàáà
ïðè îáùåé îòìå÷åííîé òî÷êå p. Îòîáðàæåíèå Id : X → KpX íå óâåëè÷èâàåò ðàññòîÿíèÿ:

d∗(x, y) ≤ d(x, y)

äëÿ ëþáûõ x, y ∈ X. Âûäåëåííûå ïðÿìûå ïðîñòðàíñòâà X, ïðîõîäÿùèå ÷åðåç âåðøèíó p
ïðè ýòîì îñòàþòñÿ ïðÿìûìè ëèíèÿìè è â êîíóñå KpX, ìåòðèêà d∗ âäîëü òàêèõ ïðÿìûõ
ñîâïàäàåò ñ d.
Îïðåäåëåíèå. Ïîäìíîæåñòâî α ⊂ X â ãåîäåçè÷åñêîì ïðîñòðàíñòâå (X, d) íàçûâàåòñÿ

ñëàáî âûïóêëûì, åñëè äëÿ ëþáûõ äâóõ òî÷åê x, y ∈ α ñóùåñòâóåò îòðåçîê ïðîñòðàíñòâà
X, ñîåäèíÿþùèé èõ è öåëèêîì ëåæàùèé â α.
Ñëåäóþùåå ñâîéñòâî êàñàòåëüíîãî êîíóñà èãðàåò âàæíóþ ðîëü ïðè äàëüíåéøåì èçó÷å-

íèè åãî ãåîìåòðèè è ãåîìåòðèè õîðäîâûõ ïðîñòðàíñòâ.

Òåîðåìà. Ïóñòü KpX � êàñàòåëüíûé êîíóñ ê õîðäîâîìó ïðîñòðàíñòâó (X, d) íåïîëî-
æèòåëüíîé êðèâèçíû ñ âåðøèíîé p ∈ X, a, b � äâå ïðÿìûå â KpX, ïðîõîäÿùèå ÷åðåç p
òàê, ÷òî èõ ïðîîáðàçû â X ÿâëÿþòñÿ âûäåëåííûìè ïðÿìûìè. Òîãäà â KpX ñóùåñòâóåò

ñëàáî âûïóêëîå ïîäìíîæåñòâî α, ñîäåðæàùåå a è b, èíâàðèàíòíîå îòíîñèòåëüíî äåéñòâèÿ
ãðóïïû H è èçîìåòðè÷íîå äâóìåðíîé ïëîñêîñòè, îñíàù¼ííîé íåêîòîðîé íîðìîé.
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1. Ïî÷òè ýðìèòîâîé (almost Hermitian, AH-) ñòðóêòóðîé íà ÷åòíîìåðíîì ìíîãîîáðàçèè
M2n íàçûâàåòñÿ ïàðà {J, g = 〈·, ·〉}, ãäå J � ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà, g = 〈·, ·〉 �
ðèìàíîâà ìåòðèêà íà ýòîì ìíîãîîáðàçèè. Ïðè ýòîì J è g = 〈·, ·〉 äîëæíû áûòü ñîãëàñîâàíû
óñëîâèåì

〈JX, JY 〉 = 〈X, Y 〉 , X, Y ∈ ℵ(M2n).

Çäåñü ℵ(M2n) � ìîäóëü ãëàäêèõ (êëàññà C∞ ) âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M2n .
Ìíîãîîáðàçèå ñ ôèêñèðîâàííîé íà íåì ïî÷òè ýðìèòîâîé ñòðóêòóðîé íàçûâàåòñÿ ïî÷òè
ýðìèòîâûì (AH-) ìíîãîîáðàçèåì. Ñ êàæäîé AH-ñòðóêòóðîé {J, g = 〈·, ·〉} íà ìíîãîîá-
ðàçèè M2n ñâÿçàíî ïîëå äâàæäû êîâàðèàíòíîãî êîñîñèììåòðè÷åñêîãî òåíçîðà (òî åñòü
2-ôîðìû), îïðåäåëÿåìîãî ðàâåíñòâîì

F (X, Y ) = 〈X, JY 〉 , X, Y ∈ ℵ(M2n).

Ïî÷òè ýðìèòîâî ìíîãîîáðàçèå íàçûâàåòñÿ ýðìèòîâûì, åñëè èíäóöèðóåìàÿ íà íåì ïî÷òè
ýðìèòîâà ñòðóêòóðà èíòåãðèðóåìà, è êåëåðîâûì, åñëè ∇F = 0 [1].
Ñîðîê ëåò íàçàä âûäàþùèéñÿ àìåðèêàíñêèé ãåîìåòð Àëüôðåä Ãðåé âûäåëèë íåñêîëüêî

êëàññîâ (òèïîâ) ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé, õàðàêòåðèçóåìûõ òîæäåñòâàìè [2]:
Êëàññ R1: 〈R(X, Y )Z, T 〉 = 〈R(X, Y )JZ, JT 〉;
Êëàññ R2: 〈R(X, Y )Z, T 〉 = 〈R(JX, JY )Z, JT 〉+ 〈R(JX, Y )JZ, T 〉+ 〈R(JX, Y )Z, JT 〉;
Êëàññ R3: 〈R(X, Y )Z, T 〉 = 〈R(JX, JY )JZ, JT 〉.
Ìíîãîîáðàçèÿ êëàññà R1 èíòåíñèâíî èçó÷àëèñü ìíîãèìè ìàòåìàòèêàìè, ïðè÷åì îáû÷-

íî ïîä íàçâàíèåì ïàðàêåëåðîâûõ ìíîãîîáðàçèé. Çà ìíîãîîáðàçèÿìè êëàññà R3 çàêðåïè-
ëîñü íàçâàíèå RK-ìíîãîîáðàçèé. Ïîçæå áûëè ââåäåíû â ðàññìîòðåíèå ðàçëè÷íûå àíàëîãè
êëàññîâ Ãðåÿ. Íàïðèìåð, èçó÷àëèñü êëàññû ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé, òåíçîð Âåéëÿ
êîíôîðìíîé êðèâèçíû êîòîðûõ óäîâëåòâîðÿåò ïîäîáíûì òîæäåñòâàì. Â ÷àñòíîñòè, èññëå-
äîâàëèñü R1-ìíîãîîáðàçèÿ (èëè C-ïàðàêåëåðîâû ìíîãîîáðàçèÿ), òî åñòü ïî÷òè ýðìèòîâû
ìíîãîîáðàçèÿ, òåíçîð Âåéëÿ êîíôîðìíîé êðèâèçíû êîòîðûõ óäîâëåòâîðÿåò òîæäåñòâó [3]:

〈W (X, Y )Z, T 〉 = 〈W (X, Y )JZ, JT 〉 .

(Îíî àíàëîãè÷íî òîæäåñòâó, õàðàêòåðèçóþùåìó R1-ìíîãîîáðàçèÿ.)

2. Ïî÷òè ýðìèòîâû ñòðóêòóðû òåñíî ñâÿçàíû ñ ïî÷òè êîíòàêòíûìè ìåòðè÷åñêèìè ñòðóê-
òóðàìè. Èçâåñòíî [4], ÷òî íà âñÿêîé îðèåíòèðóåìîé ãèïåðïîâåðõíîñòè N ïî÷òè ýðìèòîâà
ìíîãîîáðàçèÿ èíäóöèðóåòñÿ ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà. Íàïîìíèì, ÷òî ïîä
ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé íà íå÷åòíîìåðíîì ìíîãîîáðàçèèN ïîíèìàåòñÿ
ñèñòåìà òåíçîðíûõ ïîëåé {Φ, ξ, η, g}, äëÿ êîòîðîé âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

η(ξ) = 1; Φ(ξ) = 0; η ◦ Φ = 0; Φ2 = −id+ ξ ⊗ η

〈ΦX,ΦY 〉 = 〈X, Y 〉 − η(X)η(Y ), X, Y ∈ ℵ(N)

(Çäåñü Φ � ïîëå òåíçîðà òèïà (1, 1), ξ � âåêòîðíîå ïîëå, η � êîâåêòîðíîå ïîëå, g = 〈·, ·〉 �
ðèìàíîâà ìåòðèêà, ℵ(N) � ìîäóëü ãëàäêèõ âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè N .)
Äëÿ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé ââåäåíû ñâîè àíàëîãè òîæäåñòâ Ãðåÿ

è âûäåëåíû êëàññû ìíîãîîáðàçèé, àíàëîãè÷íûå êëàññàì R1, R2 è R3 [5], [6].

3. Â äîêëàäå ïðåäïîëàãàåòñÿ îáñóäèòü âçàèìîñâÿçü ìåæäó êëàññè÷åñêèìè òîæäåñòâàìè
Ãðåÿ è èõ ðàçëè÷íûìè àíàëîãàìè äëÿ ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé. Íàïðèìåð, áóäåò
ïîêàçàíà ñâÿçü ìåæäó õàðàêòåðèçàöèÿìè ìíîãîîáðàçèé ãðååâûõ êëàññîâ è èõ êîíôîðìíûõ
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àíàëîãîâ â òåðìèíàõ ñïåêòðà òåíçîðà ðèìàíîâîé êðèâèçíû è òåíçîðà Âåéëÿ êîíôîðìíîé
êðèâèçíû, ñîîòâåòñòâåííî.
Áóäåò îáñóæäåí è äðóãîé âàæíûé âîïðîñ, êîòîðûé ïîñòàâëåí â [6]: êàê âçàèìîñâÿçàíû

òîæäåñòâà Ãðåÿ íà AH-ìíîãîîáðàçèè è èõ êîíòàêòíûå àíàëîãè íà àññîöèèðîâàííîì ýòîìó
AH-ìíîãîîáðàçèþ ïî÷òè êîíòàêòíîì ìåòðè÷åñêîì ìíîãîîáðàçèè?
Òàêæå ïðåäïîëàãàåòñÿ ïðèâåñòè êðàòêèé îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ â äàííîì íà-

ïðàâëåíèè ìàòåìàòèêàìè çà ïîñëåäíèå 20 ëåò, à òàêæå ïðèâåñòè ðÿä íîâûõ (è ñóùåñòâåííî
áîëåå êîðîòêèõ) äîêàçàòåëüñòâ ðàíåå ïîëó÷åííûõ ðåçóëüòàòîâ [7], [8].
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Íàâåðíîå, ñàìîé öèòèðóåìîé ñòàòüåé ïî ãåîìåòðèè ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé ÿâ-
ëÿåòñÿ çíàìåíèòàÿ ðàáîòà âûäàþùåãîñÿ àìåðèêàíñêîãî ãåîìåòðà Àëüôðåäà Ãðåÿ è åãî
èñïàíñêîãî êîëëåãè Ëóèñà Ì. Õåðâåëëû [1], â êîòîðîé îíè âûäåëèëè 16 êëàññîâ ïî÷òè
ýðìèòîâûõ ìíîãîîáðàçèé. Êëàññèôèêàöèÿ Ãðåÿ�Õåðâåëëû ïî÷òè ýðìèòîâûõ ñòðóêòóð �
îáùåïðèçíàííûé ðåçóëüòàò â ýðìèòîâîé ãåîìåòðèè. Ñðåäè âûäåëåííûõ òèïîâ ïî÷òè ýðìè-
òîâûõ ñòðóêòóð åñòü õîðîøî èçó÷åííûå, êàê, íàïðèìåð, êëàññû êåëåðîâûõ, ïðèáëèæåííî
êåëåðîâûõ, ïî÷òè êåëåðîâûõ è ëîêàëüíî êîíôîðìíî êåëåðîâûõ ìíîãîîáðàçèé. Ýòè êëàññû
Ãðåÿ�Õåðâåëëû èíîãäà íàçûâàþò ¾ìàëûìè¿. Íàîáîðîò, ¾áîëüøèå¿ êëàññû (êîòîðûå â [1]
îáîçíà÷åíû êàê W1 ⊕W2 ⊕W3, W1 ⊕W2 ⊕W4, W1 ⊕W3 ⊕W4, W2 ⊕W3 ⊕W4) èçó÷åíû
ãîðàçäî õóæå. Ïðè÷èíû ýòîãî âïîëíå î÷åâèäíû � óñëîâèÿ Ãðåÿ�Õåðâåëëû ïðèíàäëåæíî-
ñòè ïî÷òè ýðìèòîâà ìíîãîîáðàçèÿ òîìó èëè èíîìó ¾áîëüøîìó¿ êëàññó âåñüìà ñëîæíû, à
ïðèìåðû ñîáñòâåííûõ ïðåäñòàâèòåëåé äëÿ òàêèõ êëàññîâ îòûñêàòü íåïðîñòî. Åäâà ëè íàé-
äåòñÿ â õîðîøèõ æóðíàëàõ äâà äåñÿòêà ñòàòåé î ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèÿõ êëàññà
W2 ⊕W3 ⊕W4 , èëè, êàê ÷àùå åãî îáîçíà÷àþò, êëàññà G2.
Íàïîìíèì [1], ÷òî ïî÷òè ýðìèòîâîé (almost Hermitian, AH-) ñòðóêòóðîé íà ÷åòíîìåðíîì

ìíîãîîáðàçèè M2n íàçûâàåòñÿ ïàðà {J, g = 〈·, ·〉}, ãäå J � ïî÷òè êîìïëåêñíàÿ ñòðóêòóðà,
g = 〈·, ·〉 � ðèìàíîâà ìåòðèêà íà ýòîì ìíîãîîáðàçèè. Ïðè ýòîì J è g = 〈·, ·〉 äîëæíû áûòü
ñîãëàñîâàíû óñëîâèåì

〈JX, JY 〉 = 〈X, Y 〉 , X, Y ∈ ℵ(M2n).

Çäåñü ℵ(M2n) � ìîäóëü ãëàäêèõ (êëàññà C∞ ) âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M2n .
Ìíîãîîáðàçèå ñ ôèêñèðîâàííîé íà íåì ïî÷òè ýðìèòîâîé ñòðóêòóðîé íàçûâàåòñÿ ïî÷òè ýð-
ìèòîâûì (AH-) ìíîãîîáðàçèåì. Ñ êàæäîé AH-ñòðóêòóðîé {J, g = 〈·, ·〉} íà ìíîãîîáðàçèè
M2n ñâÿçàíî ïîëå äâàæäû êîâàðèàíòíîãî êîñîñèììåòðè÷åñêîãî òåíçîðà (òî åñòü 2-ôîðìû),
íàçûâàåìîãî ôóíäàìåíòàëüíîé ôîðìîé ñòðóêòóðû è îïðåäåëÿåìîãî ðàâåíñòâîì

F (X, Y ) = 〈X, JY 〉 , X, Y ∈ ℵ(M2n).

Ïî÷òè ýðìèòîâî ìíîãîîáðàçèå íàçûâàåòñÿ G2-ìíîãîîáðàçèåì, åñëè âûïîëíÿåòñÿ ñëåäó-
þùåå óñëîâèå [1]:

G
XY Z
{∇X (F ) (Y, Z)−∇JX (F ) (JY, Z) = 0} = 0,

ãäå ∇ � ðèìàíîâà ñâÿçíîñòü ìåòðèêè g = 〈·, ·〉. Â [2] ïîêàçàíî, ÷òî äàííîå óñëîâèå Ãðåÿ-
Õåðâåëëû ðàâíîñèëüíî òàêîìó óñëîâèþ, êîòîðîìó äîëæíû óäîâëåòâîðÿòü ñòðóêòóðíûå
òåíçîðû Êèðè÷åíêî AH-ñòðóêòóðû:

Babc +Bbca +Bcab = 0, Babc +Bbca +Bcab = 0

Â äîêëàäå ïðåäïîëàãàåòñÿ ïðåäñòàâèòü îáçîð îñíîâíûõ ðåçóëüòàòîâ, ïîëó÷åííûõ ïðè
èññëåäîâàíèè ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé êëàññà G2: îò ñòàòüè Õåðâåëëû è Âèäà-
ëÿ [3], ãäå âïåðâûå âîçíèêëî ïîíÿòèå òàêîãî âèäà AH-ìíîãîîáðàçèÿ, äî íîâîé ðàáîòû
Í.À. Äàóðöåâîé [4]. Îòìåòèì, ÷òî ïðàêòè÷åñêè âî âñåõ ðàáîòàõ î G2-ìíîãîîáðàçèÿõ ðàñ-
ñìàòðèâàþòñÿ ìíîãîîáðàçèÿ ðàçìåðíîñòè 6 (êðîìå [4] ýòî, íàïðèìåð, [5], [6] è äð.). Â
îñòàëüíûõ æå ðàáîòàõ àâòîðû èìåþò äåëà ñ G2-ìíîãîîáðàçèÿìè ïðîèçâîëüíîé ðàçìåð-
íîñòè 2n. Çäåñü íåèçáåæíî âîçíèêàþò àëëþçèè ñ òàê íàçûâàåìîé ¾çàäà÷åé Ãðåÿ¿: åùå
50 ëåò íàçàä ýòîò âûäàþùèéñÿ àìåðèêàíñêèé ñïåöèàëèñò îáðàòèë âíèìàíèå [7] íà òî, ÷òî
íå èçâåñòíî íè îäíîãî ïðèìåðà ñîáñòâåííîãî 6-ìåðíîãî ïî÷òè êåëåðîâà ìíîãîîáðàçèÿ (èëè
W2-ìíîãîîáðàçèÿ, åñëè ñëåäîâàòü òåðìèíîëîãèè [1]). Îí ïðåäïîëîæèë, ÷òî îòëè÷íàÿ îò
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êåëåðîâîé ïî÷òè êåëåðîâà ñòðóêòóðà íå ìîæåò áûòü ðåàëèçîâàíà íà 6-ìåðíîì ìíîãîîá-
ðàçèè. Ñ òåõ ïîð, îäíàêî, íèêòî íå ñìîã ýòî äîêàçàòü. Âïðî÷åì, ãèïîòåçà Ãðåÿ íå áûëà
è îïðîâåðãíóòà, òàê êàê íèêîìó íå óäàëîñü ïðèâåñòè ïðèìåð 6-ìåðíîãî ñîáñòâåííîãî W2-
ìíîãîîáðàçèÿ.
Âîïðîñ, êîòîðûé ìû ñòàâèì â êîíöå, òàêîâ: ñóùåñòâóåò ëè ñîáñòâåííàÿ G2-ñòðóêòóðà íà

ìíîãîîáðàçèÿõ ðàçìåðíîñòè, îòëè÷íîé îò øåñòè?
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ÐÅÄÓÊÖÈß ÒÅÍÇÎÐÀ ÀÔÔÈÍÍÎÉ ÊÐÈÂÈÇÍÛ
ÍÀ ÏÎÄÌÍÎÃÎÎÁÐÀÇÈÈ ÃËÀÄÊÎÃÎ ÌÍÎÃÎÎÁÐÀÇÈß

ÊÑÅÍÈß ÁÀØÀØÈÍÀ

Ðàññìîòðèì n-ìåðíîå ãëàäêîå ãîëîíîìíîå ìíîãîîáðàçèå Vn ñî ñòðóêòóðíûìè óðàâíåíè-
ÿìè

(1) dωI = ωJ ∧ ωI
J (I, J,K = 1, n), dωI

J = ωK
J ∧ ωI

K + ωK ∧ ωI
JK (ωI

[JK] = 0).

Èññëåäóåì ñâÿçíîñòü â ðàññëîåíèè ðåïåðîâ 1-ãî ïîðÿäêà L(Vn) ñî ñòðóêòóðíûìè óðàâíå-
íèÿìè (1), òèïîâûì ñëîåì êîòîðîãî ñëóæèò ëèíåéíàÿ ãðóïïà Ln2 = GL(n), äåéñòâóþùàÿ
â êàñàòåëüíîì ïðîñòðàíñòâå Tn ê ìíîãîîáðàçèþ Vn â ôèêñèðîâàííîé òî÷êå . Àôôèííóþ
ñâÿçíîñòü â ãëàâíîì ðàññëîåíèè L(Vn) çàäàäèì ñïîñîáîì Ëàïòåâà-Ëóìèñòå ñ ïîìîùüþ
ôîðì

ω̃I
J = ωI

J−ΓI
JKω

K , ∆ΓI
JK+ωI

JK = ΓI
JKLω

L, ∆ΓI
JKL−ΓI

JMω
M
KL−ΓI

MKω
M
JL+ΓM

JKω
I
ML+ωI

JKL
∼= 0;

â ñèëó ñèììåòðèè ôîðì ωI
JK åñòåñòâåííî ïðåäïîëàãàòü, ÷òî ôóíêöèè ΓI

JK óäîâëåòâîðÿþò
óñëîâèþ ΓI

[JK] = 0. Ñòðóêòóðíûå óðàâíåíèÿ ôîðì ñâÿçíîñòè èìåþò âèä

dωI = ωJ ∧ ω̃I
J , dω̃

I
J = ω̃K

J ∧ ω̃I
K +RI

JKLω
K ∧ ωL, RI

JKL = ΓI
J [KL] − ΓM

J [KΓI
ML],

ïðè÷åì îáúåêò R àôôèííîé êðèâèçíû ÿâëÿåòñÿ òåíçîðîì.
Ïîäìíîãîîáðàçèå Vm ìíîãîîáðàçèÿ Vn ïðåäñòàâèì êàê m-ïàðàìåòðè÷åñêîå ñåìåéñòâî,

îïèñàííîå òî÷êîé ìíîãîîáðàçèÿ Vn. Ïðîèçâåä¼ì ÷àñòè÷íóþ êàíîíèçàöèþ ïîäâèæíîãî
ðåïåðà {ei, ea} (i, j, k = 1,m; a, b, c = m+ 1, n) êàñàòåëüíîãî ïðîñòðàíñòâà Tn, ïîìåùàÿ
âåêòîðû ei â êàñàòåëüíîå ïîäïðîñòðàíñòâî Tm. Òîãäà óðàâíåíèÿ ïîäìíîãîîáðàçèÿ Vm áóäóò
èìåòü âèä:

(2) θa = 0, θai = Λa
ijω

j ∆Λa
ij + θaij = Λa

ijkω
k,Λa

[ij] = 0,Λa
[ij]k = 0,Λa

i[jk] = 0(θ = ω|Vm).

Çàäàäèì ôóíäàìåíòàëüíî-ãðóïïîâóþ ñâÿçíîñòü â ãëàâíîì ðàññëîåíèè G(Vm), àññîöèè-
ðîâàííîì ñ ïîäìíîãîîáðàçèåì Vm, ñ ïîìîùüþ ôîðì

Ωi
j = θij − Πi

jkω
k, Ωa

b = θab − Πa
biω

i, Ωi
a = θia − Πi

ajω
j,

ãäå ôóíêöèè Πi
jk, Πa

bi, Πi
aj óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì óðàâíåíèÿì

∆Πi
jk +Λa

jkθ
i
a +θijk = Πi

jklω
l, ∆Πa

bi−Λa
ijθ

j
b +θabi = Πa

bijω
j, ∆Πi

aj−Πi
kjθ

k
a +Πb

ajθ
i
b +θiaj = Πi

ajkω
k.

Ñòðóêòóðíûå óðàâíåíèÿ ôîðì ñâÿçíîñòè èìåþò âèä

dΩi
j = Ωk

j ∧Ωi
k+Ki

jklω
k∧ωl, dΩa

b = Ωc
b∧Ωa

c +Ka
bijω

i∧ωj, dΩi
a = Ωj

a∧Ωi
j +Ωb

a∧Ωi
b+Ki

ajkω
j∧ωk,

ãäå êîìïîíåíòû îáúåêòà êðèâèçíû K = {Ki
jkl, K

a
bij, K

i
ajk} âûðàæàþòñÿ ïî ôîðìóëàì

Ki
jkl = Πi

j[kl] − Πm
j[kΠi

ml], K
a
bij = Πa

b[ij] − Πc
b[iΠ

a
cj], K

i
ajk = Πi

a[jk] − Πl
a[jΠ

i
lk] − Πb

a[jΠ
i
bk].

Ñîïîñòàâëÿÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ îáúåêòà Λa
ij (23) è äèôôåðåíöèàëüíûå óðàâ-

íåíèÿ êîìïîíåíò àôôèííîé ñâÿçíîñòè Ã, ñîîòâåòñòâóþùèõ ýòîìó îáúåêòó, ïîëîæèì

(3) Γ
a

ij = Λa
ij,Γ = Γ|Vm .

Òàêèì îáðàçîì, êîìïîíåíòû Γa
ij îáúåêòà àôôèííîé ñâÿçíîñòè Ã, îãðàíè÷åííûå íà ïîä-

ìíîãîîáðàçèè Vm, îõâà÷åíû â ñëó÷àå äàííîãî ïîäìíîãîîáðàçèÿ Vm. Èç (26) ñëåäóåò, ÷òî

äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà Γ
a

i[jk] + Γ
a

b[jΛ
b
ik] − Γ

l

i[jΛ
a
lk] = 0.
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34 ÊÑÅÍÈß ÁÀØÀØÈÍÀ

Âûâîä. Ðåäóêöèÿ òåíçîðà àôôèííîé êðèâèçíû R, çàäàâàåìîé îáúåêòîì Ã, ê òåíçîðó
êðèâèçíû Ê ôóíäàìåíòàëüíî-ãðóïïîâîé ñâÿçíîñòè, çàäàâàåìîé îáúåêòîì Ï, âîçìîæíà, åñ-

ëè ïîäîáúåêò àôôèííîé ñâÿçíîñòè Γ0 = {Γi

jk,Γ
i

aj,Γ
a

bi} îòîæäåñòâëåí ñ îáúåêòîì ñâÿçíîñòè
Ï è âûïîëíÿþòñÿ ðàâåíñòâà (3).
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ÒÅÍÇÎÐ ÊÐÓ×ÅÍÈß ÑÂßÇÍÎÑÒÈ ÍÅÉÔÅËÜÄÀ
ÌÍÎÃÎÎÁÐÀÇÈß ÃÐÀÑÑÌÀÍÀ

ÎËÜÃÀ ÁÅËÎÂÀ

Â ïðîåêòèâíîì ïðîñòðàíñòâå Pn ðàññìîòðèì ìíîãîîáðàçèå Ãðàññìàíà Gr(m,n) [1], ò.å.
ìíîãîîáðàçèå âñåõ m � ìåðíûõ ïëîñêîñòåé. Ïðîèçâåäåì ñïåöèàëèçàöèþ ïîäâèæíîãî ðåïå-
ðà {Aa, Aα} (a, . . . = 0,m; α, . . . = m+ 1, n), ïîìåùàÿ âåðøèíû Aa íà îáðàçóþùóþ ïëîñ-
êîñòü Lm. Áàçèñíûå ôîðìû ωαa ìíîãîîáðàçèÿ Ãðàññìàíà Gr(m,n) óäîâëåòâîðÿþò ñòðóê-
òóðíûì óðàâíåíèÿì

Dωαa = ωβb ∧ ω
αb
aβ,

ãäå ωαbaβ = δbaω
α
β − δαβωba. Íàõîäèì âíåøíèå äèôôåðåíöèàëû îò ïîñëåäíèõ ôîðì

Dωαbaβ = ωγbcβ ∧ ω
αc
aγ + ωγc ∧ ωαbcaβγ,

ãäå ωαbcaβγ = −δbaδαγωcβ − δαβ δcaωbγ.
Íàä ìíîãîîáðàçèåì Ãðàññìàíà Gr(m,n) âîçíèêàåò ãëàâíîå ðàññëîåíèå êàñàòåëüíûõ ëè-

íåéíûõ ðåïåðîâ L(Gr(m,n)). Òèïîâûì ñëîåì ðàññëîåíèÿ L(Gr(m,n)) ÿâëÿåòñÿ ëèíåéíàÿ
ãðóïïà L = GL((m + 1)(n −m)), dimL = (m + 1)2(n −m)2, äåéñòâóþùàÿ â êàñàòåëüíîì
ïðîñòðàíñòâå ê ìíîãîîáðàçèþ Gr(m,n).
Â ãëàâíîì ðàññëîåíèè L(Gr(m,n)) çàäàäèì ñâÿçíîñòü Íåéôåëüäà [2, 3]. Ââåäåì íîâûå

ôîðìû

ω̃αbaβ = ωαbaβ − Γαbcaβγω
γ
c .

Ðàññìîòðèì äèôôåðåíöèàëû ýòèõ ôîðì

Dω̃αbaβ = ω̃γbcβ ∧ ω̃
αc
aγ + ωγc ∧ (∆Γαbcaβγ + ωαbcaβγ) + ΓγbecβµΓαcdaγηω

η
d ∧ ω

µ
e .

Ñâÿçíîñòü â ãëàâíîì ðàññëîåíèè L(Gr(m,n)) çàäàåòñÿ ñ ïîìîùüþ ïîëÿ îáúåêòà ñâÿçíîñòè
Γ = {Γαbcaβγ} íà áàçå Gr(m,n) óðàâíåíèÿìè

∆Γαbcaβγ + ωαbcaβγ = Γαbcdaβγµω
µ
d ,

ãäå òåíçîðíûé äèôôåðåíöèàëüíûé îïåðàòîð ∆ äåéñòâóåò ñëåäóþùèì îáðàçîì:

∆Γαbcaβγ = dΓαbcaβγ + Γαbdaβγω
c
d + Γαdcaβγω

b
d + Γµbcaβγω

α
µ − Γαbcaβµω

µ
γ − Γαbcaµγω

µ
β − Γαbcdβγω

d
a.

Ïîäñòàâëÿÿ â ñòðóêòóðíûå óðàâíåíèÿ áàçèñíûõ ôîðì ìíîãîîáðàçèÿ Ãðàññìàíà ôîðìû
ñâÿçíîñòè ω̃, ïðèõîäèì ê ñëåäóþùèì óðàâíåíèÿì

Dωαa = ωβb ∧ ω̃
αb
aβ + Sαbcaβγω

β
b ∧ ω

γ
c ,

ãäå êîìïîíåíòû îáúåêòà êðó÷åíèÿ S âûðàæàþòñÿ ïî ôîðìóëàì

Sαbcaβγ = Γαa [bcβγ].

Çäåñü êâàäðàòíûå ñêîáêè îçíà÷àþò àëüòåðíèðîâàíèå ïî êðàéíèì ïàðàì èíäåêñîâ.
Ó÷èòûâàÿ äèôôåðåíöèàëüíûå ñðàâíåíèÿ êîìïîíåíò îáúåêòà Γ, ïðèõîäèì ê ñëåäóþùèì

ñðàâíåíèÿì ïî ìîäóëþ áàçèñíûõ ôîðì

∆Sαbcaβγ ≡ 0.

Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà. Îáúåêò êðó÷åíèÿ S èíäóöèðîâàííîé ñâÿçíîñòè Íåéôåëüäà ìíîãîîáðàçèÿ

Ãðàññìàíà ÿâëÿåòñÿ òåíçîðîì.
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ÂÛÂÎÄ ÓÐÀÂÍÅÍÈß ÔÅÍÎÌÅÍÎËÎÃÈ×ÅÑÊÎÉ ÑÈÌÌÅÒÐÈÈ ÄËß
ÍÅÊÎÒÎÐÛÕ ÒÐÅÕÌÅÐÍÛÕ ÃÅÎÌÅÒÐÈÉ

ÐÀÄÀ ÁÎÃÄÀÍÎÂÀ, ÃÅÍÍÀÄÈÉ ÌÈÕÀÉËÈ×ÅÍÊÎ

Òðåõìåðíûå ãåîìåòðèè çàäàþòñÿ íà òðåõìåðíîì ìíîãîîáðàçèè M ìåòðè÷åñêîé (äâóõ-
òî÷å÷íîé) ôóíêöèåé f : M ×M → R, ñîïîñòàâëÿþùåé ïàðå òî÷åê 〈ij〉 ∈ M ×M äåé-
ñòâèòåëüíîå ÷èñëî f(ij) ∈ R (ñì. [1], �4). Íåâûðîæäåííîñòü ìåòðè÷åñêîé ôóíêöèè f â åå
ëîêàëüíîì êîîðäèíàòíîì ïðåäñòàâëåíèè

f(ij) = f(xi, yi, zi, xj, yj, zj) (1)

çàïèñûâàåòñÿ â âèäå ñëåäóþùèõ äâóõ íåðàâåíñòâ:

∂(f(ik), f(il), f(im))

∂(xi, yi, zi)
6= 0,

∂(f(kj), f(lj), f(mj))

∂(xj, yj, zj)
6= 0 (2)

äëÿ ïëîòíûõ M4 ìíîæåñòâ ÷åòâåðîê òî÷åê 〈iklm〉 è 〈klmj〉. Âûïîëíåíèå àêñèîì îáû÷íîé
ìåòðèêè â îòíîøåíèè ôóíêöèè f íå ïðåäïîëàãàåòñÿ, ïîýòîìó åå çíà÷åíèå f(ij) äëÿ ïàðû
〈ij〉 â îáùåì ñëó÷àå íå ÿâëÿåòñÿ ðàññòîÿíèåì ìåæäó òî÷êàìè i è j. Ôåíîìåíîëîãè÷åñêàÿ
ñèììåòðèÿ (ÔÑ) ðàíãà 5 òðåõìåðíîé ãåîìåòðèè, çàäàâàåìîé ìåòðè÷åñêîé ôóíêöèåé (1),
âûðàæàåòñÿ óðàâíåíèåì

Φ(f(ij), f(ik), f(il), f(im), f(jk), f(jl), f(jm), f(kl), f(km), f(lm)) = 0, (3)

ñïðàâåäëèâûì äëÿ îòêðûòîãî è ïëîòíîãî âM5 ìíîæåñòâà ïÿòåðîê òî÷åê 〈ijklm〉. Çàìåòèì,
÷òî â îòëè÷èå îò Áëþìåíòàëÿ [2], âèä ôóíêöèè Φ â ëåâîé ÷àñòè óðàâíåíèÿ (3) çàðàíåå íå
çàäåòñÿ. Ïðåäïîëàãàåòñÿ òîëüêî, ÷òî òàêàÿ ôóíêöèÿ ñóùåñòâóåò. Â ðàáîòå [3] óñòàíîâëåíî,
÷òî ÔÑ ðàíãà 5 òðåõìåðíîé ãåîìåòðèè ýêâèâàëåíòíà åå ãðóïïîâîé ñèììåòðèè ñòåïåíè 6.
Ñëåäóåò îòìåòèòü, ÷òî òðåõìåðíûå ÔÑ-ãåîìåòðèè ÿâëÿþòñÿ ãåîìåòðèÿìè ìàêñèìàëüíîé
ïîäâèæíîñòè.
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ âûâîä ÿâíîãî âèäà óðàâíåíèÿ ôåíîìåíîëîãè÷åñêîé ñèì-

ìåòðèè äëÿ îñîáîãî òðåõìåðíîãî ðàñøèðåíèÿ ïëîñêîñòè Åâêëèäà, ñèìïëöèàëüíûõ ïðî-
ñòðàíñòâ I, II òèïîâ è ñèìïëåêòè÷åñêîãî ïðîñòðàíñòâà, ìåòðè÷åñêèå ôóíêöèè êîòîðûõ â
íàäëåæàùèì îáðàçîì âûáðàííîé ñèñòåìå ëîêàëüíûõ êîîðäèíàò èìåþò ñëåäóþùèé âèä
(ñì. ðàáîòû [1],[4]):

f(ij) = [(xi − xj)2 + (yi − yj)2] exp 2(zi + zj); (4)

f(ij) =
yi − yi
xi − xj

+ zi + zj; (5)

f(ij) =
yi − yj
xi − xj

· 1

zizj
, (6)

êîòîðîå ýêâèâàëåíòíî êàíîíè÷åñêîé ôîðìå

f(ij) =
yi − yi
xi − xj

exp(zi + zj); (6′)

f(ij) = xiyj − xjyi + zi − zj, (7)

ãäå (xi, yi) è (xj, yj) � êîîðäèíàòû òî÷åê i è j.
37
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Òåîðåìà 1. Óðàâíåíèåì, âûðàæàþùèì ôåíîìåíîëîãè÷åñêóþ ñèììåòðèþ îñîáîãî òðåõ-
ìåðíîãî ðàñøèðåíèÿ ïëîñêîñòè Åâêëèäà, çàäàâàåìîãî íà òðåõìåðíîì ìíîãîîáðàçèè ìåò-
ðè÷åñêîé ôóíêöèåé (4), ÿâëÿåòñÿ óðàâíåíèå âèäà:∣∣∣∣∣∣∣∣∣∣

0 f(ij) f(ik) f(il) f(im)
f(ij) 0 f(jk) f(jl) f(jm)
f(ik) f(jk) 0 f(kl) f(km)
f(il) f(jl) f(kl) 0 f(lm)
f(im) f(jm) f(km) f(lm) 0

∣∣∣∣∣∣∣∣∣∣
= 0.

Òåîðåìà 2. Óðàâíåíèåì, âûðàæàþùèì ôåíîìåíîëîãè÷åñêóþ ñèììåòðèþ ñèìïëèöèàëü-
íîãî ïðîñòðàíñòâà I òèïà, çàäàâàåìîãî íà òðåõìåðíîì ìíîãîîáðàçèè ìåòðè÷åñêîé ôóíê-
öèåé (5), ÿâëÿåòñÿ óðàâíåíèå âèäà:

S(jk)

∣∣∣∣ R(ik)f(ij)×R(jk)R(il)f(ij) R(ij)f(il)×R(il)R(km)f(im)
R(ik)f(ij)×R(jk)R(im)f(ij) R(ij)f(im)×R(im)R(kl)f(il)

∣∣∣∣ = 0,

ãäå R(ij) = 1 − π(ij) � îïåðàòîð àëüòåðíèðîâàíèÿ,S(ij) = 1 + π(ij) � îïåðàòîð ñèììåò-
ðèçàöèè, â êîòîðûõ π(ij) � îïåðàòîð ïåðåñòàíîâêè.
Òåîðåìà 3. Óðàâíåíèåì, âûðàæàþùèì ôåíîìåíîëîãè÷åñêóþ ñèììåòðèþ ñèìïëèöèàëü-

íîãî ïðîñòðàíñòâà II òèïà, çàäàâàåìîãî íà òðåõìåðíîì ìíîãîîáðàçèè ìåòðè÷åñêîé ôóíê-
öèåé (6), ÿâëÿåòñÿ óðàâíåíèå âèäà:∣∣∣∣∣∣

f(ij)f(km)f(lm) + f(kl)f(im)f(jm) f(ij)f(kl) 1
f(ik)f(jm)f(lm) + f(jl)f(im)f(km) f(ik)f(jl) 1
f(jk)f(im)f(lm) + f(il)f(jm)f(km) f(jk)f(il) 1

∣∣∣∣∣∣ = 0.

Òåîðåìà 4. Óðàâíåíèåì, âûðàæàþùèì ôåíîìåíîëîãè÷åñêóþ ñèììåòðèþ ñèìïëåêòè÷å-
ñêîãî ïðîñòðàíñòâà, çàäàâàåìîãî íà òðåõìåðíîì ìíîãîîáðàçèè ìåòðè÷åñêîé ôóíêöèåé (7),
ÿâëÿåòñÿ óðàâíåíèå (8) èëè ýêâèâàëåíòíîå åìó óðàâíåíèå (8'):

f(ij)(f(kl)− f(km) + f(lm))− f(ik)(f(jl)− f(jm) + f(lm)) + f(il)(f(jk)−
−f(jm) + f(km))− f(im)(f(jk)− f(jl) + f(kl)) + f(jk)f(lm)−

−f(jl)f(km) + f(kl)f(jm) = 0, (8)∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1 1 1
−1 0 f(ij) f(ik) f(il) f(im)
−1 −f(ij) 0 f(jk) f(jl) f(jm)
−1 −f(ik) −f(jk) 0 f(kl) f(km)
−1 −f(il) −f(jl) −f(kl) 0 f(lm)
−1 −f(im) −f(jm) −f(km) −f(lm) 0

∣∣∣∣∣∣∣∣∣∣∣
= 0, (8′)
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ÎÁ ÎÄÍÎÌ ÏÐÈÌÅÐÅ ÏÎ×ÒÈ ÊÎÍÒÀÊÒÍÎÃÎ ÌÍÎÃÎÎÁÐÀÇÈß
ÊÝËÅÐÀ-ÝÉÍØÒÅÉÍÀ

ÀËÈß ÁÓÊÓØÅÂÀ

Ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ïðîñòðàíñòâî (ϕ, ~ξ, η, g,M,D) íàçûâàåòñÿ ïî÷òè êîíòàêò-

íûì êýëåðîâûì ïðîñòðàíñòâîì [1], åñëè âûïîëíÿþòñÿ óñëîâèÿ dΩ = 0, Nϕ +2(dη ◦ϕ)⊗~ξ. Â
ðàáîòå [2] áûëî ïîêàçàíî, ÷òî ïî÷òè êîíòàêòíàÿ êýëåðîâà ñòðóêòóðà ìîæåò áûòü îïðåäå-
ëåíà åñòåñòâåííûì îáðàçîì íà ðàñïðåäåëåíèè íóëåâîé êðèâèçíû ñàñàêèåâà ìíîãîîáðàçèÿ.
Íàçîâåì ìíîãîîáðàçèå M ïî÷òè êîíòàêòíûì ïðîñòðàíñòâîì Êýëåðà-Ýéíøòåéíà, åñëè îò-
íîñèòåëüíî ïî÷òè êîíòàêòíîé êýëåðîâîé ñòðóêòóðû ìíîãîîáðàçèå M ÿâëÿåòñÿ ìíîãîîáðà-
çèåì Ýéíøòåéíà.
Îïðåäåëèì íà ðàñïðåäåëåíèè D ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî ìíîãîîáðàçèÿ êàê íà

ãëàäêîì ìíîãîîáðàçèè ïî÷òè êîíòàêòíóþ ìåòðè÷åñêóþ ñòðóêòóðó (D̃, J, ~u, λ = η◦π∗, G,D),
ïîëàãàÿG(~εa, ~εa) = G(∂n+a, Gn+b) = gab,G(~εa, ∂n+b) = G(~εa, ~u) = G(~u, ∂n+b) = 0,G(~u, ~u) = 1,

J(~εa) = ∂n+a, J(∂n+a) = −~εa, J(~u) = ~0.
Èìååò ìåñòî

Òåîðåìà. Ïóñòü M � ìíîãîîáðàçèå Ñàñàêè-Ýéíøòåéíà [3]. Òîãäà ðàñïðåäåëåíèå D ñ
ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé (D̃, J, ~u, λ = η ◦ π∗, G,D) ÿâëÿåòñÿ ïî÷òè êîí-
òàêòíûì ïðîñòðàíñòâîì Êýëåðà-Ýéíøòåéíà, åñëè òåíçîð Ñõîóòåíà [2]

R(~x, ~y)~z = ∇~x∇~y~z −∇~y∇~x~z −∇P [~x,~y]~x− P [Q[~x, ~y], ~z]

îáðàùàåòñÿ â íóëü.
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ÄÂÓÕÒÎ×Å×ÍÎ-ÎÄÍÎÐÎÄÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

ÂÀËÅÐÈÉ ÂÎË×ÊÎÂ, ÂÈÒÀËÈÉ ÂÎË×ÊÎÂ

Èññëåäóåòñÿ ïðîáëåìà îïèñàíèÿ íåíóëåâûõ ôóíêöèé, èìåþùèõ íóëåâûå èíòåãðàëû ïî
âñåì ñôåðàì ñ öåíòðàìè íà çàäàííîì ìíîæåñòâå â äâóõòî÷å÷íî-îäíîðîäíîì ïðîñòðàí-
ñòâå X. Äëÿ ñîîòâåòñòâóþùåãî èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ (ïðåîáðàçîâàíèå Ðàäîíà íà
ñôåðàõ) íàéäåíî îïèñàíèå ÿäðà, ïîëó÷åíû òî÷íàÿ òåîðåìà åäèíñòâåííîñòè è ëîêàëüíàÿ
òåîðåìà î äâóõ ðàäèóñàõ.
Îòíîñèòåëüíî âñåõ èñïîëüçóåìûõ íèæå îáîçíà÷åíèé ñì. [1]. Äëÿ ôèêñèðîâàííûõ 0 <

R 6 diamX è r ∈ (0, R) ïîëîæèì

Vr(BR) =
{
f ∈ Lloc(BR) : f × χt

∣∣
Sr

= 0 ∀ t ∈ (0, R− r)
}
,

ãäå χt � èíäèêàòîð øàðà Bt. Ïóñòü

Nk,m(r) =
{
λ > 0 : Φk,m

λ (Ω(r)) = 0
}
.

Îñíîâíûå ñâåäåíèÿ î íóëÿõ λ ôóíêöèè Φk,m
λ (Ω(r)) ïðèâîäÿòñÿ â [1]. Îòìåòèì, ÷òî äëÿ

ëþáûõ r ∈ (0, diamX), k ∈ Z+, 0 ≤ m ≤ MX(k) ìíîæåñòâî Nk,m(r) ÿâëÿåòñÿ ñ÷åòíûì è
íå èìååò êîíå÷íûõ ïðåäåëüíûõ òî÷åê.
Òåîðåìà 1. Ïóñòü f ∈ Lloc(BR). Òîãäà äëÿ òîãî, ÷òîáû f ∈ Vr(BR), íåîáõîäèìî è

äîñòàòî÷íî, ÷òîáû äëÿ ëþáûõ k ≥ 0, 0 ≤ m ≤ MX(k) è j ∈
{

1, . . . , dk,mX
}
èìåëè ìåñòî

ðàâåíñòâà

(1) fk,m,j =
∑

λ∈Nk,m(r)

cλ,k,m,j Φk,m,j
λ ,

cλ,k,m,j =

∫
Br

∣∣Φk,m,j
λ (x)

∣∣2 dµ(x)

−1 ∫
Br

fk,m,j(x) Φk,m,j
λ (x) dµ(x),

ãäå ðÿä (1) ñõîäèòñÿ â ïðîñòðàíñòâå ðàñïðåäåëåíèé D′(BR) è

cλ,k,m,j = O
(
λ2αX+k+2

)
ïðè λ→ +∞.

Îäíèì èç ïðèëîæåíèé òåîðåìû 1 ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà åäèíñòâåííîñòè.
Òåîðåìà 2. Ïóñòü 0 < r < R 6 diamX, f ∈ Lloc(B2r−R,R) è âûïîëíåíû ñëåäóþùèå

óñëîâèÿ:

1) f = 0 â B2r−R, r;

2)
∫

St(x)

f dω = 0 ïðè âñåõ x ∈ Sr è ïî÷òè âñåõ t ∈ (0, R− r).

Òîãäà f = 0 â B2r−R,R.

Îïðåäåëèì ìíîæåñòâî N(r1, r2) ðàâåíñòâîì

N(r1, r2) =
∞⋃
k=0

MX(k)⋃
m=0

(Nk,m(r1) ∩Nk,m(r2)) .

Òåîðåìà 3. Ïóñòü max {r1, r2} < R 6 diamX. Òîãäà:

(i) åñëè R > r1 + r2, N(r1, r2) = ∅ è f ∈ Vr1(BR) ∩ Vr2(BR), òî f = 0;
(ii) åñëè R < r1 + r2, òî ñóùåñòâóåò íåíóëåâàÿ áåñêîíå÷íî äèôôåðåíöèðóåìàÿ íà BR

ôóíêöèÿ f ∈ Vr1(BR) ∩ Vr2(BR).
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(iii) åñëè N(r1, r2) 6= ∅, òî ñóùåñòâóåò íåíóëåâàÿ âåùåñòâåííî-àíàëèòè÷åñêàÿ â BR

ôóíêöèÿ f ∈ Vr1(BR) ∩ Vr2(BR).

Îòíîñèòåëüíî äðóãèõ ðåçóëüòàòîâ, ñâÿçàííûõ ñ ïðåîáðàçîâàíèåì Ðàäîíà íà äâóõòî÷å÷íî-
îäíîðîäíûõ ïðîñòðàíñòâàõ ñì. [2]�[4] è èìåþùóþñÿ òàì áèáëèîãðàôèþ.
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ÏÐÎÅÊÒÈÂÍÛÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÎÂ

ÏÎ×ÒÈ ÊÎÍÒÀÊÒÍÛÕ ÌÅÒÐÈ×ÅÑÊÈÕ ÑÒÐÓÊÒÓÐ

ÑÅÐÃÅÉ ÃÀËÀÅÂ

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå íå÷åòíîé ðàçìåðíîñòè n = 2m + 1, m ≥ 1. Áó-
äåì ãîâîðèòü, ÷òî çàäàííûå íà ìíîãîîáðàçèè M ïî÷òè êîíòàêòíûå ìåòðè÷åñêèå ñòðóê-
òóðû (M, ~ξ, η, ϕ, g,D), (M, ~ξ, η, ϕ̃, g̃, D) íàõîäÿòñÿ â ïðîåêòèâíîì ñîîòâåòñòâèè (ñâÿçàíû
ãåîäåçè÷åñêèì ïðåîáðàçîâàíèåì), åñëè îíè èìåþò îáùèå ãåîäåçè÷åñêèå. Ïóñòü Γ̃αβγ, Γαβγ
(α, β, γ = 1, ..., n; a, b, c = n − 1) � êîýôôèöèåíòû ñâÿçíîñòè Ëåâè-×èâèòà ìåòðè÷åñêèõ
òåíçîðîâ g̃ è g, çàäàííûå â àäàïòèðîâàííîé ñèñòåìå êîîðäèíàò [1]. Õîðîøî èçâåñòíî, ÷òî
äëÿ êîýôôèöèåíòîâ íàõîäÿùèõñÿ â ïðîåêòèâíîì ñîîòâåòñòâèè ñâÿçíîñòåé âûïîëíÿþòñÿ
ñëåäóþùèå ñîîòíîøåíèÿ: Γ̃αβγ = Γαβγ + δαβpγ + δαγ pβ, ãäå pc � íåêîòîðûé êîâåêòîð. Ñî âñÿ-
êîé ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé àññîöèèðóåòñÿ âíóòðåííÿÿ ñâÿçíîñòü, êî-
ýôôèöèåíòû êîòîðîé â àäàïòèðîâàííîé ñèñòåìå êîîðäèíàò èìåþò ñëåäóþùèé âèä [1]:
Γabc = 1

2
gad(~ebgcd +~ecgbd−~edgbc). Ïðè ýòîì äîïóñòèìûå ãåîäåçè÷åñêèå îïðåäåëÿþòñÿ óðàâíå-

íèÿìè d2xa

dt2
+ Γabc

dxb

dt
dxc

dt
= 0, dxn

dt
= −Γna

dxa

dt
. Èçâåñòíî [2], ÷òî ïî÷òè êîíòàêòíûå ñòðóêòóðû

(M, ~ξ, η, ϕ, g,D), (M, ~ξ, η, ϕ̃, g̃, D) èìåþò îáùèå äîïóñòèìûå ãåîäåçè÷åñêèå òîãäà è òîëüêî
òîãäà, êîãäà âûïîëíÿþòñÿ ðàâåíñòâà: Γ̃abc = Γabc+δab qc+δac qb, ãäå qc � äîïóñòèìûé êîâåêòîð.

Òåîðåìà 1. [1] Êîýôôèöèåíòû ñâÿçíîñòè Ëåâè-×èâèòà ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî
ïðîñòðàíñòâà â àäàïòèðîâàííûõ êîîðäèíàòàõ èìåþò âèä: Γabc = 1

2
gad(~ebgcd + ~ecgbd − ~edgbc),

Γnab = ωba − Cab, Γban = Γbna = Cb
a − ϕba, Γnnα = Γαnn = 0.

Äëÿ Ê-êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé [1] âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ñâÿç-
íîñòè Ëåâè-×èâèòà èìåþò áîëåå ïðîñòîé âèä: Γabc = 1

2
gad(~ebgcd + ~ecgbd − ~edgbc), Γnab = ωba,

Γban = Γbna = −ϕba, Γnnα = Γαnn = 0.

Òåîðåìà 2. Åñëè K-êîíòàêòíûå ìåòðè÷åñêèå ñòðóêòóðû (M, ~ξ, η, ϕ, g,D), (M, ~ξ, η, ϕ̃, g̃, D)
íàõîäÿòñÿ â ïðîåêòèâíîì ñîîòâåòñòâèè, òî îíè èìåþò îáùèå äîïóñòèìûå ãåîäåçè÷åñêèå.
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ÒÐÈ ÌÈÍÈÌÀËÜÍÛÕ ÒÐÈÀÍÃÓËßÖÈÈ ÊÂÀÒÅÐÍÈÎÍÍÎÉ
ÏÐÎÅÊÒÈÂÍÎÉ ÏËÎÑÊÎÑÒÈ

ÄÅÍÈÑ ÃÎÐÎÄÊÎÂ

Çàäà÷à î íàõîæäåíèè ìèíèìàëüíûõ ïî êîëè÷åñòâó âåðøèí òðèàíãóëÿöèé ìíîãîîáðà-
çèÿ � êëàññè÷åñêàÿ çàäà÷à êîìáèíàòîðíîé òîïîëîãèè. Ïîä òðèàíãóëÿöèåé ìû âñåãäà ïîä-
ðàçóìåâàåì ñèìïëèöèàëüíóþ òðèàíãóëÿöèþ. Êîìáèíàòîðíûì ìíîãîîáðàçèåì íàçûâàåòñÿ
ñèìïëèöèàëüíûé êîìïëåêñ, òàêîé ÷òî ëèíê êàæäîé åãî âåðøèíû êóñî÷íî ëèíåéíî ãîìåî-
ìîðôåí ãðàíèöå ñèìïëåêñà. Åñëè òðèàíãóëÿöèÿ ìíîãîîáðàçèÿ èìååò ìàëî âåðøèí, òî ýòî
íàêëàäûâàåò íà ìíîãîîáðàçèå îãðàíè÷åíèÿ. Â ÷àñòíîñòè, èìååòñÿ ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà. (Áðåì, Êþíåëü, [1]) ÏóñòüMn � êîìáèíàòîðíîå ìíîãîîáðàçèå ñm âåðøèíàìè.

Òîãäà åñëè m < d3n/2e + 3 , òî Mn êóñî÷íî ëèíåéíî ãîìåîìîðôíî ñôåðå, à åñëè m =
3n/2 + 3 , òî Mn ìîæåò áûòü íå êóñî÷íî ëèíåéíî ãîìåîìîðôíî ñôåðå, òîëüêî åñëè n =
2, 4, 8 è, âîçìîæíî, 16. Â ýòîì ñëó÷àå Mn ÿâëÿåòñÿ ìíîãîîáðàçèåì Èëñà�Êþéïåðà, òî åñòü

äîïóñêàåò ôóíêöèþ Ìîðñà ñ òðåìÿ êðèòè÷åñêèìè òî÷êàìè â ñìûñëå ñòàòüè [2].

Â ãëàäêîì ñëó÷àå ÷àñòíûé ïðèìåð ìíîãîîáðàçèÿ Èëñà�Êþéïåðà � ïðîåêòèâíûå ïëîñ-
êîñòè. Åñëè íàéäåòñÿ òðèàíãóëÿöèÿ ñîîòâåòñòâóþùåé ïðîåêòèâíîé ïëîñêîñòè â 3n/2 + 3
âåðøèíû, òî îíà àâòîìàòè÷åñêè ÿâëÿåòñÿ ìèíèìàëüíîé ïî êîëè÷åñòâó âåðøèí.
Â ðàçìåðíîñòÿõ n = 2 è n = 4 òàêèå êîìáèíàòîðíûå ìíîãîîáðàçèÿ åäèíñòâåííû è ÿâëÿ-

þòñÿ ìèíèìàëüíûìè òðèàíãóëÿöèÿìè âåùåñòâåííîé è êîìïëåêñíîé ïðîåêòèâíûõ ïëîñêî-
ñòåé ñîîòâåòñòâåííî. Â ðàçìåðíîñòè n = 8 Áðåì è Êþíåëü [3] íàøëè 3 ïðèìåðà êîìáèíà-

òîðíûõ ìíîãîîáðàçèé ñ 15 âåðøèíàìèM8
15, M̃

8
15 è

˜̃
M8

15, êîòîðûå ÿâëÿþòñÿ ìíîãîîáðàçèÿìè
Èëñà�Êþéïåðà è êóñî÷íî ëèíåéíî ãîìåîìîðôíû äðóã äðóãó. Îäíàêî èì íå óäàëîñü äîêà-
çàòü, ÷òî ýòè ìíîãîîáðàçèÿ êóñî÷íî ëèíåéíî ãîìåîìîðôíû êâàòåðíèîííîé ïðîåêòèâíîé
ïëîñêîñòè HP 2.
Ìíîãîîáðàçèÿ Èëñà�Êþéïåðà êëàññèôèöèðóþòñÿ ñâîèìè ÷èñëàìè Ïîíòðÿãèíà ñ òî÷íî-

ñòüþ äî êóñî÷íî ëèíåéíîãî ãîìåîìîðôèçìà [2]. Íàø îñíîâíîé ðåçóëüòàò ñîñòîèò â ïîä-
ñ÷åòå ÷èñåë Ïîíòðÿãèíà ïðèìåðîâ Áðåìà è Êþíåëÿ ïîñðåäñòâîì ðåàëèçàöèè àëãîðèòìà
Ãàéôóëëèíà [4] ïîäñ÷åòà ïåðâîãî êëàññà Ïîíòðÿãèíà êîìáèíàòîðíîãî ìíîãîîáðàçèÿ.

Òåîðåìà. Ïåðâûé êëàññ Ïîíòðÿãèíà p1(M
8
15) ðàâåí 2u, ãäå u � îäíà èç äâóõ ïîðîæäàþ-

ùèõ ãðóïïû H4(M8
15,Z) ∼= Z.

Îòñþäà ñëåäóåò, ÷òî ìíîãîîáðàçèÿ M8
15, M̃

8
15 è

˜̃
M8

15 êóñî÷íî ëèíåéíî ãîìåîìîðôíû HP 2

è ÿâëÿþòñÿ ìèíèìàëüíûìè òðèàíãóëÿöèÿìè HP 2.
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ÏÐÅÄÑÒÀÂËÅÍÈß ÃÐÓÏÏ ÂÈÐÒÓÀËÜÍÛÕ ÊÎÑ È ÈÍÂÀÐÈÀÍÒÛ
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Â 2011 ãîäó Ñ. Áèãåëîó, Ý. Ðàìîñ è Ð. Éè ïîñòðîèëè ïðåäñòàâëåíèå ãðóïïû êëàññè÷åñêèõ
Bn êîñ â ïîäàëãåáðó ïëîñêèõ äèàãðàìì CPn ëàäåéíîé àëãåáðû CRn. Â äîêëàäå ïîêàçàíî,
÷òî ýòî ïðåäñòàâëåíèå ìîæåò áûòü ïðîäîëæåíî äî ïðåäñòàâëåíèÿ ãðóïïû âèðòóàëüíûõ
êîñ V Bn â ëàäåéíóþ àëãåáðó CRn, ñ ïîìîùüþ êîòîðîãî ñòðîèòñÿ èíâàðèàíò âèðòóàëüíûõ
çàöåïëåíèé è ñåðèÿ èíâàðèàíòîâ äëÿ çàìûêàíèé âèðòóàëüíûõ êîñ íà äâóõ íèòÿõ.
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(q1, q2)-ÊÂÀÇÈÌÅÒÐÈ×ÅÑÊÈÅ ÏÐÎÑÒÐÀÍÑÒÂÀ È ÈÕ ÎÁÎÁÙÅÍÈß

ÀËÅÊÑÀÍÄÐ ÃÐÅØÍÎÂ

Ïóñòü çàäàíû ïîëîæèòåëüíûå ÷èñëà q1, q2 è ìíîæåñòâî X. Ôóíêöèÿ ρX : X ×X → R+,
óäîâëåòâîðÿþùàÿ àêñèîìå òîæäåñòâà, íàçûâàåòñÿ (q1, q2)�êâàçèìåòðèêîé, åñëè âûïîëíÿ-
åòñÿ (q1, q2)-îáîáùåííîå íåðàâåíñòâî òðåóãîëüíèêà

(1) ρX(x, z) ≤ q1ρX(x, y) + q2ρX(y, z) ∀x, y, z ∈ X.
Ïàðà (X, ρX) íàçûâàåòñÿ (q1, q2)-êâàçèìåòðè÷åñêèì ïðîñòðàíñòâîì. Åñëè (q1, q2)-êâàçè-
ìåòðèêà ρX óäîâëåòâîðÿåò äëÿ çàäàííîãî q0 > 0 äîïîëíèòåëüíîìó óñëîâèþ

(2) ρX(x, y) ≤ q0ρX(y, x) ∀x, y ∈ X (q0 − ñèììåòðèÿ),

òî áóäåì íàçûâàòü åå q0-ñèììåòðè÷åñêîé, à ïàðó (X, ρX) � q0-ñèììåòðè÷åñêèì (q1, q2)�
êâàçèìåòðè÷åñêèì ïðîñòðàíñòâîì. Åñëè q0 = 1, òî ïàðó (X, ρX) áóäåì íàçûâàòü ñèì-

ìåòðè÷åñêèì (q1, q2)-êâàçèìåòðè÷åñêèì ïðîñòðàíñòâîì. Åñëè q1 = q2 = 1, òî ρX � êâà-
çèìåòðèêà, à (X, ρX) � êâàçèìåòðè÷åñêîå ïðîñòðàíñòâî, åñëè æå q0 = q1 = q2 = 1, òî ρX �
ìåòðèêà, à (X, ρX) � ýòî îáû÷íîå ìåòðè÷åñêîå ïðîñòðàíñòâî.
Êîíöåïöèÿ (q1, q2)-êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâ áûëà ââåäåíà â ðàáîòå [1] â ñâÿçè ñ

ðàçâèòèåì òåîðèè òî÷åê ñîâïàäåíèÿ äâóõ îòîáðàæåíèé, óäîâëåòâîðÿþùèõ ïðåäïîëîæåíèþ
î òîì, ÷òî îäíî èç ýòèõ îòîáðàæåíèé ÿâëÿåòñÿ íàêðûâàþùèì, à äðóãîå óäîâëåòâîðÿåò
óñëîâèþ Ëèïøèöà.
Òîïîëîãèÿ (q1, q2)-êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâ ìîæåò áûòü óñòðîåíà âåñüìà íåïðîñòî.

Â íåäàâíåé ðàáîòå [2] áûëè èçó÷åíû òîïîëîãè÷åñêèå ñâîéñòâà áîëåå îáùèõ f -êâàçèìåòðè-
÷åñêèõ ïðîñòðàíñòâ.
Ðàññìîòðèì ïðîèçâîëüíóþ ôóíêöèþ f : R+×R+ → R+ òàêóþ, ÷òî f(x, y)→ 0 ïðè x2 +

y2 → 0. Ïàðà (X, d) íàçûâàåòñÿ f -êâàçèìåòðè÷åñêèì ïðîñòðàíñòâîì, åñëè ôóíêöèÿ d :
X×X → R+ óäîâëåòâîðÿåò àêñèîìå òîæäåñòâà è ñëåäóþùåìó f -íåðàâåíñòâó òðåóãîëüíèêà
d(x, z) ≤ f(d(x, y), d(y, z)). Èçó÷åíèå f -êâàçèìåòðèê âîñõîäèò ê ðàáîòå Ì. Ôðåøå [3].

Â íàñòîÿùåì ñîîáùåíèè ìû ðàññêàæåì î íåäàâíèõ äîñòèæåíèÿõ â ýòîì íàïðàâëåíèè.
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ÍÅÇÀÌÊÍÓÒÛÅ ÀÐÕÈÌÅÄÎÂÛ ÊÎÍÓÑÛ

ÀËÅÊÑÀÍÄÐ ÃÓÒÌÀÍ, ÀÍÀÒÎËÈÉ ÌÀÒÞÕÈÍ

Ïîä êëèíîì áóäåì ïîíèìàòü íåïóñòîå âûïóêëîå ïîäìíîæåñòâî K âåêòîðíîãî ïðîñòðàí-
ñòâà (çäåñü è äàëåå âñå âåêòîðíûå ïðîñòðàíñòâà ïðåäïîëàãàþòñÿ âåùåñòâåííûìè), óäî-
âëåòâîðÿþùåå óñëîâèþ (∀α > 0)(αK ⊂ K). Êëèí K áóäåì íàçûâàòü êîíóñîì, åñëè
K ∩ (−K) = {0}. Êàê õîðîøî èçâåñòíî, â ëþáîì (ïðåä)óïîðÿäî÷åííîì âåêòîðíîì ïðî-
ñòðàíñòâå (X,6) ìíîæåñòâî {x ∈ X : x > 0} ÿâëÿåòñÿ êîíóñîì (êëèíîì). Íàîáîðîò, åñëè â
âåêòîðíîì ïðîñòðàíñòâå X ôèêñèðîâàí íåêîòîðûé êîíóñ (êëèí) K, òî ïîðÿäîê 6K , îïðå-
äåëåííûé ïðàâèëîì x 6K y ⇔ y−x ∈ K, ïðåâðàùàåò X â (ïðåä)óïîðÿäî÷åííîå âåêòîðíîå
ïðîñòðàíñòâî.
(Ïðåä)óïîðÿäî÷åííîå âåêòîðíîå ïðîñòðàíñòâî (X,6) íàçûâàþò àðõèìåäîâûì, åñëè äëÿ

ëþáûõ ýëåìåíòîâ x, y ∈ X (y > 0) èç óñëîâèÿ (∀n ∈ N)(x 6 1
n
y) ñëåäóåò, ÷òî x 6 0. Êîíóñ

(êëèí) K â âåêòîðíîì ïðîñòðàíñòâå X íàçûâàþò àðõèìåäîâûì, åñëè àðõèìåäîâî ñîîòâåò-
ñòâóþùåå (ïðåä)óïîðÿäî÷åíîå ïðîñòðàíñòâî (X,6K). Îáîáùàÿ ïîíÿòèå àðõèìåäîâà êëèíà,
íàçîâåì ïðîèçâîëüíîå âûïóêëîå ìíîæåñòâî C ⊂ X àðõèìåäîâûì, åñëè äëÿ ëþáûõ ýëåìåí-
òîâ x, y ∈ X óñëîâèå (∀n ∈ N)(x + 1

n
y ∈ C) âëå÷åò x ∈ C. Íåñëîæíî ïîíÿòü, ÷òî äëÿ

êëèíüåâ ýòî îïðåäåëåíèå ðàâíîñèëüíî ïðèâåäåííîìó âûøå.
Îñíîâíûå ñâåäåíèÿ îá àðõèìåäîâûõ êîíóñàõ ìîæíî ïî÷åðïíóòü èç [1].
Ñëåäóþùåå ïðåäëîæåíèå áîëåå ïîëíî ðàñêðûâàåò ïîíÿòèå àðõèìåäîâà ìíîæåñòâà.

Ïðåäëîæåíèå. Ïóñòü X � âåêòîðíîå ïðîñòðàíñòâî, C ⊂ X � âûïóêëîå ìíîæåñòâî.

Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

(a) C àðõèìåäîâî;
(b) äëÿ ëþáûõ x, y ∈ X óñëîâèå (∃ ε > 0)(x+]0, ε]y ⊂ C) âëå÷åò x ∈ C;
(c) ìíîæåñòâî X \ C ñîâïàäàåò ñî ñâîåé àëãåáðàè÷åñêîé âíóòðåííîñòüþ;
(d) ïåðåñå÷åíèå C ñ ëþáîé ïðÿìîé çàìêíóòî;
(e) ïåðåñå÷åíèå C ñ ëþáûì êîíå÷íîìåðíûì ïîäïðîñòðàíñòâîì X çàìêíóòî.

Îòìåòèì, ÷òî âûïóêëîå ìíîæåñòâî, ñåêâåíöèàëüíî çàìêíóòîå â êàêîé-ëèáî âåêòîðíîé
òîïîëîãèè, î÷åâèäíî, ÿâëÿåòñÿ àðõèìåäîâûì. ×òîáû äàòü åùå îäíî îïèñàíèå ïîíÿòèÿ
àðõèìåäîâà ìíîæåñòâà, ââåäåì âñïîìîãàòåëüíîå îïðåäåëåíèå. Òîïîëîãè÷åñêîå âåêòîðíîå
ïðîñòðàíñòâî áóäåì íàçûâàòü ñåêâåíöèàëüíî òîòàëüíûì, åñëè âñå ëèíåéíûå ôóíêöèîíà-
ëû íà íåì ñåêâåíöèàëüíî íåïðåðûâíû.

Ëåììà. Ïóñòü X � ñåêâåíöèàëüíî òîòàëüíîå ïðîñòðàíñòâî, C ⊂ X � âûïóêëîå ìíî-

æåñòâî. Òîãäà àðõèìåäîâîñòü C ýêâèâàëåíòíà ñåêâåíöèàëüíîé çàìêíóòîñòè C.

Ïðåäñòàâëÿåò èíòåðåñ çàäà÷à îïèñàíèÿ êëàññà òîïîëîãè÷åñêèõ âåêòîðíûõ ïðîñòðàíñòâ,
ñîäåðæàùèõ íåçàìêíóòûå àðõèìåäîâû êîíóñû. Íèæå ïðèâîäÿòñÿ îñíîâíûå ðåçóëüòàòû,
ïîëó÷åííûå íà ïóòè ê ðåøåíèþ äàííîé çàäà÷è, à òàêæå åå âàðèàöèé (â ôîðìóëèðîâêå âî-
ïðîñà êîíóñû ìîãóò áûòü çàìåíåíû íà êëèíüÿ, à îòñóòñòâèå çàìêíóòîñòè � íà îòñóòñòâèå
ñåêâåíöèàëüíîé çàìêíóòîñòè). Ñðàçó îòìåòèì, ÷òî â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ âñå
àðõèìåäîâû êëèíüÿ (áîëåå òîãî, âñå àðõèìåäîâû âûïóêëûå ìíîæåñòâà) çàìêíóòû.
Êðèòåðèé ñóùåñòâîâàíèÿ àðõèìåäîâûõ êîíóñîâ ëèáî êëèíüåâ, íå ÿâëÿþùèõñÿ ñåêâåí-

öèàëüíî çàìêíóòûìè, óäàåòñÿ ïîëó÷èòü ñðàâíèòåëüíî íåñëîæíî.

Ëåììà. Ïóñòü X � òîïîëîãè÷åñêîå âåêòîðíîå ïðîñòðàíñòâî. Ñëåäóþùèå óñëîâèÿ ýê-

âèâàëåíòíû:

(a) X ñåêâåíöèàëüíî òîòàëüíî;
(b) ëþáîé àðõèìåäîâ êëèí â X ñåêâåíöèàëüíî çàìêíóò;
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(c) ëþáîé àðõèìåäîâ êîíóñ â X ñåêâåíöèàëüíî çàìêíóò.

Îñíîâíàÿ çàäà÷à ðåøåíà äëÿ øèðîêîãî êëàññà òîïîëîãè÷åñêèõ âåêòîðíûõ ïðîñòðàíñòâ
íåñ÷åòíîé ðàçìåðíîñòè.

Òåîðåìà. Ëþáîå ëîêàëüíî âûïóêëîå ïðîñòðàíñòâî íåñ÷åòíîé ðàçìåðíîñòè ñîäåðæèò

íåçàìêíóòûé àðõèìåäîâ êîíóñ.

Äëÿ ïðîñòðàíñòâ ñ÷åòíîé ðàçìåðíîñòè íà äàííûé ìîìåíò óäàëîñü ïîëó÷èòü ëèøü êðè-
òåðèé ñóùåñòâîâàíèÿ íåçàìêíóòîãî àðõèìåäîâà êëèíà.

Òåîðåìà. Òîïîëîãè÷åñêîå âåêòîðíîå ïðîñòðàíñòâî ñ÷åòíîé ðàçìåðíîñòè ñîäåðæèò íåçà-

ìêíóòûé àðõèìåäîâ êëèí òîãäà è òîëüêî òîãäà, êîãäà íà íåì åñòü ðàçðûâíûé ëèíåéíûé

ôóíêöèîíàë.

Ñëåäóþùèå òåîðåìû ïîìîãàþò ¾î÷åðòèòü¿ ãðàíèöû êëàññà ïðîñòðàíñòâ ñ÷åòíîé ðàç-
ìåðíîñòè, ñîäåðæàùèõ íåçàìêíóòûå àðõèìåäîâû êîíóñû.

Òåîðåìà. Â òîïîëîãè÷åñêîì âåêòîðíîì ïðîñòðàíñòâå, ñîäåðæàùåì íåçàìêíóòîå ëèíåé-

íî íåçàâèñèìîå ìíîæåñòâî, ñóùåñòâóåò íåçàìêíóòûé àðõèìåäîâ êîíóñ.

Òåîðåìà. Â òîïîëîãè÷åñêîì âåêòîðíîì ïðîñòðàíñòâå ñ÷åòíîé ðàçìåðíîñòè, íà êîòîðîì

âñå ëèíåéíûå ôóíêöèîíàëû íåïðåðûâíû, âñå àðõèìåäîâû âûïóêëûå ìíîæåñòâà çàìêíóòû.

Ãèïîòåçà. Ïóñòü X � òîïîëîãè÷åñêîå âåêòîðíîå ïðîñòðàíñòâî ñ÷åòíîé ðàçìåðíîñòè.

Äëÿ ñóùåñòâîâàíèÿ â X íåçàìêíóòîãî àðõèìåäîâà êîíóñà íåîáõîäèìî è äîñòàòî÷íî ñóùå-

ñòâîâàíèå ðàçðûâíîãî ëèíåéíîãî ôóíêöèîíàëà íà X.

Ãèïîòåçà. Ïóñòü X � òîïîëîãè÷åñêîå âåêòîðíîå ïðîñòðàíñòâî ñ÷åòíîé ðàçìåðíîñòè.

Äëÿ ñóùåñòâîâàíèÿ â X íåçàìêíóòîãî àðõèìåäîâà êîíóñà íåîáõîäèìî è äîñòàòî÷íî ñóùå-

ñòâîâàíèå íåçàìêíóòîãî ëèíåéíî íåçàâèñèìîãî ïîäìíîæåñòâà X.

Äâå ïðèâåäåííûõ ãèïîòåçû íå ÿâëÿþòñÿ ðàâíîñèëüíûìè: ìîæíî ïðèâåñòè ïðèìåð òîïî-
ëîãè÷åñêîãî âåêòîðíîãî ïðîñòðàíñòâà ñ÷åòíîé ðàçìåðíîñòè, â êîòîðîì âñå ëèíåéíî íåçà-
âèñèìûå ìíîæåñòâà çàìêíóòû, íî íå âñå ëèíåéíûå ôóíêöèîíàëû íåïðåðûâíû.
Îñíîâíûå ðåçóëüòàòû èññëåäîâàíèÿ îïóáëèêîâàíû â [2].
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ÌÀÐÊÎÂÑÊÈÉ ÒÈÏ È ÏÐÎÑÒÐÀÍÑÒÂÀ ÀËÅÊÑÀÍÄÐÎÂÀ

ÂËÀÄÈÌÈÐ ÇÎËÎÒÎÂ

Ìåòðè÷åñêîìó ïðîñòðàíñòâó X ìîæíî ñîïîñòàâèòü êîíñòàíòó Ìàðêîâñêîãî òèïà 2, ïðè-
íàäëåæàùóþ [1,∞]. Ìàðêîâñêèé òèï áûë ââåäåí Áîëëîì [1] äëÿ èçó÷åíèÿ ïðîáëåìû ïðî-
äîëæåíèé Ëèïøèöåâûõ îòîáðàæåíèé. Ïîíÿòèå Ìàðêîâñêîãî òèïà íàøëî ïðèëîæåíèÿ â
òåîðèè áèëèïøèöåâûõ âëîæåíèé [2, 3].
Îõòà [4] ïîêàçàë, ÷òî êîíñòàíòà Ìàðêîâñêîãî òèïà îãðàíè÷åíà ñâåðõó àáñîëþòíîé êîí-

ñòàíòîé íà ìíîæåñòâå ïðîñòðàíñòâ íåîòðèöàòåëüíîé êðèâèçíû ïî Àëåêñàíäðîâó. Êðîìå
òîãî (ñì. [5]), åñëè ãåîäåçè÷åñêîå ïðîñòðàíñòâî îáëàäàåò Ìàðêîâñêèì òèïîì 2 ñ êîíñòàíòîé
1, òî îíî ÿâëÿåòñÿ ïðîñòðàíñòâîì íåîòðèöàòåëüíîé êðèâèçíû ïî Àëåêñàíäðîâó. Ñëåäóþ-
ùèé âîïðîñ ÿâëÿåòñÿ îòêðûòûì.

Âîïðîñ. Îáëàäàþò ëè ïðîñòðàíñòâà íåîòðèöàòåëüíîé êðèâèçíû ïî Àëåêñàíðîâó Ìàð-
êîâñêèì òèïîì 2 ñ êîíñòàíòîé 1? (Àíäîíè, Íàîð è Íåéìàí, ñì. [6])

Ãåîìåòðè÷åñêèé èíòåðåñ ê ýòîìó âîïðîñó ìîòèâèðîâàí èçó÷åíèåì àíàëîãîâ íåîòðèöà-
òåëüíîé êðèâèçíû äëÿ äèñêðåòíûõ ïðîñòðàíñòâ è â ÷àñòíîñòè ñëåäóþùèì âîïðîñîì.

Âîïðîñ. Ïóñòü X êîíå÷íîå ìåòðè÷åñêîå ïðîñòðàíñòâî. Ïðè êàêèõ óñëîâèÿõ X èçîìåò-
ðè÷íî ïîäìíîæåñòâó ïðîñòðàíñòâà íåîòðèöàòåëüíîé êðèâèçíû ïî Àëåêñàíäðîâó? (Ãðî-
ìîâ)

Â äîêëàäå áóäåò ðàññêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïëîñêèå êîìïàêòíûå ðèìàíîâû ìíîãîîáðàçèÿ îáëàäàþò Ìàðêîâñêèì òèïîì
2 ñ êîíñòàíòîé 1.
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ÏÐÈÌÀÐÍÎÅ ÐÀÇËÎÆÅÍÈÅ ÓÇËÎÂ Â K2×̃I

ÀË�ÍÀ ÊÀÉÃÎÐÎÄÎÂÀ

Çíàìåíèòàÿ òåîðåìà Øóáåðòà (1949ã) óòâåðæäàåò, ÷òî ëþáîé íåòðèâèàëüíûé óçåë â
S3 ïðåäñòàâèì â âèäå êîíå÷íîé ñâÿçíîé ñóììû ïðèìàðíûõ óçëîâ, êîòîðûå îïðåäåëåíû ñ
òî÷íîñòüþ äî ïîðÿäêà. Àíàëîãè÷íûé ðåçóëüòàò áûë äîêàçàí Ñ.Â. Ìàòâååâûì äëÿ óçëîâ
ãåîìåòðè÷åñêîé ñòåïåíè 1 â óòîëùåííîì òîðå T × I. Ìû äîêàæåì ïîäîáíûé ðåçóëüòàò äëÿ
óçëîâ â K2×̃I, ãäå K2 � áóòûëêà Êëÿéíà. Áóäåì òàêæå ðàññìàòðèâàòü óçëû ãåîìåòðè÷å-
ñêîé ñòåïåíè 1.
Ïóñòü K2 � áóòûëêà Êëÿéíà, òîãäà ïîä óòîëùåííîé áóòûëêîé Êëÿéíà áóäåì ïîíè-

ìàòü òðåõìåðíîå îðèåíòèðóåìîå ìíîãîîáðàçèå, ÿâëÿþùååñÿ êîñûì ïðîèçâåäåíèåì áóòûë-
êè Êëÿéíà íà îòðåçîê I = [0, 1]. Óçëîì â óòîëùåííîé áóòûëêå Êëÿéíà íàçûâàåòñÿ ïðîñòàÿ
çàìêíóòàÿ êðèâàÿ K ⊂ Int(K2×̃I).

Òåîðåìà. Ëþáîé íåãîðèçîíòàëüíûé óçåë ñòåïåíè îäèí K â K2×̃I ìîæåò áûòü ïðåä-

ñòàâëåí â âèäå êðóãîâîé ñâÿçíîé ñóììû K = K0#K1#...#Kn−1, ãäå âñå Ki � ïðèìàðíûå

óçëû. Ñëàãàåìûå îïðåäåëåíû îäíîçíà÷íî ñ òî÷íîñòüþ äî ïåðåñòàíîâêè.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÆÎÐÄÀÍÎÂÛÕ ÖÈÏÏÅÐÎÂ
ÑÎ ÇÍÀÊÎ×ÅÐÅÄÓÞÙÅÉCß ÑÈÃÍÀÒÓÐÎÉ

ÊÈÐÈËË ÊÀÌÀËÓÒÄÈÍÎÂ, ÀÍÄÐÅÉ ÒÅÒÅÍÎÂ

Ïóñòü {z0, ..., zm} � íàáîð òî÷åê â Rn. Ñàìîïîäîáíûì öèïïåðîì â Rn ñ âåðøèíàìè
{z0, ..., zm} è ñèãíàòóðîé ε̄ = (ε1, ..., εm); εk = 0, 1, íàçûâàåòñÿ òàêàÿ ñèñòåìà S = {S1, ..., Sm}
ñæèìàþùèõ ïîäîáèé â Rn, ÷òî äëÿ ëþáîãî k = 1, ...,m,

Sk((z0, zm)) = (zk−1+εk , zk−εk)

Öèïïåð S íàçûâàåòñÿ æîðäàíîâûì, êîãäà åãî àòòðàêòîð γ � æîðäàíîâà äóãà ñ êîíöàìè
z0, zm, è äëÿ ëþáîãî k = 2, ...,m, Sk−1(γ) ∩ Sk(γ) = {zk}. [1]
Ñâîéñòâî æîðäàíîâîñòè öèïïåðà, âîîáùå ãîâîðÿ, íå ñîõðàíÿåòñÿ ïðè ìàëûõ èçìåíåíèÿõ

çàäàþùèõ åãî ïàðàìåòðîâ, ïîýòîìó âàæíî âûÿâèòü óñëîâèÿ, ïðè êîòîðûõ ýòî ñâîéñòâî
óñòîé÷èâî.
Îäèí èç ïîäõîäîâ ê ðåøåíèþ ýòîãî âîïðîñà îïèðàåòñÿ íà ïîëó÷åííóþ íàìè â [2] òåî-

ðåìó îá îáùåì ïîëîæåíèè äëÿ ôðàêòàëüíûõ êîíòèíóóìîâ. Ìû äîêàçûâàåì ñëåäóþùèé
ðåçóëüòàò äëÿ öèïïåðîâ ñî çíàêî÷åðåäóþùåéñÿ ñèãíàòóðîé:

Òåîðåìà. Ïóñòü Σ � ñåìåéñòâî ñàìîïîäîáíûõ öèïïåðîâ â R3 ñ m âåðøèíàìè è ñî çíà-
êî÷åðåäóþùåéñÿ ñèãíàòóðîé ε̄ = (ε1, ..., εm), óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:
1. z0 = 0̄; zm = ē1;
2. Äëÿ ëþáîãî k, qk = LipSk < 1/3;
3. Ñóùåñòâóåò òàêîå îòêðûòîå ìíîæåñòâî W ⊂ V1/3([z0, zm]) òàêîå, ÷òî
a) äëÿ ëþáûõ k, Sk(W ) ⊂ W è
b) äëÿ ëþáûõ k = 2, ...,m− 1, Sk(W ) ∩ (Vq1/2(z0) ∪ Vqm/2(zm)) = ∅;

4. Ðàçìåðíîcòü ïîäîáèÿ ñèñòåìû S ìåíüøå 3/2.
Òîãäà ïîäñåìåéñòâî Σ′ ⊂ Σ æîðäàíîâûõ öèïïåðîâ îòêðûòî è âñþäó ïëîòíî â Σ..
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ÑÂßÇÜ ÍÎÒÎÈÄÎÂ È ÓÇËÎÂ ÃÅÎÌÅÒÐÈ×ÅÑÊÎÉ ÑÒÅÏÅÍÈ 1 Â
ÓÒÎËÙÅÍÍÎÌ ÒÎÐÅ

ÔÈËÈÏÏ ÊÎÐÀÁËÅÂ, ßÍÀ ÌÀÉ

Òåîðèÿ óçëîâ áûëà ïîñòðîåíà Â.Òóðàåâûì â 2011 ãîäó. Êàê è êëàññè÷åñêèå óçëû, íîòî-
èäû çàäàþòñÿ ñâîèìè äèàãðàììàìè íà äâóìåðíîé ñôåðå S2.
Äèàãðàììîé íîòîèäà íà äâóìåðíîé ñôåðå íàçûâàåòñÿ çàìêíóòàÿ êðèâàÿ ñ ñàìîïåðå-

ñå÷åíèÿìè, êàæäàÿ òî÷êà ñàìîïåðåñå÷åíèÿ ñíàáæåíà èíôîðìàöèåé î ïðîõîäå/ïåðåõîäå.
Íà ìíîæåñòâå äèàãðàìì íîòîèäîâ ââîäèòñÿ îòíîøåíèå ýêâèâàëåíòíîñòè: äâå äèàãðàììû
ýêâèâàëåíòíû, åñëè èõ ìîæíî ñâÿçàòü öåïî÷êîé äâèæåíèé Ðàéäåìàéñòåðà, íå çàòðàãèâàþ-
ùèõ êîíöåâûå òî÷êè äèàãðàìì, è èçîòîïèåé äâóìåðíîé ñôåðû. Òîãäà íîòîèäîì íàçûâàåòñÿ
êëàññ ýêâèâàëåíòíîñòè äèàãðàìì.
Ñëîæíîñòüþ íîòîèäà íàçûâàåòñÿ íàèìåíüøåå ÷èñëî òî÷åê ïåðåñå÷åíèÿ ïðîñòîé êðèâîé,

ñîåäèíÿþùåé åãî êîíöåâûå òî÷êè, è åãî äèàãðàììû.
Óòîëùåííûì òîðîì íàçûâàåòñÿ ïðÿìîå ïðîèçâåäåíèå äâóìåðíîãî òîðà íà îòðåçîê. Óç-

ëîì â óòîëùåííîì òîðå íàçûâàåòñÿ ïðîñòàÿ çàìêíóòàÿ êðèâàÿ. Äâà óçëà ýêâèâàëåíòíû,
åñëè ñóùåñòâóåò ãîìåîìîðôèçì óòîëùåííîãî òîðà íà ñåáÿ, ïåðåâîäÿùèé îäèí óçåë â äðó-
ãîé. Óçåë èìååò ãåîìåòðè÷åñêóþ ñòåïåíü 1, åñëè â óòîëùåííîì òîðå ñóùåñòâóåò òàêîå
âåðòèêàëüíîå êîëüöî, ÷òî îíî ïåðåñåêàåò óçåë â îäíîé òî÷êå.
Â ðàáîòå ñòðîèòñÿ îòîáðàæåíèå ïîäíÿòèÿ, êîòîðîå êàæäîìó íîòîèäó ñîïîñòàâëÿåò óçåë

ãåîìåòðè÷åñêîé ñòåïåíè 1 â óòîëùåííîì òîðå. Ýòî îòîáðàæåíèå êîððåêòíî îïðåäåëåíî è
ÿâëÿåòñÿ ñþðúåêòèâíûì, íî îíî íåèíúåêòèâíî.
Íà ìíîæåñòâå íîòîèäîâ ñëîæíîñòè 1 ââîäèòñÿ îïåðàöèÿ ïåðåêëþ÷åíèÿ. Åñëè äâà íîòî-

èäà ñëîæíîñòè 1 ñâÿçàíû ñ ïîìîùüþ ýòîé îïåðàöèè, òî ïðè îòîáðàæåíèè ïîäíÿòèÿ èç íèõ
ïîëó÷àþòñÿ ýêâèâàëåíòíûå óçëû.
Íà ìíîæåñòâå íîòîèäîâ ââîäèòñÿ îïåðàöèÿ óìíîæåíèÿ. Ãëàâíîå ñâîéñòâî äàííîé îïå-

ðàöèè â òîì, ÷òî îíà íåêîììóòàòèâíà. Íîòîèä íàçûâàåòñÿ íåïðèìàðíûì, åñëè åãî ìîæíî
ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ äâóõ íåòðèâèàëüíûõ íîòîèäîâ.
Ïóñòü äàíû äâà íåòðèâèàëüíûõ íîòîèäà N1, N2. Ïîñòðîèì èõ ïðîèçâåäåíèÿ N1 · N2 è

N2 ·N1. Ïðè îòîáðàæåíèè ïîäíÿòèÿ èç ïîñòðîåííûõ íîòîèäîâ ïîëó÷àþòñÿ ýêâèâàëåíòíûå
óçëû.

Òåîðåìà. Îòîáðàæåíèå ïîäíÿòèÿ èíúåêòèâíî äëÿ ïðèìàðíûõ íîòîèäîâ ñëîæíîñòè íå

ìåíåå äâóõ.

Áûë ïðîâåäåí ñðàâíèòåëüíûé àíàëèç äâóõ òàáëèö: òàáëèöû íîòîèäîâ, ïîñòðîåííîé A.
Bartholomew â 2013 ãîäó, è òàáëèöû óçëîâ â óòîëùåííîì òîðå, ïîñòðîåííîé À.Àêèìîâîé
è Ñ.Ìàòâååâûì â 2012 ãîäó. Àíàëèç ïîêàçàë, ÷òî â òàáëèöå A.Bartholomew ïðîïóùåíà
äèàãðàììà îäíîãî èç íîòîèäîâ ñ ïÿòüþ ïåðåêðåñòêàìè.
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ÅÂÃÅÍÈÉ ÊÎÐÍÅÂ

Ïóñòü α � íåçàìêíóòàÿ 1-ôîðìà íà ìíîãîîáðàçèè M . Ðàäèêàëîì 1-ôîðìû α ìû íàçû-

âàåì ãëàäêîå ðàñïðåäåëåíèå êàñàòåëüíûõ ïîäïðîñòðàíñòâ

radα =
⋃
x∈M

radαx : radαx = {v ∈ TxM : dα(v, .) = 0}.

Åñëè ðàñïðåäåëåíèå radα ÿâëÿåòñÿ ðåãóëÿðííûì, 1-ôîðìà α íàçûâàåòñÿ ðåãóëÿðíîé, à ðàíã
ýòîãî ðàñïðåäåëåíèÿ íàçûâàåòñÿ ðàíãîì ðàäèêàëà 1-ôîðìû α. Ïóñòü g � ðèìàíîâà ìåòðè-

êà íà M è D � ðàñïðåäåëåíèå îðòîãîíàëüíîå ðàñïðåäåëåíèþ radα îòíîñèòåëüíî ìåòðèêè

g. Ðàñïðåäåëåíèå D áóäåì íàçûâàòü ðàáî÷èì ðàññëîåíèåì. Òåïåðü, ìû ìîæåì îïðåäåëèòü

àôôèíîðíóþ ìåòðè÷åñêóþ ñòðóêòóðó íà ìíîãîîáðàçèè M . Ýòî ÷åòâåðêà (α,D, Φ, g), ãäå
Φ � àôôèíîð, ñâÿçûâàþùèé ìåòðèêó g è âíåøíþþ 2-ôîðìó dα. ßäðî àôôèíîðà Φ åñòü

ðàäèêàë 1-ôîðìû α.
Ïî òåîðåìå Ðèññà î ëèíåéíîì ôóíêöèîíàëå íà M ñóùåñòâóåò åäèíñòâåííîå âåêòîðíîå

ïîëå ξ : α = g(ξ, .). Òàêîå âåêòîðíîå ïîëå íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì âåêòîðíûì ïî-

ëåì àôôèíîðíîé ìåòðè÷åñêîé ñòðóêòóðû. Â îòëè÷èè îò êîíòàêòíûõ ìåòðè÷åñêèõ ñòðóê-

òóð, çäåñü ìû ñ÷èòàåì, ÷òî 1-ôîðìà α èìååò ðàäèêàë ïðîèçâîëüíîãî ðàíãà áîëüøå 0. Ïî-

ñêîëüêó îãðàíè÷åíèå âûðîæäåííîé 2-ôîðìû dα íà ðàáî÷åå ðàññëîåíèå D íåâûðîæäåíî,

òî ðàíã ðàáî÷åãî ðàññëîåíèÿ âñåãäà åñòü ÷åòíîå ÷èñëî. Àôôèíîðíàÿ ìåòðè÷åñêàÿ ñòðóêòó-

ðà (α,D, Φ, g) íàçûâàåòñÿ ñòðîãîé, åñëè ξ ∈ radα. Äëÿ ñòðîãèõ àôôèíîðíûõ ìåòðè÷åñêèõ

ñòðóêòóð ðàáî÷åå ðàññëîåíèå D âñåãäà ëåæèò â kerα.
Ïîäìíîãîîáðàçèå Q íàçûâàåòñÿ ñóáëåæàíäðîâûì, åñëè îíî êàñàåòñÿ ðàáî÷åãî ðàññëîå-

íèÿ D âî âñåõ ñâîèõ òî÷êàõ. Ñóáëåæàíäðîâî ïîäìíîãîîáðàçèå Q íàçûâàåòñÿ ñóáëàãðàí-

æåâûì, åñëè åãî ðàçìåðíîñòü ìàêñèìàëüíà, íî íå íèæå 2, è dα|Q ≡ 0. Â ñëó÷àå, êîãäà

radα = {0}, ñóáëàãðàíæåâî ïîäìíîãîîáðàçèå åñòü êëàññè÷åñêîå ëàãðàíæåâî ïîäìíîãîîá-

ðàçèå; à â ñëó÷àå ñòðîãîé àôôèíîðíîé ìåòðè÷åñêîé ñòðóêòóðû ñ ðàäèêàëîì ðàíãà 1, ñóá-

ëåæàíäðîâî ïîäìíîãîîáðàçèå åñòü êëàññè÷åñêîå ëåæàíäðîâî ïîäìíîãîîáðàçèå. Äëÿ ñóá-

ëàãðàíæåâûõ ïîäìíîãîîáðàçèé ìîæíî äîêàçàòü ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà. Åñëè ðàíã ðàáî÷åãî ðàññëîåíèÿ D ðàâåí 2n ≥ 4, è D ⊆ kerα, òî ðàñïðåäåëå-

íèå D ÿâëÿåòñÿ íåãîëîíîìíûì, è ðàçìåðíîñòü ëþáîãî ñóáëàãðàíæåâà ïîäìíîãîîáðàçèÿ íå

ïðåâûøàåò n.

Â ñëó÷àå, êîãäà àôôèíîðíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íå ÿâëÿåòñÿ ñòðîãîé è åå ðàáî÷åå

ðàññëîåíèå ÿâëÿåòñÿ ãîëîíîìíûì ðàñïðåäåëåíèåì ðàíãà 2n ≥ 4, ðàçìåðíîñòü ñóáëàãðàí-

æåâà ïîäìíîãîîáðàçèÿ íå ìîæåò ïðåâûøàòü 2n−1, õîòÿ â M ñóùåñòâóþò ñóáëåæàíäðîâû

ïîäìíîãîîáðàçèÿ ðàçìåðíîñòè 2n. Êðîìå òîãî, ìû äîêàçûâàåì, ÷òî äëÿ ñòðîãîé àôôè-

íîðíîé ìåòðè÷åñêîé ñòðóêòóðû ñ ðàáî÷èì ðàññëîåíèåì ðàíãà ≥ 4 ëþáîå ñóáëåæàíäðîâî

ïîäìíîãîîáðàçèå ìàêñèìàëüíîé ðàçìåðíîñòè ÿâëÿåòñÿ ñóáëàãðàíæåâûì ïîäìíîãîîáðàçè-

åì. Òàêæå, ìû ïðèâîäèì ðàçëè÷íûå óñëîâèÿ è ïðèìåðû, êîãäà ñóáëåæàíäðîâî ïîäìíîãî-

îáðàçèå ðàçìåðíîñòè 2 ñîäåðæèòñÿ â íåòðèâèàëüíîì ñóáëàãðàíæåâîì ïîäìíîãîîáðàçèè. Â

÷àñòíîñòè, åñëè õàðàêòåðèñòè÷åñêîå âåêòîðíîå ïîëå ξ àôôèíîðíîé ìåòðè÷åñêîé ñòðóêòó-

ðû è âåêòîðíîå ïîëå Φξ êàñàþòñÿ ñóáëåæàíäðîâà ïîäìíîãîîáðàçèÿ Q âî âñåõ åãî òî÷êàõ,

òî ïîäìíîãîîáðàçèå Q íå ìîæåò ëåæàòü â ñóáëàãðàíæåâîì ïîäìíîãîîáðàçèè. Êðîìå òîãî,

ëþáîå ñóáëåæàíäðîâî ïîäìíîãîîáðàçèå âåùåñòâåííîé ðàçìåðíîñòè 2, íà êîòîðîì ñóùå-

ñòâóþò òðàíñâåðñàëüíûå âåêòîðíûå ïîëÿ X è Y : Y = ΦX åñòü êîìïëåêñíàÿ êðèâàÿ íà

Ðàáîòà ïîääåðæåíà ïðåçèäåíòñêèì ãðàíòîì ïî ïîääåðæêå íàó÷íûõ øêîë �ÍØ-9740.2016.1.
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Î ÍÅÊÎÒÎÐÛÕ ÑÂÎÉÑÒÂÀÕ ÏÑÅÂÄÎÎÁÚÅÌÀ
ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÒÅÒÐÀÝÄÐÀ

ÅÊÀÒÅÐÈÍÀ ÊÓÄÈÍÀ

Öåëü ðàáîòû ïîêàçàòü ÷òî êëàññè÷åñêàÿ òåîðåìà Øòåéíåðà ([1], ñòð. 99) îñòàåòñÿ ñïðà-
âåäëèâîé äëÿ ïñåâäîîáúåìà ãèïåðáîëè÷åñêîãî òåòðàýäðà, íî ïåðåñòàåò áûòü âåðíîé äëÿ
åãî íååâêëèäîâà îáúåìà.
Ðàññìîòðèì â êà÷åñòâå ìîäåëè ãèïåðáîëè÷åñêîé ãåîìåòðèè H3 âåðõíåå ïîëóïðîñòðàí-

ñòâî R3 = {(x, y, t), x, y, t ∈ R, t > 0}, ñíàáæåííîå ìåòðèêîé ds2 = (dx2 + dy2 + dt2)/t2.
Ðåàëèçóåì ãèïåðáîëè÷åñêèå òåòðàýäðû â âåðõíåì ïîëóïðîñòðàíñòâå H3 òàêèì îáðàçîì,

÷òî âçàèìíûé ïåðïåíäèêóëÿð ìåæäó ñêðåùèâàþùèìèñÿ ðåáðàìè ñîâïàäàåò ñ âåðòèêàëü-
íîé îñüþ Ot. Òîãäà âåðøèíû òåòðàýäðà áóäóò çàäàâàòüñÿ ñëåäóþùèìè êîîðäèíàòàìè:

A = (R cosϕA, 0, R sinϕA);
B = (R cosϕB, 0, R sinϕB);
C =

(
1
R
cosϕC cosϕ, 1

R
cosϕC sinϕ, 1

R
sinϕC

)
;

D =
(
1
R
cosϕD cosϕ, 1

R
cosϕD sinϕ, 1

R
sinϕD

)
Âû÷èñëÿÿ îïðåäåëèòåëü ìàòðèöû Ãðàììà G äàííîãî òåòðàýäðà èìååì:

(1) det(G) = − sh2 ρ sin2 ϕ sh2 ρ(A,B) sh2 ρ(C,D).

Òåîðåìà 1. Ïñåâäîîáúåì Ṽ ãèïåðáîëè÷åñêîãî òåòðàýäðà, äëèíû åãî ïðîòèâîëåæàùèõ

ðåáåð ρ(A,B) è ρ(C,D), à òàêæå óãîë ϕ è ðàññòîÿíèå ρ ìåæäó ýòèìè ðåáðàìè ñâÿçàíû

ìåæäó ñîáîé ñëåäóþùèì ñîîòíîøåíèåì:

(2) Ṽ = sh ρ sinϕ sh ρ(A,B) sh ρ(C,D).

Ôîðìóëû, ýêâèâàëåíòíûå ôîðìóëå (1), íî âûðàæåííûå íåñêîëüêî â äðóãèõ ãåîìåòðè÷å-
ñêèõ òåðìèíàõ è äîêàçàííûå ñîâåðøåííî äðóãîé òåõíèêîé áûëè ïîëó÷åíû â ìîíîãðàôèè
Â.Ôåíõåëÿ ([2], p.169, ôîðìóëà (24)) è â íåîïóáëèêîâàííîé ðóêîïèñè Á. Ä. Ñ. ÌàêÊîííåëÿ
[3].
Â êà÷åñòâå ñëåäñòâèÿ èç ôîðìóëû (2) ïîëó÷èì òåîðåìó Øòåéíåðà äëÿ ãèïåðáîëè÷åñêîãî

òåòðàýäðà.

Òåîðåìà 2. Ïñåâäîîáúåì ãèïåðáîëè÷åñêîãî òåòðàýäðà íå èçìåíÿåòñÿ, åñëè åãî ïðîòè-

âîïîëîæíûå ðåáðà ïåðåìåùàòü áåç èçìåíåíèÿ äëèíû ïî ïðÿìûì, ñîäåðæàùèì ýòè ðåáðà.

Äëÿ ïîñòðîåíèÿ êîíòðïðèìåðà ê òåîðåìå Øòåéíåðà ðàññìîòðèì ãèïåðáîëè÷åñêèé òåò-
ðàýäð OABC ñ òðåìÿ ïîïàðíî îðòîãîíàëüíûìè ãðàíÿìè, ïåðåñåêàþùèìèñÿ â âåðøèíå O.
Èç âåðøèíû O ïðÿìîãî óãëà ïðîâåäåì òðè âçàèìíîîðòîãîíàëüíûõ ãåîäåçè÷åñêèõ, íàïðàâ-
ëåííûõ âäîëü åãî ðåáåð, êîòîðûå óñëîâíî áóäåì íàçûâàòü îñÿìè êîîðäèíàò Ox,Oy è Oz.
Áóäåì ñ÷èòàòü ÷òî âåðøèíû A,B,C ëåæàò íà ñîîòâåòñòâóþùèõ êîîðäèíàòíûõ îñÿõ.
Ïóñòü chx, ch y, ch z � êîñèíóñû äëèí ñòîðîí òåòðàýäðà, ëåæàùèå íà ñîîòâåòñòâóþùèõ

êîîðäèíàòíûõ îñÿõ Ox,Oy è Oz. Äëÿ óäîáñòâà ïîñòðîåííûé òåòðàýäð áóäåì îáîçíà÷àòü
÷åðåç T (x, y, z).
Ïîëîæèì x = y = z = u è ðàññìîòðèì òåòðàýäð T1 = T (u, u, u). Íà îñè Oy âûáåðåì òî÷êè

D,D′, çåðêàëüíî ñèììåòðè÷íûå îòíîñèòåëüíî ïëîñêîñòè OAC è ëåæàùèå íà ðàññòîÿíèè
u
2
îò òî÷êè O. Ïóñòü T2 - ýòî òåòðàýäð ACDD

′. Òîãäà T1 è T2 èìååò îáùåå ðåáðî AC äëèíû

Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò � 16-31-50009 è ãðàíò � 15-01-07906).
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b è ïðîòèâîëåæàùèå åé ðåáðà OB è DD′ äëèíû u. Çàìåòèì, ÷òî ðåáðî DD′ ïîëó÷àåòñÿ
èç ðåáðà OB ïàðàëëåëüíûì ñäâèãîì âäîëü îñè Oy. Òàêèì îáðàçîì, òåòðàýäðû T1 è T2
óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû Øòåéíåðà. Íàøà öåëü ïîêàçàòü, ÷òî îíè èìåþò ðàçíûå
ãèïåðáîëè÷åñêèå îáúåìû.

Ëåììà 1. Ãèïåðáîëè÷åñêèé îáúåì òåòðàýäðà V ol(T1) íàõîäèòñÿ ïî ôîðìóëå

(3) V ol(T1) =

chu∫
1

f(t)dt,

ãäå f(t) =
3 arch(t2)

2
√
1 + t2(1 + 2t2)

.

Ëåììà 2. Ãèïåðáîëè÷åñêèé îáúåì òåòðàýäðà T2 íàõîäèòñÿ ïî ôîðìóëå

(4) V ol(T2) = 2

chu∫
1

g(t)dt,

ãäå g(t) =
arch(t

√
1+t
2
)(2 + t)

2(1 + t+ t2)
√
2 + 2t+ t2

+
arch(t2)(1− t)

4(1 + t+ t2)
√
1 + t2

.

Ïî ôîðìóëå Øëåôëè

dVol(T ′
2) = −

lα
2
dα− lβ

2
dα− lγ

2
d γ = g(t)d t,

ãäå g(t) � òà æå, ÷òî è â ôîðìóëèðîâêå ëåììû 2. Îòêóäà, ó÷èòûâàÿ î÷åâèäíîå ðàâåíñòâî
Vol(T2) = 2Vol(T ′

2), èìååì (4).
Íåòðóäíî óáåäèòñÿ, ÷òî ôóíêöèè, çàäàâàåìûå èíòåãðàëàìè (3) è (4) � ðàçëè÷íû. Òàêèì

îáðàçîì, òåîðåìà Øòåéíåðà íå âåðíà äëÿ ãèïåðáîëè÷åñêèõ îáúåìîâ òåòðàýäðîâ.
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ÏÐÎÁËÅÌÀ ÂËÎÆÅÍÈß ÏÑÅÂÄÎÅÂÊËÈÄÎÂÎÉ È
ÑÈÌÏËÅÊÒÈ×ÅÑÊÎÉ ÃÅÎÌÅÒÐÈÉ

ÂËÀÄÈÌÈÐ ÊÛÐÎÂ, ÃÅÍÍÀÄÈÉ ÌÈÕÀÉËÈ×ÅÍÊÎ

Ðàññìîòðèì àíàëèòè÷åñêîå òðåõìåðíîå ìíîãîîáðàçèå M [1,2]. Ïóñòü íà M çàäàíà àíà-
ëèòè÷åñêàÿ ôóíêöèÿ f : M ×M → R, íàçûâàåìàÿ ìåòðè÷åñêîé, ñ îòêðûòîé è ïëîòíîé
îáëàñòüþ îïðåäåëåíèÿ Sf . Âûïîëíåíèå ìåòðè÷åñêèõ àêñèîì íå ïðåäïîëàãàåòñÿ. Ëîêàëüíûå
êîîðäèíàòû â M îáîçíà÷èì (x, y, z).
Ðàññìîòðèì 4 òî÷êè i, i1, i2, i3 ∈M : 〈ii1〉, 〈ii2〉, 〈ii3〉 ∈ Sf , 〈i1i〉, 〈i2i〉, 〈i3i〉 ∈ Sf .

Àêñèîìà íåâûðîæäåííîñòè.

∂(f(ii1), f(ii2), f(ii3))

∂(x(i), y(i), z(i))
6= 0,

∂(f(i1i), f(i2i), f(i3i))

∂(x(i), y(i), z(i))
6= 0,

ãäå (x(i), y(i), z(i)) � êîîðäèíàòû òî÷êè i ∈M .

Ðàññìîòðèì òåïåðü 5 òî÷åê i1, . . . , i5 ∈M , ïðè÷åì 〈ipiq〉 ∈ Sf , p, q = 1, . . . , 5, p 6= q.

Àêñèîìà ôåíîìåíîëîãè÷åñêîé ñèììåòðèè. Äëÿ íåêîòîðîé îêðåñòíîñòè ïîñëåäî-

âàòåëüíîñòè òî÷åê 〈i1, . . . , i5〉 èç îòêðûòîãî è ïëîòíîãî ïîäìíîæåñòâà ïðÿìîãî ïðîèç-

âåäåíèÿ M3 âûïîëíÿåòñÿ òîæäåñòâî:

Φ(f(i1i2), . . . , f(i4i5)) = 0,

ãäå Φ � àíàëèòè÷åñêàÿ ôóíêöèÿ, ïðè÷åì rangΦ = 1.

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî íà ìíîãîîáðàçèè M ìåòðè÷åñêàÿ ôóíêöèÿ f çàäàåò ôå-

íîìåíîëîãè÷åñêè ñèììåòðè÷íóþ ãåîìåòðèþ, åñëè âûïîëíÿþòñÿ àêñèîìû íåâûðîæäåí-

íîñòè è ôåíîìåíîëîãè÷åñêîé ñèììåòðèè.

Ðàññìîòðèì ìåòðè÷åñêèå ôóíêöèè ïñåâäîåâêëèäîâîé è ñèìïëåêòè÷åñêîé ïëîñêîñòåé
[1,2]:

θ = (xi − xj)2 + ε(yi − yj)2,
θ = xiyj − xjyi,

ãäå (xi, yi) è (xj, yj) � êîîðäèíàòû òî÷åê i è j, ε = ±1, ïðè÷åì äëÿ åâêëèäîâîé ãåîìåòðèè
ε = +1, à äëÿ ïñåâäîåâêëèäîâîé ãåîìåòðèè ε = −1.
Öåëü äàííîé ðàáîòû � íàõîæäåíèå âñåõ òðåõìåðíûõ ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íûõ

ãåîìåòðèé ñ ìåòðè÷åñêèìè ôóíêöèÿìè, â ïîäõîäÿùèõ êîîðäèíàòàõ ïðèíèìàþùèõ âèä:

f(ij) = f(θ, zi, zj) = f((xi − xj)2 + ε(yi − yj)2, zi, zj) (1)

è
f(ij) = f(θ, zi, zj) = f(xiyj − xjyi, zi, zj). (2)

Ñëåäóåò îòìåòèòü, ÷òî ãåîìåòðèè ñ òàêèìè ìåòðè÷åñêèìè ôóíêöèÿìè äîïóñêàþò ãðóïïó
äâèæåíèé ìàêñèìàëüíîé ïîäâèæíîñòè [1,2].

Òåîðåìà. Ìåòðè÷åñêàÿ ôóíêöèÿ f(ij) òðåõìåðíîé ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íîé
ãåîìåòðèè, çàäàâàåìàÿ ôîðìóëîé (1) è (2), â ïîäõîäÿùèõ êîîðäèíàòàõ è ìàñøòàáíîì ïðå-
îáðàçîâàíèè (ôóíêöèÿ îò ìåòðè÷åñêîé ôóíêöèè ϕ(f)→ f) èìååò âèä:

f(ij) = (xi − xj)2 + ε(yi − yj)2 + ε(zi − zj)2,
f(ij) = [(xi − xj)2 + ε(yi − yj)2] exp[2zi + 2zj],

f(ij) = xiyj − xjyi + zi − zj,
ãäå ε, ε = ±1.

Çàìåòèì, ÷òî äàííàÿ òåìà èññëåäîâàíèÿ ïîäíèìàëàñü â ðàáîòàõ [3,4,5].
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ÒÅÍÇÎÐ ÊÐÈÂÈÇÍÛ ÄËß ÑÃËÀÆÈÂÀÅÌÛÕ ÏÐÎÑÒÐÀÍÑÒÂ

ÀËÅÊÑÀÍÄÐÎÂÀ

ÍÈÍÀ ËÅÁÅÄÅÂÀ
ïî ñîâìåñòíîé ðàáîòå ñ À. Ïåòðóíèíûì

Ìû ïîêàçûâàåì, ÷òî åñëè ïîñëåäîâàòåëüíîñòü n-ìåðíûõ ðèìàíîâûõ ìíîãîîáðàçèé ñ ðàâ-
íîìåðíî îãðàíè÷åíûìè ñíèçó ñåêöèîííûìè êðèâèçíàìè ñõîäèòñÿ ê ïðîñòðàíñòâó Àëåêñàí-
äðîâà òîé æå ðàçìåðíîñòè, òî ïîñëåäîâàòåëüíîñòü òåíçîðîâ êðèâèçíû ñõîäèòñÿ (â îïðåäå-
ë¼ííîì ñëàáîì ñìûñëå) ê ìåðîçíà÷íîìó òåíçîðó íà ïðîñòðàíñòâå Àëåêñàíäðîâà.
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Î ÍÅÊÎÒÎÐÛÕ ÔÎÐÌÓËÀÕ ÄËß ÑÅÌÅÉÑÒÂ ÊÐÈÂÛÕ
È ÏÎÂÅÐÕÍÎÑÒÅÉ È ÄÈÂÅÐÃÅÍÒÍÛÕ ÏÐÅÄÑÒÀÂËÅÍÈßÕ

Þ. À. ÀÌÈÍÎÂÀ

ÀËÅÊÑÀÍÄÐ ÌÅÃÐÀÁÎÂ

1. Äîêëàä îáîáùàåò è ðàçâèâàåò ñòàòüè àâòîðà â ÄÀÍ (2009, ò. 424, � 5; 2010, ò. 433,
� 3, 4; 2011, ò. 441, � 3). Ïóñòü D � íåêîòîðàÿ îáëàñòü â åâêëèäîâîì E3 ïðîñòðàíñòâå ñ
äåêàðòîâûìè êîîðäèíàòàìè x, y, z; τ = τ (x, y, z) � âåêòîðíîå ïîëå åäèíè÷íûõ âåêòîðîâ,
îïðåäåëåííîå â D. Äëÿ ïîëíîé êðèâèçíû âòîðîãî ðîäà K ïîëÿ τ Þ. À. Àìèíîâ (ñì. [1],
ãë. 1, � 7) óñòàíîâèë ïåðâîå äèâåðãåíòíîå ïðåäñòàâëåíèå

K = div {(r · τ )P },
ãäå r � ðàäèóñ-âåêòîð òî÷êè (x, y, z), à âåêòîð P , íàçûâàåìûé âåêòîðîì êðèâèçíû ïîëÿ τ ,
èìååò èíâàðèàíòíóþ ôîðìó [1, ãë. 1, � 10] P = Kτ −2 div τ Kτ +(Kτ ·∇)τ , ãäåKτ = kν =
rot τ × τ � âåêòîð êðèâèçíû êðèâîé Lτ ñ êàñàòåëüíûì îðòîì τ è ãëàâíîé íîðìàëüþ ν,
Lτ � âåêòîðíàÿ ëèíèÿ ïîëÿ τ , k � åå êðèâèçíà. Ñèìâîëû (a · b) è a × b îáîçíà÷àþò
ñêàëÿðíîå è âåêòîðíîå ïðîèçâåäåíèÿ âåêòîðîâ a è b, (gradv ·∇)a � ïðîèçâîäíàÿ âåêòîðà a
ïî íàïðàâëåíèþ âåêòîðà v, ∇ � îïåðàòîð Ãàìèëüòîíà (íàáëà).
2. Ïóñòü {Lτ} � ñåìåéñòâî êðèâûõ Lτ , ñïëîøíûì îáðàçîì çàïîëíÿþùèõ îáëàñòü D, è

(A) ÷åðåç êàæäóþ òî÷êó (x, y, z) ∈ D ïðîõîäèò îäíà è òîëüêî îäíà êðèâàÿ Lτ ∈ {Lτ};
(B) â êàæäîé òî÷êå (x, y, z) ëþáîé êðèâîé Lτ ∈ {Lτ} ñóùåñòâóåò (ïðàâûé) áàçèñ Ôðåíå
(τ ,ν,β) (β � áèíîðìàëü), òàê ÷òî â D îïðåäåëåíû òðè âçàèìíî îðòîãîíàëüíûõ âåêòîðíûõ
ïîëÿ τ , ν, β; (Ñ) τ (x, y, z) ∈ C2(D).
Íàéäåíî, ÷òî ïðè óñëîâèÿõ (A)�(C) ïîëå P èç ôîðìóëû Þ. À. Àìèíîâà ìîæåò áûòü

ïðåäñòàâëåíî â âèäå
P = − rotR∗,

ãäå äëÿ âåêòîðíîãî ïîëÿ R∗ ñïðàâåäëèâî ëþáîå èç èíâàðèàíòíûõ ïðåäñòàâëåíèé

R∗ def
= κτ + kβ + β div ν − ν divβ,

R∗ = [κ − (τ · rot τ )]τ +∇(ν,β) = Φ+ S∗ × τ ,
R∗ = κτ + (τ · rotν)ν + (τ · rotβ)β.

Çäåñü κ � êðó÷åíèå êðèâîé Lτ ,Φ
def
= κτ+kβ � âåêòîð Äàðáó,∇(ν,β) def

=(β·∇)ν−(ν ·∇)β �
ñêîáêà Ïóàññîíà äëÿ ν, β, S∗ � ñóììà òðåõ âåêòîðîâ êðèâèçíû âåêòîðíûõ ëèíèé Lτ , Lν ,
Lβ ïîëåé τ , ν, β ñîîòâåòñòâåííî:

S∗ def
=Kτ +Kν +Kβ = rot τ × τ + rotν × ν + rotβ × β = {S(τ ) + S(ν) + S(β)}/2,

S(τ )
def
= rot τ × τ − τ div τ =Kτ − τ div τ .

Îòñþäà ñëåäóåò, ÷òî óïîìÿíóòîå ïðåäñòàâëåíèå Þ. À. Àìèíîâà ðàâíîñèëüíî ôîðìóëå

K = −(grad (r · τ ) · rotR∗)

è äèâåðãåíòíîìó ïðåäñòàâëåíèþ

K = div {grad (r · τ )×R∗}.
Âåêòîðíîå ïîëå R∗ ÿâëÿåòñÿ òàêæå ìåðîé ðàçëè÷èÿ ïîëåé S∗ è S(τ ) â ñëåäóþùåì

ñìûñëå: S∗ = S(τ ) + τ × R∗. Êðîìå òîãî, âåëè÷èíà rotR∗ = −P äîïóñêàåò ëþáîå èç
ïðåäñòàâëåíèé

rotR∗ =
1

2
τ divS(τ )− kν(ν · rotβ)− kβ[κ + (β · rotβ)],
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rotR∗ = τ divS∗ − κ rot τ − k rotβ,

rotR∗ = τ{κ2 − κ(τ · rot τ )− (τ · [rotν × rotβ])} − kν(ν · rotβ)− kβ[κ + (β · rotβ)];
òàêæå èìååì

1

2
divS(τ ) = κ[κ − (τ · rot τ )]− (τ · [rotν × rotβ]),

divS(τ ) = 2(τ · rotR∗),

divS∗ =
1

2
divS(τ ) + κ(τ · rot τ ) + k(τ · rotβ).

Ïîñëåäíèå ôîðìóëû, ñîäåðæàùèå âûðàæåíèÿ divS(τ ), divS∗ è rotR∗ ïðåäñòàâëÿþò
ñîáîé ñîîòâåòñòâåííî ñêàëÿðíûå è âåêòîðíûå àíàëîãè çàêîíà ñîõðàíåíèÿ divS(τ ) = 0 ⇔
divS∗

p = 0 äëÿ ñåìåéñòâà ïëîñêèõ êðèâûõ {Lτ}, ïîëó÷åííîãî àâòîðîì â ÄÀÍ, 2001, ò. 441,
� 3. Çäåñü S∗

p =Kτ+Kν = rot τ×τ+rotν×ν � ñóììà âåêòîðîâ êðèâèçíû êðèâûõ Lτ è Lν
èç âçàèìíî îðòîãîíàëüíûõ ñåìåéñòâ {Lτ} è {Lν}. Â ïëîñêîì ñëó÷àå èìååì τ = τ (x, y), β ≡
k, κ = 0⇒ R∗ = 0, S(τ ) = S∗

p , rotR
∗ = 0 è èç óïîìÿíóòûõ ôîðìóë ñëåäóåò äàííûé çàêîí

ñîõðàíåíèÿ. Â òðåõìåðíîì ñëó÷àå ïîëó÷àåì òàêæå çàêîí ñîõðàíåíèÿ äëÿ ñåìåéñòâà {Lτ}
êðèâûõ Lτ áîëåå âûñîêîãî ïîðÿäêà âèäà divF = 0, ãäå âåêòîðíîå ñîëåíîèäàëüíîå ïîëå F
âûðàæàåòñÿ ÷åðåç õàðàêòåðèñòèêè τ , ν, β, k, κ êðèâûõ Lτ è ïðåäñòàâëÿåò ñîáîé ïðàâóþ
÷àñòü ëþáîé èç ôîðìóë äëÿ rotR∗. Íàïðèìåð, div {τ divS∗ − κ rot τ − k rotβ} = 0.
4. Ïóñòü äëÿ ïîëÿ τ â D ñóùåñòâóåò ñåìåéñòâî ïîâåðõíîñòåé Sτ , îðòîãîíàëüíûõ ïîëþ τ .

Ïóñòü {Sτ} � ñåìåéñòâî ïîâåðõíîñòåé Sτ ñ åäèíè÷íîé íîðìàëüþ τ = τ (x, y, z). Ãëàâíîå
íàïðàâëåíèå áóäåì ïðåäñòàâëÿòü åäèíè÷íûì âåêòîðîì li (i = 1, 2) ñ ñîîòâåòñòâóþùèì
íàïðàâëåíèåì; âåêòîð li ÿâëÿåòñÿ êàñàòåëüíûì îðòîì ëèíèè êðèâèçíû Li íà Sτ . Ïóñòü
(D) ÷åðåç êàæäóþ òî÷êó (x, y, z) ∈ D ïðîõîäèò îäíà è òîëüêî îäíà ïîâåðõíîñòü Sτ ∈ {Sτ};
(E) â êàæäîé òî÷êå (x, y, z) ∈ D ñóùåñòâóåò (ïðàâàÿ) ñèñòåìà âçàèìíî îðòîãîíàëüíûõ îð-
òîâ τ , l1, l2, ãäå τ � åäèíè÷íàÿ íîðìàëü, l1 è l2 � ãëàâíûå íàïðàâëåíèÿ íà ïîâåðõíîñòè Sτ ,
ïðîõîäÿùåé ÷åðåç ýòó òî÷êó. Äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû êàæäàÿ ïîâåðõíîñòü Sτ ∈ {Sτ}
áûëà C2-ðåãóëÿðíîé. (F) τ ∈ C1(D), li ∈ C1(D), i = 1, 2.
Íàéäåíî, ÷òî óñëîâèÿõ (D)�(F): 1) âåëè÷èíû íåãîëîíîìíîñòè âåêòîðíûõ ïîëåé ãëàâíûõ

íàïðàâëåíèé l1 è l2 ðàâíû â D: (l1 · rot l1) = (l2 · rot l2); 2) ïîëå S(τ ) â ëþáîé òî÷êå
(x, y, z) ∈ D ïðåäñòàâëÿåò ñîáîé ñóììó òðåõ âåêòîðîâ êðèâèçíû: S(τ ) =Kτ+Kg1+Kg2, ãäå
Kg1 = kg1τ èKg2 = kg2τ � âåêòîðû êðèâèçíû äâóõ ãåîäåçè÷åñêèõ ëèíèé ñ êðèâèçíàìè kg1
è kg2 íà ïîâåðõíîñòè Sτ , ïðîâåäåííûõ ÷åðåç òî÷êó (x, y, z) ∈ Sτ â ëþáûõ äâóõ âçàèìíî
îðòîãîíàëüíûõ íàïðàâëåíèÿõ; 3) ãàóññîâà êðèâèçíà K ïîâåðõíîñòè Sτ ∈ {Sτ} âûðàæàåòñÿ
÷åðåç îðòû Ôðåíå (τ ,ν,β) è êðó÷åíèå κ âåêòîðíûõ ëèíèé Lτ ïîëÿ íîðìàëåé τ ïî ôîðìóëå

K = (τ · [rotν × rotβ])− κ2.
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ÑÎÏÐßÆÅÍÈÅ È ÏÐÈÌÀÐÍÎÅ ÐÀÇËÎÆÅÍÈÅ ÓÇËÎÂ

Â ÇÀÌÊÍÓÒÛÕ ÎÐÈÅÍÒÈÐÓÅÌÛÕ 3-ÌÍÎÃÎÎÁÐÀÇÈßÕ

ÂËÀÄÈÌÈÐ ÌÎÐÎÇÎÂ

Â 1949 ãîäó âûøëà â ñâåò ñòàòüÿ Øóáåðòà [2], ïîñâÿùåííàÿ ïðîáëåìå ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ïðèìàðíîãî ðàçëîæåíèÿ óçëîâ â ñôåðå S3. Íà ñåãîäíÿøíèé äåíü àêòóàëü-
íîé ÿâëÿåòñÿ ïðîáëåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ïðèìàðíîãî ðàçëîæåíèÿ óçëîâ
â ïðîèçâîëüíîì òðåõìåðíîì ìíîãîîáðàçèè. Ïåðâûé ðåçóëüòàò â ýòîì âîïðîñå ïðåäñòàâèë
K. Miyazaki â ñâîåé ñòàòüå [1].
Ïóñòü K ⊂ M , ãäå M� ïðîèçâîëüíîå çàìêíóòîå îðèåíòèðîâàííîå 3-ìíîãîîáðàçèå, K�

óçåë â ýòîì ìíîãîîáðàçèè. Íåîáõîäèìî äàòü îòâåò íà ñëåäóþùèå äâà âîïðîñà:

(1) Ñóùåñòâóåò ëè ðàçëîæåíèå óçëà K íà ïðèìàðíûå ñëàãàåìûå?
(2) Åñëè òàêîå ðàçëîæåíèå ñóùåñòâóåò, òî åäèíñòâåííî ëè îíî?

K. Miyazaki â ñòàòüå [1] äàåò îòâåòû íà ýòè âîïðîñû:

(1) Åñëè ñóùåñòâóåò ðàçáèâàþùàÿ ñôåðà S2 ⊂ M , ïåðåñåêàþùàÿ óçåë K â îäíîé òî÷êå,
òî óçåë K ÿâëÿåòñÿ òðèâèàëüíûì, ïîýòîìó âîïðîñ î ñóùåñòâîâàíèè åãî ïðèìàðíîãî
ðàçëîæåíèÿ íå èìååò ñìûñëà.

(2) Åñëè íå ñóùåñòâóåò ðàçáèâàþùåé ñôåðû S2 ⊂ M , ïåðåñåêàþùåé óçåë K â îäíîé
òî÷êå, òî ðàçëîæåíèå óçëà K íà ïðèìàðíûå ñëàãàåìûå ñóùåñòâóåò, íî íå âñåãäà
ÿâëÿåòñÿ åäèíñòâåííûì. Òåì íå ìåíåå, åäèíñòâåííîñòü ðàçëîæåíèÿ èìååò ìåñòî,
íî â âåñüìà ñëàáîì ñìûñëå. Îêàçûâàåòñÿ, ÷òî ñóùåñòâóåò ïðèìàðíûé óçåë R â
S2 × S1 ⊂ M òàêîé, ÷òî åñëè ñðåäè ïðèìàðíûõ ñëàãàåìûõ óçëà K åãî íåò, òî
ïðèìàðíîå ðàçëîæåíèå óçëà K åäèíñòâåííî, à åñëè åñòü, òî ïðèìàðíîå ðàçëîæåíèå
óçëà K åäèíñòâåííî ñ òî÷íîñòüþ äî ñîïðÿæåíèÿ.
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ÑÏÀÉÍÛ ÄÎÏÎËÍÈÒÅËÜÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂ ÓÇËÎÂ
Â ÓÒÎËÙÅÍÍÎÉ ÁÓÒÛËÊÅ ÊËÅÉÍÀ

ËÈËÈß ÍÀÁÅÅÂÀ

Óòîëù¼ííîé áóòûëêîé Êëåéíà íàçûâàåòñÿ îðèåíòèðóåìîå êîñîå ïðîèçâåäåíèå K×̃I áó-
òûëêè Êëåéíà K íà îòðåçîê I. Ïîä óçëîì ïîíèìàåòñÿ ïðîèçâîëüíàÿ ïðîñòàÿ çàìêíóòàÿ
êðèâàÿ, ëåæàùàÿ â óòîëù¼ííîé áóòûëêå Êëåéíà. Äâà óçëà k1, k2 ⊂ K×̃I íàçûâàþòñÿ ýê-
âèâàëåíòíûìè, åñëè ñóùåñòâóåò ñîõðàíÿþùèé îðèåíòàöèþ ãîìåîìîðôèçì ìíîãîîáðàçèÿ
K×̃I íà ñåáÿ, ïåðåâîäÿùèé k1 â k2. Áóòûëêó Êëåéíà K ïðèíÿòî èçîáðàæàòü â âèäå êâàä-
ðàòà ñ îòîæäåñòâëåííûìè ñòîðîíàìè. Òîãäà óçåë k â K×̃I ìîæíî çàäàâàòü ñ ïîìîùüþ
äèàãðàìì D(k) íà êâàäðàòå [1].
Ïóñòü M � êîìïàêòíîå ñâÿçíîå òðåõìåðíîå ìíîãîîáðàçèå ñ êðàåì è P � äâóìåðíûé

ïîëèýäð â íåì. Òîãäà P íàçûâàåòñÿ ñïàéíîì ìíîãîîáðàçèÿ M , åñëè ðàçíîñòü M\P ãîìåî-
ìîðôíà ïðÿìîìó ïðîèçâåäåíèþ êðàÿ ∂M ìíîãîîáðàçèÿ íà ïîëóîòêðûòûé èíòåðâàë [0;1).
Äâóìåðíûé ïîëèýäð P íàçûâàåòñÿ ïðîñòûì, åñëè êàæäàÿ åãî òî÷êà èìååò îêðåñòíîñòü,
ãîìåîìîðôíóþ ëèáî äèñêó, ëèáî êîíóñó íàä îêðóæíîñòüþ ñ äâóìÿ èëè òðåìÿ ðàäèóñàìè
(òàêàÿ òî÷êà íàçûâàåòñÿ íåîñîáîé, òðîéíîé òî÷êîé è èñòèííîé âåðøèíîé, ñîîòâåòñòâåííî).
Ïðîñòîé ïîëèýäð P íàçûâàåòñÿ ñïåöèàëüíûì, åñëè êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ìíîæå-
ñòâà íåîñîáûõ òî÷åê ÿâëÿþòñÿ 2-äèñêàìè. Ñïàéí 3-ìíîãîîáðàçèÿ íàçûâàåòñÿ ïðîñòûì èëè
ñïåöèàëüíûì, åñëè îí ÿâëÿåòñÿ ïðîñòûì èëè ñïåöèàëüíûì ïîëèýäðîì, ñîîòâåòñòâåííî [2].
Â äàííîé ðàáîòå ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ ñïåöèàëüíûõ ñïàéíîâ äëÿ äîïîëíè-

òåëüíûõ ïðîñòðàíñòâ óçëîâ â K×̃I. Ñ ïîìîùüþ ýòîãî àëãîðèòìà óäàëîñü âûïèñàòü êîäû
ñïàéíîâ äîïîëíèòåëüíûõ ïðîñòðàíñòâ âñåõ òàáóëèðîâàííûõ óçëîâ èç ðàáîòû [1]. Òàê æå
âû÷èñëåíû èíâàðèàíòû Òóðàåâà-Âèðî ñ ïîìîùüþ ïðîãðàììû "Ðàñïîçíàâàòåëü" [3], âõîä-
íûìè äàííûìè äëÿ êîòîðîé ñëóæàò êîäû ñïåöèàëüíûõ ñïàéíîâ ðàññìàòðèâàåìûõ ìíîãî-
îáðàçèé.
Ïóñòü E(k) � äîïîëíèòåëüíîå ïðîñòðàíñòâî óçëà k â óòîëù¼ííîé áóòûëêå Êëåéíà K×̃I.
Òåîðåìà. Äëÿ ëþáîé äèàãðàììû D(k) óçëà k â K×̃I ïðåäñòàâëåííîé íà êâàäðàòå ñó-

ùåñòâóåò àëãîðèòì ïîñòðîåíèÿ ïðîñòîãî ïîëèýäðà P , êîòîðûé ÿâëÿåòñÿ ïðîñòûì ñïàéíîì

ìíîãîîáðàçèÿ E(k).
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ÑÏÀÉÍÛ ÍÅÎÐÈÅÍÒÈÐÓÅÌÛÕ ÌÍÎÃÎÎÁÐÀÇÈÉ ÇÅÉÔÅÐÒÀ Ñ

ÍÅÈÇÎËÈÐÎÂÀÍÍÛÌÈ ÎÑÎÁÛÌÈ ÑËÎßÌÈ

ÀËÅÊÑÀÍÄÐ ÍÈÊÈÔÎÐÎÂ

Ñóùåñòâóþò äâà ïîäõîäà ê îïðåäåëåíèþ ìíîãîîáðàçèé Çåéôåðòà. Ïåðâûé áûë ðàçðà-
áîòàí Ã. Çåéôåðòîì (ñì. [1]), âòîðîé áûë ïðåäëîæåí Ï. Ñêîòòîì (ñì. [2]). Îí îïðåäåëèë
ìíîãîîáðàçèå Çåéôåðòà êàê òðåõìåðíîå ìíîãîîáðàçèå âìåñòå ñ åãî ðàçáèåíèåì íà ïîïàðíî
íåïåðåñåêàþùèåñÿ îêðóæíîñòè, íàçûâàåìûå ñëîÿìè. Ïðè÷åì ó êàæäîé òàêîé îêðóæíîñòè
äîëæíà áûòü îêðåñòíîñòü â M , ÿâëÿþùàÿñÿ îáúåäèíåíèåì ñëîåâ è èçîìîðôíàÿ ñëîåíî-
ìó ïîëíîòîðèþ èëè ñëîåíîé ñïëîøíîé áóòûëêå Êëåéíà. Äàííîå îïðåäåëåíèå äîïóñêàåò
ìíîãîîáðàçèÿ Çåéôåðòà ñ íåèçîëèðîâàííûìè îñîáûìè ñëîÿìè.
Íàïîìíèì, ÷òî ïîëèýäð P ⊂ IntM íàçûâàåòñÿ ñïàéíîì êîìïàêòíîãî ìíîãîîáðàçèÿ M

ñ íåïóñòûì êðàåì, åñëè M ãîìåîìîðôíî öèëèíäðó íåêîòîðîãî îòîáðàæåíèÿ p : ∂M → P ,
êîòîðîå óäîáíî íàçûâàòü ïðîåêöèåé êðàÿ íà ñïàéí.
Â ñîîáùåíèè áóäåò ïðåäñòàâëåíà ñåðèÿ ïðèìåðîâ íåîðèåíòèðóåìûõ ìíîãîîáðàçèé Çåé-

ôåðòà (ñ íåèçîëèðîâàííûìè îñîáûìè ñëîÿìè) è ïîñòðîåíû èõ ñïàéíû.
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ÒÐÅÕÌÅÐÍÎÅ ÌÍÎÃÎÎÁÐÀÇÈÅ,
ÇÀÄÀÂÀÅÌÎÅ 4-ÖÂÅÒÍÛÌ ÃÐÀÔÎÌ,

ÄÂÓËÈÑÒÍÎ ÍÀÊÐÛÂÀÞÙÈÌ 4-ÖÂÅÒÍÛÉ ÎÑÒÎÂ ÎÊÒÀÝÄÐÀ

ÌÈÕÀÈË ÎÂ×ÈÍÍÈÊÎÂ

Ðåãóëÿðíûé ãðàô ñòåïåíè n, ó êîòîðîãî êàæäîå ðåáðî ñíàáæåíî îäíèì èç n öâåòîâ, íàçû-
âàåòñÿ n-öâåòíûì ãðàôîì, åñëè ðåáðà, èíöèäåíòíûå îäíîé âåðøèíå, ïîêðàøåíû ðàçíûìè
öâåòàìè. Â ðàáîòå ðàññìàòðèâàåòñÿ ðåãóëÿðíûé ãðàôG ñòåïåíè 4 ñ 12 âåðøèíàìè, êîòîðûå
îáîçíà÷åíû ýëåìåíòàìè ãðóïïû Z6×Z2. Âåðøèíû (a, b) è (c, d) â ãðàôå G ñîåäèíåíû ðåá-
ðîì, åñëè c = a±1. Öâåòà ðåáåð îáîçíà÷èì öèôðàìè 0, 1, 2, 3. Ïîëîæèì, ÷òî öâåò 0 èìåþò
ðåáðà ñ êîíöàìè (a, 0) è (a+1, 1), a ∈ Z6. Îïðåäåëèì äëÿ êàæäîãî k = 1, 2, 3 îòîáðàæåíèå
íà âåðøèíàõ ãðàôà G ïðàâèëîì gk((a, b)) = (a, b), åñëè a = kmod 3, è gk((a, b)) = (a, b+1) â
ïðîòèâíîì ñëó÷àå. Ïîëàãàåì, ÷òî ðåáðà öâåòà k ýòî îáðàçû ðåáåð öâåòà 0 ïðè îòîáðàæåíèè
gk. Ëåãêî óáåäèòüñÿ, ÷òî êàæäîé âåðøèíå èíöèäåíòíû ðåáðà âñåõ 4 öâåòîâ. Ãðàô G ñ ýòîé
ðàñêðàñêîé ìû íàçûâàåì 4-öâåòíûì ãðàôîì G.
Èñïîëüçóåì ñïîñîá ïîñòðîåíèÿ òðåõìåðíîãî ìíîãîîáðàçèÿ ñ êðàåì ïî 4-öâåòíîìó ðåãó-

ëÿðíîìó ãðàôó ñòåïåíè 4, îïèñàííûé â [1]. Ñïîñîá îñíîâàí íà ïîñòðîåíèè ïî 4-öâåòíîìó
ãðàôó ñïåöèàëüíîãî ñïàéíà, êîòîðûé çàäàåò òðåõìåðíîå ìíîãîîáðàçèå îäíîçíà÷íî ([2]).
Îáîçíà÷èì M 3-ìíîãîîáðàçèå, çàäàâàåìîå 4-öâåòíûì ãðàôîì G.

Òåîðåìà. Ìíîãîîáðàçèå M ãîìåîìîðôíî äîïîëíèòåëüíîìó ïðîñòðàíñòâó çàöåïëåíèÿ

L â òðåõìåðíîé ñôåðå, ñîñòîÿùåãî èç êîëåö Áîððîìåî è îêðóæíîñòè, ÿâëÿþùåéñÿ îñüþ

âðàùåíèÿ 3-ãî ïîðÿäêà êîëåö Áîððîìåî.

Äîêàçàòåëüñòâî òåîðåìû ñîñòîèò â ïðåäúÿâëåíèè âëîæåíèÿ â S3 ñïåöèàëüíîãî ñïàéíà
ìíîãîîáðàçèÿ M , çàäàâàåìîãî ãðàôîì G. Íåïîñðåäñòâåííî óáåæäàåìñÿ, ÷òî ýòî ñïàéí
äîïîëíèòåëüíîãî ïðîñòðàíñòâà óêàçàííîãî çàöåïëåíèÿ â S3.

Ñïèñîê ëèòåðàòóðû
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Φ-ÃÀÐÌÎÍÈ×ÅÑÊÈÅ ÔÓÍÊÖÈÈ ÍÀ ÃÐÀÔÀÕ

ÐÎÌÀÍ ÏÀÍÅÍÊÎ

Äîïóñòèì, ÷òî Φ � âûïóêëàÿ ôóíêöèÿ ñ íåêîòîðûìè äîïîëíèòåëüíûìè ñâîéñòâàìè,
N -ôóíêöèÿ, ãîâîðÿ ñòðîãî. Â äîêëàäå ðàññìàòðèâàþòñÿ ðÿä ïðîáëåì Φ-ãàðìîíè÷åñêîãî
àíàëèçà íà ãðàôàõ. Â ÷àñòíîñòè, ââîäÿòñÿ îñíîâíûå îïðåäåëåíèÿ è óñòàíàâëèâàþòñÿ èõ
êîððåêòíîñòü è áàçîâûå ñâîéñòâà. Òàê æå ïðèâîäèòñÿ îáçîð ïîëó÷åííûõ ðåçóëüòàòîâ, äà-
þùèõ äèñêðåòíûå àíàëîãè êëàññè÷åñêèõ òåîðåì äëÿ ãàðìîíè÷åñêèõ ôóíêöèé: åäèíñòâåí-
íîñòè, íåðàâåíñòâà Ãàðíàêà è òåîðåìû Ãàðíàêà î ïðåäåëå ìîíîòîííîé ïîñëåäîâàòåëüíîñòè
ãàðìîíè÷åñêèõ ôóíêöèé. Â îáñóæäàåìîé ðàáîòå îáîáùàþòñÿ ðåçóëüòàòû [1].

Ñïèñîê ëèòåðàòóðû

[1] I. Holopainen, P.M. Soardi, p-harmonic functions on graphs and manifolds // Manuscripta mathematica,
94:1, 95�110 (1997)

Íîâîñèáèðñê, Ðîññèÿ

E-mail address: panenkora@gmail.com

65



ÀÏÏÐÎÊÑÈÌÀÖÈÎÍÍÛÅ ÏÐÎÑÒÐÀÍÑÒÂÀ
ÄËß ÎÖÅÍÊÈ ÊÎÐÐÅËßÖÈÉ Â ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌÀÕ

ÈÂÀÍ ÏÎÄÂÈÃÈÍ

Ïóñòü µ � íîðìèðîâàííàÿ áîðåëåâñêàÿ ìåðà íà ìåòðè÷åñêîì ïðîñòðàíñòâå M. Ïóñòü
Fp ⊆ Lp(M,µ), p ∈ [1,∞] åñòü áàíàõîâî ïðîñòðàíñòâî êîìïëåêñíîçíà÷íûõ ôóíêöèé ñ íîð-
ìîé ‖ · ‖Fp . Ñ÷èòàÿ Fp âñþäó ïëîòíûì â Lp(M,µ), îïðåäåëèì äëÿ ïðîèçâîëüíîé f ∈ Lp(M,µ)
íàèëó÷øåå Fp-ïðèáëèæåíèå ïîðÿäêà t ≥ 0 êàê

τf (t) = inf{‖f − h‖p : h ∈ Fp, ‖h‖Fp ≤ t}.
Îïðåäåëèì àïïðîêñèìàöèîííûå ïðîñòðàíñòâà èíòåãðèðóåìûõ ôóíêöèé, ñîîòâåòñòâóþùèå
ðàçëè÷íûì îöåíêàì íàèëó÷øåãî ïðèáëèæåíèÿ. Ïóñòü Ξ åñòü ìíîæåñòâî âñåõ óáûâàþùèõ
ê íóëþ ôóíêöèé Θ : R+ → R+, ò.å. Θ(t1) ≥ Θ(t2) ïðè 0 ≤ t1 ≤ t2, è Θ(t)→ 0 ïðè t→ +∞.
Ïóñòü Ξ0 ⊂ Ξ òå èç íèõ, êîòîðûå îáðàùàþòñÿ â íîëü ñ íåêîòîðîãî ìîìåíòà.

Îïðåäåëåíèå. Äëÿ Θ ∈ Ξ àïïðîêñèìàöèîííûì ïðîñòðàíñòâîì Fp(Θ) áóäåì íàçûâàòü

ìíîæåñòâî âñåõ ôóíêöèé f ∈ Lp(M,µ) òàêèõ, ÷òî äëÿ íàèëó÷øåãî Fp-ïðèáëèæåíèÿ ñïðà-

âåäëèâî íåðàâåíñòâî

τf (ct) ≤ cΘ(t)

ïðè âñåõ t ≥ 0 äëÿ íåêîòîðîé êîíñòàíòû c ≥ 0. Ìíîæåñòâî òàêèõ êîíñòàíò áóäåì îáîçíà-

÷àòü êàê C(Θ, f).Íàèáîëüøóþ íèæíþþ ãðàíèöó ýòîãî ìíîæåñòâà áóäåì îáîçíà÷àòü ‖f‖Fp(Θ),
ò.å.

‖f‖Bp(Θ) = inf
c∈C(Θ,f)

c.

Ïðîñòðàíñòâà Fp(Θ) ñóòü áàíàõîâû ïðîñòðàíñòâà ôóíêöèé ñ íîðìîé ‖ · ‖Bp(Θ), ðàñøèðÿ-
þùèå èñõîäíîå ïðîñòðàíñòâî Fp.

Ïðèìåð. Â ïðîñòðàíñòâå L1(M,µ) âîçüìåì F1 = L∞(M,µ) ñ åãî åñòåñòâåííîé ess sup-
íîðìîé. Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ ëþáîé f ∈ L1(M,µ) åå íàèëó÷øåå L∞-ïðèáëèæåíèå
ïîðÿäêà t ≥ 0 èìååò âèä

τf (t) =

∫
{|f |>t}

|f | dµ.

Ïóñòü, íàïðèìåð, Θq(t) = min{1, t−q}, q > 0. Òîãäà êàæäàÿ ôóíêöèÿ f ∈ F1(Θq) áóäåò ëå-

æàòü â ñëàáîì Lq+1(M,µ) ïðîñòðàíñòâå, ò.å. sup
t≥0

tµ
1

q+1{|f | > t} <∞.

Èíòåðåñ ê òàêèì àïïðîêñèìàöèîííûì ïðîñòðàíñòâàì îáóñëîâëåí çàäà÷åé î ðàñøèðåíèè
èìåþùèõñÿ îöåíîê óáûâàíèÿ êîððåëÿöèé â äèíàìè÷åñêèõ ñèñòåìàõ íà áîëåå øèðîêèé
êëàññ ôóíêöèé.
Ïðåäïîëîæèì, ÷òî çàäàíî ñîõðàíÿþùåå ìåðó µ îòîáðàæåíèå T : M →M, äëÿ êîòîðî-

ãî ñïðàâåäëèâû îöåíêè êîððåëÿöèé: äëÿ ëþáûõ f ∈ Fp ⊆ Lp(M,µ) è g ∈ Gq ⊆ Lq(M,µ),
p, q ∈ [1,+∞], 1/p+ 1/q = 1

|cn(f, g)| =
∣∣∣∣∫

M

f(x)g(T nx) dµ−
∫
M

f(x) dµ

∫
M

g(x) dµ

∣∣∣∣ ≤ A‖f‖Fp‖g‖GqΦ(n), n ∈ N, (#)

äëÿ íåêîòîðîé êîíñòàíòû A > 0, è Φ↘ 0 ïðè n→∞.
Èìååòñÿ áîëüøîå êîëè÷åñòâî äèíàìè÷åñêèõ ñèñòåì ñ îöåíêàìè êîððåëÿöèé òàêîãî òèïà;

ê íèì îòíîñÿòñÿ êëàññè÷åñêèå òðàíçèòèâíûå äèôôåîìîðôèçìû Àíîñîâà, à òàêæå áîëüøîé
êëàññ ñèñòåì, äîïóñêàþùèõ ñòðóêòóðó Ãèááñà�Ìàðêîâà�ßíã, ñðåäè êîòîðûõ è íåêîòîðûå
ïîïóëÿðíûå áèëüÿðäû. Âî ìíîãèõ èç íèõ Fp è Gq � ýòî ìíîæåñòâà ãåëüäåðîâñêèõ ôóíêöèé
(èëè êëàññû, ñîäåðæàùèå â ñåáå ã¼ëüäåðîâñêèå).
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Ñëåäóþùàÿ òåîðåìà ïîçâîëÿåò ðàñïðîñòðàíÿòü îöåíêè (#) íà ïðîèçâîëüíûå ïàðû ôóíê-
öèé f ∈ Lp(M,µ) è g ∈ Lq(M,µ), p, q ∈ [1,+∞], 1/p+ 1/q = 1.

Òåîðåìà. Ïðåäïîëîæèì, ÷òî ñïðàâåäëèâà îöåíêà (#). Ïóñòü Θ1,Θ2 ∈ Ξ, òîãäà äëÿ ëþ-
áûõ f ∈ Fp(Θ1), g ∈ Gq(Θ2) äëÿ âñåõ n ≥ n0

|cn(f, g)| ≤ A′‖f‖Fp(Θ1)‖g‖Gq(Θ2)Φ
′(n)

äëÿ íåêîòîðîãî n0 ∈ N, êîíñòàíòû A′ > 0, è Φ′ ↘ 0 ïðè n→∞.
Â ñëó÷àå Θ1 ∨Θ2 6∈ Ξ0 áóäåò Φ′(n) = Φ(n)υ(Φ(n)), ãäå υ : R+ → R+ îáðàòíîå îòîáðàæå-

íèå ê
1

t
(Θ1 ∨Θ2)(

√
t), t > 0;

è n0 � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, óäîâëåòâîðÿþùåå íåðàâåíñòâó

Φ(n0)υ(Φ(n0)) ≤ 1.

Â ñëó÷àå Θ1 ∨Θ2 ∈ Ξ0 áóäåò Φ′(n) = Φ(n) è n0 = 1.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, ïð. àê. Êîïòþãà, 4, Íîâîñèáèðñê,

630090, Ðîññèÿ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, óë. Ïèðîãîâà, 2, Íîâîñèáèðñê, 630090, Ðîñ-

ñèÿ
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ÂÅÊÒÎÐÍÎÇÍÀ×ÍÛÅ ÔÎÐÌÛ ÒÐÅÕ ÏÎÐßÄÊÎÂ
ÄËß ÇÀÄÀÍÈß ÀÔÔÈÍÍÎÉ ÑÂßÇÍÎÑÒÈ 2-ÃÎ ÏÎÐßÄÊÀ

ÊÀÒÅÐÈÍÀ ÏÎËßÊÎÂÀ

Ïóñòü LqXm � ðàññëîåíèå ðåïåðîâ ïîðÿäêà q (q = 0, 1, 2, . . .) íàä m-ìåðíûì ìíîãîîáðà-
çèåì Xm. Ïðè q = 0 èìååì L0Xm = Xm. Ïðàâàÿ ÷àñòü äåðèâàöèîííîé ôîðìóëû

dAq = ωi q
ei +ωi

j

q
e j

i + ...+ ωi
j1...jq

q
e j1...jq

i (i, j, . . . = 1,m)

ÿâëÿåòñÿ êàíîíè÷åñêîé ôîðìîé 1-ãî ïîðÿäêà ìíîãîîáðàçèÿ LqXm. Îíà ñâÿçûâàåò êàñàòåëü-

íîå TLqXm = span(
q
ei,

q
e j

i , . . . ,
q
e j1...jq

i ) è êîêàñàòåëüíîå T ∗LqXm = span(ωi, ωi
j, . . . , ω

i
j1...jq

)
ïðîñòðàíñòâà ê ìíîãîîáðàçèþ LqXm â òî÷êå Aq ∈ LqXm, à òàêæå ñîîòâåòñòâóåò òîæäå-
ñòâåííûì ïðåîáðàçîâàíèÿì ýòèõ ïðîñòðàíñòâ, ò.å. dAq = idTLqXm , dAq = idT ∗LqXm . Ðåïåð
q
e= {

q
ei,

q
e j

i , . . . ,
q
e j1...jq

i } è êîðåïåð ω = {ωi, ωi
j, . . . , ω

i
j1...jq

)} ÿâëÿþòñÿ äâîéñòâåííûìè.

Îáîçíà÷èì ÷åðåç Ωp
/r = T r∗LqXm ⊗ T pLqXm ìíîæåñòâî âñåõ âåêòîðíîçíà÷íûõ ôîðì ïî-

ðÿäêà r ñî çíà÷åíèÿìè â êàñàòåëüíîì ïðîñòðàíñòâå T pLqXm ïîðÿäêà p, ãäå T r∗LqXm � ìíî-
æåñòâî äèôôåðåíöèàëüíûõ ôîðì ïîðÿäêà r, íå ñîâïàäàþùåå ñ ïðîñòðàíñòâîì T ∗rLqXm =
(T ∗LqXm)r = ∧rLqXm ôîðì ñòåïåíè r, ò.å. (T rLqXm)∗ 6= (T ∗LqXm)r. Ìíîæåñòâî âåêòîð-
íîçíà÷íûõ ôîðì ñòåïåíè r ñî çíà÷åíèÿìè â êàñàòåëüíîì ïðîñòðàíñòâå T pLqXm îáîçíà÷èì
Ωp

r(LqXm).
Àôôèííóþ ñâÿçíîñòü 2-ãî ïîðÿäêà ìîæíî çàäàâàòü, èñïîëüçóÿ êàíîíè÷åñêèå ôîðìû

dpAq ïîðÿäêà p ìíîãîîáðàçèé LqXm (p, q = 1, 2, 3), ïðè÷åì p+ q = 3. Òîãäà ôîðìû ñâÿçíî-
ñòè, òàê æå êàê è ñàìè êàíîíè÷åñêèå ôîðìû dpAq, áóäóò âåêòîðíîçíà÷íûìè ôîðìàìè ïðî-
ñòðàíñòâ Ωp

/p(LqXm) = T p∗LqXm⊗T pLqXm. Ïîäðîáíåå, dA2 � êàíîíè÷åñêàÿ ôîðìà ïîðÿä-

êà 1 ìíîãîîáðàçèÿ L2Xm, ò.å. dA2 ∈ Ω1
1(L2Xm) = T ∗L2Xm ⊗ TL2Xm; d

2A1 � êàíîíè÷åñêàÿ
ôîðìà ïîðÿäêà 2 ìíîãîîáðàçèÿ LXm = L1Xm, ò.å. d

2A1 ∈ Ω2
/2(LXm) = T 2∗LXm ⊗ T 2LXm;

d3A0 � êàíîíè÷åñêàÿ ôîðìà ïîðÿäêà 3 ìíîãîîáðàçèÿ Xm = L0Xm, ò.å. d
3A0 ∈ Ω3

/3(Xm) =

T 3∗Xm ⊗ T 3Xm.
Êàíîíè÷åñêàÿ ôîðìà 1-ãî ïîðÿäêà íà ðàññëîåíèè êàñàòåëüíûõ ëèíåéíûõ ðåïåðîâ LXm

èìååò âèä dA1 = ωiei + ωi
je

j
i (A1 ∈ LXm, e =

1
e) [1]. Îòìåòèì äâîéñòâåííûé õàðàêòåð äåé-

ñòâèÿ âåêòîðíîçíà÷íûõ ôîðì ω ⊗ e = ωe = eω: îíè äåéñòâóþò â ïðîñòðàíñòâå âåêòî-
ðîâ è â ïðîñòðàíñòâå êîâåêòîðîâ. Äëÿ âåêòîðíîçíà÷íîé ôîðìû Ω = ωe ∈ Ω1

1(LXm), ãäå
ω ∈ T ∗LXm, e ∈ TLXm, ñïðàâåäëèâî

Ω = eω : u ∈ TLXm → Ω(u) = e · ω(u) ∈ TLXm,

Ω = ωe : θ ∈ T ∗LXm → Ω(θ) = ω · e(θ) = ω · θ(e) ∈ T ∗LXm.

Äëÿ âåêòîðíîçíà÷íîé ôîðìû Ω = ωe ∈ Ω1
1(LXm), âíåøíåãî äèôôåðåíöèàëà D è îáû÷-

íîãî äèôôåðåíöèàëà d ñïðàâåäëèâî

D : Ω ∈ Ω1
1(LXm)→ Dω = eDω − ω ∧ de ∈ Ω2

2(LXm),

d : Ω ∈ Ω1
1(LXm)→ dω = edω + ωde ∈ Ω2

/2(LXm),

ãäå Dω � äèôôåðåíöèàëüíàÿ ôîðìà ñòåïåíè 2; dω � ôîðìà ïîðÿäêà 2 (ñì., íàïð., [3]).
Äèôôåðåíöèðóÿ ôîðìó dA1 âíåøíèì îáðàçîì è ðàçðåøàÿ ïî ëåììå Êàðòàíà, íàõîäÿòñÿ

äåðèâàöèîííûå ôîðìóëû 1-ãî ïîðÿäêà [1] dei − ejkωk
ji = êijω

j + ê k
ij ω

j
k, de

j
i = êjikω

k + êjlikω
k
l ,

ãäå êij = eij, ê
j
ik = ejik, ê

k
ij = e k

ij + δki ej, ê
jl
ik = ejlik − δ

j
ke

l
i ∈ T 2LXm.

Ïðè èñïîëüçîâàíèè ôîðì ñâÿçíîñòè 1-ãî ïîðÿäêà ω̃i
j = ωi

j − Γi
jkω

k êàíîíè÷åñêàÿ ôîðìà

dA1 ïðèâîäèò ê ãîðèçîíòàëüíûì âåêòîðàì 1-ãî ïîðÿäêà ẽk = ek + Γi
jke

j
i . Êîâàðèàíòíîå
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çàäàíèå ñâÿçíîñòè 2-ãî ïîðÿäêà äàåòñÿ ôîðìîé ω̃2 = {ω̃i
j, ω̃

i
jk}, ãäå ω̃i

jk = ωi
jk − Li

jklω
l.

Îñíîâíîé îáúåêò êðèâèçíû 2-ãî ïîðÿäêà Ci
jkls = Li

jk[ls] − Lt
jk[lΓ

i
|t|s] + Li

tk[lΓ
t
|j|s] + Li

jt[lΓ
t
|k|s]

îáðàçóåò òåíçîð âìåñòå ñ êðèâèçíîé 1-ãî ïîðÿäêà. Îñíîâíîé îáúåêò êðó÷åíèÿ 2-ãî ïîðÿäêà
T i
jkl = Li

j[kl] + Γs
j[kΓi

|s|l] îáðàçóåò òåíçîð âìåñòå ñ êðó÷åíèåì 1-ãî ïîðÿäêà T s
kl = Γs

[kl].

Äåðèâàöèîííûå ôîðìóëû 1-ãî ïîðÿäêà ñ ïîìîùüþ ôîðì ñâÿçíîñòè 2-ãî ïîðÿäêà ω̃2

ïðèâîäÿò ê ãîðèçîíòàëüíûì âåêòîðàì 2-ãî ïîðÿäêà ẽij = ∇2
jei = eij + ê.kil Γ

l
kj + elkL

k
lij,

ẽjik = ∇ke
j
i = ejik − êjsil Γl

sk. Êàñàòåëüíîå ïðîñòðàíñòâî 2-ãî ïîðÿäêà T 2LXm ñîäåðæèò ãî-

ðèçîíòàëüíîå HT 2LXm = span(ẽij, ẽ
j
ik) è âåðòèêàëüíîå V T 2LXm = span(êjlik) ïîäïðîñòðàí-

ñòâà 2-ãî ïîðÿäêà â òî÷êå A1 ∈ LXm.
Åñëè êðó÷åíèå ñâÿçíîñòè ðàâíî íóëþ T i

jk = 0, N i
jkl = 0, òî ôîðìû 2-ãî ïîðÿäêà

2ω̃i = dωi + ωjωi
j − Γi

jkω
jωk, 2ω̃i

j = dωi
j − ωk

jω
i
k + ωkωj

jk + 2Γl
jkω

kωi
l − Γk

jlΓ
i
ksω

lωs − Li
jklω

kωl

àôôèííîé ñâÿçíîñòè 2-ãî ïîðÿäêà àííóëèðóþòñÿ ãîðèçîíòàëüíûìè âåêòîðàìè 2-ãî ïîðÿä-
êà. Ôîðìû 2ω̃i ÿâëÿþòñÿ ôîðìàìè 2-ãî ïîðÿäêà ñâÿçíîñòè 1-ãî ïîðÿäêà [3, ñ. 30].
Äèôôåðåíöèðóÿ êàíîíè÷åñêóþ ôîðìó dA1 îáû÷íûì îáðàçîì, ïðèõîäèì ê êàíîíè÷åñêîé

ôîðìå 2-ãî ïîðÿäêà ìíîãîîáðàçèÿ LXm

d2A1 = (dωi + ωjωi
j)ei + (dωi

j − ωk
jω

i
k + ωkωj

jk)eji + (ωiωj)eij + (2ωkωi
j)e

j
ik + (ωk

l ω
i
j)e

jl
ik,

ïðè÷åì ðåïåð 2-ãî ïîðÿäêà {ei, eji , eij, e
j
ik, e

jl
ik} ∈ T 2LXm è êîðåïåð 2-ãî ïîðÿäêà {dωi +

ωjωi
j, dω

i
j − ωk

jω
i
k + ωkωj

jk, ω
iωj, 2ωkωi

j, ω
k
l ω

i
j} ∈ T 2∗LXm ÿâëÿþòñÿ ñîïðÿæåííûìè.

Êàíîíè÷åñêóþ ôîðìó 2-ãî ïîðÿäêà d2A1 ìîæíî ïðåäñòàâèòü â âèäå d2A1 =2 ω̃v +2 ω̃h,
ãäå 2ω̃v =2 ω̃iei +2 ω̃i

je
j
i +2 ω̃ik

jl e
jl
ik � âåðòèêàëüíàÿ (àííóëèðóåòñÿ ãîðèçîíòàëüíûìè âåêòî-

ðàìè 2-ãî ïîðÿäêà) âåðòèêàëüíîçíà÷íàÿ ôîðìà ñâÿçíîñòè 2-ãî ïîðÿäêà; 2ω̃h = (ωiωj)ẽij +

2(ωkωi
j − Γi

jlω
kωl)ẽjik � ãîðèçîíòàëüíàÿ (àííóëèðóåòñÿ âåðòèêàëüíûìè âåêòîðàìè 1-ãî è

2-ãî ïîðÿäêîâ) ãîðèçîíòàëüíîçíà÷íàÿ ôîðìà ñâÿçíîñòè 2-ãî ïîðÿäêà.
Êàíîíè÷åñêàÿ ôîðìà 1-ãî ïîðÿäêà íà ðàññëîåíèè êàñàòåëüíûõ ëèíåéíûõ ðåïåðîâ 2-ãî

ïîðÿäêà L2Xm èìååò âèä dA2 = ωiEi +ωi
jE

j
i +ωi

jkE
jk
i (A2 ∈ L2Xm, E =

2
e). Ãîðèçîíòàëüíûå

âåêòîðû 1-ãî ïîðÿäêà äëÿ ñâÿçíîñòè 2-ãî ïîðÿäêà èìåþò âèä Ẽi = Ei + Γl
jiE

j
l + Ll

jkiE
jk
l ,

ïðè÷åì ω̃i
jk(Ẽl) = 0. Ôîðìó dA2 ìîæíî çàïèñàòü â âèäå dA2 = ω̃v + ω̃h, ãäå ω̃v = ω̃i

jE
j
i +

ω̃i
jkE

jk
i è ω̃h = ωiẼi � âåðòèêàëüíàÿ è ãîðèçîíòàëüíàÿ ôîðìû 1-ãî ïîðÿäêà äëÿ ñâÿçíîñòè

2-ãî ïîðÿäêà.
Êàíîíè÷åñêàÿ ôîðìà d3A0 ïîðÿäêà 3 ïîëó÷àåòñÿ ïîâòîðíûì äèôôåðåíöèðîâàíèåì êà-

íîíè÷åñêîé ôîðìû dA0 = ωiεi (A0 ∈ Xm, ε =
0
e) è ïîçâîëÿåò ïîñòðîèòü ôîðìû ñâÿçíîñòè

3-ãî ïîðÿäêà. Äëÿ êîíòðàâàðèàíòíîãî çàäàíèÿ àôôèííîé ñâÿçíîñòè Γ2 = {Γi
jk, L

i
jkl} âòî-

ðîãî ïîðÿäêà, èñïîëüçóÿ óðàâíåíèÿ [2] ∆εij = ωk
ijεk + ωkεijk, ñòðîÿòñÿ ãîðèçîíòàëüíûå

âåêòîðû 3-ãî ïîðÿäêà ε̃ijk = εijk + εljΓ
l
ikεilΓ

l
jk + εlL

l
ijk ∈ T 3Xm. Åñëè èñõîäèòü èç êàñà-

òåëüíûõ âåêòîðîâ 3-ãî ïîðÿäêà ê ìíîãîîáðàçèþ Xm, òî èíâàðèàíòíîñòü ãîðèçîíòàëüíûõ
ïîäïðîñòðàíñòâ H = span(ε̃ijk) äëÿ ñâÿçíîñòè 2-ãî ïîðÿäêà îòíîñèòåëüíî äåéñòâèÿ ãðóïïû
íå òðåáóåòñÿ.
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ÃÐÓÏÏÛ ÄÈÌÅÐÎÂ ÃÐÀÔÎÂ ÊÂÀÄÐÀÒÍÛÕ ÐÅØÅÒÎÊ

ÄÌÈÒÐÈÉ ÐÎÆÊÎÂ

Â òåîðèè ãðàôîâ ïàðîñî÷åòàíèÿ èçó÷àþòñÿ îáû÷íî ñ òî÷êè çðåíèÿ ÷èñëîâûõ èíâàðèàí-
òîâ ãðàôîâ. Â ðàáîòå [1] Â.Ã.Òóðàåâ ïðåäëîæèë íîâûé ïîäõîä ê èçó÷åíèþ ïàðîñî÷åòàíèé:
ñ êàæäûì ïàðîñî÷åòàíèåì â ãðàôå îí ñâÿçàë ãðóïïó, íàçûâàåìóþ ãðóïïîé ïàðîñî÷åòàíèÿ

πA(Γ). Ãðóïïà ïàðîñî÷åòàíèÿ îòíåñåííàÿ ê ñîâåðøåííîìó ïàðîñî÷åòàíèþ, òàêæå íàçûâà-
åìîìó äèìåðíûì ïîêðûòèåì, íàçûâàåòñÿ ãðóïïîé äèìåðîâ D(Γ).
Â.Ã.Òóðàåâ ïîêàçàë, ÷òî ãðóïïà äèìåðîâ èìååò åñòåñòâåííîå îïèñàíèå íà ÿçûêå àëãåáðà-

è÷åñêîé òîïîëîãèè � îíà ìîæåò áûòü îïðåäåëåíà êàê ôóíäàìåíòàëüíàÿ ãðóïïà íåêîòîðîãî
êóáè÷åñêîãî êîìïëåêñà íåïîëîæèòåëüíîé êðèâèçíû.
Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ âîïðîñà î âîçíèêíîâåíèè ñîîòíîøåíèé â ãðóïïå äèìå-

ðîâ. Õîðîøî èçâåñòíûé ôàêò èç òåîðèè CAT(0)�ïðîñòðàíñòâ ñîñòîèò â òîì, ÷òî ïëîñêèå
òîðû â ïðîñòðàíñòâå íåïîëîæèòåëüíîé êðèâèçíû ñîîòâåòñòâóþò àáåëåâûì ïîäãðóïïàì
ôóíäàìåíòàëüíîé ãðóïïû. Áîëåå òî÷íî (ñì. [2]), åñëè X � êîìïàêòíîå ïðîñòðàíñòâî íåïî-
ëîæèòåëüíîé êðèâèçíû è π1(X) ñîäåðæèò àáåëåâó ïîäãðóïïóG ðàíãà k > 1, òîX ñîäåðæèò
âûïóêëîå ïîäìíîæåñòâî, èçîìåòðè÷íîå k � ìåðíîìó ïëîñêîìó òîðó. Äëÿ êîìïëåêñîâ äè-

ìåðîâ íåêîòîðûõ ãðàôîâ íàì óäàëîñü äàòü êîìáèíàòîðíîå îïèñàíèå òàêîãî ïîäìíîæåñòâà,
îòâå÷àþùåãî àáåëåâîé ïîäãðóïïå ðàíãà äâà.
Ãðàô êâàäðàòíîé ðåø¼òêè � ýòî ãðàô, âåðøèíû êîòîðîãî ñîîòâåòñòâóþò òî÷êàì íà

ïëîñêîñòè ñ ðàçëè÷íûìè êîîðäèíàòàìè, x-êîîðäèíàòàìè èç äèàïàçîíà 1, ..., n, y-êîîðäèíàòà-
ìè èç äèàïàçîíà 1, ...,m, è âåðøèíû êîòîðîãî ñîåäèíåíû ðåáðîì, åñëè ñîîòâåòñòâóþùèå
òî÷êè íàõîäÿòñÿ íà ðàññòîÿíèè 1. Òàêèå ãðàôû èçó÷àþòñÿ â çíà÷èòåëüíîé ñòåïåíè â ñâÿçè
ñ òî÷íî ðåøàåìûìè ìîäåëÿìè ñòàòèñòè÷åñêîé ìåõàíèêè.

Òåîðåìà. Ïóñòü Γ � ãðàô êâàäðàòíîé ðåøåòêè ñ n âåðøèíàìè ïî x è m âåðøèíàìè

ïî y. Äëÿ ëþáûõ n è m ãðóïïà äèìåðîâ D(Γ) íå ÿâëÿåòñÿ ñâîáîäíîé òîãäà è òîëüêî òî-

ãäà, êîãäà ó ãðàôà Γ ñóùåñòâóåò 5 äèìåðíûõ ïîêðûòèé A0, A1, ..., A4 è íàáîð ñêîëüæåíèé

{s1, s2, ..., s6}, óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì :

1) {(s1, s4), (s1, s5), (s1, s6), (s2, s4), (s2, s5), (s2, s6), (s3, s4), (s3, s5), (s3, s6)} � ïàðû íåçàâèñè-

ìûõ ñêîëüæåíèé,

2) A1 = s1A0, A2 = s2A1, A0 = s3A2, A3 = s4A0, A4 = s5A3, A0 = s6A4.
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ÎÒÎÁÐÀÆÅÍÈß, ÈÍÄÓÖÈÐÓÞÙÈÅ ÈÇÎÌÎÐÔÈÇÌÛ

ÏÐÎÑÒÐÀÍÑÒÂ ÑÎÁÎËÅÂÀ Ñ ÏÅÐÅÌÅÍÍÛÌ ÏÎÊÀÇÀÒÅËÅÌ

ÑÓÌÌÈÐÓÅÌÎÑÒÈ

ÀËÅÊÑÀÍÄÐ ÐÎÌÀÍÎÂ

Ðàññìîòðèì îáëàñòü G ⊂ Rn è ôóíêöèþ p : G → (1,∞). Ïðèíàäëåæíîñòü ôóíêöèè f
ïðîñòðàíñòâó Ëåáåãà ñ ïåðåìåííûì ïîêàçàòåëåì ñóììèðóåìîñòè p(x) (f ∈ Lp(·)(G)) îïðå-
äåëèì óñëîâèåì

ρp(·)(f) =

∫
G

|f(x)|p(x)dmn <∞,

à íîðìó îïðåäåëèì ðàâåíñòâîì

‖f | Lp(·)(G)‖ = inf
{
α > 0 | ρp(·)(f/α) ≤ 1

}
.

Ñîîòâåòñòâóþùåå ïðîñòðàíñòâî Ñîáîëåâà [1] îïðåäåëèì óñëîâèåì

L1
p(·)(G) = {f ∈ L1(G) | ∇f ∈ Lp(·)(G)},

à ïîëóíîðìó ðàâåíñòâîì ‖f | L1
p(·)(G)‖ = ‖∇f | Lp(·)(G)‖.

Ñî âñÿêèì èçìåðèìûì îòîáðàæåíèåì ϕ : G → G′ ñâÿæåì îïåðàòîð êîìïîçèöèè ϕ∗,
îïðåäåëÿåìûé óñëîâèåì ϕ∗f = f ◦ ϕ, ãäå f ïðèíàäëåæèò íåêîòîðîìó ôóíêöèîíàëüíîìó
êëàññó F(G′). Â îáùåì ñëó÷àå ëèíåéíûé îïåðàòîð ϕ∗ äåéñòâóåò èç F(G′) â íåêîòîðûé
êëàññ ôóíêöèé H(G).
Íàñ áóäóò èíòåðåñîâàòü óñëîâèÿ íà îòîáðàæåíèå ϕ, ïðè êîòîðûõ îïåðàòîð ϕ∗ áóäåò

èçîìîðôèçìîì ïðîñòðàíñòâ Ñîáîëåâà L1
p(·)(G

′) è L1
q(·)(G), ò.å. ñîîòâåòñòâèå áóäåò âçàèìíî

îäíîçíà÷íûì è íîðìà îïåðàòîðà ϕ∗ áóäåò îãðàíè÷åíà.
Ïîñêîëüêó îïåðàòîð êîìïîçèöèè íå ìîæåò ïîâûøàòü äàæå ëîêàëüíî ïîðÿäîê ñóììè-

ðóåìîñòè äëÿ âñåõ ôóíêöèé îäíîâðåìåííî, òî íåîáõîäèìûì òðåáîâàíèåì ñóùåñòâîâàíèÿ
èçîìîðôèçìà ÿâëÿåòñÿ óñëîâèå q(x) = p(ϕ(x)).
Òàêèì îáðàçîì áóäåì ðàññìàòðèâàòü ñèòóàöèþ, êîãäà

ϕ∗ : L1
p(·)(G

′)→ L1
p(ϕ(·))(G). (1)

Ïðåäïîëîæèì, ÷òî p(y) ≤ p+ < ∞ ïðè âñåõ y ∈ G′. Ïðè òàêîì îãðàíè÷åíèè óäàåòñÿ
äîâîëüíî ïðîñòî ïîêàçàòü, ÷òî òðåáîâàíèå êâàçèèçîìåòðè÷íîñòè (áèëèïøèöåâîñòè) îòîá-
ðàæåíèÿ ϕ ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ ñóùåñòâîâàíèÿ èçîìîðôèçìà (1). Ýòî ìîæíî äîêà-
çàòü íåïîñðåäñòâåííî îöåíèâàÿ ñîîòâåòñòâóþùèå èíòåãðàëû, íî ïðîùå èñïîëüçîâàòü àëü-
òåðíàòèâíîå îïèñàíèå ïðîñòðàíñòâà L1

p(·), îñíîâàííîå íà ëèïøèöåâîé îöåíêå ñïåöèàëüíîãî

âèäà [2].
Ñâîéñòâà ôóíêöèé èç ïðîñòðàíñòâà L1

p(·) ñóùåñòâåííûì îáðàçîì çàâèñÿò îò ðàçëè÷íûõ

õàðàêòåðèñòèê ôóíêöèè p(x). Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ óäàåòñÿ ïîêàçàòü,
÷òî òðåáîâàíèå êâàçèèçîìåòðè÷íîñòè îòîáðàæåíèÿ ϕ áóäåò è íåîõîäèìûì. Ýòî ïðåäñòàâ-
ëÿåòñÿ âïîëíå åñòåñòâåííûì, ó÷èòûâàÿ ñîîòâåòñòâóþùèå ðåçóëüòàòû äëÿ ïðîñòðàíñòâ Ñî-
áîëåâà ñ ïîñòîÿííûìè ïîêàçàòåëÿìè [3].
Ìû áóäåì ïðåäïîëàãàòü, ÷òî îáëàñòè G è G′ îãðàíè÷åíû è èìåþò ãëàäêóþ ãðàíè-

öó, à ôóíêöèÿ p(y) ÿâëÿåòñÿ ëèïøèöåâîé è n < p− ≤ p(y) ≤ p+ < ∞. Ïðè èçó÷åíèè
íåîáõîäèìîñòè îáû÷íî îñíîâíàÿ ïðîáëåìà âîçíèêàåò ñ äîêàçàòåëüñòâîì ãîìåîìîðôíîñòè
îòîáðàæåíèÿ ϕ. Â äàííîì ñëó÷àå ñ äîêàçàòåëüñòâîì íåïðåðûâíîñòè âñå ïðîñòî: ôóíêöèÿ

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ � 16-41-02004.
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f(y) = yi ïðèíàäëåæèò ïðîñòðàíñòâó L1
p(·)(G

′) ïîýòîìó êîîðäèíàòíàÿ ôóíêöèÿ îòîáðàæå-

íèÿ ϕi = f ◦ ϕ = ϕ∗f ïðèíàäëåæèò ïðîñòðàíñòâó L1
p(ϕ(·))(G). Â ñèëó òåîðåì âëîæåíèÿ

L1
p(ϕ(·))(G) ⊂ L1

p−(G) ⊂ C(G).

Ðàññìîòðèì òî÷êè y1, y2 ∈ G′ è òàêóþ òåñòîâóþ ôóíêöèþ u, ÷òî u(y1) = 0 è u(y2) = 1.
Èñïîëüçóÿ òåîðåìû âëîæåíèÿ, ìîæíî ëåãêî îöåíèòü íîðìó ôóíêöèè u ñíèçó

‖u | L1
p(·)(G)‖p− ≥

C

|y1 − y2|p−−n
.

Ýòà äîâîëüíî ãðóáàÿ îöåíêà ïîçâîëÿåò äîêàçàòü, ÷òî îòîáðàæåíèå ϕ íå ìîæåò �ñêëåèâàòü�
îáðàçû äâóõ ðàçëè÷íûõ òî÷åê è ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì.
Íåñêîëüêî áîëåå ñëîæíûå îöåíêè íîðì ñïåöèàëüíûõ òåñòîâûõ ôóíêöèé è èõ îáðàçîâ

ïîçâîëÿþò óñòàíîâèòü ëîêàëüíóþ êâàçèèçîìåòðè÷íîñòü îòîáðàæåíèÿ ϕ.
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1. Ìåòðèêà ðèìàíîâîãî ìíîãîîáðàçèÿ Mn íàçûâàåòñÿ ëîêàëüíî åâêëèäîâîé (ë.å.), åñëè
êàæäàÿ åãî òî÷êà èìååò îêðåñòíîñòü, èçîìåòðè÷íóþ íåêîòîðîìó øàðó â åâêëèäîâîì ïðî-
ñòðàíñòâå Rn ñî ñòàíäàðòíîé ìåòðèêîé. Ìèð ìíîãîîáðàçèé ñ ë.å. ìåòðèêîé î÷åíü áîãàò
è îí ê íàñòîÿùåìó âðåìåíè èçó÷åí åùå ñîâñåì ìàëî. Äîñòàòî÷íî íàïîìíèòü, ÷òî ëþáàÿ
ìíîãîãðàííàÿ ïîâåðõíîñòü ïðîèçâîëüíîé ðàçìåðíîñòè ñ ïðîêîëîòûìè âåðøèíàìè íåñåò íà
ñåáå ë.å. ìåòðèêó; íà êàæäîé äâóìåðíîé ìèíèìàëüíîé ïîâåðõíîñòè ñ íåðàâíîé íóëþ êðè-
âèçíîé K è ñ ìåòðèêîé ds2min êâàäðàòè÷íàÿ ôîðìà ds2 =

√
−Kds2min çàäàåò ë.å. ìåòðèêó.

2. Â òåîðèè èçîìåòðè÷åñêèõ ïîãðóæåíèé ë.å. ìåòðèê, â îòëè÷èå îò ìåòðèê íåíóëåâîé
êðèâèçíû, åñòü ñïåöèàëüíûé âîïðîñ îá èçîìåòðè÷åñêèõ ïîãðóæåíèÿõ ýòèõ ìåòðèê â ñòàí-
äàðòíîå åâêëèäîâîå ïðîñòðàíñòâî òîé æå ðàçìåðíîñòè (êñòàòè, àíàëîãè÷íûé âîïðîñ èìååò
ñìûñë ñòàâèòü è äëÿ ëþáûõ ìåòðèê ïîñòîÿííîé êðèâèçíû). Åñëè ìû ìîæåì èçîìåòðè÷å-
ñêè ïîãðóçèòü èëè äàæå âëîæèòü äàííóþ ë.å. ìåòðèêó â åâêëèäîâî ïðîñòðàíñòâî, òî òîãäà
ìû ìîæåì ñêàçàòü, ÷òî èìååì íàòóðàëüíîå ïðåäñòàâëåíèå ýòîé ìåòðèêè êàê ìåòðèêè îá-
ëàñòè ñ åñòåñòâåííîé åâêëèäîâîé ìåòðèêîé (íàïðèìåð, ãåîäåçè÷åñêèå ýòîé ìåòðèêè áóäóò
ïðÿìîëèíåéíûìè îòðåçêàìè â ýòîé îáëàñòè). Â äîêëàäå áóäåò ðàññêàçàíî î íåêîòîðûõ ðå-
çóëüòàòàõ, ñâÿçàííûõ ñ ýòèì êðóãîì âîïðîñîâ â ñëó÷àå ïîãðóæåíèé äâóìåðíûõ ë.å. ìåòðèê
â åâêëèäîâó ïëîñêîñòü.
3. Ñòðóêòóðà ïîâåðõíîñòåé ñ ë.å. ìåòðèêîé õîðîøî èçâåñòíà, íà÷èíàÿ ñ ïðåäïîëîæå-

íèÿ èõ C2-ãëàäêîñòè. Äëÿ ñîõðàíåíèÿ èõ àíàëîãè÷íîãî ñòðîåíèÿ â êëàññå ïîâåðõíîñòåé
C1-ãëàäêîñòè íà ýòè ïîâåðõíîñòè íóæíî àïðèîðè íàëîæèòü íåêîòîðûå äîïîëíèòåëüíûå
ãåîìåòðè÷åñêèå ïðåäïîëîæåíèÿ. Ìû äàåì àíàëèòè÷åñêîå îïèñàíèå óñëîâèé, êîòîðûå ÿâ-
ëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè äëÿ âûïîëíåíèè ýòèõ ãåîìåòðè÷åñêèõ òðåáîâàíèé.
4. Äëÿ èçîìåòðè÷åñêèõ ïîãðóæåíèé äâóìåðíûõ ìåòðèê â òðåõìåðíîå åâêëèäîâî ïðî-

ñòðàíñòâî, èçó÷åííûõ ñ äîñòàòî÷íîé ïîëíîòîé â ñëó÷àÿõ ìåòðèê ñî çíàêîïîñòîÿííîé êðè-
âèçíîé, â ñëó÷àå ë.å. ìåòðèê åñòü òîëüêî ÷àñòè÷íûå ðåçóëüòàòû. Â ÷àñòíîñòè, äîêàçàíî,
÷òî åñëè òàêàÿ ìåòðèêà äîïóñêàåò èçîìåòðè÷åñêîå ïîãðóæåíèå â äâóìåðíóþ åâêëèäîâó
ïëîñêîñòü, òî äëÿ íåå ñóùåñòâóåò èçîìåòðè÷åñêîå âëîæåíèå â R3. Â äîêëàäå áóäåò ðàñ-
ñêàçàíî îá ýòîì è äðóãèõ ñîïóòñòâóþùèõ ðåçóëüòàòàõ îá èçîìåòðè÷åñêèõ ïîãðóæåíèÿõ
ë.å. ìåòðèê. Áîëüøèíñòâî ýòèõ ðåçóëüòàòîâ îïóáëèêîâàíî â óêàçàííûõ â áèáëèîãðàôèè
ðàáîòàõ.
5. Ïîâåðõíîñòè ñ ë.å. ìåòðèêîé è çàäàííûå â âèäå ãðàôèêà ôóíêöèè z = f(x, y) ÿâëÿ-

þòñÿ ðåøåíèÿìè òðèâèàëüíîãî óðàâíåíèÿ Ìîíæà-Àìïåðà

zxxzyy − z2xy = 0. (1)

Äëÿ ðåøåíèé ýòîãî óðàâíåíèÿ ìîæíî ïîñòàâèòü âîïðîñ îá èõ ëîêàëüíîì è ãëîáàëüíîì
ïîâåäåíèè â ïðåäïîëîæåíèè íàëè÷èÿ èçîëèðîâàííûõ îñîáåííîñòåé. Îêàçûâàåòñÿ, äëÿ ëî-
êàëüíîãî ïîâåäåíèÿ ìîæíî ïîëó÷èòü íåêîòîðûå àíàëîãè ïîâåäåíèÿ ðåøåíèé ýëëèïòè÷å-
ñêèõ óðàâíåíèé. Íèæå ôîðìóëèðóþòñÿ ïîêà íåîïóáëèêîâàííûå ðåçóëüòàòû. Ïóñòü D è D0

îáîçíà÷àþò îáëàñòè x2 + y2 ≤ r è 0 < x2 + y2 ≤ r ñ äîñòàòî÷íî ìàëûìè çíà÷åíèÿìè r.

Òåîðåìà 1. Ïóñòü C1-ãëàäêàÿ íîðìàëüíàÿ ðàçâåðòûâàþùàÿñÿ ïîâåðõíîñòü z = z(x, y)
îïðåäåëåíà íàä îáëàñòüþ D0. Òîãäà ôóíêöèÿ z(x, y) íåïðåðûâíî ïðîäîëæàåòñÿ â òî÷êó
(0, 0).
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Òåîðåìà 2. Ïóñòü ðåøåíèå z(x, y) ∈ C2 óðàâíåíèÿ (1) îïðåäåëåíî íàä îáëàñòüþ D0 è
èìååò â D0 îãðàíè÷åííûå âòîðûå ïðîèçâîäíûå. Òîãäà åãî ïåðâûå ïðîèçâîäíûå íåïðåðûâíî
ïðîäîëæàþòñÿ òî÷êó â (0, 0).

Òåîðåìà 3. Ïóñòü ôóíêöèÿ z = z(x, y) ïðèíàäëåæèò êëàññó C1(D) ∩ C2(D0) è óäî-
âëåòâîðÿåò â D0 óðàâíåíèþ (1). Òîãäà ôóíêöèþ z(x, y) ìîæíî íåïðåðûâíî ïðîäîëæèòü â
ôóíêöèþ êëàññà C2(D).

Òåîðåìà 4. Åñëè íà ðàçâåðòûâàþùåéñÿ ïîâåðõíîñòè êëàññà C2 ãëàäêîñòü ïîâåðõíîñòè
â íåêîòîðîé òî÷êå îáðàçóþùåé èìååò ãëàäêîñòü êëàññà Cn, n > 2, òîãäà åå ãëàäêîñòü âî
âñåõ òî÷êàõ ýòîé îáðàçóþùåé òîæå áóäåò òîãî æå êëàññà Cn.

Ñëåäñòâèå. Ïóñòü ðåøåíèå z = z(x, y) óðàâíåíèÿ (1) ïðèíàäëåæèò â D0 êëàññó Cn, n ≥
2 è è ïóñòü îíî ïðîäîëæèìî â D êàê ôóíêöèÿ êëàññà C1. Òîãäà ôóíêöèþ z(x, y) ìîæíî
íåïðåðûâíî ïðîäîëæèòü â òî÷êó (0, 0) êàê ôóíêöèþ êëàññà Cn(D).

Â öåëîì îïðåäåëåííàÿ íàä âñåé ïëîñêîñòüþ C1-ãëàäêàÿ íîðìàëüíàÿ ðàçâåðòûâàþùàÿñÿ
ïîâåðõíîñòü z = z(x, y) ÿâëÿåòñÿ öèëèíäðîì. Î ðåøåíèÿõ óðàâíåíèÿ (1) ñ èçîëèðîâàííûìè
îñîáûìè òî÷êàìè ìîæíî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 5. Ïóñòü íà ïëîñêîñòè (x, y) çàäàíî ïðîèçâîëüíîå êîíå÷íîå ìíîæåñòâî òî÷åê
M . Òîãäà óðàâíåíèå (1) èìååò ðåøåíèÿ, îïðåäåëåííûå íà âñåé ïëîñêîñòè, ïðèíàäëåæàùèå
êëàññó C∞ âñþäó, êðîìå òî÷åê ìíîæåñòâà M , â êîòîðûõ îíè íåïðåðûâíû è ãðàôè÷åñêè
ëîêàëüíî óñòðîåíû êàê êîíè÷åñêèå ïîâåðõíîñòè ñ âåðøèíîé â ýòèõ òî÷êàõ. Ïðè íåêîòîðûõ
ñïåöèàëüíûõ ðàñïîëîæåíèÿõ ìíîæåñòâî äèñêðåòíûõ îñîáûõ òî÷åê ìîæåò áûòü è ñ÷åòíûì.

×àñòü ïðèâåäåííûõ â ýòèõ òåîðåìàõ ðåçóëüòàòîâ ïåðåñåêàåòñÿ ñ ñîîáùåííûìè ìíå â
ëè÷íîé ïåðåïèñêå ðåçóëüòàòàìè èñïàíñêèõ ìàòåìàòèêîâ Jose A. Galves è Barbara Nelli.
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ÈÍÂÀÐÈÀÍÒÍÛÅ ÏÎ×ÒÈ ÊÎÍÒÀÊÒÍÛÅ ÌÅÒÐÈ×ÅÑÊÈÅ

ÑÒÐÓÊÒÓÐÛ ÍÀ ÎÄÍÎÐÎÄÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

ßÐÎÑËÀÂÍÀ ÑËÀÂÎËÞÁÎÂÀ

Íà íå÷åòíîìåðíûõ ãðóïïàõ Ëè îáû÷íî ðàññìàòðèâàþò ëåâîèíâàðèàíòíûå ïî÷òè êîí-
òàêòíûå (êîíòàêòíûå) ìåòðè÷åñêèå ñòðóêòóðû. Â ñëó÷àå îäíîðîäíûõ ïðîñòðàíñòâ íå÷åò-
íîé ðàçìåðíîñòè òàêèå ñòðóêòóðû äîëæíû áûòü èíâàðèàíòíûìè, ò.å. ðå÷ü óæå èäåò îá
èíâàðèàíòíûõ ïî÷òè êîíòàêòíûõ (êîíòàêòíûõ) ìåòðè÷åñêèõ ñòðóêòóðàõ. Â ðàáîòå [1] Äæ.
Êàëâàðóñî ïîëó÷åíà êëàññèôèêàöèÿ èíâàðèàíòíûõ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ñòðóê-
òóð íà îäíîðîäíûõ ïðîñòðàíñòâàõ ðàçìåðíîñòè 3, à òàêæå ïðèâåäåíû íåêîòîðûå ðåçóëüòà-
òû îòíîñèòåëüíî èõ ñâîéñòâ è ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê. Öåëüþ äàííîé ðàáîòû ÿâëÿ-
åòñÿ èçó÷åíèå ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ïî÷òè K-êîíòàêòíûõ ìåòðè÷åñêèõ ñòðóêòóð
íà îäíîðîäíîì ïðîñòðàíñòâå ïðîèçâîëüíîé íå÷åòíîé ðàçìåðíîñòè.
ÏóñòüM = G/H - ãëàäêîå îäíîðîäíîå ïðîñòðàíñòâî ðàçìåðíîñòè 2n+1, ãäå G - ñâÿçíàÿ

ãðóïïà Ëè, äåéñòâóþùàÿ íà M òðàíçèòèâíî è ýôôåêòèâíî, H - ïîäãðóïïà èçîòðîïèè
ýëåìåíòà o.
Íàïîìíèì, ÷òî ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé íà M ([1]) íàçûâàåòñÿ ÷åò-

âåðêà (η, ξ, ϕ, g), ãäå η - 1-ôîðìà êëàññà C1 íà M , ξ - õàðàêòåðèñòè÷åñêîå âåêòîðíîå ïîëå
íà M , ϕ - õàðàêòåðèñòè÷åñêèé ýíäîìîðôèçì TM , è g - ðèìàíîâà ìåòðèêà íà M , óäîâëå-
òâîðÿþùàÿ ñëåäóþùèì óñëîâèÿì:

η(ξ) = 1, ϕξ = 0, η ◦ ϕ = 0,

ϕ2 = −I + η ⊗ ξ, g(X, Y ) = g(ϕX,ϕY ) + η(X)η(Y ), X, Y ∈ C1(TM).

Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà (η, ξ, ϕ, g) íàçûâàåòñÿ èíâàðèàíòíîé, åñëè 1-
ôîðìà η, õàðàêòåðèñòè÷åñêîå âåêòîðíîå ïîëå ξ, àôôèíîð ϕ è ðèìàíîâà ìåòðèêà g ÿâëÿ-
þòñÿ èíâàðèàíòíûìè îòíîñèòåëüíî äåéñòâèÿ ãðóïïû Ëè G.
Ìîæíî ïîêàçàòü, ÷òî êîãäà ïîäãðóïïà èçîòðîïèè H èìååò ÷åòíóþ ðàçìåðíîñòü, ëþáîé

èíâàðèàíòíîé ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðå íà G/H ñîîòâåòñòâóåò ëåâîèí-
âàðèàíòíàÿ ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íà ãðóïïå Ëè G ñ òî÷íîñòüþ äî
H-áèèíâàðèàíòíîé ïî÷òè ýðìèòîâîé ñòðóêòóðû íà ïîäãðóïïå H.
ßäðîì âíåøíåé 2-ôîðìû dη íà ìíîãîîáðàçèè M ([1]) íàçûâàåòñÿ ðàñïðåäåëåíèå êàñà-

òåëüíûõ ïîäïðîñòðàíñòâ:

ker dη = {X ∈ C1(TM) : dη(X, ·) = 0}.
Â ñëó÷àå èíâàðèàíòíîé ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû íà îäíîðîäíîì ïðî-

ñòðàíñòâå M ÿäðî 2-ôîðìû ker dη âñåãäà ÿâëÿåòñÿ ðåãóëÿðíûì G-èíâàðèàíòíûì ðàñïðå-
äåëåíèåì è ïîëíîñòüþ îïðåäåëÿåòñÿ ïîäïðîñòðàíñòâîì ker dηo â íà÷àëüíîé òî÷êå o.
Ïî÷òè K-êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé íàçûâàåòñÿ ïî÷òè êîíòàêòíàÿ ìåòðè÷å-

ñêàÿ ñòðóêòóðà, õàðàêòåðèñòè÷åñêîå âåêòîðíîå ïîëå êîòîðîé ÿâëÿåòñÿ êèëëèíãîâûì âåê-
òîðíûì ïîëåì îòíîñèòåëüíî ìåòðèêè g.
Äëÿ ïî÷òè K-êîíòàêòíûõ ìåòðè÷åñêèõ ñòðóêòóð ïîëó÷åí ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà. Ïóñòü íà îäíîðîäíîì ïðîñòðàíñòâå M ðàçìåðíîñòè 2n+1 çàäàíà èíâàðèàíò-
íàÿ ïî÷òèK-êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà (η, ξ, ϕ, g), r - ðàíã ÿäðà âíåøíåé 2-ôîðìû
dη è X - ïðîèçâîëüíîå âåêòîðíîå ïîëå, X 6= ξ. Òîãäà:

1. ÅñëèX ∈ C1(ker dη), òî ñåêöèîííàÿ êðèâèçíà ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóê-
òóðû â äâóìåðíîì íàïðàâëåíèè {ξ,X} ðàâíà 0 â ëþáîé òî÷êå èç M .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîãðàììû Ïðåçèäåíòà �Âåäóùèå íàó÷íûå øêîëû ÐÔ�
(ïðîåêò ÍØ-9740.2016.1).
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2. Åñëè âåêòîðíîå ïîëå X îðòîãîíàëüíî ðàñïðåäåëåíèþ ker dη, òî ñåêöèîííàÿ êðè-

âèçíà ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû â äâóìåðíîì íàïðàâëåíèè {ξ,X}
ðàâíà 1 â ëþáîé òî÷êå èç M .

3. Êðèâèçíà Ðè÷÷è â íàïðàâëåíèè õàðàêòåðèñòè÷åñêîãî âåêòîðíîãî ïîëÿ ξ ðàâíà 2n−
r + 1 â ëþáîé òî÷êå èç M .
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ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ËÅÆÀÍÄÐÀ ÊÎÍÔÎÐÌÍÎ-ÏËÎÑÊÈÕ ÌÅÒÐÈÊ
ÍÅÎÒÐÈÖÀÒÅËÜÍÎÉ ÊÐÈÂÈÇÍÛ

ÂÈÊÒÎÐ ÑËÀÂÑÊÈÉ, ÌÀÐÈß ÊÓÐÊÈÍÀ, ÅÂÃÅÍÈÉ ÐÎÄÈÎÍÎÂ

Ðàññìàòðèâàþòñÿ êîíôîðìíî-ïëîñêèå ìåòðèêè êëàññà C2 âèäà ds2 = dx2

f2(x)
îïðåäåëåííûå

íà n-ìåðíîé ñôåðå x ∈ Sn ⊂ Rn+1. Íåîòðèöàòåëüíàÿ ôóíêöèÿ f(x) ïî îäíîðîäíîñòè (òî
åñòü f(λx) ≡ λf(x), λ > 0) ïðîäîëæåíà íà âñå Rn+1, ïðåîáðàçîâàíèåì Ëåæàíäðà íàçîâåì

êîíôîðìíî-ïëîñêóþ ìåòðèêó ds2∗ =
dy2

F 2(y)
íà ñôåðå Sn ⊂ Rn+1 îïðåäåëÿåìóþ èç ðàâåíñòâ:

F (y) =
2f(x)

|∇f(x)|2
, y = x− 2f(x)∇f(x)

|∇f(x)|2
. (1)

Òåîðåìà. Ïóñòü êîíôîðìíî-ïëîñêàÿ ìåòðèêà ds2 ïðèíàäëåæèò êëàññó C2 è èìååò íåîò-
ðèöàòåëüíóþ îäíîìåðíóþ ñåêöèîííóþ êðèâèçíó, òî åñòü íåðàâåíñòâî

K1/2(x, ξ) = f(x)
d2f

dξ2
− 1

2
|∇f |2 ≥ 0, (2)

âûïîëíÿåòñÿ äëÿ ëþáîé òî÷êè x ∈ Sn ⊂ Rn+1 è ëþáîãî êàñàòåëüíîãî åäèíè÷íîãî âåêòîðà

ξ ∈ Tx(Sn), çäåñü ∇f - ãðàäèåíò ôóíêöèè f â Rn+1,
d2f

dξ2
� âòîðàÿ ïðîèçâîäíàÿ ôóíêöèè f

â Rn+1 âäîëü âåêòîðà ξ.
Ëèáî ôóíêöèÿ f(x) óäîâëåòâîðÿåò ýêâèâàëåíòíîìó ñâîéñòâó [2]:√

f(x) ≤
√
f(x1)

|x2 − x|
|x2 − x1|

+
√
f(x2)

|x− x1|
|x2 − x1|

, (3)

äëÿ ëþáûõ òðåõ òî÷åê x1, x, x2 ñôåðû. Çäåñü |b−a| � îáû÷íîå õîðäîâîå ðàññòîÿíèå ìåæäó

òî÷êàìè a è b â åâêëèäîâîì ïðîñòðàíñòâåRn+1. Òîãäà äâîéñòâåííàÿ ds2∗ =
dy2

F 2(y)
êîíôîðìíî-

ïëîñêàÿ ìåòðèêà òàêæå îáëàäàåò ñâîéñòâàìè (2), (3).

Ñâîéñòâà ìåòðèêè ds2∗ =
dy2

F 2(y)
.

• Ãëàâíûå çíà÷åíèÿ îäíîìåðíûõ ñåêöèîííûõ êðèâèçí (2) ìåòðèê ds2 è ds2∗ ñâÿçàíû
â ñîîòâåòñòâóþùèõ òî÷êàõ ðàâåíñòâàìè kik

∗
i = 1, i = 1, . . . , n;

• Ïðåîáðàçîâàíèå (1) èíâîëþòèâíî;
• Äâîéñòâåííàÿ ê êîíôîðìíî-ïëîñêîé ìåòðèêå ñ íåîòðèöàòåëüíîé îäíîìåðíîé ñåê-
öèîííîé êðèâèçíîé [2] ìîæåò áûòü îïðåäåëåíà áåç òðåáîâàíèÿ ãëàäêîñòè ìåòðèêè.
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f-ÊÂÀÇÈÌÅÒÐÈÊÈ È ÏÐÎÖÅÄÓÐÀ ρ 7→ inf ρ

ÊÎÍÑÒÀÍÒÈÍ ÑÒÎÐÎÆÓÊ

Ôóíêöèþ ρ : M × M → [0,∞) íàçûâàþò f -êâàçèìåòðèêîé, åñëè îíà óäîâëåòâîðÿåò
ñëåäóþùåìó ¾f -íåðàâåíñòâó òðåóãîëüíèêà¿ (äëÿ íåêîòîðîé íåïðåðûâíîé â íóëå ôóíêöèè
f : [0,∞)→ [0,∞), f(0) = 0):

∀x, y, z ∈M ρ(x, z) ≤ f(ρ(x, y) + ρ(y, z)).

Â ÷àñòíîñòè, ρ íàçûâàþò q-êâàçèìåòðèêîé, q ≥ 1, åñëè ρ(x, z) ≤ q · (ρ(x, y) + ρ(y, z)).
Òîïîëîãèþ ïðîñòðàíñòâà M îïðåäåëÿþò, ñ÷èòàÿ ìíîæåñòâî U îòêðûòûì, åñëè êàæäàÿ

åãî òî÷êà âõîäèò â U âìåñòå ñ íåêîòîðûì ε-øàðîì B(x, ε) = {y | ρ(x, y) < ε}.
Îïðåäåëèì ôóíêöèþ inf ρ êàê èíôèìóì äëèí ëîìàíûõ â ¾ìåòðèêå¿ ρ. Ïî-âèäèìîìó

âïåðâûå òàêóþ êîíñòðóêöèþ â öåëÿõ ìåòðèçàöèè èñïîëüçîâàëè Áèðêãîô [1] è Ôðèíê [2].
Óïîðÿäî÷åííûé íàáîð òî÷åê {z0, z1, . . . , zn−1, zn} áóäåì íàçûâàòü ëîìàíîé, ñîåäèíÿþ-

ùåé òî÷êè z0 è zn. Äëèíîé ëîìàíîé L íàçîâåì ñóììó äëèí åå çâåíüåâ: |L| =
∑n

i=1 ρ(zi−1, zi).
Ïîëîæèì

inf ρ(x, y) = inf{|L| | L � ëîìàíûå, ñîåäèíÿþùèå x, y}.
Ïðè èçìåíåíèè f -êâàçèìåòðèêè ρ íà ìåòðèêó (èëè ïñåâäîìåòðèêó) inf ρ òîïîëîãèÿ ïðî-

ñòðàíñòâà ìîæåò ïðåòåðïåòü íåîæèäàííûå èçìåíåíèÿ. Íàïðèìåð, íåêîìïàêòíîå ñ÷åòíîå
ìíîæåñòâî (M,ρ) ìîæåò ñòàòü ñõîäÿùåéñÿ ïîñëåäîâàòåëüíîñòüþ (M, inf ρ). Ìû ñòðîèì
ïîäìíîæåñòâî ïëîñêîñòè, íà êîòîðîì ïðè ëþáûõ ðàçíûõ q ≥ 1 òîïîëîãè÷åñêè ýêâèâà-
ëåíòíûå q-êâàçèìåòðèêè dq ( d � åâêëèäîâà ìåòðèêà) èíäóöèðóþò òîïîëîãè÷åñêè íåýê-
âèâàëåíòíûå ìåòðèêè Infdq. Ïðè ýòîì âñå ïðîñòðàíñòâà îêàçûâàþòñÿ ãîìåîìîðôíûìè
(ñîîòâåòñòâóþùèå ãîìåîìîðôèçìû (M, inf dα) → (M, inf dβ) � íå òîæäåñòâåííûå îòîáðà-
æåíèÿ).
Çàäà÷è î ñâÿçè ρ è inf ρ, ïîäíÿòûå â [3], ñâÿçàíû ñ èçó÷åíèåì ãåîìåòðèè èäåàëüíîé

ãðàíèöû ãèïåðáîëè÷åñêîãî ïî Ãðîìîâó ïðîñòðàíñòâà Y . Ïóñòü s0 � âåðõíÿÿ ãðàíü òàêèõ
s, ÷òî inf ρs áèëèïøèöåâî ýêâèâàëåíòíà ρ. Åñëè X = ∂∞Y , òî −(s0)2 � òàê íàçûâàåìàÿ
àñèìïòîòè÷åñêàÿ âåðõíÿÿ ãðàíèöà êðèâèçíû Y , ([3, 4, 5]). Íàøè ïðèìåðû òîæå ìîãóò
îêàçàòüñÿ ïîëåçíûìè äëÿ òîãî, ÷òîáû íàãëÿäíî ïðåäñòàâëÿòü ñåáå ñïåöèôèêó ðàññòîÿíèé
íà èäåàëüíîé ãðàíèöå ïðîñòðàíñòâà.
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ÏÀÂÅË ×ÅÐÍÈÊÎÂ

À. Â. Àðõàíãåëüñêèé [1] ñôîðìóëèðîâàë ïðîáëåìó: Îöåíèòü ìîùíîñòü ôèíàëüíî êîì-

ïàêòíîãî T1-ïðîñòðàíñòâà X ñ÷åòíîãî ïñåâäîõàðàêòåðà.
Îáîçíà÷èì ÷åðåç β ïåðâûé èçìåðèìûé êàðäèíàë. Â [1] óêàçàíî, ÷òî âåðíà

Òåîðåìà 1. Åñëè Y � òîïîëîãè÷åñêîå ïðîñòðàíñòâî òàêîå, ÷òî

1) Y ÿâëÿåòñÿ T3-ïðîñòðàíñòâîì;
2) Y ôèíàëüíî êîìïàêòíî;

3) Y èìååò ñ÷åòíûé ïñåâäîõàðàêòåð,

òî |Y | < β.

Þõàñ â [2] äîêàçàë ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Äëÿ âñÿêîãî ìíîæåñòâà X0, |X0| < β, ñóùåñòâóåò ôèíàëüíî êîìïàêòíîå

T1-ïðîñòðàíñòâî X
∗ ñ÷åòíîãî ïñåâäîõàðàêòåðà òàêîå, ÷òî |X0| < |X∗| < β.

Òàêèì îáðàçîì, âèäèì, ÷òî äëÿ ïîëíîãî ðåøåíèÿ ñôîðìóëèðîâàííîé ïðîáëåìû Àðõàí-
ãåëüñêîãî äîñòàòî÷íî äîêàçàòü, ÷òî óñëîâèå 1 â òåîðåìå 1 ìîæíî îïóñòèòü. Ýòî ñäåëàíî â
[3]. Òî÷íîñòü ïîëó÷àåìîé ïðè ýòîì îöåíêè |X| < β ñëåäóåò èç òåîðåìû 2 Þõàñà (òî÷íîñòü
â òîì ñìûñëå, ÷òî åå íåëüçÿ óìåíüøèòü).
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ðèàíòû // Óñïåõè ìàò. íàóê. 33:6, 29�84 (1978).
[2] I. Juhasz Cardinal functions in topology � ten years later. Second ed. Amsterdam: Math. Centrum, 1980.
[3] Ï.Â.×åðíèêîâ Î ìîùíîñòè ôèíàëüíîãî êîìïàêòíîãî T1-ïðîñòðàíñòâà ñ÷åòíîãî ïñåâäîõàðàêòåðà //
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ÌÈÐÀ ×ÅØÊÎÂÀ

Åñëè íà ïîâåðõíîñòè â E3 ñóùåñòâóåò çàìêíóòàÿ êðèâàÿ (äåçîðèåíòèðóþùèé êîíòóð),
îáëàäàþùàÿ òåì ñâîéñòâîì, ÷òî ïðè åå îáõîäå ëîêàëüíàÿ îðèåíòàöèÿ â êàñàòåëüíîì ïðî-
ñòðàíñòâå ìåíÿåò çíàê, òî ïîâåðõíîñòü íàçûâàåòñÿ îäíîñòîðîííåé. Ïðîñòåéøåé îäíîñòî-
ðîííåé ïîâåðõíîñòüþ ÿâëÿåòñÿ ëåíòà Ìåáèóñà. Ê îäíîñòîðîííèì ïîâåðõíîñòÿì îòíîñÿòñÿ:
ñêðåùåííûé êîëïàê, áóòûëêà Êëåéíà, ðèìñêàÿ ïîâåðõíîñòü [1-5].
Â åâêëèäîâîì ïðîñòðàíñòâå E3 ðàññìîòðèì ãëàäêóþ çàìêíóòóþ íåïëîñêóþ êðèâóþ γ,

çàäàííóþ 4π-ïåðèîäè÷åñêîé âåêòîð-ôóíêöèåé ρ = ρ(u), êîòîðàÿ íå ÿâëÿåòñÿ 2π-ïåðèîäè-
÷åñêîé è 2π-àíòèïåðèîäè÷åñêîé.
Òàê êàê ρ(u) = ρ(u+4π), òî ôóíêöèÿ s(u) = 1

2
(ρ(u)+ρ(u+2π)), åñòü 2π-ïåðèîäè÷åñêàÿ, à

âåêòîð-ôóíêöèÿ l(u) = 1
2
(ρ(u)−ρ(u+2π)) åñòü 2π-àíòèïåðèîäè÷åñêàÿ ôóíêöèÿ. Ñ ïîìîùüþ

ýòèõ ôóíêöèé ïîñòðîèì ïðèìåðû îäíîñòîðîííèõ ïîâåðõíîñòåé.
Îïðåäåëèì ïîâåðõíîñòü M óðàâíåíèåì

(1) r(u, v) = s(u) + vl(u), u = [−π, π], v = [−1, 1].

Òåîðåìà 1. Ïîâåðõíîñòü M åñòü ìîäåëü ëåíòû Ìåáèóñà, äëÿ êîòîðîé êðèâàÿ ρ = ρ(u)
ÿâëÿåòñÿ êðàåì.

Äåçîðèåíòèðóþùèé êîíòóð ïîâåðõíîñòè M (ñðåäíÿÿ ëèíèÿ) èìååò âèä r(u, 0) = s(u).
Ðàññìîòðèì çàìêíóòóþ ïîâåðõíîñòü K:

(2) r(u, v) = (p+ cos(v))s(u) + sin(v)l(u), p 6= ∓1, u = [−π, π], v = [−π, π].
Òåîðåìà 2. Ôîðìóëà (2) îïðåäåëÿåò ìîäåëü áóòûëêè Êëåéíà.

Ïîâåðõíîñòü K èìååò äâà äåçîðèåíòèðóþùèõ êîíòóðà:

r(u, 0) = (p+ 1)s(u), r(u, π) = (p− 1)s(u).

Ðàçðåæåì K âäîëü êðèâîé r = r(u, v0), u = [−2π, 2π], v0 6= 0,∓π. Ïîëó÷èì äâå ëåíòû
Ìåáèóñà ñî ñðåäíèìè ëèíèÿìè r(u, 0) = (p + 1)s(u), r(u, π) = (p − 1)s(u). Ïîâåðõíîñòü
Êëåéíà K ìîæíî ïîëó÷èòü �ñêëåèâ� äâå ëåíòû Ìåáèóñà ïî êðàþ r = r(u, v0).
Åñëè p+1 = 0 (p− 1 = 0), òî ñðåäíÿÿ ëèíèÿ S : r = (p+1)s(v)(S∗ : r(π, v) = (p− 1)s(v))

âûðîæäàåòñÿ â òî÷êó. Îäíà èç ëåíò Ìåáèóñà âûðîæäàåòñÿ â êîíóñ, ãîìåîìîðôíûé ñôåðå
ñ äûðîé. Ïîâåðõíîñòü (2) â ýòîì ñëó÷àå ãîìåîìîðôíà ñôåðå ñ äûðîé, çàêëååííîé ëèñòîì
Ìåáèóñà. Èìååì ìîäåëü ïðîåêòèâíîé ïëîñêîñòè [5, ñòð. 25].
Ðàññìîòðèì çàìêíóòóþ ïîâåðõíîñòü P :

(3) r(u, v) = (1 + cos(v))s(u) + sin(v)l(u), u = [−π, π], v = [−π, π].

Òåîðåìà 3. Ôîðìóëà (3) îïðåäåëÿåò ìîäåëü ïðîåêòèâíîé ïëîñêîñòè P .

Ëîêàëüíî òðèâèàëüíîå ðàññëîåíèå ψ = (E, π,B), ãäå B � áàçà, E � òîòàëüíîå ïðîñòðàí-
ñòâî, π � ïðîåêöèÿ, íàçûâàåòñÿ k-ëèñòíûì íàêðûòèåì, åñëè ñëîé π−1(b), b ∈ B ñîñòîèò èç
k òî÷åê. Òîòàëüíîå ïðîñòðàíñòâî E íàçûâàåòñÿ ïðîñòðàíñòâîì íàêðûòèÿ [6, c. 34]. Âñÿ-
êàÿ îäíîñòîðîííÿÿ ïîâåðõíîñòü èìååò â êà÷åñòâå äâóëèñòíîé íàêðûâàþùåé íåêîòîðóþ
äâóñòîðîííþþ ïîâåðõíîñòü.
Ðàññìîòðèì ëåíòó Ìåáèóñà M (1)è öèëèíäð Z:

r∗(u∗, v∗) = e(u∗) + v∗k, e(u∗) = (cos(u∗), sin(u∗), 0), k = (0, 0, 1), u∗ = [−π, π], v∗ = [−1, 1].
Ñîîòâåòñòâèå ìåæäó òî÷êàìè ëåíòû Ìåáèóñà M è öèëèíäðà Z óñòàíîâèì ïî ïðèíöèïó

ðàâåíñòâà êîîðäèíàò u∗ = u/2, v∗ = v. Òàê êàê s(u0 + 2π) = s(u0), l(u0 + 2π) = −l(u0), òî
80
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êîîðäèíàòû (u0, v0), (u0 + 2π,−v0) îïðåäåëÿþò îäíó òî÷êó ëåíòû Ìåáèóñà M è äâå òî÷êè
öèëèíäðà Z: r∗(u0, v0) = e(u0/2) + v0k, r

∗(u0 + 2π,−v0) = e((u0 + 2π)/2)− v0k.
Ñðåäíåé ëèíèè ëåíòû Ìåáèóñà v = 0 (äåçîðåíòèðóþùèé êîíòóð ëåíòû Ìåáèóñà) íà

öèëèíäðå ñîîòâåòñòâóåò ñðåäíÿÿ îêðóæíîñòü ñ öåíòðîì O(0, 0, 0). À òàê êàê e((u+2π)/2) =
−e(u/2), r∗(u0, v0) = e(u0/2)+v0k, r

∗(u0+2π,−v0) = −r∗(u0, v0), òî òî÷êè r∗(u0, v0), r∗(u0+
2π,−v0) ñèììåòðè÷íû îòíîñèòåëüíî öåíòðà O(0, 0, 0) ýòîé îêðóæíîñòè.

Óòâåðæäåíèå 1. Öèëèíäð Z äâóëèñòíî íàêðûâàåò ëåíòó ÌåáèóñàM . Òî÷êå ëåíòûM
ñîîòâåòñòâóþò äâå òî÷êè öèëèíäðà Z, ñèììåòðè÷íûå îòíîñèòåëüíî öåíòðà O(0, 0, 0).
Ðàññìîòðèì áóòûëêó Êëåéíà K (2), òîð T : r∗(u∗, v∗) = (p + cos(v∗)) e(u∗) + sin(v∗)k,

e(u∗) = (cos(u∗), sin(u∗), 0), k = (0, 0, 1), u∗ = [−π, π], v∗ = [−π, π] è ñîîòâåòñòâèå u∗ =
u/2, v∗ = v.
Ëèíèÿì v = 0, v = π (äåçîðåíòèðóþùèå êîíòóðû áóòûëêè Êëåéíà) íà òîðå ñîîòâåòñòâó-

þò îêðóæíîñòè r∗(u∗, 0) = (p+ 1)e(u∗), r∗(u∗, π) = (p− 1)e(u∗) ñ îáøèì öåíòðîì O(0, 0, 0).
Òîãäà òî÷êè r∗(u0, v0) = (p+ cos(v0)) e(u0/2) + sin(v0)k, r

∗(u0 + 2π,−v0) = −r∗(u0, v0) ñèì-
ìåòðè÷íû îòíîñèòåëüíî îáùåãî öåíòðà O(0, 0, 0).

Óòâåðæäåíèå 2. Òîð T äâóëèñòíî íàêðûâàåò áóòûëêó Êëåéíà K. Òî÷êå áóòûëêè
Êëåéíà K ñîîòâåòñòâóþò äâå òî÷êè òîðà T , ñèììåòðè÷íûå îòíîñèòåëüíî öåíòðà O.
Ðàññìîòðèì ïðîåêòèâíóþ ïëîñêîñòü P (3), ñôåðó S:

r∗(u∗, v∗) = cos(v∗)e(u∗) + sin(v∗)k, e(u∗) = (cos(u∗), sin(u∗), 0),

ãäå k = (0, 0, 1), u∗ = [−π, π], v∗ = [−π, π] è ñîîòâåòñòâèå u∗ = u/2, v∗ = v.
Êîîðäèíàòû (u0, v0), (u0 + 2π,−v0) îïðåäåëÿþò îäíó òî÷êó ïðîåêòèâíîé ïëîñêîñòè P è

äâå òî÷êè ñôåðû S, ñèììåòðè÷íûå îòíîñèòåëüíî öåíòðà.

Óòâåðæäåíèå 3. Ñôåðà S äâóëèñòíî íàêðûâàåò ïðîåêòèâíóþ ïëîñêîñòü P . Òî÷êå
ïðîåêòèâíîé ïëîñêîñòè P ñîîòâåòñòâóþò äâå òî÷êè ñôåðû S, ñèììåòðè÷íûå îòíîñè-
òåëüíî öåíòðà.

Ïðèìåð. Ïîñòðîèì ïðèìåð íàêðûòèÿ ïðîåêòèâíîé ïëîñêîñòè P ñôåðîé S (ðèñ. 1).
Ïîëîæèì s(u) = (cos(u), sin(u), 0), l(u) = (sin(u/2), 0, cos(u/2)). Ïîâåðõíîñòü P åñòü ñêðå-
ùåííûé êîëïàê.
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Ðèñ. 1. Ñêðåùåííûé êîëïàê è ñôåðà
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ÂÅÊÒÎÐÍÎÅ ÐÀÑÑËÎÅÍÈÅ ÄÈÔÔÅÐÅÍÖÈÀËÎÂ ÏÐÈÌÀ
ÍÀÄ ÏÐÎÑÒÐÀÍÑÒÂÀÌÈ ÒÅÉÕÌÞËËÅÐÀ

ÏÎÂÅÐÕÍÎÑÒÅÉ Ñ ÏÐÎÊÎËÀÌÈ

ÂÈÊÒÎÐ ×ÓÅØÅÂ

Òåîðèÿ ôóíêöèé íà êîìïàêòíûõ ðèìàíîâûõ ïîâåðõíîñòÿõ ñóùåñòâåííî îòëè÷àåòñÿ îò
òåîðèè ôóíêöèé íà êîíå÷íûõ ðèìàíîâûõ ïîâåðõíîñòÿõ äàæå äëÿ êëàññà àáåëåâûõ ( îä-
íîçíà÷íûõ) äèôôåðåíöèàëîâ. Ïóñòü F � ôèêñèðîâàííàÿ ãëàäêàÿ êîìïàêòíàÿ îðèåíòèðî-
âàííàÿ ïîâåðõíîñòü ðîäà g ≥ 2, ñ îòìå÷àíèåì {ak, bk}gk=1 äëÿ π1(F ), à F0 � êîìïàêòíàÿ
ðèìàíîâà ïîâåðõíîñòü ñ ôèêñèðîâàííîé êîìïëåêñíî-àíàëèòè÷åñêîé ñòðóêòóðîé íà F. Çà-
ôèêñèðóåì ðàçëè÷íûå òî÷êè P1, . . . , Pn ∈ F. Ïóñòü F ′ = F\{P1, . . . , Pn} � ïîâåðõíîñòü
òèïà (g, n), n ≥ 1, g ≥ 2, è Γ′ � ôóêñîâà ãðóïïà ïåðâîãî ðîäà, èíâàðèàíòíî äåéñòâóþùàÿ
â êðóãå U = {z ∈ C : |z| < 1} è F ′0 = U/Γ′. Ëþáàÿ äðóãàÿ êîìïëåêñíî-àíàëèòè÷åñêàÿ
ñòðóêòóðà íà F ′ çàäàåòñÿ íåêîòîðûì äèôôåðåíöèàëîì Áåëüòðàìè µ íà F ′0, ò. å. âûðàæå-
íèåì âèäà µ(z)dz/dz, êîòîðîå èíâàðèàíòíî îòíîñèòåëüíî âûáîðà ëîêàëüíîãî ïàðàìåòðà íà
F ′0, ãäå µ(z) � êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ íà F ′0. Ýòó ñòðóêòóðó íà F

′ áóäåì îáîçíà÷àòü
÷åðåç F ′µ. (ρ, q)-äèôôåðåíöèàëîì Ïðèìà îòíîñèòåëüíî ôóêñîâîé ãðóïïû Γ′ íàçûâàåòñÿ
äèôôåðåíöèàë ω(z)dzq òàêîé, ÷òî ω(Tz)(T ′z)q = ρ(T )ω(z), z ∈ U, T ∈ Γ′. Äèâèçîðîì íà Fµ
íàçîâåì ôîðìàëüíîå ïðîèçâåäåíèå D = P n1

1 . . . P nk
k , Pj ∈ Fµ, nj ∈ Z, j = 1, . . . , k.

Îáîçíà÷èì ÷åðåç Ωq
ρ(

1
Q
α1
1 ···Q

αs
s

;Fµ) âåêòîðíîå ïðîñòðàíñòâî, ñîñòîÿùåå èç (ρ, q)-äèôôåðåí-

öèàëîâ êðàòíûõ äèâèçîðó 1
Q
α1
1 ···Q

αs
s
, ãäå αj ≥ 1, αj ∈ N, j = 1, . . . , s, s ≥ 1, q ≥ 1, q ∈ N, à

÷åðåç Ωq
ρ(1;Fµ) � âåêòîðíîå ïîäïðîñòðàíñòâî ãîëîìîðôíûõ (ρ, q)-äèôôåðåíöèàëîâ íà Fµ.

Çäåñü äèâèçîð Q1 . . . Qs íà Fµ ïîíèìàåòñÿ, êàê ïîñòîÿííûé íàáîð òî÷åê íà ïîâåðõíîñòè F
íàä ïðîñòðàíñòâîì Òåéõìþëëåðà Tg.
Òåîðåìà 1. Âåêòîðíîå ðàññëîåíèå ∪Ωq

ρ(
1

Q
α1
1 ···Q

αs
s

;Fµ)/Ωq
ρ(1;Fµ) íàä Tg× (Hom(Γ,C∗)\1)

ïðè q > 1 (íàä Tg × (Hom(Γ,C∗)\Lg) ïðè q = 1) áóäåò ãîëîìîðôíûì âåêòîðíûì ðàññëîå-
íèåì ðàíãà α1 + · · ·+ αs, ïðè÷åì íàáîð êëàññîâ ñìåæíîñòè (ρ, q)-äèôôåðåíöèàëîâ

τ
(1)
ρ,q;Q1

, . . . , τ
(α1)
ρ,q;Q1

, . . . , τ
(1)
ρ,q;Qs

, . . . , τ
(αs)
ρ,q;Qs

,

� áàçèñ ëîêàëüíî ãîëîìîðôíûõ ñå÷åíèé ýòîãî ðàññëîåíèÿ.

Ëåììà. Äëÿ ëþáîãî äèâèçîðà P k1
1 ·. . .·P kn

n , kj ≥ 0, j = 1, ..., n, q > 1 è ëþáîãî ρ (èëè q = 1
è ñóùåñòâåííîãî õàðàêòåðà ρ) íà Fµ, ñóùåñòâóåò äèôôåðåíöèàë ω̃ ∈ Ωq

ρ(
1

P
k1
1 ·...·P

kn
n

, Fµ) ñ

äèâèçîðîì (ω̃) = R1,...,RN

P
k1
1 ·...·P

kn
n

, ãäå Rj 6= Pl, l = 1, ..., n, j = 1, ..., N, N = (2g− 2)q+ k1 + . . .+ kn,

è ñ ëþáûìè çàäàííûìè ãëàâíûìè ÷àñòÿìè ðÿäîâ Ëîðàíà â òî÷êàõ Pj, j = 1, ..., n, äëÿ åãî
âåòâåé. Ýòîò äèôôåðåíöèàë ëîêàëüíî ãîëîìîðôíî çàâèñèò îò ìîäóëåé [µ] ïîâåðõíîñòè
Fµ è õàðàêòåðà ρ.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî õàðàêòåð ρ′ íà Γ′ òàêîé, ÷òî ρ′(γj) = 1, j =
1, ..., n, ò. å. ρ′ = ρ ∈ Hom(Γ,C∗). Ðàññìîòðèì äèàãðàììó

E ′ = ∪
Ωq
ρ(

1
Q
α1
1 ...Qαss

, F ′µ) ∩M1

Ωq
ρ(1, F ′µ) ∩M1

→ ∪
Ωq
ρ(

1
Q
α1
1 ...Qαss

, Fµ)

Ωq
ρ(1, Fµ)

= E

↓ ↓ (1)

Tg,n ×Hom(Γ′,C∗)\1→ Tg ×Hom(Γ,C∗)\1.

Ðàáîòà ïîääåðæàíà Ðîññèéñêèì Ôîíäîì Ôóíäàìåíòàëüíûõ Èññëåäîâàíèé (ãðàíò 15-01-07906).
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Òåîðåìà 2. Äèàãðàììà (1) ÿâëÿåòñÿ êîììóòàòèâíîé äèàãðàììîé èç ãîëîìîðôíûõ
âåêòîðíûõ ðàññëîåíèé, ó êîòîðûõ ñîîòâåòñòâóþùèå ñëîè èçîìîðôíû, è ãîëîìîðôíûõ
n!-ëèñòíûõ îòîáðàæåíèé íàä áàçàìè ñîñòîÿùèìè èç ïðîèçâåäåíèÿ ïðîñòðàíñòâà Òåéõ-
ìþëëåðà ëèáî íà Hom(Γ,C∗)\1 ïðè q > 1, ëèáî íà Hom(Γ,C∗) \ Lg ïðè q = 1.
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ÃÐÀÔÈÊÈ ÐÅØÅÍÈÉ ÍÅÑÊÎËÜÊÈÕ ÍÅËÈÍÅÉÍÛÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÍÀÄÅÆÄÀ ×ÓÅØÅÂÀ

Óðàâíåíèå Êîðòåâåãà-äå Ôðèçà ÿâëÿåòñÿ íåëèíåéíûì óðàâíåíèåì òðåòüåãî ïîðÿäêà

P1u ≡ ut + uxxx + 6 u · ux = 0.

Îäíèì èç òî÷íûõ ðåøåíèé ýòîãî óðàâíåíèÿ áóäåò ôóíêöèÿ

u(x, t) =
1

6
· 8 · b

3 − c

b
− 2 · b2 · tanh2 (a+ bx+ ct) . (1)

Ïðè b = 1, c = 2, a = −1
2
ln
√
2+1√
2−1 , y = x + 2t ãðàôèê ôóíêöèè u(y) èçîáðàæåí íà ðèñóíêå

1. Ïðè b = 1, c = 2, a = −1
2
ln
√
2+1√
2−1 ãðàôèê ôóíêöèè (1) èçîáðàæåí íà ðèñóíêå 2.

Ëèíåàðèçîâàííûì óðàâíåíèåì Êîðòåâåãà-äå Ôðèçà ÿâëÿåòñÿ óðàâíåíèå

P2u ≡ ut + uxxx = 0.

Âåùåñòâåííûì ðåøåíèåì ýòîãî óðàâíåíèÿ áóäåò ôóíêöèÿ

u(x, t) = be−t · e−
x
2

(
sin

√
3

2
x+
√
3 cos

√
3

2
x

)
= u1(t)u2(x).

Ãðàôèê ôóíêöèè u2(x) èçîáðàæåí íà ðèñóíêå 3.

Äëÿ óðàâíåíèÿ Êîðòåâåãà-äå-Ôðèçà ïÿòîãî ïîðÿäêà [1]

ut − uxxxxx + c1 (u3)x + c2
(
(ux)

2)
x
+ c3 (u uxx)x = 0

òî÷íûì ðåøåíèåì [3] ïðè: c2 = −1, c1 = c3 = 1 áóäåò âåùåñòâåííàÿ ôóíêöèÿ:

u(x, t) = 8b2 − 12b2 tanh2
(
−a− bx+ 16b5t

)
,

ãäå ïîñòîÿííûå a, b ∈ R. Íàïðèìåð, ïðè b = 1, y = −x+ 16t, a = 1
2
· ln
(
√
3+
√
2√√

3−
√
2

)
ãðàôèê ôóíêöèè z = u(y) = 8− 12 tanh2(−a+ y) � íà ðèñóíêå 4,
ãðàôèê ôóíêöèè z = u(x, t) = 8− 12 tanh2(−a− x+ 16t) � íà ðèñóíêå 5.

Ïðè íàëè÷èè äèññèïàöèè óðàâíåíèå Êîðòåâåãà-äå Ôðèçà ïåðåõîäèò â óðàâíåíèå Áþðãåðñà-
Êîðòåâåãà-äå Ôðèçà, èìåþùåå âèä P2u ≡ ut + uxxx + 6 u · ux − auxx = 0. Òî÷íîå ðåøåíèå
ýòîãî óðàâíåíèÿ

u(x, t) =
1

150
· 3a

3 − 250c3
a

− 1

25
·a2 ·tanh

(
c1 +

1

10
ax+ c3t

)
− 1

50
·a2 ·tanh2

(
c1 +

1

10
ax+ c3t

)
.

Ïóñòü a = 1, y = c1 + 0, 1x+ c3t, c3 =
4

250
, .

Òîãäà ãðàôèê ôóíêöèè z = u1(y) = 150u(y) = −1− 6 tanh(y)− 3 tanh2(y) � íà ðèñóíêå 6.
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Â äâóìåðíîé ãåîìåòðèè îáîáùåíèåì óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ÿâëÿåòñÿ óðàâíåíèå
Êàäîìöåâà-Ïåòâèàøâèëè P3u ≡ ∂

∂x
(ut + uxxx + 6u · ux) − a · uyy = 0, a = ±1. Îäíèì èç

òî÷íûõ ðåøåíèé ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ôóíêöèÿ

u(x, t, y) =
1

6
· −c3c2 + ac24 + 8c42

c22
− 2 · c22 · tanh2 (c1 + c2x+ c3t+ c4y) .

Ïðè z = c2x + c3t + c4y, c1 = −1
2
ln
√
2+1√
2−1 , c2 = c4 = 1. Ëèáî , a = 1, c3 = 3, ëèáî

a = −1, c3 = 1, ãðàôèê ðåøåíèÿ u(z) � ðèñóíîê 1.
Âòîðîå óðàâíåíèå Êàäîìöåâà-Ïåòâèàøâèëè

3

4
uyy =

∂

∂x

(
ut +

3

2
uux −

1

4
uxxx

)
Îáùèì ðåøåíèåì ýòîãî óðàâíåíèÿ áóäåò ôóíêöèÿ

u(x, t, y) = −1

6
· −3c

2
3 + 8c42 + 4c4c2

c22
+ 2c22 tanh

2 (c1 + c2x+ c3y + c4t) ,

ãäå ïîñòîÿííûå c1, c2, c3, c4 ∈ R. Íàïðèìåð, ïðè c2 = c3 = c4 = 1, z = x + y + t, c1 =

−1
2
· ln
(√

4+
√
3√

4−
√
3

)
ãðàôèê ôóíêöèè z = u(z) = −3

2
+ 2 tanh2(c1 + z) � íà ðèñóíêå 7, ïðè

c2 = 1, c3 = −1, c4 = 0, c1 = −1
2
· ln
(√

12+
√
5√

12−
√
5

)
ãðàôèê ôóíêöèè u(x, y) � íà ðèñóíêå 8,

ïðè c2 = 1, c3 = 1, c4 = 0, c1 = −1
2
· ln
(√

12+
√
5√

12−
√
5

)
ãðàôèê ôóíêöèè u(x, y) � íà ðèñóíêå 9,

Òî÷íûì ðåøåíèåì òðåòüåãî óðàâíåíèÿ Êàäîìöåâà-Ïåòâèàøâèëè:

P4u ≡ 12 · uxt − 6 · u2
xx − uxxxx − uyy = 0

ÿâëÿåòñÿ ôóíêöèÿ u(x, t, y) = c5 + ln
(
c1 + c2x+ 1

12
· c

2
4

c2
t+ c4y

)
.
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Î ÏÎËÓÃÎËÎÍÎÌÍÎÑÒÈ ÃÐÓÏÏÛ ËÈ

È ÏÀÐÀËËÅËÈÇÓÅÌÎÃÎ ÌÍÎÃÎÎÁÐÀÇÈß

ÞÐÈÉ ØÅÂ×ÅÍÊÎ

Ðàññìîòðèì ñòðóêòóðíûå óðàâíåíèÿ r-ìåðíîãî ïàðàëëåëèçóåìîãî ìíîãîîáðàçèÿ Pr

(1) dωi = Ci
jkω

j ∧ ωk (i, ... = 1, r), Ci
(jk) = 0, Ci

jk 6= const.

Ïðîäèôôåðåíöèðóåì óðàâíåíèÿ (11) âíåøíèì îáðàçîì

[dCi
jk + (Ci

mkC
m
lj + Ci

jmC
m
lk )ω

l] ∧ ωj ∧ ωk = 0.

Âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ èìååò âèä

(2) dCi
jk + (Ci

mkC
m
lj + Ci

jmC
m
lk )ω

l = Ci
jklω

l,

ïðè÷åì Ci
(jk)l = 0, Ci

{jkl} = 0. Óðàâíåíèÿ (2) äàþò:

dCi
jk |ωl=0= 0, Ci

jk |ωl=0= const, Ci
jk = Ci

jk(x), x ∈ Pr.

Åñëè Ci
jk = const, òî èç óðàâíåíèé (2) ñëåäóåò

Ci
jkl = Ci

mkC
m
lj + Ci

jmC
m
lk ,

îòêóäà ñ ïîìîùüþ öèêëèðîâàíèÿ ïîëó÷èì òîæäåñòâà ßêîáè Ci
m{jC

m
kl} = 0.

Çàïèøåì óðàâíåíèÿ (11) â âèäå ñòðóêòóðíûõ óðàâíåíèé ãëàäêîãî ìíîãîîáðàçèÿ

(3) dωi = ωj ∧ ωi
j, ωi

j = Ci
jkω

k.

Òîãäà óðàâíåíèÿ (2) ïðåäñòàâèì èíà÷å

dCi
jk − Ci

lkω
l
j − Ci

jlω
l
k = Ci

jklω
l.

Âíåøíèå äèôôåðåíöèàëû ôîðì (32) èìåþò âèä

dωi
j = ωk

j ∧ ωi
k + ωk ∧ ωi

jk, ωi
jk = −Ci

jklω
l ⇒ ωi

[jk] = −Ci
jklω

l.

Ðåçóëüòàòû:

1) àíòèñèììåòðè÷íûå êîýôôèöèåíòû Ci
jk â ñòðóêòóðíûõ óðàâíåíèÿõ (11) ïàðàëëåëèçó-

åìîãî ìíîãîîáðàçèÿ Pr ÿâëÿþòñÿ àáñîëþòíûìè èíâàðèàíòàìè;
2) àáñîëþòíûå èíâàðèàíòû Ci

jk ìíîãîîáðàçèÿ Pr, âîîáùå ãîâîðÿ, íå óäîâëåòâîðÿþò òîæ-
äåñòâàì ßêîáè;
3) åñëè Ci

jk = const, òî ìíîãîîáðàçèå Pr âûðîæäàåòñÿ â ãðóïïó Ëè Gr, ïðè÷åì ïîñòîÿí-

íûå Ci
jk óäîâëåòâîðÿþò òîæäåñòâàì ßêîáè;

4) àáñîëþòíûå èíâàðèàíòû Ci
jk ìíîãîîáðàçèÿ Pr, â ÷àñòíîñòè ïîñòîÿííûå ãðóïïû Ëè

Gr, îáðàçóþò r äâóõâàëåíòíûõ òåíçîðîâ Ci = {Ci
jk};

5) ïàðàëëåëèçóåìîå ìíîãîîáðàçèå Pr è ãðóïïà Ëè Gr ÿâëÿþòñÿ â îáùåì ñëó÷àå ïîëóãî-
ëîíîìíûìè ãëàäêèìè ìíîãîîáðàçèÿìè;
6) ïðè âûïîëíåíèè óñëîâèÿ Ci

jkl = 0 ìíîãîîáðàçèå Pr òðèâèàëüíî, äëÿ ãðóïïû Gr ýòî

óñëîâèå ïðèíèìàåò âèä Ci
mjC

m
kl = 0.

Áàëòèéñêèé ôåäåðàëüíûé óíèâåðñèòåò èìåíè Èììàíóèëà Êàíòà , óë. À. Íåâñêîãî, 14,
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INTEGRABLE MAGNETIC GEODESIC FLOWS ON 2-TORUS:
NEW EXAMPLES VIA QUASI-LINEAR SYSTEM OF PDES

SERGEY AGAPOV, MISHA BIALY, ANDREY MIRONOV

Many questions related to integrability of magnetic flows have been considered in the liter-
ature ( [1], [3], [4], [6]). The following, is the only known example of polynomially integrable
magnetic geodesic flows on 2-torus with non-zero magnetic field:

Example. Let the Riemannian metric be of the form ds2 = Λ(y)(dx2 + dy2), and the
magnetic form ω = −u′(y)dx ∧ dy. Then the magnetic geodesic flow is integrable and the first
integral is linear in momenta: F1 = p1 + u(y).

It is plausible that there are no other examples of integrable magnetic flows on all energy
levels on the 2-torus.

It is natural to restrict our question to one energy level where few other explicit examples with
quadratic in momenta integrals can be constructed via Maupertuis principle ( [5]). We have
proved recently that the problem can be reduced to a remarkable semi-Hamiltonian system
of quasi-linear PDEs and to the question of existence of smooth periodic solutions for this
system( [2]). Our main result states that any Liouville metric with zero magnetic field on the
2-torus can be analytically deformed to a Riemannian metric with small magnetic field so that
the magnetic geodesic flow on an energy level is integrable by means of a quadratic in momenta
integral. Namely, the following theorem holds true.

Theorem. There exist real analytic Riemannian metrics on the 2-torus which are arbitrary
close to the Liouville metrics (and different from them) and a non-zero analytic magnetic fields
such that magnetic geodesic flows on the energy level {H = 1

2
} have polynomial in momenta

first integral of degree two.

Thus our construction gives new examples of smooth periodic solution to the semi-Hamiltonian
(Rich) quasi-linear system of PDEs.
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A NEW METHOD TO DISTINGUISH LEGENDRIAN KNOTS

IVAN DYNNIKOV

The talk is based on a joint work with Maxim Prasolov. We have shown recently that any
isotopy class of a Giroux’s convex surface can be presented by what we call a rectangular
diagram of a surface. This applies simultaneously to two contact structures in the three-sphere,
the standard one and its mirror image. We show that Giroux’s convexity classes of a surface
with respect to these contact structures are in a sense independent. This allows us to prove
that certain isotopy classes of curves on a Seifert surface of a given Legendrian knot cannot be
realized as a dividing set of a convex surface. If they are realized for another Legendrian knot
having the same topological type, we can conclude that the Legendrian types of the knots are
distinct.

Steklov Mathematical Insistute, Gubkina str., 8, Moscow, 119991, Russia
E-mail address: dynnikov@mech.math.msu.su

88



BRAID GROUPS, GROUPS Gk
n AND IMAGINARY GENERATORS

VASSILY MANTUROV

In 2015, the author initiated the study of groups denoted by Gk
n, depending on two natural

parameters, n and k, and formulated the main principle:
if a dynamical system describing a motion of n particles, is in general position with respect

to some nice property governed by k particles, then it has topological invariants valued in Gk
n.

The main examples calculated in 2015 by the author jointly with I.M.Nikonov led to ho-
momorphisms from the pure n-strand braid groups to G3

n and G4
n with nice properties being

“three points are collinear” and “four points belong to the same circle or line” respectively.
One of the main features of the groups Gk

n is the existence of various “local invariants” of
letters in words: in the standard presentation of Gk

n, with each letter, one can associate indices;
as long as the letter persists in the word, the indices remain the same and two letters can not
be cancelled by a relation unless their indices coincide.

It turns out that usual Artin presentation of the braid group is “of the G2
n nature” with

resepct to the property “two points belong to the same vertical line”. On the other hand, the
same braid can be written in another way in the G3

n language; we can think of a vertcial line
as a line passing through a fixed infinite point.

This allows one to treat Artin’s braid-words as parts of larger words and to “read between
letters”.

We call this the “imaginary generators” phenomenon.
Algebraically, this leads to an monomorphism from the Artin (pure) braid group to a larger

group defined by splicing new generators in such a way that the composition of the constructed
monomorphism with the obvious projection (deletion of the new generators) is the identity
map.

This allows one to discover various new properties of Artin’s braid-words coming from larger
groups. In particular, one can construct local invariants of classical crossings of Artin’s braid
groups coming from the Gk

n-nature of larger groups.
The easiest application of the theory gives easy-to-calculate obstructions for two crossings of

a braid to get cancelled when applying Reidemeister moves.
The latter work is partially joint with Seongjeong Kim.

Bauman Moscow State Technical University, Baumanskaya 2-ya st., 5, Moscow, 105005, Rus-
sia

E-mail address: vomanturov@yandex.ru
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ON ONE-POINT COMMUTING DIFFERENCE OPERATORS
OF RANK ONE

GULNARA MAULESHOVA, ANDREY MIRONOV

We study one-point difference commuting operators of rank one. The coefficients of these
operators depend on a functional parameter, shift operators being included only with positive
powers. We study these operators in the case of hyperelliptic spectral curve when the marked
point coincides with the branch point. We construct examples of operators with polynomial
and trigonometric coefficients. Moreover, difference operators with polynomial coefficients can
be embedded in the differential ones with polynomial coefficients. This construction provides
a new way of constructing commutative subalgebras in the first Weyl algebra.

Novosibirsk state university, Pirogova st., 2, Novosibirsk, 630090, Russia
E-mail address: mauleshovags@mail.ru

Sobolev Institute of Mathematics, Acad. Koptyug ave., 4, Novosibirsk, 630090, Russia
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THE BOCHNER TECHNIQUE FOR SOME COMPLETE RIEMANNIAN
ALMOST PRODUCT MANIFOLDS AND SUBMERSIONS

OF COMPLETE RIEMANNIAN MANIFOLDS

SERGEY STEPANOV

In the 1940s, S. Bochner devised an analytic technique to obtain vanishing theo-rems for some
topological or geometric invariants (e.g. Betti numbers, the di-mension of the vector space of
Killing vector-fields) on a closed (i.e. compact without boundary) Riemannian manifold, under
some curvature assumption (see [1]). Currently, there are two different points of view about
classical Bochner technique. The first one uses the Greens divergence theorem and the second
one uses the Hophs theorem. In works of Lichnerowicz, Nomizu, Yau and many others, the
analytic Bochner methods was substantially developed and successfully applied to complex and
complete Riemannian manifolds and Lorentzian manifolds (see [2] and [3]). In the present report
we will prove Liouville-type theorems: non-existence theo-rems for some complete Riemannian
almost product manifolds and submersions of complete Riemannian manifolds which generalize
similar results for compact manifolds (see [4]). We will use the generalized Bochner technique
(see [3]): our proofs will be based on generalized divergence theorems and generalized Hoph
theorems for complete, noncompact Riemannian manifolds. All our results were announced in
[5] and [6].
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ÈÍÒÅÃÐÈÐÓÅÌÛÉ ÑÓÁÐÈÌÀÍÎÂ ÃÅÎÄÅÇÈ×ÅÑÊÈÉ ÏÎÒÎÊ
ÄËß ÐÀÑÏÐÅÄÅËÅÍÈß ÃÓÐÑÀ

ÑÅÐÃÅÉ ÀÃÀÏÎÂ

Èçó÷àåòñÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãóðñà. Îòâå÷àþùàÿ ýòîé çàäà÷å ãàìèëüòîíîâà

ñèñòåìà îáëàäàåò ïîëíûì íàáîðîì ïåðâûõ èíòåãðàëîâ, íàõîäÿùèõñÿ â èíâîëþöèè, òî åñòü

ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé. Ìû íàõîäèì ïîâåðõíîñòè óðîâíåé ïåðâûõ èíòåãðàëîâ.

Êðîìå òîãî, ìû ïîêàçûâàåì, ÷òî ñóùåñòâóþò ýêñòðåìàëüíûå òðàåêòîðèè, ÷üè ïðîåêöèè íà

ãîðèçîíòàëüíóþ ïëîñêîñòü ÿâëÿþòñÿ çàìêíóòûìè êðèâûìè. Òàêèå òðàåêòîðèè èíòåðåñíû

òåì, ÷òî îíè îòâå÷àþò äâèæåíèþ âäîëü "çàïðåùåííûõ" íàïðàâëåíèé.
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ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈß ÖÈÖÅÉÊÈ, ÎÒÂÅ×ÀÞÙÈÅ
ÑÈÍÃÓËßÐÍÛÌ ÑÏÅÊÒÐÀËÜÍÛÌ ÊÐÈÂÛÌ

ÌÅÉÐÀÌÃÓË ÇÀÉÍÓËËÈÍÀ

Â ýòîé ðàáîòå ìû ñòðîèì ðåøåíèå óðàâíåíèÿ Öèöåéêè â ýëåìåíòàðíûõ ôóíêöèÿõ, êî-
òîðîå îòâå÷àåò ñèíãóëÿðíîé ñïåêòðàëüíîé êðèâîé.
Óðàâíåíèå Öèöåéêè

(1) ∂z∂z̄v = e−2v − ev

áûëî ïîëó÷åíî â 1907 ã. Öèöåéêîé [1] äëÿ îïèñàíèÿ ïîâåðõíîñòåé ïîñòîÿííîé àôôèííîé
ñðåäíåé êðèâèçíû. Îíî òàêæå âîçíèêàåò â êëàññèôèêàöèè èíòåãðèðóåìûõ ñëó÷àåâ óðàâ-
íåíèÿ Êëåéíà�Ãîðäîíà (ñì. [2]�[3]).
Øàðèïîâ äîêàçàë â [4], ÷òî êîíôîðìíàÿ ìåòðèêà

ds2 = 2ev(dx2 + dy2)

ìèíèìàëüíîé ëàãðàíæåâîé ïîâåðõíîñòè â CP 2 óäîâëåòâîðÿåò óðàâíåíèþ Öèöåéêè

∂2
xv + ∂2

yv = 4e−2v − 4ev.

Ìèõàéëîâûì â [5] äîêàçàíî, ÷òî óðàâíåíèå (1) äîïóñêàåò ìàòðè÷íîå ïðåäñòàâëåíèå íó-
ëåâîé êðèâèçíû

(2) Az̄ −Bz + [A,B] = 0,

ãäå

A(λ) =

 0 1 0
0 vz − i

λ
e−v

−e−v 0 0

 , B(λ) =

 0 0 1
−e−v 0 0
0 −iλe−v vz̄

 .

Øàðèïîâ [4], èñïîëüçóÿ ìàòðè÷íîå ïðåäñòàâëåíèå íóëåâîé êðèâèçíû (2), íàøåë êîíå÷íî-
çîííûå ðåøåíèÿ óðàâíåíèÿ Öèöåéêè, êîòîðûå îòâå÷àþò íåîñîáûì ñïåêòðàëüíûì êðèâûì.
Ìû, ïî àíàëîãèè ìåòîäà Øàðèïîâà, ñòðîèì ðåøåíèÿ óðàâíåíèÿ Öèöåéêè, îòâå÷àþùèå
ñèíãóëÿðíûì ñïåêòðàëüíûì êðèâûì. Îòìåòèì, ÷òî íàøè ðåøåíèÿ âûðàæàþòñÿ â ýëåìåí-
òàðíûõ ôóíêöèÿõ.
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Î ÌÅÒÐÈ×ÅÑÊÈÕ ÃÐÓÏÏÀÕ ËÈ
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Ðèìàíîâû ìíîãîîáðàçèÿ ñ ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ èññëåäîâàëèñü ìíîãèìè ìàòå-
ìàòèêàìè [1]. Â êëàññ ìíîãîîáðàçèé ñ divW = 0 âõîäÿò êîíôîðìíî ïëîñêèå ìíîãîîáðàçèÿ
(W = 0), ìíîãîîáðàçèÿ Ýéíøòåéíà (r = λg) è èõ ïðÿìûå ïðîèçâåäåíèÿ, ëîêàëüíî ñèìåò-
ðè÷åñêèå (∇R = 0), Ðè÷÷è ïàðàëëåëüíûå ìíîãîîáðàçèÿ (∇r = 0) è ðÿä äðóãèõ ìíîãîîáðà-
çèé [1]. Âàæíûì ïðèìåðîì òàêèõ ìíîãîîáðàçèé ÿâëÿþòñÿ ãðóïïû Ëè ñ ëåâîèíâàðèàíòíîé
(ïñåâäî)ðèìàíîâîé ìåòðèêîé.
Ðàíåå òðåõìåðíûå è ÷åòûðåõìåðíûå ãðóïïû Ëè ñ ëåâîèíâàðèàíòíîé (ïñåâäî)ðèìàíîâîé

ìåòðèêîé è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ, à òàêæå ñ ãàðìîíè÷åñêèì òåíçîðîì Ñõîóòå-
íà-Âåéëÿ divW = 0 èçó÷àëèñü àâòîðàìè â ðàáîòàõ [2, 3, 4, 5, 6, 7].
Ïóñòü (M, g) � (ïñåâäî)ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n; X, Y, Z, V � âåêòîðíûå

ïîëÿ íà M . Îáîçíà÷èì ÷åðåç ∇ ñâÿçíîñòü Ëåâè-×èâèòà è ÷åðåç R(X, Y )Z = [∇Y ,∇X ]Z +
∇[X,Y ]Z òåíçîð êðèâèçíû Ðèìàíà. Òåíçîð Ðè÷÷è r è îïåðàòîð Ðè÷÷è ρ îïðåäåëèì êàê

r(X, Y ) = tr(V → R(X, V )Y ), g (ρ (X) , Y ) = r(X, Y ).

Ðàçäåëèâ òåíçîð êðèâèçíû R íà ìåòðè÷åñêèé òåíçîð g â ñìûñëå ïðîèçâåäåíèÿ Êóëêàð-
íè-Íîìèäçó ∧©, ïîëó÷èì òåíçîð Âåéëÿ W è òåíçîð îäíîìåðíîé êðèâèçíû A [1]:

R = W + A∧©g, A =
1

n− 2

(
r − sg

2(n− 1)

)
.

ãäå (A∧©g)(X, Y, Z, V ) = A(X,Z)g(Y, V )+A(Y, V )g(X,Z)−A(X, V )g(Y, Z)−A(Y, Z)g(X, V ).
Äèâåðãåíöèþ òåíçîðà Âåéëÿ â ëîêàëüíûõ êîîðäèíàòàõ îïðåäåëèì ðàâåíñòâîì:

divWjkt = gipWijkt,p,

ãäå Wijkt,p � êîâàðèàíòíûå ïðîèçâîäíûå òåíçîðà Âåéëÿ.
Âàæíûì íàïðàâëåíèåì èññëåäîâàíèé ìåòðè÷åñêèõ ãðóïï Ëè ñ ãàðìîíè÷åñêèì òåíçîðîì

Âåéëÿ ÿâëÿåòñÿ ïðîáëåìà êëàññèôèêàöèè òàêèõ ãðóïï Ëè. Â äàííîé ðàáîòå ïîëó÷åíà
êëàññèôèêàöèÿ ÷åòûðåõìåðíûõ ãðóïï Ëè ñ ëåâîèíâàðèàíòíîé ïñåâäîðèìàíîâîé ìåòðèêîé
è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ.
Îòìåòèì, ÷òî ëåâîèíâàðèàíòíûå ïñåâäîðèìàíîâû ìåòðèêè Ýéíøòåéíà, ìåòðèêè ñ ïà-

ðàëëåëüíûì òåíçîðîì Ðè÷÷è è êîíôîðìíî ïëîñêèå ìåòðèêè íà ÷åòûðåõìåðíûõ ãðóï-
ïàõ Ëè áûëè ðàíåå êëàññèôèöèðîâàíû Äæ. Êàëüâàðóçî è À. Çàåìîì â ðàáîòàõ [8, 9, 10],
ïîýòîìó âñå ïðåäñòàâëåííûå äàëåå ãðóïïû Ëè ñ ëåâîèíâàðèàíòíîé ïñåâäîðèìàíîâîé ìåò-
ðèêîé íå ÿâëÿþòñÿ íè ìíîãîîáðàçèÿìè Ýéíøòåéíà, íè êîíôîðìíî ïëîñêèìè, íè Ðè÷÷è
ïàðàëëåëüíûìè.
Êëþ÷åâûì øàãîì ê ïðîáëåìå êëàññèôèêàöèè ÷åòûðåõìåðíûõ ãðóïï Ëè ñ ëåâîèíâàðè-

àíòíîé ïñåâäîðèìàíîâîé ìåòðèêîé è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ ÿâëÿåòñÿ ðàññìîò-
ðåíèå ðàçëè÷íûõ âîçìîæíûõ ôîðì îïåðàòîðà Ðè÷÷è, êîòîðûå íàçâàþòñÿ òèïàìè Ñåãðå

(ñì. [8]). Òàê, íàïðèìåð, çàïèñü �îïåðàòîð Ðè÷÷è èìååò òèï Ñåãðå {(11), 2}� îçíà÷àåò, ÷òî
îïåðàòîð Ðè÷÷è èìååò äâà ðàçëè÷íûõ ñîáñòâåííûõ çíà÷åíèÿ, îáà èìåþò àëãåáðàè÷åñêóþ
êðàòíîñòü äâà, íî ïåðâîìó èç íèõ ñîîòâåòñòâóåò äâóìåðíîå ñîáñòâåííîå ïîäïðîñòðàíñòâî, à
âòîðîìó � îäíîìåðíîå. Çàïÿòàÿ â çàïèñè òèïà Ñåãðå îòäåëÿåò ñîáñòâåííûå çíà÷åíèÿ, ñîîò-
âåòñòâóþùèå ïðîñòðàíñòâåííî ïîäîáíûì âåêòîðàì, îò çíà÷åíèé ñîîòâåòñòâóþùèõ âðåìåíè

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû: �16�01�00336A, �16�31�00048ìîë_à), Ìèíîáðíà-
óêè ÐÔ â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè ÔÃÁÎÓ ÂÏÎ
¾Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (êîä ïðîåêòà: 1148).
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è ñâåòî ïîäîáíûì âåêòîðàì. Êðóãëûå ñêîáêè ãðóïïèðóþò áëîêè ñîîòâåòñòâóþùèå îäíîìó
è òîìó æå ñîáñòâåííîìó çíà÷åíèþ.

Òåîðåìà 1.
Ïóñòü G � ÷åòûðåõìåðíàÿ ãðóïïà Ëè ñ ëåâîèíâàðèàíòíîé ëîðåíöåâîé ìåòðèêîé g, êîòî-

ðàÿ íå ÿâëÿåòñÿ íè ìåòðèêîé Ýéíøòåéíà, íè êîíôîðìíî ïëîñêîé, íè Ðè÷÷è ïàðàëëåëüíîé.
Òîãäà divW = 0 â òîì è òîëüêî â òîì ñëó÷àå, êîãäà â àëãåáðå Ëè ãðóïïû G ñóùåñòâóåò
ïñåâäîîðòîíîðìèðîâàííûé áàçèñ {e1, e2, e3, e4} c âðåìåíèïîäîáíûì e4, â êîòîðîì ñòðóê-
òóðíûå óðàâíåíèÿ èìåþò âèä, ïðèâåäåííûé â òàáëèöå 1.

Òàáëèöà 1. Àëãåáðû Ëè ÷åòûðåõìåðíûõ ãðóïï Ëè ñ ëåâîèíâàðèàíòíîé ëî-
ðåíöåâîé ìåòðèêîé è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ.

Òèï Ñåãðå
îïåðàòîðà ρ

Òàáëèöà óìíîæåíèÿ

{(11), 2}

[e1, e2] = ae1 + be2, [e1, e3] = −ce3 − c
(
1
2
εa2 + 1

2
εb2 + 1

)
e4,

[e2, e3] = −de3 − d
(
1
2
εa2 + 1

2
εb2 + 1

)
e4,

[e1, e4] = −c
(
1
2
εa2 + 1

2
εb2 − 1

)
e3 + ce4,

[e2, e4] = −d
(
1
2
εa2 + 1

2
εb2 − 1

)
e3 + de4,

ε = ±1, ac + bd = 0, a2 + c2 6= 0, ε (2a2c2 + a2d2 + b2c2) − ad + bc = ε,

ε (a2 + b2)
2

+ 48ad− 48bc+ 30ε 6= 0.

{(11, 2)}

[e1, e2] = ae3 + ae4, [e1, e3] = −[e1, e4] = (b− c) e1 − de2 − fe3 − fe4,
[e2, e3] = −[e2, e4] = −he1 − be2 − ze3 − ze4, [e3, e4] = ce3 + ce4,
ε = ±1, a 6= 0, c 6= 0, a2 − (d+ h)2 − 4b2 + 4bc = 2ε , a − d + h 6= 0,
a2 + c2 6= 2ε.
[e1, e3] = −[e1, e4] = −ae1 − be2 − ce3 − ce4,
[e2, e3] = −[e2, e4] = −de1 − fe2 − he3 − he4, [e3, e4] = ze3 + ze4,
ε = ±1, z 6= 0, (b+ d)2 + 2 (a+ f) (a+ z − f) = −2ε,
16a4− 32a3z+ 8a2b2 + 8a2d2 + 16a2z2− 8ab2z+ 32abdf − 16abdz− 8ad2z+
b4− 12b3d− 26b2d2 + 4b2z2− 12bd3− 16bdf 2 + 8bdz2 + d4 + 4d2z2 + 16εa2−
16εaz − 4εb2 − 8εbd− 4εd2 + 4 6= 0.

{11, 11̄} [e1, e3] = −εae3 +
√
3
3
ae4, [e1, e4] =

√
3
3
ae3 + εae4, [e3, e4] = 2

√
3

3
ae1,

ε = ±1, a 6= 0.

Ñõåìà äîêàçàòåëüñòâà. Ïóñòü îïåðàòîð Ðè÷÷è ρ èìååò òèï Ñåãðå {11, 11̄}. Òîãäà â àëãåá-
ðå Ëè g ñóùåñòâóåò ïñåâäîîðòîíîðìèðîâàííûé áàçèñ {e1, e2, e3, e4} c âðåìåíèïîäîáíûì e4,
â êîòîðîì ìàòðèöà òåíçîðà Ðè÷÷è áóäåò èìåòü âèä (ñì., íàïðèìåð, [8]) :

(1) r =


ρ1 0 0 0
0 ρ2 0 0
0 0 α β
0 0 β −α

 , ρ1 6= ρ2, β 6= 0.

Óñëîâèå divW = 0 â ñëó÷àå ïîñòîÿííîé ñêàëÿðíîé êðèâèçíû (íàïðèìåð, â ñëó÷àå ãðóïï
Ëè ñ ëåâîèíâàðèàíòíîé (ïñåâäî)ðèìàíîâîé ìåòðèêîé) ðàâíîñèëüíî ñëåäóþùåìó óñëîâèþ
íà êîâàðèàíòíûå ïðîèçâîäíûå òåíçîðà Ðè÷÷è [1]:

(2) rij,k = rik,j.

Â äàííîì áàçèñå íàì èçâåñòåí âèä òåíçîðà Ðè÷÷è è ìåòðè÷åñêîãî òåíçîðà, ïîýòîìó
ìû çàïèøåì óðàâíåíèÿ (2) è áóäåì ðàññìàòðèâàòü èõ êàê îãðàíè÷åíèÿ íà ñòðóêòóðíûå
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êîíñòàíòû:

C3
3,4β = 0, C4

3,4β = 0, C1
1,2 (ρ1 − ρ2) = 0, C2

1,2 (ρ1 − ρ2) = 0,(
3C4

1,3 + C3
1,4 + C1

3,4

)
β + 2C3

1,3 (α− ρ1) = 0, (α− ρ1)C1
1,3 − βC1

1,4 = 0,(
C4

1,3 + 3C3
1,4 + C1

3,4

)
β − 2C4

1,4 (α− ρ1) = 0, (α− ρ1)C1
1,4 + βC1

1,3 = 0,(
3C4

2,3 + C3
2,4 + C2

3,4

)
β + 2C3

2,3 (α− ρ2) = 0, (α− ρ2)C2
2,3 − βC2

2,4 = 0,(
C4

2,3 + 3C3
2,4 + C2

3,4

)
β − 2C4

2,4 (α− ρ2) = 0, (α− ρ2)C2
2,4 + βC2

2,3 = 0,

(α− ρ1)
(
C4

1,3 − C3
1,4

)
− β

(
C3

1,3 + C4
1,4

)
= 0, (α− ρ1)C1

3,4 + β
(
C3

1,3 − C4
1,4

)
= 0,

(α− ρ2)
(
C4

2,3 − C3
2,4

)
− β

(
C3

2,3 + C4
2,4

)
= 0, (α− ρ2)C2

3,4 + β
(
C3

2,3 − C4
2,4

)
= 0,(

C1
2,4 + C4

1,2 + C2
1,4

)
β − (ρ1 − 2ρ2 + α)C2

1,3 + (α− ρ1)
(
C3

1,2 − C1
2,3

)
= 0,(

C3
1,2 − C2

1,3 − C1
2,3

)
β − (ρ1 − 2ρ2 + α)C2

1,4 − (α− ρ1)
(
C4

1,2 + C1
2,4

)
= 0,

(α− ρ1)C2
1,3 − (ρ1 + 2ρ2 − 3α)C3

1,2 − (3ρ1 − 2ρ2 − α)C1
2,3 +

(
3C4

1,2 − C2
1,4 − C1

2,4

)
β = 0,

(α− ρ1)C2
1,4 + (ρ1 + 2ρ2 − 3α)C4

1,2 − (3ρ1 − 2ρ2 − α)C1
2,4 +

(
3C3

1,2 + C2
1,3 + C1

2,3

)
β = 0.

Äàëåå íàêëàäûâàåì íà ñòðóêòóðíûå êîíñòàíòû óñëîâèå âûïîëíåíèÿ òîæäåñòâà ßêîáè,
à òàêæå âû÷èñëÿåì â äàííîì áàçèñå ìàòðèöó òåíçîðà Ðè÷÷è è ïðèðàâíèâàåì êîìïîíåíòû
ïîëó÷åííîé ìàòðèöû ê êîìïîíåíòàì ìàòðèöû (1). Ðåøàÿ ïîëó÷åííóþ ñèñòåìó ñ ïîìîùüþ
àëãîðèòìîâ, îñíîâàííûõ íà áàçèñàõ Ãðåáíåðà [11], ñ ó÷åòîì îãðàíè÷åíèé ρ1 6= ρ2, β 6= 0, è
îòáðàñûâàÿ êîíôîðìíî ïëîñêèå è Ðè÷÷è ïàðàëëåëüíûå ñëó÷àè, íàõîäèì, ÷òî

C1
1,2 = C2

1,2 = C3
1,2 = C4

1,2 = C1
1,3 = C2

1,3 = C1
2,3 = C2

2,3 = C3
2,3 = C4

2,3 = 0,

C1
1,4 = C2

1,4 = C1
2,4 = C2

2,4 = C3
2,4 = C4

2,4 = C2
3,4 = C3

3,4 = C4
3,4 = 0,

C3
1,3 = −C4

1,4 = −εa, C4
1,3 = C3

1,4 =

√
3

3
a, C1

3,4 =
2
√

3

3
a,

ρ1 = −8

3
a2, ρ2 = 0, α =

4

3
a2, β =

4
√

3

3
εa2,

ãäå ε = ±1, a 6= 0.
Ñëó÷àè îñòàëüíûõ òèïîâ Ñåãðå ðàññìàòðèâàþòñÿ àíàëîãè÷íî.
Îòìåòèì, ÷òî êëàññèôèêàöèÿ ÷åòûðåõìåðíûõ ãðóïï Ëè ñ ëåâîèíâàðèàíòíîé ïñåâäî-

ðèìàíîâîé ìåòðèêîé íåéòðàëüíîé ñèãíàòóðû ïðîâîäèòñÿ àíàëîãè÷íûìè ìåòîäàìè è äàåò
íîâûå íåòðèâèàëüíûå ïðèìåðû ãðóïï Ëè ñ divW = 0.
Äðóãèì âàæíûì íàïðàâëåíèåì èññëåäîâàíèé ìåòðè÷åñêèõ ãðóïï Ëè ñ ãàðìîíè÷åñêèì

òåíçîðîì Âåéëÿ ÿâëÿåòñÿ èññëåäîâàíèå ñîëèòîíîâ Ðè÷÷è íà òàêèõ ãðóïïàõ Ëè. Â äàííîé
ðàáîòå ïîëó÷åíà òåîðåìà î ñòðîåíèè îïåðàòîðà Ðè÷÷è ãðóïïû Ëè ñ ëåâîèíâàðèàíòíîé
(ïñåâäî)ðèìàíîâîé ìåòðèêîé ñîëèòîíà Ðè÷÷è è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ
Èññëåäîâàíèþ ìíîãîîáðàçèé ïîñòîÿííîé êðèâèçíû Ðè÷÷è, èëè ýéíøòåéíîâûõ ìíîãîîá-

ðàçèé, ïîñâåùåíû ðàáîòû ìíîãèõ ìàòåìàòèêîâ (ñì., íàïðèìåð, îáçîðû [1, 12, 13]). Â ïî-
ñëåäíåå âðåìÿ èçó÷àþòñÿ ðàçëè÷íûå îáîáùåíèÿ ìíîãîîáðàçèé Ýéíøòåéíà, îäíèìè èç êî-
òîðûõ ÿâëÿþòñÿ ñîëèòîíû Ðè÷÷è, âïåðâûå ðàññìîòðåííûå Ð. Ãàìèëüòîíîì â ðàáîòå [14].
Ñîëèòîíîì Ðè÷÷è íàçûâàþò (ïñåâäî)ðèìàíîâî ìíîãîîáðàçèå (M, g), äëÿ êîòîðîãî âûïîë-
íÿåòñÿ óðàâíåíèå r = Λ · g + LXg, ãäå r � òåíçîð Ðè÷÷è ìåòðèêè g, Λ ∈ R, LXg � ïðî-
èçâîäíàÿ Ëè ìåòðèêè g ïî íàïðàâëåíèþ ïîëíîãî äèôôåðåíöèðóåìîãî âåêòîðíîãî ïîëÿ
X. Â äàëüíåéøåì ñîëèòîíû Ðè÷÷è èçó÷àëèñü â ðàáîòàõ ìíîãèõ ìàòåìàòèêîâ (ñì., íàïðè-
ìåð, [15]).
Ñîëèòîí Ðè÷÷è áóäåì íàçûâàòü òðèâèàëüíûì, åñëè îí èçîìåòðè÷åí ïðÿìîìó ïðîèçâå-

äåíèþ ìíîãîîáðàçèÿ Ýéíøòåéíà è (ïñåâäî)åâêëèäîâà ïðîñòðàíñòâà.
Âàæíûì ïðèìåðîì ñîëèòîíîâ Ðè÷÷è ÿâëÿþòñÿ àëãåáðàè÷åñêèå ñîëèòîíû Ðè÷÷è íà ãðóï-

ïàõ Ëè, êîòîðûå ðàíåå áûëè ðàññìîòðåíû Õ. Ëàóðå (ñì., íàïðèìåð, [16]). Ãðóïïà Ëè G ñ
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ëåâîèíâàðèàíòíîé (ïñåâäî)ðèìàíîâîé ìåòðèêîé g è ìåòðè÷åñêîé àëãåáðîé Ëè g íàçûâàåò-
ñÿ àëãåáðàè÷åñêèì ñîëèòîíîì Ðè÷÷è, åñëè âûïîëíÿåòñÿ ðàâåíñòâî ρ = Λ · Id +D, ãäå ρ �
îïåðàòîð Ðè÷÷è, Λ ∈ R, Id � òîæäåñòâåííûé îïåðàòîð, D � íåêîòîðîå äèôôåðåíöèðîâà-
íèå àëãåáðû g.
Â ðàáîòå Ê. Îíäà áûëî äîêàçàíî, ÷òî êàæäûé àëãåáðàè÷åñêèé ñîëèòîí Ðè÷÷è íà ãðóï-

ïå Ëè ñ ëåâîèíâàðèàíòíîé (ïñåâäî)ðèìàíîâîé ìåòðèêîé ÿâëÿåòñÿ îäíîðîäíûì ñîëèòîíîì
Ðè÷÷è (ñì. [17]).
Àâòîðàìè â ðàáîòå [18] èçó÷àëèñü àëãåáðàè÷åñêèå ñîëèòîíû Ðè÷÷è íà ìåòðè÷åñêèõ ãðóï-

ïàõ Ëè ñ òðèâèàëüíûì òåíçîðîì Âåéëÿ. Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò äàííûå èññëåäî-
âàíèÿ â ñëó÷àå ìåòðè÷åñêèõ ãðóïï Ëè ñ ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ.

Òåîðåìà 2.
Ïóñòü (G, g) � ãðóïïà Ëè ñ ëåâîèíâàðèàíòíîé (ïñåâäî)ðèìàíîâîé ìåòðèêîé àëãåáðàè-

÷åñêîãî ñîëèòîíà Ðè÷÷è è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ, òîãäà âîçìîæíû äâà ñëó÷àÿ:

(1) Λ 6= 0: òîãäà îïåðàòîðD èìååò òèï Ñåãðå {(1 . . . 1) (1 . . . 1 2 . . . 2)}, ãäå ïåðâîìó áëîêó
ñîîòâåòñòâóåò ñîáñòâåííîå çíà÷åíèå −Λ, âòîðîìó � 0.

(2) Λ = 0: òîãäà îïåðàòîð D èìååò òèï Ñåãðå {(1 . . . 1 2 . . . 2 3 . . . 3)} ñ åäèíñòâåííûì
ñîáñòâåííûì çíà÷åíèåì, ðàâíûì íóëþ.

Îòìåòèì, ÷òî íåêîòîðûå áëîêè ìàòðèöû îïåðàòîðà D â òåîðåìå 2 ìîãóò áûòü òðèâèàëü-
íûìè. Íàïðèìåð, ïðè Λ = 0 îïåðàòîð D ìîæåò èìåòü òèï Ñåãðå {(1 . . . 1 2 . . . 2)}. Â ñèëó
óðàâíåíèÿ àëãåáðàè÷åñêîãî ñîëèòîíà Ðè÷÷è, îïåðàòîð Ðè÷÷è èìååò àíàëîãè÷íûå òèïû
Ñåãðå, ÷òî è îïåðàòîð D. Ïðè ýòîì ïåðâîì ñëó÷àå ñîáñòâåííûå çíà÷åíèÿ ðàâíû 0 è Λ
ñîîòâåòñòâåííî, à âî âòîðîì, ò.ê. Λ = 0, âûïîëíÿåòñÿ ρ = D.

Ñëåäñòâèå 1.
ÏóñòüG� ãðóïïà Ëè ñ ëåâîèíâàðèàíòíîé (ïñåâäî)ðèìàíîâîé ìåòðèêîé àëãåáðàè÷åñêîãî

ñîëèòîíà Ðè÷÷è è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ. Åñëè îïåðàòîð Ðè÷÷è äèàãîíàëèçèðó-
åì, òî àëãåáðàè÷åñêèé ñîëèòîí Ðè÷÷è òðèâèàëåí.

Â ñëó÷àå ãðóïï Ëè ñ ëåâîèíâàðèàíòíîé ðèìàíîâîé ìåòðèêîé îïåðàòîð Ðè÷÷è âñåãäà
äèàãîíàëèçèðóåì, à çíà÷èò ñïðàâåäëèâî

Ñëåäñòâèå 2.
Ïóñòü G � ãðóïïà Ëè ñ ëåâîèíâàðèàíòíîé ðèìàíîâîé ìåòðèêîé àëãåáðàè÷åñêîãî ñîëè-

òîíà Ðè÷÷è è ãàðìîíè÷åñêèì òåíçîðîì Âåéëÿ. Òîãäà G � òðèâèàëüíûé àëãåáðàè÷åñêèé
ñîëèòîí Ðè÷÷è.

Ñ ïîìîùüþ îãðàíè÷åíèé íà òèï Ñåãðå îïåðàòîðà Ðè÷÷è, ïðèâåäåííûõ â òåîðåìå 2, óäàåò-
ñÿ ïîñòðîèòü íåòðèâèàëüíûå àëãåáðàè÷åñêèå ñîëèòîíû Ðè÷÷è â ïñåâäîðèìàíîâîì ñëó÷àå.
Â êà÷åñòâå òàêîãî ïðèìåðà ïðèâåäåì ñëåäóþùóþ øåñòèìåðíóþ ìåòðè÷åñêóþ àëãåáðó Ëè,
ñòðóêòóðíûå óðàâíåíèÿ êîòîðîé èìåþò âèä:

[e1, e2] = ae4, [e1, e3] = δ
√

2e5, [e1, e4] = −ae2, [e3, e6] = ae3, [e5, e6] = ae5,

ãäå a 6= 0, δ = ±1. Íåíóëåâûå ñêàëÿðíûå ïðîèçâåäåíèÿ çàäàþòñÿ ðàâåíñòâàìè

〈e1, e1〉 = 〈e2, e2〉 = 〈e3, e3〉 = 〈e4, e4〉 = 〈e5, e6〉 = 1.

Äàííàÿ ìåòðè÷åñêàÿ àëãåáðà Ëè ÿâëÿåòñÿ ðàçðåøèìîé è íåðàçëîæèìîé, îïåðàòîð Ðè÷÷è
èìååò òèï Ñåãðå {(11112)}, ïðè ýòîì îíà íå ÿâëÿåòñÿ êîíôîðìíî ïëîñêîé è òåíçîð Ðè÷-
÷è íå ïàðàëëåëåí, íî äèâåðãåíöèÿ òåíçîðà Âåéëÿ ðàâíà íóëþ. Êîíñòàíòà Λ â óðàâíåíèè
àëãåáðàè÷åñêîãî ñîëèòîíà Ðè÷÷è ðàâíà íóëþ.
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(Ïñåâäî)ðèìàíîâî ìíîãîîáðàçèå (M, g) íàçûâàåòñÿ ñîëèòîíîì Ðè÷÷è, åñëè íàM èìååò
ìåñòî óðàâíåíèå:

(1) £Xg + ρ = λg

ãäå g � ìåòðè÷åñêèé òåíçîð, ρ � òåíçîð Ðè÷÷è, λ ∈ R - íåêîòîðàÿ êîíñòàíòà, X� ïîëíîå
äèôôåðåíöèðóåìîå âåêòîðíîå ïîëå, £Xg � ïðîèçâîäíàÿ Ëè g ïî íàïðàâëåíèþ ïîëÿ X.
Óðàâíåíèå ñîëèòîíà Ðè÷÷è ÿâëÿåòñÿ îáîáùåíèåì óðàâíåíèÿ Ýéíøòåéíà, è âïåðâûå äàí-

íûé òåðìèí áûë ââåäåí Ð. Ãàìèëüòîíîì â ðàáîòå [1]. Ïîçäíåå ñîëèòîíû Ðè÷÷è èññëåäî-
âàëèñü â ðàáîòàõ ìíîãèõ ìàòåìàòèêîâ (ñì., íàïðèìåð, îáçîð [2]). Çàäà÷à íàõîæäåíèÿ ñî-
ëèòîíîâ Ðè÷÷è ÿâëÿåòñÿ äîñòàòî÷íî ñëîæíîé, ïîýòîìó ïðåäïîëàãàþòñÿ îãðàíè÷åíèÿ ëèáî
íà ñòðîåíèå ìíîãîîáðàçèÿ, ëèáî íà ðàçìåðíîñòü, ëèáî íà êëàññ ðàññìàòðèâàåìûõ ìåòðèê,
ëèáî íà âåêòîðíîå ïîëå X.
Îäíèì èç âàæíûõ ïðèìåðîâ òàêîãî ðîäà îãðàíè÷åíèé ÿâëÿþòñÿ ìíîãîîáðàçèÿ Óîêå-

ðà, òî åñòü ïñåâäîðèìàíîâû ìíîãîîáðàçèÿ, äîïóñêàþùèå ãëàäêîå ïàðàëëåëüíîå (â ñìûñëå
ñâÿçíîñòè Ëåâè-×èâèòà) ðàñïðåäåëåíèå èçîòðîïíûõ âåêòîðîâ. Ãåîìåòðèÿ ìíîãîîáðàçèé
Óîêåðà, à òàêæå ñîëèòîíû Ðè÷÷è íà íèõ èññëåäîâàëèñü â ðàáîòàõ [3, 4]. Íàñòîÿùàÿ ñòà-
òüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì äàííûõ ðàáîò è ïîñâÿùåíà èçó÷åíèþ ñîëèòîíîâ Ðè÷÷è íà
ìíîãîîáðàçèÿõ Óîêåðà ðàçìåðíîñòåé 3 è 4.
Â ðàáîòå ([5]) À. Ãàëàåâûì ïîêàçàíî, ÷òî êîíôîðìíî ïëîñêèå ëîðåíöåâû ìíîãîîáðà-

çèÿ Óîêåðà äîïóñêàþò ñïåöèàëüíóþ ñèñòåìó êîîðäèíàò, â êîòîðîé ìåòðèêà èìååò óäîáíûé
äëÿ âû÷èñëåíèé âèä. Íàçîâåì äàííóþ ñèñòåìó êîîðäèíàò ñïåöèàëüíîé ñèñòåìîé êîîðäè-
íàò Óîêåðà. Ïóñòü äàëåå (M, g) ÷åòûð¼õìåðíîå êîíôîðìíî ïëîñêîå ëîðåíöåâî ìíîãîîáðà-
çèå Óîêåðà, òîãäà â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò Óîêåðà ñèñòåìó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ, çàäàþùèõ ñîëèòîí Ðè÷÷è, ìîæíî ðàçðåøèòü. Îãðàíè÷èìñÿ ñëó÷àåì ìåò-
ðèê ñïåöèàëüíîãî âèäà, êîòîðûå, ñëåäóÿ ðàáîòå ([5]), áóäåì íàçûâàòü ìåòðèêàìè ïëîñêèõ
ãðàâèòàöèîííûõ âîëí. Òàêèå ìåòðèêè â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò Óîêåðà (v, x, y, u)
èìåþò âèä:

g = 2dvdu+ dx2 + dy2 + a(u)(x2 + y2)(du)2,

ãäå a(u) � ãëàäêàÿ ôóíêöèÿ, íå ðàâíàÿ íóëþ íè íà êàêîì îòêðûòîì ïîäìíîæåñòâå îá-
ëàñòè îïðåäåëåíèÿ. Ìåòðèêè ïëîñêèõ ãðàâèòàöèîííûõ âîëí ñâÿçàíû ñ êîììóòàòèâíûìè
àëãåáðàìè ãîëîíîìèè íà ìíîãîîáðàçèÿõ Óîêåðà, ñì. ïîäðîáíåå ([5]). Ñïðàâåäëèâà

Òåîðåìà. Ïóñòü (M, g) � ÷åòûð¼õìåðíîå êîíôîðìíî ïëîñêîå ëîðåíöåâî ìíîãîîáðàçèå
Óîêåðà, ãäå g � ìåòðèêà ïëîñêîé ãðàâèòàöèîííîé âîëíû

g = 2dvdu+ dx2 + dy2 + a(u)(x2 + y2)(du)2,

a(u) íå îáðàùàåòñÿ â 0 íè íà êàêîì îòêðûòîì ïîäìíîæåñòâå îáëàñòè îïðåäåëåíèÿ. Òîãäà â
îêðåñòíîñòè ïðîèçâîëüíîé òî÷êè â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò Óîêåðà äëÿ ëþáîé êîí-
ñòàíòû λ ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ ñîëèòîíà Ðè÷÷è, ïðè÷åì êîìïîíåíòû âåêòîðíîãî
ïîëÿ X èìåþò âèä:

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû: �16�01�00336A, �16�31�00048ìîë_à), Ìèíîáðíà-
óêè ÐÔ â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè ÔÃÁÎÓ ÂÏÎ
¾Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (êîä ïðîåêòà: 1148).
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(
λ

2
y + x+ β(u),

λ

2
x− y + η(u), ω(u), (λ− ω′(u))v − η′(u)x− β′(u)y + γ(u)

)
ãäå ôóíêöèè β(u), γ(u), η(u), ω(u) îïðåäåëÿþòñÿ óðàâíåíèÿìè

2ω′(u)a(u)+a′(u)ω(u) = 0, ω′′(u) = 0, γ′(u)−a(u) = 0, 2a(u)β(u)−2β′′(u) = 0, 2a(u)η(u)−2η′′(u) = 0.

Ñõåìà äîêàçàòåëüñòâà. Áóäåì èñêàòü âåêòîðíîå ïîëåX íàM, îáîçíà÷èâ åãî êîîðäèíàòû
K(v, x, y, u), L(v, x, y, u),M(v, x, y, u), N(v, x, y, u), ãäå K,L,M,N � ãëàäêèå ôóíêöèè.
Çàïèøåì óðàâíåíèå ñîëèòîíà Ðè÷÷è â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò Óîêåðà:

(2)



2Nv = 0
Nx + Lv = 0
Ny +Mv = 0

Nu + (x2 + y2)a(u)Nv +Kv = λ
2Lx = λ

Mx + Ly = 0
(x2 + y2)a(u)Nx + Lu +Kx = 0

2My = λ
(x2 + y2)a(u)Ny +Mu +Ky = 0

2(x2 + y2)a(u)Nu + 2Ku + 2xa(u)L+
2ya(u)M + (x2 + y2)a′(u)N − 2a(u) = λ(x2 + y2)a(u)

Èç óðàâíåíèé ñèñòåìû íåòðóäíî ïîëó÷èòü:

M(v, x, y, u) =
λ

2
y + x+ β(u),

L(v, x, y, u) =
λ

2
x− y + η(u),

N(v, x, y, u) = ω(u),

K(v, x, y, u) = (λ− ω′(u))v − η′(u)x− β′(u)y + γ(u).(3)

Äëÿ äàííûõ ôóíêöèé âûïîëíåíû âñå óðàâíåíèÿ ñèñòåìû (2), çà èñêëþ÷åíèåì ïîñëåäíåãî.
Ïîäñòàâëÿÿ â íåãî âûðàæåíèÿ (3), ïîëó÷èì:

(x2 + y2)(2ω′(u)a(u) + a′(u)ω(u))− 2vω′′(u) + 2y(a(u)β(u)− β′′(u))+

+2x(a(u)η(u)− η′′(u)) + 2(γ′(u)− a(u)) = 0

Ýòî âûðàæåíèå òîæäåñòâåííî ðàâíî 0, ïîýòîìó èìååì:

(4) 2ω′(u)a(u) + a′(u)ω(u) = 0, ω′′(u) = 0, γ′(u)− a(u) = 0,

(5) 2a(u)β(u)− 2β′′(u) = 0, 2a(u)η(u)− 2η′′(u) = 0.

Äëÿ ëþáîé ãëàäêîé ôóíêöèè a(u) óðàâíåíèÿ (4) ëîêàëüíî ðàçðåøèìû, à óðàâíåíèÿ (5)
ìîæíî ñâåñòè ê óðàâíåíèÿì Ðèêêàòè, êîòîðûå ëîêàëüíî ðàçðåøèìû.

Çàìå÷àíèå. Ïî àíàëîãè÷íîé ñõåìå ðàññìàòðèâàþòñÿ îñòàëüíûå ñëó÷àè ÷åòûðåõìåð-
íûõ êîíôîðìíî ïëîñêèõ ëîðåíöåâûõ ìåòðèê íà ìíîãîîáðàçèÿõ Óîêåðà. Ñëó÷àé a(u) = 0
ðàññìàòðèâàåòñÿ îòäåëüíî è äàåò â íåêîòîðîì ñìûñëå òðèâèàëüíûå ðåøåíèÿ.

Çàìå÷àíèå. Ëîêàëüíî êîíôîðìíî ïëîñêèå ëîðåíöåâû ñîëèòîíû Ðè÷÷è ñ ãðàäèåíòíûì
âåêòîðíûì ïîëåì X áûëè ðàíåå èçó÷åíû â ðàáîòå ([3]), ãäå áûëî ïîêàçàíî, ÷òî îíè ëèáî
ðàçëîæèìû, ëèáî ñòàáèëüíû (λ = 0).

Â ðàçìåðíîñòè 3 òåíçîð Âåéëÿ òðèâèàëåí, ïîýòîìó äàííûé ñëó÷àé ðàññìàòðèâàåòñÿ îò-
äåëüíî. Óðàâíåíèå ñîëèòîíà Ðè÷÷è íà òðåõìåðíîì ëîðåíöåâîì ëîêàëüíî ñèììåòðè÷åñêîì
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ìíîãîîáðàçèè Óîêåðà ðàññìàòðèâàëîñü â ðàáîòå [3]. Â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò Óî-
êåðà (t, x, y), ñîãëàñíî [4], ìåòðè÷åñêèé òåíçîð è òåíçîð Ðè÷÷è ïðèíèìàþò ñëåäóþùèé âèä:

(6) g =

 0 0 1
0 ε 0
1 0 ϕ(x, y)

 , ρ = − ε
2
ϕxx

0 0 0
0 0 0
0 0 1


ãäå ϕ(x, y) � íåêîòîðàÿ ãëàäêàÿ ôóíêöèÿ, ε = ±1. Çàìåòèì, ÷òî ëîêàëüíî ñèììåòðè÷åñêèå
ìåòðèêè õàðàêòåðèçóþòñÿ óñëîâèåì ϕxx = const Áóäåì èñêàòü âåêòîðíîå ïîëå X íà ìíîãî-
îáðàçèèM, îáîçíà÷èâ åãî êîîðäèíàòû A(t, x, y), B(t, x, y), C(t, x, y), ãäå A,B,C � ãëàäêèå
ôóíêöèè. Òîãäà óðàâíåíèå ñîëèòîíà Ðè÷÷è £Xg+ρ = λg â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò
Óîêåðà ïðèîáðåòàåò ñëåäóþùèé âèä:

(7)



1
2
Ct = 0

Cx + εBt = 0
Cy + Ctϕ+ At = λ

2Bx = λ
Cxϕ+ εBy + Ax = 0

2Cyϕ+ 2Ay +Bϕx + Cϕy − ε
2
ϕxx = λϕ

Â ñëó÷àå, êîãäà ϕ(x, y) 6≡ 0 ñèñòåìà (7) ïðèâîäèòñÿ ê âèäó:

X(t, x, y) =

(
t(λ− β)− εxω′(y) + µ(y),

1

2
λx+ ω(y), βy + γ

)
,

ãäå β, γ � êîíñòàíòû, à ω, µ � ãëàäêèå ôóíêöèè, óäîâëåòâîðÿþùèå äèôôåðåíöèàëüíîìó
óðàâíåíèþ:

(8) 2βϕ− λϕ+ 2µ′(y)− 2εxω′′(y) + ϕy(βy + γ) + ϕx

(
λ

2
x+ ω(y)

)
=
ε

2
ϕxx

Ïðè C(t, x, y) ≡ 0, λ 6= 0 óðàâíåíèå (8) èìååò ñëåäóþùåå ÷àñòíîå ðåøåíèå:

ϕ(x, y) =
(
λ− ε(λx+ 2ω(y))2

)
F (y) +

2

λ
µ′(y) +

ω′′(y)(ελx2 − 1)

ω(y)λ
,

ãäå F (y) � ïðîèçâîëüíàÿ ãëàäêàÿ ôóíêöèÿ. Ïðè ýòîì òåíçîð Ðè÷÷è áóäåò âûðàæàòüñÿ
ñëåäóþùèì îáðàçîì:

ρ = (λ2F (y)− ω′′(y)

ω(y)
)

0 0 0
0 0 0
0 0 1

 .

Èìååò ìåñòî

Òåîðåìà. Ïóñòü (M, g) � òð¼õìåðíîå ëîðåíöåâî ìíîãîîáðàçèå Óîêåðà. Òîãäà â îêðåñò-
íîñòè ïðîèçâîëüíîé òî÷êè â ñïåöèàëüíîé ñèñòåìå êîîðäèíàò Óîêåðà äëÿ ëþáîé êîíñòàíòû
λ 6= 0 ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ ñîëèòîíà Ðè÷÷è, ïðè óñëîâèè, ÷òî òåíçîð Ðè÷÷è ρ
çàâèñèò òîëüêî îò y.

Çàìå÷àíèå. Â ñëó÷àå òðåõìåðíûõ ëîêàëüíî ñèììåòðè÷åñêèõ ëîðåíöåâûõ ìíîãîîáðà-
çèé Óîêåðà ñóùåñòâîâàíèå ðåøåíèÿ óðàâíåíèÿ ñîëèòîíà Ðè÷÷è áûëî ïîêàçàíî ðàíåå â
ðàáîòå [3].
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ÎÁ ÎÄÍÎÉ ÃÈÏÎÒÅÇÅ ÃÐÎÒÅÍÄÈÊÀ-ÑÅÐÐÀ

ÈÂÀÍ ÏÀÍÈÍ

Ñëåäóþùèé ðåçóëüòàò Ì. Îÿíãóðåíà èëëþñòðèðóåò îäíó õîðîøî-èçâåñòíóþ ãèïîòåçó

Ãðîòåíäèêà-Ñåððà.

Òåîðåìà.Ïóñòü � ãëàäêîå ñâÿçíîå êîìïëåêñíîå àôôèííîå àëãåáðàè÷åñêîå ìíîãîîáðà-

çèå. Ïóñòü E è F � äâà êâàäðàòè÷íûõ ïðîñòðàíñòâà íàä êîëüöîì ðåãóëÿðíûõ ôóíêöèé

[X] ìíîãîîáðàçèÿ . Åñëè E è F èçîìîðôíû íàä ïîëåì ÷àñòíûõ () êîëüöà [X], òî êâàäðà-

òè÷íûå ïðîñòðàíñòâà E è F èçîìîðôíû ëîêàëüíî ïî îòíîøåíèþ ê òîïîëîãèè Çàðèñêîãî

íà , ò.å. äëÿ êàæäîé òî÷êè ìíîãîîáðàçèÿ íàéäåòñÿ òàêàÿ ôóíêöèÿ g èç [X], ÷òî g(x) íå
ðàâíî íóëþ è êâàäðàòè÷íûå ïðîñòðàíñòâà E è F èçîìîðôíû íàä êîëüöîì äðîáåé [X]g.

Óïîìÿíóòàÿ ãèïîòåçà Ãðîòåíäèêà-Ñåððà óòâåðæäàåò, â ÷àñòíîñòè, ÷òî àíàëîãè÷íîå óòâåð-

æäåíèå èìååò ìåñòî äëÿ ãëàâíûõ G-ðàññëîåíèé, ãäå G � ïðîèçâîëüíàÿ ñâÿçíàÿ ðåäóêòèâ-

íàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä ïîëåì êîìïëåêñíûõ ÷èñåë. Äðóãèå ïðèìåðû, èëëþñòðèðó-

þùèå ãèïîòåçó, áóäóò ïðèâåäåíû è îêîí÷àòåëüíûé ðåçóëüòàò òîæå áóäåò ñôîðìóëèðîâàí.

Ñàíêò-Ïåòåðáóðãñêîå îòäåëåíèå Ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â.À. Ñòåêëîâà ÐÀÍ,

íàá. ð. Ôîíòàíêè, 27, Ñàíêò-Ïåòåðáóðã, 191023, Ðîññèÿ

E-mail address: paniniv@gmail.com
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ÎÏÅÐÀÒÎÐ ØÐÅÄÈÍÃÅÐÀ, ÎÒÂÅ×ÀÞÙÈÉ ÑÅÌÅÉÑÒÂÓ
ÃÀÌÈËÜÒÎÍÎÂÎ ÌÈÍÈÌÀËÜÍÛÕ ËÀÃÐÀÍÆÅÂÛÕ

ÏÎÂÅÐÕÍÎÑÒÅÉ Â CP 2

ÁÀßÍ ÑÀÏÀÐÁÀÅÂÀ

Ïîäìíîãîîáðàçèå M ⊂ CP n (ïîãðóæåííîå èëè âëîæåííîå), dimRM = n, íàçûâàåòñÿ
ëàãðàíæåâûì, åñëè îãðàíè÷åíèå ôîðìû Ôóáèíè-Øòóäè íà M ðàâíî íóëþ. Ïîäìíîãî-
îáðàçèå M íàçûâàåòñÿ ãàìèëüòîíîâî ìèíèìàëüíûì (H-ìèíèìàëüíûì), åñëè âàðèàöèè
îáüåìû M âäîëü âñåõ ãàìèëüòîíîâûõ ïîëåé ðàâíû 0. Â [1] áûëè ïîñòðîåíû ïåðâûå ïðèìå-
ðû H-ìèíèìàëüíûõ ëàãðàíæåâûõ ïîäìíîãîîáðàçèé â CP n (îòëè÷íûõ îò ìèíèìàëüíûõ). Â
[3] áûëî ïîêàçàíî, ÷òî ñ êàæäîé ëàãðàíæåâîé ïîâåðõíîñòüþ ñâÿçàí åñòåñòâåííûì îáðàçîì
äâóìåðíûé îïåðàòîð Øðåäèíãåðà.

Òåîðåìà. Ïîâåðõíîñòü Σ ÿâëÿåòñÿ îáðàçîì êîìïîçèöèè îòîáðàæåíèé H◦ψ : R2 → CP 2,
ãäå ψ : R2 → S5, ψ = (ψ1, ψ2, ψ3),

ψ1(x, y) =

√
k

k −m
cn(νx, κ)eiπmy,

ψ2(x, y) =

√
k

k − n
sn(νx, κ)eiπny,

ψ3(x, y) =

√
k(n−m)cn2(νx, κ)− n(k −m)

(k −m)(k − n)
eiπky,

ν =
√
m(n− k)π, κ =

√
k(m−n)
m(k−n) , sn(νx, κ), cn(νx, κ) � ýëëèïòè÷åñêèå ôóíêöèè ßêîáè.

Èíäóöèðîâàííàÿ ìåòðèêà íà Σ èìååò âèä ds2 = 2ev(dx2 + dy2), ãäå

2ev = kπ2
(

(m− n) sn(νx, κ)2 −m
)
.

Ôóíêöèè ψi óäîâëåòâîðÿþò óðàâíåíèþ Øðåäèíãåðà Lψi = 0, ãäå

(1) L = ∂2x + ∂2y + i(m+ n+ k)π∂y + 2kπ2
(
(m− n) sn2(νx, κ)−m

)
.
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ÊÎÍÅ×ÍÎÇÎÍÍÛÅ ÐÅØÅÍÈß ÖÅÏÎ×ÊÈ ÒÎÄÛ

ËßÇÇÀÒ ÓÐÛÍÁÀÅÂÀ

Â ðàáîòå ìû èçó÷àåì êîììóòèðóþùèå ðàçíîñòíûå îïåðàòîðû ðàíãà îäèí. Íàìè ïîñòðî-
åíû îäíîòî÷å÷íûå è äâóõòî÷å÷íûå îïåðàòîðû è íàéäåíû ñîëèòîííûå ðåøåíèÿ öåïî÷êè
Òîäû â ñëó÷àå, êîãäà ñïåêòðàëüíàÿ êðèâàÿ ÿâëÿåòñÿ ñèíãóëÿðíîé àëãåáðàè÷åñêîé êðèâîé,
à èìåííî � ñôåðîé ñ äâîéíîé òî÷êîé.
Íàïîìíèì, ÷òî åñëè ðàçíîñòíûå îïåðàòîðû

Lk =
K+∑

j=−K−

uj(n)T j, Lm =
M+∑

j=−M−

vj(n)T j, n ∈ Z,

ãäå n ∈ Z � äèñêðåòíàÿ ïåðåìåííàÿ, T � îïåðàòîð ñäâèãà ïî äèñêðåòíîé ïåðåìåííîé

Tfn = fn+1,

êîììóòèðóþò, òî ñóùåñòâóåò ñïåêòðàëüíàÿ êðèâàÿ Γ, çàäàííàÿ â ïëîñêîñòè C2 íåêîòî-
ðûì ïîëèíîìîì Q(λ, µ), êîòîðàÿ ïàðàìåòðèçóåò èõ ñîâìåñòíûå ñîáñòâåííûå ôóíêöèè è
ñîáñòâåííûå çíà÷åíèÿ. À èìåííî,

Lkψn(P ) = λ(P )ψn(P ), Lmψn(P ) = µ(P )ψn(P ), P ∈ Γ.

Ðàíã l êîììóòèðóþùåé ïàðû îïåðàòîðîâ Lk è Lm îïðåäåëÿåòñÿ êàê ðàçìåðíîñòü ïðî-
ñòðàíñòâà ñîâìåñòíûõ ñîáñòâåííûõ ôóíêöèé â òî÷êå P ∈ Γ îáùåãî ïîëîæåíèÿ. È.Ì. Êðè-
÷åâåð è Ñ.Ï. Íîâèêîâ [1] äîêàçàëè, ÷òî ìàêñèìàëüíîå êîììóòàòèâíîå êîëüöî ðàçíîñò-
íûõ îïåðàòîðîâ, ñîäåðæàùåå Lk è Lm, èçîìîðôíî êîëüöó ìåðîìîðôíûõ ôóíêöèé íà Γ
ñ ïîëþñàìè â íåêîòîðûõ òî÷êàõ P1, . . . , Ps . Òàêèå îïåðàòîðû íàçûâàþòñÿ s-òî÷å÷íûìè.
È.Ì. Êðè÷åâåðîì è Ñ.Ï. Íîâèêîâûì ïîëó÷åí ñóùåñòâåííûé ïðîãðåññ â çàäà÷å êëàññèôè-
êàöèè îäíîòî÷å÷íûõ îïåðàòîðîâ ðàíãà l, èìè æå íàéäåíû îïåðàòîðû ðàíãà äâà, îòâå÷à-
þùèå ýëëèïòè÷åñêèì ñïåêòðàëüíûì êðèâûì. Òåîðèÿ òàêèõ îïåðàòîðîâ ñâÿçàíà ñ òåîðèåé
àëãåáðî-ãåîìåòðè÷åñêèõ ðåøåíèé âûñîêîãî ðàíãà 2D-öåïî÷êè Òîäû [1]. Ä. Ìàìôîðäîì [2]
è È.Ì. Êðè÷åâåðîì [3] íàéäåíû ñïåêòðàëüíûå äàííûå, îòâå÷àþùèå äâóõòî÷å÷íûì îïå-
ðàòîðàì ðàíãà 1. Îäíîòî÷å÷íûå îïåðàòîðû ðàíãà äâà, îòâå÷àþùèå ãèïåðýëëèïòè÷åñêèì
ñïåêòðàëüíûì êðèâûì, èçó÷àëèñü â [4]. Ñïåêòðàëüíûå äàííûå äëÿ îäíîòî÷å÷íûõ îïåðà-
òîðîâ ðàíãà îäèí íàéäåíû â [5].
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ îäíîòî÷å÷íûå êîììóòèðóþùèå ðàçíîñòíûå îïå-

ðàòîðû ðàíãà îäèí L2, L3 â ñëó÷àå, êîãäà ñïåêòðàëüíàÿ êðèâàÿ ÿâëÿåòñÿ ñôåðîé ñ äâîéíîé
òî÷êîé. Ïóñòü

Γ = CP1/{a1 ∼ −a1}, q ∈ Γ.

Àðèôìåòè÷åñêèé ðîä òàêîé êðèâîé ðàâåí 1. Ïðè ýòîì

L2ψn = (T 2 + unT + cn)ψn = f(z)ψn, L3ψn = g(z)ψn, z ∈ Γ.

Ñîâìåñòíûå ñîáñòâåííûå ôóíêöèè L2 è L3 óäîâëåòâîðÿþò óðàâíåíèþ

(1) ψn+1(P ) = χ(n, P )ψn(P ),

ãäå χ(n, P ) ðàöèîíàëüíàÿ ôóíêöèÿ íà Γ. Äëÿ òîãî, ÷òîáû íàéòè îïåðàòîðû L2 è L3, äî-
ñòàòî÷íî íàéòè χ(n, P ). Êðèâàÿ Γ äîïóñêàåò ãîëîìîðôíóþ èíâîëþöèþ

σ : Γ→ Γ, σ(z) = −z.
Íàìè äîêàçàíû ñëåäóþùèå òåîðåìû.
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Òåîðåìà 1.Ôóíêöèÿ χ èìååò âèä

χ(z, n) =
1

z
+

bn(z − γn+1)

(z − γn)(γn − γn+1)
− 1

γn+1

,

ãäå bn = γ2n−α2

α2 , γn � ïðîèçâîëüíûé ôóíêöèîíàëüíûé ïàðàìåòð äèñêðåòíîé ïåðåìåííîé
n ∈ Z.
Ïðè ýòîì, îïåðàòîð

L2 = T 2 + unT + cn
ñ êîýôôèöèåíòàìè

un =
γn+1(α

2 − γnγn+1)

α2γn(γn − γn+1)
+
γn+1(α

2 − γn+1γn+2)

α2γn+2(γn+1 − γn+2)
,

cn =
(α2 − γnγn+1)

2

α4(γn − γn+1)2
,

êîììóòèðóåò ñ íåêîòîðûì îïåðàòîðîì L3.

Îñíîâíîé ðåçóëüòàò äàííîé ðàáîòû � ñîëèòîííûå ðåøåíèÿ öåïî÷êè Òîäû. Äëÿ ýòîãî
ðàññìàòðèâàåòñÿ ðàçíîñòíûé îïåðàòîð L2, êîýôôèöèåíòû êîòîðîãî çàâèñÿò òàêæå îò t

L2 = T 2 + unT + cn,

êîòîðûé êîììóòèðóåò ñ îïåðàòîðîì Ëàêñà

[L2, ∂t − A] = 0,

ãäå
A = T + an,

äëÿ öåïî÷êè Òîäû

(2) u̇n = un(an − an+1), an = an+2 + un − un+1.

Òåîðåìà 2. Ôóíêöèè

un = 2b((−a− b)n+1(a− γ) + (a− b)n+1e2at(a+ γ))2/((−a− b)2+2n(a− γ)2+

2e2at(b2 − a2)n(a2 + b2)(a2 − γ2) + e4at(a− b)2+2n(a+ γ)2),

è
an = 4a2(a2 − γ2)/− 2(a2 − γ2) + (−a− b)n+1(a− b)−ne−2at(a− γ)2+

+(−a− b)−n(a− b)n+1e2at(a+ γ)2.

ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû (2).
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ÔÎÐÌÓËÀ ÐÅØÅÒÍßÊÀ È ÎÖÅÍÊÈ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÍÀÒÒÅÐÅÐÀ
Â ÒÅÍÇÎÐÍÎÉ ÒÎÌÎÃÐÀÔÈÈ

ÂËÀÄÈÌÈÐ ØÀÐÀÔÓÒÄÈÍÎÂ

Ôîðìóëà Ðåøåòíÿêà óòâåðæäàåò, ÷òî ïðåîáðàçîâàíèå Ðàäîíà R ÿâëÿåòñÿ èçîìåòðèåé

ìåæäó L2(Rn) è ãèëüáåðòîâûì ïðîñòðàíñòâîì H
(n−1)/2
(n−1)/2,e(S

n−1 × R) ÷åòíûõ ôóíêöèé íà

Sn−1 × R, ñíàáæåííûì íåêîòîðîé ñïåöèàëüíîé íîðìîé. Ìû îáîáùàåì ýòîò ðåçóëüòàò íà

ñîáîëåâñêèå ïðîñòðàíñòâà:R ÿâëÿåòñÿ èçîìåòðèåé ìåæäóHs(Rn) èH
s+(n−1)/2
(n−1)/2,e (Sn−1×R) äëÿ

ëþáîãî äåéñòâèòåëüíîãî s. Áîëåå òîãî, èñïîëüçóÿ ïîòåíöèàëû Ðèññà, ìû îïðåäåëÿåì íåêî-

òîðûå íîâûå ãèëüáåðòîâû ïðîñòðàíñòâà Hs
t (Rn) (t > −n/2) è äîêàçûâàåì, ÷òî R åñòü èçî-

ìåòðèÿ ìåæäó Hs
t (Rn) è H

s+(n−1)/2
t+(n−1)/2,e(S

n−1×R). Îáîáùåííàÿ ôîðìóëà Ðåøåòíÿêà òåñíî ñâÿ-
çàíà ñ îöåíêàìè óñòîé÷èâîñòè Íàòòåðåðà: c‖f‖Hs(Rn) ≤ ‖Rf‖Hs+(n−1)/2(Sn−1×R) ≤ C‖f‖Hs(Rn)

äëÿ ôóíêöèé f ñ íîñèòåëÿìè â ôèêñèðîâàííîì øàðå. Çàòåì ìû ïîëó÷àåì àíàëîãè ýòèõ

ðåçóëüòàòîâ äëÿ ëó÷åâîãî ïðåîáðàçîâàíèÿ ñèììåòðè÷íûõ òåíçîðíûõ ïîëåé.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà, Íîâîñèáèðñê, Ðîññèÿ;

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, óë. Ïèðîãîâà, 2, Íîâîñèáèðñê, 630090, Ðîñ-

ñèÿ

E-mail address: sharaf@math.nsc.ru

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ïðîãðàììîé Ïðåçèäèóìà ÐÀÍ, ïðîåêò 0314-2015-0013.
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