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ON GEOMETRIC STRUCTURES
ON THE FIGURE-EIGHT KNOT WITH A BRIDGE

NIKOLAY ABROSIMOV, ALEXANDER MEDNYKH, DARYA SOKOLOVA

An Euclidean structure on the figure-eight knot 4, arises when its conical angle o equals 27/3;
this result is due to Thurston [1]. An explicit construction of fundamental set for the cone-
manifold 4;(«) in E? was given in [2]. The existence of the euclidean structure on figure-eight
with a bridge was established in [3].

In the present work we consider a two-parameter family of cone manifolds 4; (v, v; ) whose
underlying space is S® and singular set is the figure-eight knot with additional bridge having
conical angles a and 7 along them, correspondingly (see fig.). For such cone manifolds we
construct a fundamental set. That is a non-convex butterfly polyhedron P with 20 triangular
faces and 12 vertices (see fig.). P is disjoint union of 10 simplices having one common edge.
We found geometrical realisation of P both in E3 and the Cayley-Klein model of H?3.

P2

P

¥
Theorem 1. A hyperbolic structure on 44 (v, «;y) is exist if and only if
—14+3M?+12X%2 -4 M?>X? -16X" >0, (i)
54 6M2+ M —60X2— 12M2X2+80 X4 >0, (i)

where M = cot§,a € (3,7),X = cosg,Q € (0,%) and 6 is the angle of relative rotation

between singular components. The equality in (i) is achieved under the condition v = 2,
i.e. when the bridge disappears. The equality in (ii) is achieved if there exist an Euclidean
structure on 4 (c, a; 7).

Theorem 2. If cone-manifold 4,(«, o;y) admits a hyperbolic structure then
—cos% — 8u? — 16u* + 5w — 40 ’w + 80 u'w + 32 u?w? — 128 u'w’
—20w® + 64 v*w® + 64 u'w?® — 64w w? + 16w,
where u = $trA = $trB = cosa, w = tr(AB™') = u? — (1 —u?) chp and p = 2h + 0 is the
complex hyperbolic distance between the singular components of 41 («, a; 7).
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HOW MANY TIMES CAN THE VOLUME OF A CONVEX POLYHEDRON
BE INCREASED BY ISOMETRIC DEFORMATIONS?

VICTOR ALEXANDROV

We prove that the answer to the question of the title is ‘as many times as you want’.
More precisely, given any constant ¢ > 0, we construct two oblique triangular bipyramids, P
and @), in Euclidean 3-space, such that
(i) P is convex,
(ii) @ is nonconvex and intrinsically isometric to P,
(ili) vol @ > ¢ - vol P > 0.
The talk is based on the paper [1].
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THE COEFFICIENTS OF QUASIMOBIUSNESS IN PTOLEMEIC SPACES

VLADISLAV ASEEV

In ptolemeic spaces the class of n-quasimobius mappings f : X — Y with distortion
function n(t) = Cmax{t*,t'/*} may be completely characterized by the inequality K—' <
(1+WnP(fT))/(1 +InP(T)) < K for all tetrads T C X where P(T) denotes the ptolemeic
characteristic of a tetrad (see [1]). The number K in this condition has properties quite similar
to those of coefficients of quasiconformality, so the concept of K-quasimdbius mapping may
be introduced. In particular, the stability theorem has been proved for (1 + ¢)-quasimobius
mappings in R".

REFERENCES
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GEODESICS AND CURVATURES OF SPECIAL SUB-RIEMANNIAN
METRICS ON LIE GROUPS

VALERII BERESTOVSKII

Lemma. Let (M = G/K,(-,-)) be any Riemannian symmetric space with semisimple Lie
group G which is the connected component of all isometries of (M, (-,-)), g, € Lie algebras of
Lie groups G, K. Then there exists a unique decomposition g = € @ p such that

(1) e g ce [epl=p, [pp]=t
In addition, if g =t @ b, ¢ = diag(h ® h) with semisimple compact Lie algebra by then
(2) p={(u,—u):ueb}, [eE€=2t [tp]=p I[op]=¢t

Corollary 1. A left invariant distribution 3 on G with (e) = p is two-generated, i.e.
(3) P+ B, =TGC.

Theorem 1. [1] Every parameterized by arc length geodesic of any connected smooth
manifold 9t with sub-Riemannian metric d, defined by an inner product (-,-) and two-generated
distribution B3 on 9N, is normal.

Theorem 2. Let (M = G/K,(-,-)), g, ¢ be as in Lemma, B as in Corollary 1, and (-, -) any
G-left-invariant and K-right-invariant inner product on G such that the canonical projection
p: (G,(--) = (G/K,(-,-)) is a Riemannian submersion. Then the distribution B is totally
non-holonomic and the pair (B, (+,)) defines a left-invariant sub-Riemannian metric d on G. In
addition, every parameterized by arc length geodesic v = 7(t), t € R, of (G, d) with condition
~v(0) = e is normal and it is a one-parameter subgroup

(4) 7(t) = exp(ts)
or a product of two one-parameter subgroups
() 7(t) = exp(£(€ + 1)) exp(—tn)

with arbitrary n € € and unit vector £ € p, where £ =7 (0) and [€,n] # 0.

Proposition. Under conditions and notation of Theorem 2, the projection p : (G,d) —
(G/K, p), where p is an intrinsic metric of symmetric Riemannian manifold (M = G/K, (-,-)),
is a submetry [2].

Corollary 2. The space (G,d)) is isometric to a geodesic orbit sub-Riemannian manifold
(G x K)/diag(K x K),d). This means that any parameterized by arc length geodesic in
(G x K)/diag(K x K),d) is an orbit of some one-parameter subgroup in G x K.

Corollary 3. Let g=h @b, t = diag(h @ h) as in Lemma, p as in (2), and H be a compact
Lie group with Lie algebra §. Then the pair (p, (-,)) defines a left-invariant sub-Riemannian
metric d on H x H, ; every parameterized by arc length geodesic v = ~(t),t € R, of (H x H,d)
with condition v(0) = e is normal and it is a one-parameter subgroup

(6) V() = (n(t),72(t)) = (exp(t§), exp(—tE))
or a product of two one-parameter subgroups
(7) V() = (n(t),72(t)) = (exp(¢(€ + 1)) exp(—tn), exp(t(=£ + 1)) exp(—tn))

The publication was supported by the Ministry of Education and Science of Russian Federation.
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GEODESICS AND CURVATURES OF SPECIAL SUB-RIEMANNIAN METRICS ON LIE GROUPS 9

with arbitrary n,£ € b such that [{,n] # 0, (§,—&) =7 (0), and (2&,2¢) = 1.
Corollary 4. Let v = ~(t), t € R be a geodesic (4) or (5) of the space (G, d).) Then

(8) p(y(t)) = pexp(t€)) or p(y(t)) = plexp(t(§ + n))).
In particular, in the case of Corollary 3,

(9) p(y(t)) = () (1),

which is equal to

(10) exp(2t€) or exp(t(€ +n))exp(t(§ —n))

for the case (6) or (7).

On the ground of Corollary 4, we calculate geodesic curvature and torsion of p(y(t)), t € R,
for the case of (G, d) = (Sp(1) x Sp(1), d) which corresponds to compact irreducible Riemannian
symmetric space (Sp(1) x Sp(1))/diag(Sp(1) x Sp(1)) of the type II. This symmetric space can
be treated as the group Sp(1) of unit quaternions with biinvariant Riemannian metric which is
isometric to the canonical unit sphere S® in the Euclidean space R%. Note that the Lie algebra
sp(1) consists of all purely imaginary quaternions.

Theorem 3. Geodesic curvature k and torsion k for the projection of geodesic (6) or (7) in
(Sp(1) x Sp(1),d) onto Sp(1) = S? are equal respectively to k = k = 0 in the first case and
k= |[2¢, ]|, = (2€,7) in the second case. In addition, k* + k? = (n,n).

Remark. Farlier in partial cases, results similar to Lemma and Theorem 2, have been
proved in [3]. The authors of [3] used [1] and [4]. Instead of [4] the author used [5].

A.F. Solovjev defined in [6] sectional and Ricci curvatures of any rigged distribution B8 on a
smooth Riemannian manifold M and gave in some cases (Lemma 4.1 and Theorem 2.4) concrete
methods and formulas for their calculation. In addition, the curvatures depend on restriction
of metric tensor to the distribution ¥ and chosen rigging B, of P ( i.e. another distribution
on M such that B @ Py = TM), but do not depend on restriction of metric tensor to ;.

Theorem 4. [6] Let p : (M,(-,-)) — (B,(-,-)) be a Riemannian submersion, B and P,
respectively its horizontal and vertical distributions on M. Then for any non-collinear vectors
u,v € B(z), x € M, the Solovjev curvature K, in the direction of linear span(u,v) is equal to
K ) (yap()» Where K is the usual sectional curvature of the Riemannian manifold (B, (-, -)).

To apply Solovjev methods to calculate curvatures of a sub-Riemannian manifold (M, d) it
is enough to choose reasonably a rigging B3, of distribution B, taking a part in definition of
sub-Riemannian metric d. The author suggested to choose 3 if it is a unique rigging of P
which satisfies one of the following condition: 1) [B1,B] C B, 2) [B1,P] < By, 3) [B, PB] C Pi.
Lemma for (G, d) in Theorem 2 and left-invariant 3, with 9 (e) = € and Theorem 4 imply

Theorem 5. Let X,Y € p, (X, X) = (Y,Y) =1, (X,Y) = 0. Then Kxy = —([[X,Y],Y], X).
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ON EMBEDDINGS OF NON-POSITIVELY CURVED COMPACT
SURFACES IN FLAT LORENTZIAN MANIFOLDS

FRANCOIS FILLASTRE, DMITRIY SLUTSKIY

In the 1940’s, A. D. Alexandrov, looking at the induced (intrinsic) distances on the boundary
of convex bodies of the Euclidean space, introduced a class of distances on compact surfaces.
Nowadays, such distances are called metrics of non-negative curvature (in the sense of Alexan-
drov). He then proved the following famous result. We assume that all the surfaces we are
considering are closed, oriented and connected.

Theorem 1. [1] Let (S, d) be a metric of non-negative curvature on a compact surface. Then
there exists a flat Riemannian manifold R homeomorphic to S x R which contains a convex
surface whose induced distance is isometric to (S, d).

If (S,d) is a metric space isometric to the induced distance on a flat torus (7, k), then the
statement above is trivial, as R can be taken as S x R with the metric h + dt?. Otherwise,
by the Gauss—Bonnet formula, a compact surface S with a metric of non-negative curvature
must have genus 0. A more classical way to state Theorem 1 in this case is to say that (S, d)
is isometric to the induced distance on the boundary of a convex body of the Euclidean space.

We proved an analogous result for metrics of non-positive curvature.

Theorem 2. [2] Let (S, d) be a metric of non-positive curvature (in the sense of Alexandrov)
on a compact surface. Then there exists a flat Lorentzian manifold L. homeomorphic to S x R
which contains a spacelike convex surface whose induced distance is isometric to (S, d).

Theorem 2 generalizes the results of F. Labourie and J.-M. Schlenker [3] for smooth metrics
of non-positive curvature and of F. Fillastre [4] for polyhedral metrics of non-positive curvature.

REFERENCES
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A PARTIAL CONVERSE TO TERGN’S CONVEXITY THEOREM

VICTOR GICHEV

A compact smooth submanifold M of R™ is called isoparametric, if its normal bundle is
flat and for every local parallel normal vector field the corresponding principal curvatures are
constant. The subject has long and reach history (see [1]). The family of parallel to M
submanifolds defines a foliation § of R™. If codim M > 2, then § is linearly isometric to the
foliation of orbits of the isotropy representation of some symmetric space. In particular, M is
homogenous in this case. However, there are non-homogeneous isoparametric submanifolds of
codimension 2.

We say that a submanifold of R" is centered if it is contained in some round sphere. Any
compact isoparametric manifold is centered. We may assume that the center is at zero. For
every p € M there is a finite Coxeter group W acting in the normal space N, which preserves
M N N,. Moreover, M N N, is an orbit of W.

Let v, be the orthogonal projection onto N, and let X denote the convex hull of a set X.
Suppose M isoparametric. Tergn’s Convexity Theorem ([2]) states that

l/pM:ﬁ/??

for any p € M. It generalizes the well known Kostant’s Convexity Theorem. The aim of the
talk is to present a partial converse: if M is a smooth compact centered submanifold of R™
such that for all p € M the set M N N, is finite and, moreover,

vpyM = ]\J/ﬂ\Np,
then, under some additional regularity conditions, M is isoparametric.
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ON MONODROMY IN THE PRONY SYSTEM
WITH NEAR-COLLIDING NODES

VLADIMIR GOLUBYATNIKOV, YOSEF YOMDIN

Problems of reconstruction of spike-trains signals Fy(z) = Z;l:l

measurements (moments) my, = [ 2*F(x)dz, where {a1,...aq}, {z1,... 24} € R?\ {0} (or in

C?\ {0}) are well-known in modern literature, see for example [1 - 5] and references therein.
Just for simplicity of exposition, we condider here 2-dimensional case d = 2 of near-colliding

signals r7 & xg &~ x5 # 11 € C, 9 # 0. So, we get the Prony system

a;0(x —z;) from the integral

2 2 3 3
(1) a; +ay=mo #0; a1y + asxe =my;  a1x] + aaT; = mao;  a1xy + axy = ms.

Let Py = C*(ay,as,z1,72) be the parameter space of the signal Fy(x); denote by My =
C*(mg, m1, my, m3) the corresponding moment space. The system (1) defines the Prony map-
ping PM : Py — My, its inversion (PM)~! describes reconstruction of Fy(z) from its moments.
See [1 - 3] for general case of arbitrary d > 2.

Let A C Py be the set of parameters with colliding nodes x; = x5 = zg. Then PM(A) is
defined by the relations ms = mozy = mix3 = mozy. Consider a loop in the space My\ PM(A)
parametrized by ¢ € [0, 27] and small € > 0:

glet® . )
(2) mo #0;  my = mozo + i me = mozs + %€, ms = mox;.
0

Let 01 = x1+x9, 09 = x129. Then the identities mo—o1mq+0c9mg = 0; ms—o1me+o9m, =
0; imply that

z0e2e™ & 1024 /AmoeiP st 4 3c2e2i°
2moxd + 2e2e’¥ '

(3) .1’172 = Xy —

When ¢ varies from 0 to 27, the factor v/ e varies from +1 to —1, the node x;(p) transforms
to x2(p) and vice versa. At the same time the amplitudes a; and ay of the summands of Fy(x)
change their roles as well.

Theorem. The equations (1), (2), (3) determine a nontrivial monodromy in the space Ps.
Similar constructions can be realized in higher-dimensional cases d > 2.
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DUALITY FOR ORLICZ SPACES OF DIFFERENTIAL FORMS

YAROSLAV KOPYLOV

We consider Orlicz spaces of differential forms on a Riemannian manifold. A Riesz-type
theorem about the functionals on Orlicz spaces of forms is obtained and then other duality
theorems result from it as consequences. We also extend the results on the Hélder-Poincaré

duality for reduced L, ,-cohomology by Gol'dshtein and Troyanov to Lg, ¢,,-cohomology, where
®; and ®;; are N-functions of class Ay N V.
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ON U(2)-, AND U(1,1)-PARALLELIZATIONS OF CHRONOMETRIC
BUNDLES

ALEXANDER LEVICHEV

Chronometric theory (which is due to Segal, see [1]) is based on the space-time D which
can be represented as a causal Lie group. The causal structure is determined by an invariant
Lorentzian form on the Lie algebra w(2). Similarly (in author’s publications), the space-time F
is represented as a causal Lie group where the causal structure is now determined by an invariant
Lorentzian form on the Lie algebra u(1,1). Lie groups G, G are introduced as SU(2,2)-reps
which are related by conjugation: h = WgW. Here g is arbitrary in the original G = SU(2,2)
whereas W is a certain 4 by 4 matrix (see [2]) with 2 by 2 blocks P, @, @, P (in that order).
Linear-fractional G-action on D is global and conformal; it is fundamental for the analysis
in space-time bundles based on the parallelizing group U(2). This analysis has been done by
Paneitz and Segal in 1980s. Linear-fractional (locally defined) Gp-action in F = U(1,1)

(1) hU)=VU+W)XU+Y)™"
has been introduced in [2]. Here each h is viewed as consisting of 2 by 2 blocks V, W, X Y.

For a 2 by 2 matrix M denote W(M) = (PM + Q)(QM + P)~! when it exists. Define the
imbedding of F into D by

(2) Z =W(U)

One can verify that (2) is well-defined for arbitrary U in F.

The current work deals with both D-, and F-parallelizations as well as it is dedicated to
the verification of the key condition (the coherence condition)in the fundamental Paneitz-Segal
theorem (see [I, p.99, Theorem 4.1]). In this theorem ¢ stands for a Lie group G homomorphism
into the group of C'*°-homeomorphisms of its certain subgroup N. The coherence condition
reads as follows. If x,y belong to N then

(3) o(x)y = zy.
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VASSILIEV INVARIANTS AND LINK HOMOTOPY IN DIMENSION FOUR

ASH LIGHTFOOT

The theory of Vassiliev invariants has found many applications beyond classical knot theory,
and in this talk I will discuss two particular generalizations. The first is due to Kamada, who
introduced the notion of Vassiliev invariants for surfaces in 4-space; here, the analogue of a
crossing change of a knot is a “Casson finger move” of a surface. The second was introduced by
Kirk and Livingston, who considered Vassiliev invariants of classical two-component links, for
which the two components must stay disjoint. I will explain how the study of link homotopy
in dimension four connects these two notions, and discuss pertinent problems in this setting.

NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF EcoNoOMICS, 6 USACHEVA ST., 119048, Moscow,
Russia
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CLASSIFYING MATVEEV’S VIRTUAL 3-MANIFOLDS

ANDREI MALYUTIN

S. V. Matveev [1] introduced a concept of virtual 3-manifolds generalizing classical compact
3-manifolds. A virtual 3-manifold can be presented either as an equivalence class of the so-
called special polyhedra or as an equivalence class of face identification schemes of tetrahedra.
In the same paper [1], Matveev constructed a natural map from the set of nondegenerate
virtual 3-manifolds to the set of 3-manifolds with RP2-singularities and posed the problem,
whether this map is bijective. A positive answer to this question would give a straightforward
classification of virtual 3-manifolds, identifying them with 3-manifolds with RP?-singularities.
However, it turns out that the answer is negative: we show that the mentioned map is not
injective. Moreover, we present an infinite family of virtual 3-manifolds corresponding to the
same 3-manifold with RP?-singularities. As an alternative approach to the classification of
virtual 3-manifolds, we propose to identify them with 3-manifolds with Modbius singularities.
(A compact 3-dimensional polyhedron W is a 3-manifold with Mdébius singularities if the link
of any point of W is either a 2-sphere, or a 2-disc, or a Mdbius band.)

Joint research with E. Fominykh and A. Vesnin.
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INTERIOR ESTIMATE FOR ELLIPTIC PDE AND DISTORTION
OF QUASICONFORMAL, HARMONIC MAPS

MIODRAG MATELJEVIC

We study the groth of gradient of mappings which satisfy certain PDE equations (or in-
equalities) using Green-Laplacian formula for functions and its derivatives. If in addition the
considered mappings are quasiconformal (qc) between C? domains, we show that they are Lip-
schitz. Some of the obtained results can be considered as versions of Kellogg-Warshawski type
theorem for qc-mappings.

More precisely, developing further methods from Heinz paper [2], we prove

Theorem. (i) Let 2 be a Jordan domain in R with C* boundary and f: B, 2% 2 be C2,
which has continuous extension on B.
(ii) Suppose that f satisfy Poisson-Laplace type inequality on By = B(zg,7r9) NB, where xy € S
and ro > 0.
There is 0 < 1y < 19, ¢ > 0 and a unit vector fields X on By = B(xg,m1) N B such that
|df.(X)| < ¢ for every v € By and X € T, B.

If in addition f is qc in By, then f is Lipshitz continuous ob Bj.

Every Lyapunov domain in plane is exhausted by a monotonous sequence of C"*°~domains
which are Lyapunov - uniformly bounded. Hence we can prove that qc harmonic mappings
between Lyapunov—domains (in particular C?-domains) are Lipshitz.

We also plan to discuss a major breakthrough concerning the initial Schoen Conjecture:
A quasiconformal map of the sphere S? admits a harmonic quasi-isometric extension to the
hyperbolic space H.

Among the other things, as tool we use the interior estimates for Poisson type inequality and
try to imply it to study boundary regularity of Dirichlet Eigenfunctions on bounded domains
which are C? except at a finite number of corners (Y. Sinai’s question).
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ON KATZARKOV-KONTSEVICH-PANTEV CONJECTURES

VICTOR PRZYJALKOWSKI

Let X be an n-dimensional Calabi—Yau complete intersection in a smooth toric variety.
Batyrev and Borisov in [2] constructed, using a nef-partition for X and the dual nef-partition,
mirror dual Calabi—-Yau variety Y. They proved that

PG (X)) = WG (YY),

where h%Y(V') are stringy Hodge numbers; in particular, they coincide with the usual ones of a
crepant resolution of V' if such resolution exists. Hodge numbers mirror symmetry conjecture
predicts that the same equalities hold for mirror dual Calabi—Yau varieties.

Mirror dual object for a Fano variety X is not a variety again, but the so called Landau—
Ginzburg model — a smooth (non-compact) variety Y with non-constant complex-valued func-
tion w called superpotential. Usually the Landau-Ginzburg model is treated as a family of
fibers of w. Katzarkov, Kontsevich, and Pantev in [4] defined three sets of numbers, f74(Y, w),
hP(Y,w), and #4(Y,w). (In [5] these definitions are slightly corrected.) That is, they con-
sidered a tame compactified Landau—Ginzburg model as a smooth compact variety Z with a
function w: Z — P! such that for D = w™!(c0) one has —Kz = D, Y = Z\ D, and D is a
simple normal crossing divisor. One can define w-adopted log forms

0% (log D,w) = {a € Q%(log D) | dw A o € Q% (log D)}
and numbers
7YY, w) = dim H?(Z,Q%(log D, w)).

Consider a smooth fiber Y. A nilpotent operator N = log T acts on H™(Y,Y}), where T is a
monodromy at infinity, and the weight filtration W (N, m) on H™(Y,Y}) centered in m agrees
with it. The Landau-Ginzburg Hodge numbers h??(Y, w) are defined by

RP"UY, w) = dim grvg(]j’?_a)H"J“p_q(K Y,) ifa=p—q >0,

P

hp,n—q(y’ w) — dim g,r,W(/(N r)L-i-a)Hn—i—p CI(Y" Y;}) if a = p—q<0.

The motivation of this definition is the following. Homological mirror symmetry conjecture
states, in particular, that the derived category of coherent sheaves D°(X) is equivalent to the
Fukaya—Seidel category F'S(Y). In particular, their Hochschild homologies are isomorphic.
Conjecturally, HH,,(FS(Y)) = H™(Y,Y,). Serre functors acting on both categories should
coincide; on D’(X) a logarithm of this functor is, up to a sign, the multiplication by c;(Kx),
and on FS(Y) the Serre functor is inverse to 7', so its logarithm defines the same weight
filtration as W (N, m).

Finally, using mixed Hodge structures for sheaves of vanishing cycles to singular fibers, one
can define the numbers *9(Y,w). The following theorem and two conjectures one can find
in [4]. We present them here with corrections from [5].

Theorem. One has

dim H™(Y,Y;C) = Y #(Y,w)= Y WPI(Y,w)= Y Y, w).

pt+g=m p+g=m p+q=m

Conjecture A. One has
P, w) = WY, w0) = FPUY,w).

The author was supported by Laboratory of Mirror Symmetry NRU HSE, RF government grant, ag.
14.641.31.0001, grant MK-6019.2016.1, and RFBR grants 15-01-02164 and 15-01-02158.
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Conjecture B. Let (Y, w) be a Landau—Ginzburg model of Fano type for a Fano variety X
of dimension n. Then
fPUY,w) = hP"Y(X).

These conjectures can be proved for dimensions 2 and 3. That is, Landau-Ginzburg models
for del Pezzo surfaces are constructed in [1]. For a degree d del Pezzo surface its Landau—
Ginzburg model is a rational elliptic surface with a wheel of d smooth rational curves over
infinity. In [5] the following theorem is proven.

Theorem. Let X be a del Pezzo surface. Then the last equality of Conjecture A holds,
the first one does not hold, and Conjecture B for Landau—Ginzburg models constructed in [1]
holds.

Methods that are used in [5], together with methods from [3], can be generalized to higher-
dimensional case. That is, in [6] toric Landau—Ginzburg models are defined as specific Laurent
polynomials that reflect specific symplectic and deformational properties of Fano varieties.
Conjecturally, Calabi—Yau compactifications of families given by these polynomials satisfy ho-
mological mirror symmetry. In [7] these Calabi-Yau compactifications are constructed. The
following statement belongs to A.Harder, L. Katzarkov, V. Lunts, and V. Przyjalkowski.

Claim. Let X be a Fano threefold. Then the last equality of Conjecture A holds, the
first one does not hold, and Conjecture B for Calabi—Yau compactifications of Minkowski toric
Landau—Ginzburg models holds.

Methods we apply to prove these statement use topology of the fibration and specific Hodge-
theoretic calculations. The important property we need is maximal unipotency of the mon-
odromy at infinity; it is related with the conjecture that the fiber over infinity is a reduced
reducible divisor that is combinatorially dual to a triangulation of a sphere. Another important
ingredient is the number of components of reducible fibers of the fibration minus the numbers
of reducible fibers. This allow us to hope that Conjecture A and Conjecture B can be stud-
ied (in the similar way as above) for complete intersections in projective spaces. Calabi—Yau
compactifications for them are constructed in [8], and reducible fibers are studied in [9].
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ALMOST CONTACT STRUCTURES ON HOPF BUNDLE

YAROSLAVNA SLAVOLYUBOVA

Let M be a real smooth manifold of dimension n > 3. An almost contact structure on
M is a triple (n,&, ), where 7 is a nonzero 1-form on M, & is a vector field on M : n(§) =
1, dn(&,.) =0, ¢ is so called affinor considered as continuous tangent spaces endomorphisms
fieldon M :nop =0, 0> = — [+n® &, T denotes an identity operator on T, M for any x € M
[1]. When (dn)™ An # 0 totaly on M, almost contact structure is a normal contact structure.
We consider almost contact structures on Hopf bundle S! — S§?"*1 — CP". Here S™ is a
n-dimensional sphere, CP" is a complex projective space of complex dimension n, and sphere
S?ntl s considered as submanifold in C**!. The main statement of the talk is the next result
that generalizes the well-known Boothby-Wang theorem:

Theorem 1. Hopf bundle admits the unique contact structure, but any almost contact
structure is induced by a pair of totaly linear-independent vector fields X,Y on CP™ and
continuous tangent spaces endomorphisms field J on CP" so that J*> = — [+ X* @ X +Y*®Y,
JX=JY =0,X"oJ=0.

We take an natural riemannian metric gy on sphere S?"*! induced by standart hermitian inner
product in C", vector field Z that touches the orbit of action for S' on S?"*! and distribution
D on S?"*! that is orthogonal to Z with respect to metric go. In the beginning, we show that
Z generates the Boothby-Wang contact structure on Hoph bundle. Further, we show that any
vector field X € C'(D) generates a noncontact 1-form on S?"*! and also any affinor ¢ for this
noncontact 1-form and vector field ¢Z together are equivalent to endomorphisms field J from
theorem 1. By this way, we accomplish the proof of theorem 1.
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VOLUME OF HYPERBOLIC TETRAHEDRON WITH SYMMETRY S5,

VUONG HUU BAO

We consider a hyperbolic tetrahedron with symmetry group Cy by Schonflies notation (or
2-symmetry by Hermann-Mauguin notation). By definition, a tetrahedron has 2-symmetry if

it admits a 7 rotation around the axis passing through the middles of two opposite edges (see
fig. 1).

F1GURE 1. Tetrahedron with 2-symmetry

In particular case when a = b, § = 7/2 (and ¢ = d) we get a tetrahedron with 4-symmetry.

We use the method established by N.V. Abrosimov, E.S. Kudina and A.D.Mednykh in [1].
Roughly speaking, we model a polyhedron in Cayley-Klein model of the hyperbolic space and
use the vector algebra in Minkowski space to get the relations between dihedral angles and edge
lengths. We find a criterion of existence for such a tetrahedron and obtain exact formula for
its hyperbolic volume.

Theorem 1. A hyperbolic tetrahedron with edge lengths a, ¢ admitting 4-symmetry is exist
if and only if 1+ cha — 2chc < 0.

_ Theorem 2. The volume of a hyperbolic tetrahedron with edge lengths a,c admitting
4-symmetry is given by the formula

V:/ f(a,c) da:/ g(a,c)dc, where
0 a

rch((14-cha)/2)

The present work is supported by Russian Science Foundation (grant 16-41-02006).
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22 VUONG HUU BAO

1
f(a,c) sha — 20—%Sha,

1 As
= (0
VAL — AT As VAR — CF As
! Ay - 20—1 ﬁshc,
VA3 - CF A

gla,c) = —a\/ﬁA—Qshc
Ay = (1 — cha)(1 + cha)® — 16(1 + cha)*ch®c + 64ch’c,
Ay = (cha — 1)(1 + cha)® — 16(1 + cha)*ch’®c + 64ch’c,
As = 64ch*c (1 + cha)?[cha(1 + cha)? + 4(1 — 2cha)ch?d],
Ay = 64che (1 — cha)(1 + cha)®|(1 + cha)?® — 8ch’d|,
C) = (ch*a — 1)[(1 + cha)* — 8ch?c],
Cy = 16ch*c (1 + cha)®[1 — cha(4 + cha)]+
8(1 + cha)?*(1 + 2cha)?*(1 + 2cha)?*(1 + 2cha)ch?c — 64chach’c,
C3 = 16¢hc|(1 — cha)(1 + cha)® + 16(1 + cha)?*ch*c — 64ch*c]+
2(1 — ch?a)(1 + cha)(cha — 1 + 2ch*a — 16¢ch®c)[(1 + cha)?® — 8ch?d].

We also obtain existence criteria and volume formulas in more general cases when a # b or
0#m/2 (c#d).
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O I1IOJOBbHO OJHOPOJHBIX R-IEPEBbAX

I[TABEJI AHAPEEB

B pa6orax [1]-]3] usy4aercss cTpoeHne JIOKAJIBbHO MOJHBIX JOKAJIBHO KOMIAKTHBIX MOI0OGHO
OJTHOPOIHBIX, HO HE OJIHOPOJHBIX ITPOCTPAHCTB ¢ BHYTpeHHeH MeTpukoil. Kcim orkasarbest or
YCJIOBUSI JIOKAJIBHON KOMITAKTHOCTH, TO JIOKAJIBHO ITOJTHOE TOJ00HO OTHOPOIHOE HE OTHOPOIHOE
IIPOCTPAHCTBO MOXKET OKa3aThCd, HaIpuMep, R-IepeBoM, KazKjas TOYKa KOTOPOIO sBJISETCs
TOYKOji BeTBiIeHus (CM. [4]).

[Tycts X — JI0KaJIBHO IOJIHOE TOJ00HO OJHOPOIHOE HE OXHOPOAHOE R-IepeBo, OTIUYHOE OT
R, . OHO HA3BIBaETCS CTPOTO BEPTHKAJILHBIM, €CJIU Ha JIIOOOM €ro oTpe3ke (PyHKIUs pajmyca
MOJTHOTHI MMEET JIOKAJbHBIN IKCTpeMyM He 0oJiee, YeM B OJIHON BHYTpPEHHEHl TOYKe ITOro OT-
peska. Crporo Beprukasibioe R-gepeBo X HasbiBaeTcsi BETBAMIMMCS BBEPX (COOTBETCTBEHHO,
BHI/I3), €CJIn BCE JIOKAJIbHbIC IKCTPEMYMbI PaJlyCa IIOJHOTHI ABJIAIOTCA JIOKAJIbHBIMHA MHUHUMY-
MaMu (COOTBETCTBEHHO, MAKCHMYMAMH).

[Tox uncsiom BerBenus: R-yepeBa X B Touke @ € X IOHMMAETCA KapUHAJIBHOE YUCJIO K — 1,
rje K — KapJMHAJbHOE YUCJIO KOMIIOHEHT CBsi3HocTu npoctpancTsa X \ {a}.

Teopema. 1. /[ist 106010 KapauHaabHOTO ducaa Kk > 0 CyIIeCTBYeT ¢TPOro BEPTHKAJIBHOE
JIOKAJILHO TI0JIHOE MOJ0O0HO OJHOpOJHOe He omHopogaHoe R-gepeBo X, B KaxKJ0H TOYKEe KOTO-
pOro 4HCJI0 BETBJIEHHUSI paBHO K + 1, npmiém X MOXKeT ObITh KaK BETBSIAMCS BBEPX, TaK H
BETBAIIINIMCA BHHU3.

2. Ecin jiokaJabpHO MOJIHOE IIOJO0OHO OJHOpOJHOE He oaHopoaHoe R-gepeBo X, oriimdHOe OT
R, , He sIBJIsTETCST CTPOrO BePTHKAJJIBHBIM, TO €0 9HCJIO BETBJICHUS B Ka’K0H TOUYKe He MEHBIIE
MOIITHOCTH KOHTHHYYMA.
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O IIIECTUMEPHOI C®EPE C NMPUBJIN2KEHHO KEJIEPOBOU
CTPYKTYPOU

TFAJIMHA BAHAPY, MUXAWNJI BAHAPY

Mlectimepras cdepa S ¢ kKaHonMUeCcKoil TPUOIMIKEHHO KeJIepOBOi CTPYKTYPOH 3aHIMAaeT
ocoboe MecTo B 5pMuTOBOIT reomerpun. CamMoe 09eBUIHOE 0ObICHEHIE 9TOTO (DaKTa TaKoe: Ka-
HOHMYeCcKasl IPUOIMKEHHO KeJlepoBa, CTPYKTYpa, HHLypyeMas Ha SO, — ncTopuuecku nepsblit
IpUMEpP OTJIMIHON OT KeJIepOBOii TouTH 3pMUTOBON cTPYKTYphI |1]. KosmuecTso omy6imkoBan-
HBIX B CEPHE3HBIX MATEMATHIECKUX KYPHAJIAX CTaTell O pa3IMIHBIX aCIEKTaX TeOMETPUN TTPH-
OJIMZKEHHO KeJIEPOBOH MIEeCTUMEPHO# chephbl ucuauc/isgercss MEOruMu Jecarkamu. Cpein HuX Kak
paboTsl KiraccukoB spMuToBoil reomerpun (A. I'peit, E. Kanabu, B.®. Kupuvenko, K. Cekura-
BA), TakK M CTAThM MHOTHUX JPYIUX T€OMETPOB U3 CAMBIX Pa3HBIX cTpaH. OTmernm, 110 0630p [2]
00 S5PMUTOBOI MeOMETPHUH MMECTUMEPHBIX MHOTOOOPA3Uil COIEPIKUT MHOKECTBO PA3HOOOPA3HBIX
CBA3AHHBIX ¢ reomeTpueil cepnl SO pesynbraros, KoTopble 6L ToIydens! 10 2012 roja.

B nokitajie mpejinosiaraeTcs NMpoOU3BECTU KPATKU 0030p OCHOBHBIX PE3YJIbTaTOB O I'eOMeT-
pum Ipub/IMKEHHO KeslepoBoii cdepbl S, monyuennbix B mocieanee Bpems (mampumep [3]).
Kpowme Toro, ripejnosaraercs mpeacTaBUTh HECKOJILKO COOCTBEHHDBIX PE3Y/ILTATOB, KaK OITyOJIH-
KoBaHHBIX (Hampumep [4] u [5]), Tak u coBcem HOBBIX. Cpenu mpodero, GyeT MOKa3aHO, UTO
[IOYTU KOHTAKTHBIE METPUYIECKUE TUIIEPIOBEPXHOCTU MPUOJINKEHHO KEJIE€POBON IIeCTHMEPHOM
cepbl JIOMYyCKAIOT MOYTH KOHTAKTHYIO METPUIECKYIO CTPYKTYPY KOCUMILIEKTUIECKOrO THUIIA
(10 nonsitue BBeau B paccmorperne B.D. Kupuuenko u 11.B. Yckopes [6]), koropast, onHaxo,
He ABJIAETCA HU KOCHUMILIEKTUYIECKONW CTPYKTYpOil, HU cTpyKTypoii Kenmoiry, HU Kakoii-n0o
JAPYroil U3BECTHOU CTPYKTYPOIl 3TOr0 BUA.
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O II0Y9TU KOHTAKTHBIX METPUYECKHNX CTPYKTYPAX HA 0- U
1-TUIIEPIIOBEPXHOCTAX IIOYTU PMUWTOBBIX MHOI'OOBPA3NUA
MAJIBIX KJIACCOB I'PEA-XEPBEJIJIBI

MUXAUJI BAHAPY

1. U3BecTHO, 9TO HA BCSIKOH OPUEHTHUPYEMO T'MIIEPIIOBEPXHOCTU HOYUTH SPMHUTOBA MHOT0O00-
pasnst UHIYIUPYETCsI TOYTH KOHTAKTHAST METPUIECKas CTPYKTypa. V3ydeHneM mouTn KOHTAKT-
HBIX METPUIECKUX CTPYKTYP HA TUIEPIOBEPXHOCTIX MOYTH SPMUTOBBIX MHOT0OOpa3uil 3aHnMa~
mck Muorue reomerper: /1. Bosp (CIHIA), C. Umnxapa, M. Oxymypa, C. Cacaku, C. TanHo,
1. Tammpo, K. sIno (Snomus), B. ®@. Kupnaenko, JI. B. Cremanosa (Poccus).

B [1] aBropom 6bLIO yCTaHOBJIEHO, YTO B 6-MEPHOM KeJIEPOBOM MOJIMHOI00Opa3ni ajarebpbl
OKTaB MOYTH KOHTAKTHASI METPUUIECKasi CTPYKTYpa HA TUIEPIIOBEPXHOCTU € TUIIOBBIM IHCJIOM 1
(nmu 1-TUHeprnoBepXHOCTH) SABJISETCS KOCUMILIEKTUYIeCKOi. To ecTh Takoil »Ke, Kak 1 Ha BIIOJTHE
reojIe3MIeCKOil THIEPIOBEPXHOCTH (1/iu O-TUIEePIIOBEPXHOCTH) B 6-MEPHOM KEJIEPOBOM IOJIMHO-
roobpazun aynredopel Kamu. Ilosmaee sTor pesyabrar ObLT 00O0OINEH I MOYTH KOHTAKTHBIX
METPHYECKUX TUIEPIIOBEPXHOCTEN MTPOU3BOJILHOIO KeJlepoBa MHOroobpasus [2].

s 6-mepHOit cdepbl ¢ KAHOHIMYECKON TPUOIIMKEHHO KeJIEPOBOii CTPYKTYPOii (Takasi CTPYK-
Typa He HHTErPUPYyeMa, U, CJIeJ0BATELHO, He sIBISETCS KeJIePOBOii) MOy IeHbl CXOXKNe Pe3yIlb-
TaThl. VIMEHHO, JIOKA3aHO, 9TO W Ha BIIOJHE Ie0JIe3UYECKON T'UIePIIOBEPXHOCTU, W Ha TUIEP-
[IOBEPXHOCTH C TUIIOBBIM YUCJOM | BO3MOXKHA peasin3allis MOYTH KOHTAKTHOW METPUIECKON
CTPYKTYPBI TOJIBLKO OJIHOTO BUJia — ¢JIaO0 KOCUMILJIEKTHIECKON CTPYKTYPBI (MHOIJIA €e HA3bIBa~
10T cTpyKTypoit Dumo) (3], [4]. Dror pesyabrar Takxke OGbLT 060OIIEH JJIA TOYTH KOHTAKTHBIX
METPUIECKUX TUIEPIOBEPXHOCTEl TIPOU3BOJIBHOIO MPUOJIMKEHHO KeJiepoBa MHOroobpasus [5.

Jlnst 6-MepHBIX CIIeIUATBHBIX SPMHUTOBBIX MOAMHOI00Opa3uil ajredpbl OKTaB TaKKe IOJIy-
YeH pe3y/IbTaT aHAJOIUIHOIO IJIAHA: JIOKA3AHO, UYTO Ha TUIIEPIOBEPXHOCTU C TUIIOBBIM THCJIOM
1 peammsyercst cTpYKTypa, WIEHTUIHAS TOW, UTO PEAJTM3YETCs HA BIIOJHE Te0JIe3WIECKON I'i-
nepriosepxuocTr [6]. VI cHOBa 3TOT pesyibrar Mmoydna oOOOIIeHNe JJIf TOYTH KOHTAKTHBIX
METPHUYECKHUX TUIEPIIOBEPXHOCTEN MTPOU3BOJIBHOIO CIIEIUATBHOIO 3PMUTOBA MHOrOOOpasus [7].

Kitacchl KesrepoBbIX, MPUOIMAKEHHO KEJEPOBBIX U CIEIHAIbHBIX SPMHUTOBBIX MHOTOOOpA3nii
OTHOCAT K TaK Ha3bIBAEMbIM MaJjbiM Kiaccam ['pesg—XepBesuibl MOYTH IPMUTOBBIX MHOTOO0-
pasuii. Kpome HUX K 5THM MaJibIM KJjaccaM OTHOCAT KJiacchl Wo u Wy, KOTOpBIe Ha3bIBAIOT
Kjiaccamu 1ouru Kejreposbix (almost Kéhlerian, AK-) u jioKa/ibHO KOH(DOPMHBIX KEJIEPOBBIX
(locally conformal Kéhlerian, LCK-) mHOroo6pasuii, coorsercrento. Ilpuaem mocientee Ha-
3BaHUe He coBceM TOYHO. Ha camom neste, kiracc Wy TOTBKO COIEPKUT JIOKAJIBHO KOH(DOPMHBIE
KeJIepOBbI MHOT000Opasusi, a coBnaaeT ¢ Kinaccom LCK-MrOrO0Opasuit mib 11 pa3sMepHOCTH
He HIKe IecTH (8.

2. Kak mssectHo [8], mouru spmuropoii (almost Hermitian, AH-) crpykrypoii Ha weTHO-
MepHOM MHOroo6paszuu M?" masbiBaercst napa {J, g = (-, -)}, rae J — mo4Tn KomILleKcHas
crpykrypa, g = (-, ) — pHUMaHOBa MeTpHKa Ha 3ToM MHOroobpasuu. Ilpu srom J u g = (-, -)
JIOJIZKHBI OBITH COIVIACOBAHBI YCJIOBUEM

(JX, JY)={(X,Y), X, Y eR(M™).

Baech R(M?") — mouynb rajgkux (kimacca C™ ) BEeKTOPHBIX mHojefi Ha MHOrooGpazunm M2",
Mmuoroo6pasue ¢ (bUKCHPOBAHHON Ha HEM HMOYTH SPMUTOBOH CTPYKTYPOil Ha3bIBAETCS MOYTH
spmuToBbiM (AH-) muoroo6pasuem. C kaxkoit AH-crpykrypoit {J, g = (-, -)} na muoroobpa-
3HMU CBSA3AHO I0JIe JIBAXK Bl KOBAPUAHTHOI'O KOCOCUMMETPHYECKOIO TeH30pa (To ectb 2-hopMmbl),
OIIPEJIEJISIEMOIO PABEHCTBOM
F(X,Y)=(X, JY), XY €R(M™"),
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U Ha3bIBAEMOro (pyHIaMEeHTATbHON (DOPMOIl CTPYKTYPHI.
[TouTi 5pMUTOBA CTPYKTYpa IPUHAIJIEKUT KJIACCY TOYTH KEJIEPOBBIX CTPYKTYD (Kitaccy W),
ecyiu BbinostHsAeTCs yeaosue 0 F = 0. Iloutu spMutoBa CTpyKTypa NpUHAIIEKUT Kiaccy Wy,

ecau
1

2(n—1)
(X, IY)YSF(JZ)+(X,JZ) §F(JY)}, X,Y,Z € X(M*"),

rie 0 — omeparop Koauddepenimposanusi, a V — puMaHOBa CBSI3HOCTb MeTpuku g = (-, +) [8].

Hanomuunm [8], 9T0 1I0YTH KOHTAKTHONW METPUIECKOH CTPYKTYpPOil Ha MHOroobpasun N Ha-

3bIBaeTCs cucreMa TeH30pHbIX nosteii {P, £, 7, g} Ha 5TOM MHOrOOGpa3uu, JJId KOTOPOI BBINOJI-
HAOTCs yeioBus [8]:

Vi (F) (Y,2) = ((X,Y)6F (Z) —(X,Z) §F(Y) -

nE) =1, &) =0,n0d =0, P> =—id+ £,
(3mecs @ — moJie Tensopa tumna (1, 1), £ — BeKTOpHOE T10J1e, 1) — KOBEKTOPHOE TI0Jie, g = (-, +) —
pumanoBa Merpuka, N(N) — MOJy/Ib IJIaJKIX BEKTOPHBIX T10JIel Ha MHOrooOpasuu N'.)
XopoI10 U3BECTHO, YTO MHOrOOGpasue, J0IIyCKaolee IOYTH KOHTAKTHYIO MeTPUIeCKYIO CTPYK-
Typy, HEYeTHOMEPHO U opueHTHpyeMo. KiiaccuuecKuMu npuMepaMy 09T KOHTAKTHO MeTpH-

YeCKOU CTPYKTYPBI SIBJISIOTCS YIOMSHYTBIE BbINE€ KOCUMILJIEKTHYECKAs U CJIa00 KOCUMILIEKTH-
JecKue CTPYKTYPHI, a Takke crpykTypel Cacaku u Kenmorry [8].

3. Teopema 1. B W -MHOroo6pa3uu mouTn KOHTAKTHbIE METPHIECKHE CTPYKTYPhI HA THIIED-
HOBEPXHOCTH C THHOBBHIM ducjaMu () 0 Ha THIIEPIIOBEPXHOCTH C THIIOBBIM 9HUCJIOM 1 SIBJISTIOTCS
HJTeHTHIHBIMH.

[Ipunumas Bo BHMMaHWe, 4TO KJacc Wy MOYTH SPMUTOBBIX MHOIOOOPa3Uii COJEPKUT BCe
LCK-mHOr000pasus, Mbl MOJIy4aeM TaKoe

CrnencrBue. B Jji0Ka/IbHO KOH(OPMHOM KeJIEPOBOM MHOIOOOPA3WH MOYTH KOHTAKTHBIE MET-
pudecKme CTPYKTYDPBI Ha THTIEPIOBEPXHOCTH € THITOBBIM ducaaMmu () 0 Ha THIIEPIIOBEPXHOCTH C
THIIOBBIM YUCJIOM 1 SIBJISTIOTCST HJI€HTHIHBIM.

Teopema 2. CrpykrypHble ypaBHeHuss Kaprana 1modtn KOHTAKTHOH METPHIECKOH CTPYK-
Typbl Ha runeprosepxrocTn N*"~! nourn kemeposa muoroobpasms M?" mmeror cieayronimit
BHJT:

~ 1 -
dw® = wg A W’ + Bo‘mwg A Wy + wgwb Aw+ <—\/§B”aﬁ — EBO‘B" + iao‘ﬁ) wg N\ w;

. 1 -
dw, = —wg A wg + Bagﬂ,w'g AW’ + iagwb Aw+ (—\/5 Bpag — —=Bapn — iaab) W Aw (1)

V2

dw = \/§Bna5w°‘/\wﬂ+\/§Bm’6wa/\w5—Qing'B/\wa—f— (Bngn + icrw) wAW’+ (B”ﬁn — iaf) wAwg.

Buecs {w”}, {wa} — kommonenTs! hopym ememennst (w" = w); {wh} — KommoHeHTH HOPM PU-
MaHOBOH CBAZHOCTH; W, = w; a, B,y =1, ..., n—1;a,b,c=1,...,n. Oynxmun { B®}, { By}
ABJIAIOTCS KOMIIOHEHTAME CTPYKTYPHBIX TeH30poB Kupuuenko [9]; ¢ — BTopas kBajgparnanast
dbopma norpyxenns runeprosepxnoctn N2"~! B moutn xeseposo Muoroobpaszue M2,

Ec/in runeprnoBepxHOCTh SABJIAETCA BIOJIHE IEOJe3MIECKO, TO €CTh BCe KOMIIOHEHTHI €€ BTO-
poit KBapaTudnoii GopMbl ¢ 06pamaoTea B Hy/b, TO ypasHenus (1) cylecTBEHHO yIpoIna-
I0TCH:

~ 1 -~
dw® = wg A WP+ Bo‘mwﬁ N wy + (—\/§ Bf — —BO‘B”) wg N w;

V2
. 1 -
dwy = —wg Nwg + Baﬁwwﬁ Aw? + (—\/§Bna3 — %Bagn) WP A w; (2)
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dw = V2Bpapw® Aw® + V2B P, Awg + (Bnﬁn) w AW+ (B"ﬁn) w A wg.

ObpaTuM BHUMaHME Ha TO, YTO ITH yPaBHEHUA HE COOTBETCTBYIOT HU KOCHMILICKTHICCKOMN
crpykrype (B ciaydae, KOTjia MOYTH KeJIepOBa CTPYKTypa OTJIMYHA OT KeJepoBoil), Hu ciabo
KOCUMILJIEKTHIECKOU CTPYKType, Hu cTpykrypam Kenmory mian Cacaku, HE JIPYTHM BUJIAM W3-
BECTHBIX [IOYTU KOHTAKTHBIX MeTpuieckux cTpyKryp [8|. TIpemnosioxkenue, KOTOpOe Mbl BbIIBU-
raeM, COCTOUT B cefyiomeM. Ecimu Tunosoe uucio rumeprosepxuoctu N2~ ! nourn xeeposa
MHOroo6pasusa M>" paBHO elUHHUIE, TO €CTh eJIUHUIE PaBeH PaHI ee BTOPOil KBaIpaTUUHOLM
dOpMBI, TO TIOYTH KOHTAKTHAA METPUYECKasl CTPYKTYypa Ha 3TOM TMIEPIOBEPXHOCTH TOXKE 3a-
JaeTcs ypaBaeHusMu (2).

Jpyrumu cjioBaMu, Mbl (POPMYJIUPYEM TAKOE

IIpenamnonoxkenne. B 11pon3Bo/ibHOM 1IOYTH KeJIEPOBOM MHOI'O0OPA3UH MOYTH KOHTAKTHBIE
MeTpuYdecKue CTPYKTYPbI Ha THIIEPIIOBEPXHOCTH C THIOBBIM ducjioM () W HA THIEPIOBEPXHOCTH
C THIIOBBIM YHCJOM 1 SBJISTIOTCS UJIEHTHIHBIMH.

Pasymeercst, mosydenue crpyKTYpHbIX ypasHeHuit (1) u (2) siBisieTcst TOJIBKO TEPBBIM (XO-
TSI M BeCbMa CYIIECTBEHHBIM) IIArOM K TOMY, 9TOObI MOATBEPUTH HJIM OIMPOBEPTHYTH TaKOe
[IPE/IIIOJIOKEHHE.

EcJin BBIIBUHYTOE TIPEIIIOIOKEHNE OKAXKETC BEPHBIM, TO 3TO O3HavaeT, 9To jijist AH-MHOrO-
obpasuit Becex MasIbiX KaccoB I'pesi—XepBesuibl BUJ[ OUTH KOHTAKTHBIX METPUIECKUX CTPYKTYP
HA TUIEPIOBEPXHOCTAX ¢ TUIOBBIMU ducaamMu 1 u 0 Gyjer oJIMHAKOBBIM.
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I'PYIIIIBI ABUXKEHIIN HEKOTOPHIX ®EHOMEHOJIOTMYECKU
CUMMETPUYHBIX TPEXMEPHBIX I'EOMETPUUN

PAJTA BOTTAHOBA, BJIATUMIP KBIPOB, TEHHA T MIUXATITYEHKO

WsBectna nosHasg KJacCUpHUKAIUA TPEXMEPHBIX (PEHOMEHOJOTHYECKH CUMMETPUUYHBIX Ieo-
merpuit [1]. Ona Briovaer cumiunuaibibie reomerpun 1, IT u 111 Tunos, 3a1aBaemMbie MeTPHU-
YeKUMU (DYHKIUAMU:

. Yi — Yi
= i i) 1
f(iy) xi_xj—l—w + w; (1)
. . Yi — Yi
Fid) = 2= explon -+ )
fig) = arctgu + w; + wj; (3)
Ty — Ty

rae (z;, y;, w;) 1 (@, yj, w;) — KOOPJAMHATHI TOYEK i M j TPEXMEPHOrO mpocTpancTsa R [2].

[naBHOl 3a1aueil paboThl ABAgeTCA HaXOMKJIeHHE JOKaJIbHO 3(PpdeKTHBHLIX AeiicTBuil B R>
HEKOTODBIX IecTuMepHBIX Tpyii Jlu G, coxpansomux 3uadenus: Merpuaexux dbyukmmii (1) —
(3) (rpynn gBuzkenuii 3Tux reomerpuii). JIjist pereHus: MOCTABIEHHON 33/1a9l CHAYAJIA depe3
KCIMOHEHITMAIbHOE OTOOPAZKEeHNEe HAXO/SITCS JIOKAJbHBIE OTHOMAPAMETPUIECKNE TMOATPYIIIHI,
COOTBETCTBYIOIINE paHee U3BeCTHBIM Oa3ucHbiM onepatopaM X, Xo, X3, Xy, X5, Xg anrebp Jlu
3THUX JEeUCTBHN:

Op, Oy, 20y + Y0y, —220y+ Oy, —xzﬁy + 20, —2%0, — 22y0y + YOu; (4)
Oy, Oy, 0y +y0,, 0y — Y0y + Oy, 220, + 10, —y2ay + YOu; (5)
Op, Oy, 0y +y0,, 2y0; —2x0, + Oy, (6)

22y0; + (y* + 220, + 20y, (2* — y*)0y + 22y0y, — YOy,

a 3aTeM KOMIIO3UIMEH HAXOIATCS ABHBIC BHIPAKCHUS I JOKAJBHBIX JICHCTBUI.

Teopema 1. Jlokaabro s¢pextuproe geiictsue rpymubl Jlm G = SLy(D)r B R® 3azaer
IpyHILy JBHXKEeHUE CUMIIMIIMAILHOIO npocrpancrsa I tuna. B siBHoM Bujie 310 JieficrBue 3amu-
ChIBaeTCsd TaK:

, az+b n 1 1 +d
= w=w+—(1- ,
cz+d 2e cz+d
rae a, b, c,d = const, ad — bc = 1.
B sannoii reopeme D — 5710 KOJIbIO JyasibHbIX uuces, SLs(D) — cuenuajibuas juHeiiHas
rpynna Han D, a G = SLy(D)gr — ee osemectrienne. a,b,c,d,z € D, npudem, Hanpumep,
z
z=x+ey, Z=u1x—c¢y, —:1—25g, g2 =0.
z x
Teopema 2. JIokarbro 3¢ppextusroe aeiicrsme rpymmnst JIm G = SLy(R) x SLy(R) B R? 3a-
JaeT IPYIITY ABHXKeHHI CHMILIHIHAILHOrO npoctpaHcTBa Il tuma. B ssBHOM BHIE 3TO0 meiicTBHe
3aIHChIBACTCS TAK:
ax +0 asy + b coy +d
o= 1—|—a, y = 2Y 2,w':w+1n 2Y 27
1T + dl Coy + dg c1x + dl
rie a, b17 C1, dla az, b27 Ca, dQ = COHSta aldl - blcl = ]-; a/2d2 - bQCQ =1.

Baeck uepes SLy(R) obo3naueHa cieruajibHas JuHeiiHas rpyia Haj 1.
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Teopema 3. Jlokaabno 3¢ppexrusroe geiicrsue rpynnsl JIn G = SLy(C)g B R® 3axzaer
TpYHIIy ABHXKEHWIH CHAMILIAIHAAIBHOTO npocTpaHcTBa III tuma. B sBHOM BmIe 3TO jgelicTBHe
3aMHCBHIBACTCS TaK:

, az+b 1 cz+d

Z = , W =W+ —Lh———,
2t cz+d

e a, b, c,d = const, ad — bc = 1.

B dopmysiuposke Teopembl depes G = SLy(C)g 0603HAYEHO OBEIIECTBIEHHE KOMILTIEKCHON
CIenaJbHON JUHEHHONH I'PYIIIIDL.
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IIPOOOJI2KEHHBIE CTPYKTYPhI C MOJAN®UIIIPOBAHHON
METPUNKON HA KOPACIIPEJAEJIEHNAX KOHTAKTHBIX
METPUYECKNX MHOT'OOBPA3UI

AJINA BYKYITEBA

[Iycts M — ryajikoe MHOrooOpa3ue HeYeTHON pa3sMepHOCTH N = 2m + 1 ¢ 3ajannoit Ha HeM
OYTH KOHTAKTHON MeTpHYecKO# cTpyKTypoii (M ,g,n,go, g, D). B pabore [1| moaydensl mep-
BhIE PE3YJILTATHI [0 T€OMETPUH Kopacipeaeaenus D*, coCTOAIero u3 JAomycTUMBIX 1-copm:
e D"« A(g) = 0. [lo anayoruu ¢ TeM, KaK 3T0 ObLIO CJAEJIAHO B CJIyYae Paclpejie/ieHus 1mo-
9TH KOHTAKTHON METPUYeCcKOil CTpYyKTYpHI [2-5], Ha Kopacupemenerun D* ¢ HOMOIIHIO BHY TPEH-
Heil ¢Bsi3HOCTH [6] Gbla OnpesieseHa MOYTH KOHTAKTHAS METPHUYECKasi CTPYKTYpa, HA3BAHHAS
IPOJIOJIZKEHHOI MOYTH KOHTAKTHOH MeTPHYeCKO# cTpykTypoil. B pabore |7] BBeseHo monsitue
MOIHMDUITUPOBAHHON PUMAHOBON METPUKH, €CTECTBEHHBIM 00Pa30M OIpeessieMOit Ha KOKaca-
TEJBHOM PACCJOCHHH PUMAHOBA MHOTO0Opasus. B HacTosIEM UCCIeOBAHUE MBI OIIPE/IesIseM
Ha Kopacnpeaeaenunn D* TpogoaKeHHY 0 METPUUIECKYIO CTPYKTYPY, UbsT METPUKA OMPEIeIsIeTCsT
110 AHAJIOTHHU C TEM, KaK 3TO CAeJIaHo B pabore [7].

Bsesem ma Kopacupegenenun D* cTPyKTYpPy IVIaJKOTO MHOTOOOpa3us, MOCTABUB B COOTBET-
cTBHe Kaxkaoil aganrupoBannoil kapre K (x®) [2-5] (o, 5,7 =1,...,n;a,b,c =1,...,n — 1) MHO-
roodpasus M cBepxKapTy K (x%, p,) Ha MHOTOOOpasun D*, T1e p, — KOOPIHHATHI JOIYCTHMOTO
KOBEKTOpa B Kobasuce (dz®,n = da™ + [7'dx®), conpsizxennom 6asucy (€, = 0, — 70, 0,).
[TocTpoeHnyIo cBepXKapTy Tak:ke OyjeM Ha3bIBATH &IalITHPOBAHHOIA.

[Tycts 'S, — kosdbdunnents BHyTpenueii ceasnocru V [6]. TlocTaBum KazkmaoMy JTomycTu-
mMomy BekTopHomy nojto © € I'(D), © = z%€,, u KaxKJI0My JOIYCTUMOMY KOBEKTOPHOMY 10~
mo A € I'(D*), A\ = A\ da?, Bextopubie noaa I = 198, A\’ = \,0% COOTBETCTBEHHO, Ie
€= 0y — IO, + ppI'2,0°, 0* = %. Ha ToransaOM mpocTpancTBe D* BEKTOPHOTO PACCIOCHUS
(D*,m, M), tne m : D* — M — ecrecTBeHHasi MPOEKIUsI, TAKAM O0PA30M, BOSHUKAET [JIAJIKOE
pacnpenenerne D = H @&V tne H = Span(&,), V = Span(9?).

Omnpegennm Ha mpocTpancTBe D* Merpuueckuii Tenzop G, monarad (£, &) = gay, G(0%,0°) =
0, G(0,,0,) = 1, G(E,,0°) = bap, G(E,,0,) = G(0%,0,) = 0, 1 JOIYCTUMYIO HOYTH KOMILIEKC-
HYIO CTPYKTYpPY .J, TakuM 06pazoM, 4o J(£,) = (pé,)", J(0%) = (p€,)", J(8,) = 0. [Iposoms
HeOOXOIMMbIE BBIYUCICHNUsI, YOEKIAEMCS B CIIPABEJIMBOCTH CAEIYIONEH TeOpeMbl.

Teopema 1. Cucrema (D*, 4 = 0, =nom, J,G, D) SABJISIETCS HOYTH KOHTAKTHOH MeTpH-
YEeCKOH CTPYKTYPOH.

HaszoBeMm MOIyYeHHYIO CTPYKTYPY TPOIOJKEeHHON (10 pacnpefenenust D*) modTu KOHTAKT-
HOIM MeTPUYeCKO#l CTPYKTYpoil ¢ MoauduiupoBaHHoil Merpukoii. MMmeior mecro ciejyroliue
CTPYKTYDHbIe ypaBHeHus |7|:

€4y €b) = 2wpatl + PRy 0°,
[5_:17 8b] = _PanC»
[€as On] = _pbanrgcac'

3nech RY,. = 2€[GF§]C - ZF?GHEHFE]C - KOMIIOHeHTHI TeH30pa Cxoyrena [2]:

CTpyKTypHBIe ypaBHEHHUS UCTOJB3YIOTCH TPHU JIOKA3ATETbCTBE CIAeTYIONENd TeOpeMBbI.
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Teopema 2. [lourn kKoHTaKTHAST MeTpHIecKas cTpyKrypa (D*, i = 0,,u = nom,, J, G, l~7)

¢ MOAUHITIPOBAHHON MeTPHKOI HOpMAaJIbHA TOIAa H TOJBKO TOTAa, Korjga pacipeneaenuae DD
SBJISIETCS pacHpeejeHneM HYJIeBOH KPUBH3HBI.

1]
2]
3]

4]

[5]
6]
[7]
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BAJIEPUIT BOJTYKOB, BUTAJINI BOJTYKOB

[Iycrs R™ — BermecTBeHHOE €BKJIMIOBO MPOCTPAHCTBO pasMepHocTd n, M(n) — rpynma es-
KIUJIOBLIX aBrzkenuii R™, K — KoMmakTHoe MHOXKeCTBO B R™ IOJIOXKHUTEILHOM J1€6€roBOi Me-
pol. PaccMorpum crieyronyo 3ajady: OMucaTh KJacC JOKAIBHO CyMMHUPYEMBIX (DYHKIUH f:
R"™ — C rakux, 910

W [ s =0
gk

Jtst Jioboro g € M(n). Dta 3agada JI0MycKaeT pasiandable 06obmenns u Mojudukanmn. Ha-
IpUMeEp, BMECTO OJIHOTO KOMITaKTa JC MOYKHO paccMaTpuBaTh CEMEHCTBO KOMIIAKTOB, a BMECTO
ypaBHenusi (1) u3ydarh peleHust CUCTEMbl YPABHEHUIT CBEPTKHU € 3aJIaHHBIMU PACIIPE/IeJIeHUsI-
MU.

[TepBbie paboThI 110 TOH TeMe ObLIN BBITOIHEHBI B 1929 1Oy 1 IPUHAIEZKAT PYMBIHCKOMY
marematuky JI. I[Tomrieitio, KOTOphIil u3ydas CyliecTBOBaHUE HEHYJIEBBIX (DYHKIUI C YCJIOBH-
eM (1) must HekoTopbix K. OH OMHUO0YHO HpeoIaras, 9To B ciaydae, korua K — map, ypaBHe-
uue (1) umeer TosbKO Hysesoe perenne. asee @. [lzkon ycranosus, uto dpynkuus f € C(R3)
C HYJIEBBIMH MHTEI'PAJIaMU 110 BCEM IapaM (PUKCUPOBAHHOI'O PAJIMYCA 7" OJHO3HAYHO OIIPEIeIs-
eTcs cBoMMU 3HadenusiME B mape B, = {z € R3 : |x| < r}. [losxke, B uccaeposanusax . JIxKo-
ua, /1. Henbcapra, JI. Xepmangepa, JI. Saasnmana, K.A. Bepencreiina u ap., 00OHaApYy KUIUCH
[JIyOOKHUE CBA3U YKAa3aHHBIX BOIIPOCOB CO MHOTUMU pa3JiesiaM COBPEMEHHON MaTeMaTUKU U ITPH-
JIOZKEHUSIMU.

B mocnemanue rojpr 3HaunTe IbHOE BHUMAHKE YAC/IAETCS JIOKAJTHLHBIM BapuanTaM CchOpMyJIn-
pPOBaHHO# 3ajila4u, TO eCcTh, Korja dyHKIus [ 3ajaHa Ha orpanudennoit obysactu D C R™ u
pasercTBo (1) Bemmosaeno st g € M(n): g C D. Ilpu nepexose or riobajbHO cHTyaIrnmn
K JIOKAQJTbHOW TPYIHOCTU CYIIECTBEHHO BO3PACTAIOT. DTO CBSI3aHO C HAPYIIEHWEM TI'PYIIOBOI
CTPYKTYDBI, JeficTByfomeii Ha MHOXKecTBe perernii ypasuenust (1). Cpeu mepBbIX pe3ysbra-
TOB B 9TOM HAaIPaBJEHWH OTMETUM AaIllPOKCHMAaIMOHHYI0 Teopemy JI. Xepmanjepa ajias pe-
IIeHNT ypaBHEHUs] CBEPTKU Ha BBIMYKJIbIX obacTtaXx B R™, a Takke JIOKAJIbHYIO TEOPeMY O
JIByX pajmycax, noaydennyio K.A. Bepencreitnom u P. I'sem B 1986 romy. Morubrit ammapar
JIJIs TIOJIHOTO PEIIeHrsT MHOTUX 3aJad TaKOI'o THUIIA, TO3BOJIUBIINI, B YaCTHOCTH, CHATH abCO-
JIIOTHO BCE JIMIIHUE OI'PAHUYEHUs], UMEIOIINecs B padoTax MPE/IIIeCTBEHHUKOB, ObLI CO3/IaH B
paborax B.B. BomukoBa B konie mpomnuioro Beka. OH OCHOBaH Ha IPEJCTABICHUU DPeITeHui
IITUPOKOTO KJIacca YPaBHEHUI CBEPTKM B BHUJE PsJIOB 10 CIenuaabHbIM (hyHKIusIM. Pe3ybra-
ThI 9TON METOJMKH TIO/BITOXKeHbI B MOHOIpaduu [1], rie mocrasieHo 6osee TATHIECATH HOBBIX
Ipo0JIeM, PACCINTAHHBIX Ha IMPOJABUKEHNE JTAHHOrO HAIpaBJeHns. B YacTHOCTH, MHOTOOOeIa-
[oIeil TporpaMMoil HCe/IeIoBaHuil MPeJICTAB/IAIOCh PA3BUTh TEXHUKY u3 |1]| it pasaumdHbx
KJIACCOB OJIHOPOJIHBIX ITPOCTPAHCTB ¢ MHBapUAHTHOU Mepoil. OHAKO 3/1eCh BO3HUKJIM CePhE3-
HbIe [IPENATCTBYsI (HAIPUMED, B CJIyYae KOMIAKTHBIX JIBYXTOYEIHO-OJHOPOIHBIX IPOCTPAHCTE,
CUMMETPUYIECKUX TPOCTPAHCTB BBICOKUX PAHIOB U IPyIIbl [eiizenbepra).

Psan stux TpymHocTeit ObLT IPEojIo/ieH B pe3y/ibraTe CO3J[aHusl HOBOIO METO/Ia, pa3paboTaH-
HOI'O aBTOpaMu JaHHoil paborsl [2|, [3]. On ocHOBaH Ha HOCTPOEHHH M H3YUEHUH CEMEHCTBA
TPAHCMYTAIIMOHHBIX OIEPATOPOB, YCTAHABIMBAIOIINX TOMEOMOPMU3M MKy MTPOCTPAHCTBOM
OJTHOPOTHBIX (DYHKITHI 38/ IaHHON CTEIeHN Ha TOM WJIM WHOM IIPOCTPAHCTBE W ITPOCTPAHCTBOM
YETHBIX (PYHKIUI Ha BelecTBEHHON ocu. B HEKOTOpOM OOOOIIEHHOM CMBIC/IE 9TH OIEPATOPbI

KOMMYTHPYIOT C OIIEPATOPOM 0DODINEHHON CBEPTKHU, YTO MTO3BOJIAET IIPOU3BECTU PEIYKIIUIO PsIIa
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3a/1a9 MHTErPAJIbHON TeOMETPUE U YPABHEHUN CBEPTKHU HA OJHOPOJHOM IPOCTPAHCTBE K OJHO-
MEPHOMY CJIydaro, KOTOPbIi XOpoIno uzyder. OTMeTuM, 9T0 peajnsalysd YKa3aHHOrO IOJIX0/Ia
TpebyeT pasBUTHsI AIllapaTa, CBA3AHHOIO ¢ U3y4YeHneM 0DOOIIEHHBIX cpepuuecKux (PyHKIWii 1
COOTBETCTBYIOIIUX ChepuiecKux 1mpeodpazsoBaHMIl.

B mannoit pabore Mbl H3y4aeM BO3MOKHOCTD JabHEHRIINX PUIOKEHUH TPAHCMY TaIlMOHHBIX
OIIEPATOPOB K Pa3JIMIHBIM 3KCTPEMAIbHBIM 3aJa9aM MHTErpaJbHON reomerpun. [losydennbie
pe3yJIbTaThl YyTOUYHSAIOT HEKOTOPbIe TEOPEMbI, yCTaHOBJIEHHbIe paHee B [2], [3].
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XAPAKTEPUCTUYECKHNE KJIACCBHI MACJIOBA ITOJIMHOI'OOBPA3UII
ITIOYTUN KOHTAKTHbBIX METPUNYECKNUX IIPOCTPAHCTB

CEPI'EIl TAJIAEB

B pabore [1] Ha MEHOrOOGpa3uy ¢ MOYTH KOHTAKTHON METPUIECKOI CTPYKTYPOil GbLiIa Ompe ie-
Jiena N-1rpoJ1oJizKeHHasA CUMILIEKTHIeCKast CBI3HOCTD, ¢ TOMOIIBIO KOTOPO OIIpeIe/IsIuch 06006-
IeHHbIe KJacchl MacioBa JIe;KaHIPOBBIX MOJIMHOI000Pa3nii MOYTH KOHTAKTHBIX METPHYECKUX
HpOCTPAaHCTB. B dacTHOCTH, OBLIO MOKA3aHO, UTO BCE XapaKTepHCTUUecKHe KJaacchl Macsosa
BIIOJIHE TEOEe3MIECKUX JIE€KAHIPOBBIX MOAMHOTOO0Pa3Hii MOUTH KOHTAKTHBIX K3JEPOBBIX MPO-
CTPAHCTB pPaBHBI HYyJI0. Pesyibrarel, moaydenubie B pabore 1], mosBossitor 06061uTh METO
HOCTPOEHNS T€OMEeTPUYCCKUX NHBAPUAHTOB, pa3paboranubiii Tpodumossim B.B. ¢ nesbio kirac-
cudpuKalUu THTETPUPYEMbIX TAMHJIBTOHOBBIX CUCTEM. B CBSA3M ¢ KOHCTPYKIUAMHU OOOOIIEHHBIX
KJaccoB MacjioBa ecTecTBEHHBIM 00Pa30M BO3HUKAIOT CHMILIEKTUIECKUE CBA3HOCTH. XapaKTe-
PUCTHYECKHUE KJIACCHI JIAIPAHKEBBIX IOJMHOroo0pasuii N cTaHJIapTHOrO CHMILIEKTHIECKOTO
npocTpancTsa R?" onpeesgiored ¢ MOMOIIBIO 0TOOpasKeHUsl, COOCTAB/ISIONIEr0 KazK10d TOY-
ke x € N" nepenecennoro B Hadago 0 € R?*" xacareabnoro npocrpancrsa T, N™. B ciayuae
HPOU3BOJIBHOIO CHMILIEKTHYIECKOTO MHOT00Opa3us MapaJLieIbHBINA IIepeHoC KacaTeJbHbIX MPO-
CTPAHCTB JIAIDAHKEBBIX ITOAMHOI000PA3Hl OCYIIECTBISIOT CUMIUIEKTHYECKUE CBI3HOCTH [2].

[Tycrs M — rtsajikoe mMHOroobpasme € MOYTH KOHTAKTHONH MeTpudeckoi cTpyKrTypoi. s
Kaxk0fi Touku x € M noanpocrpanctso D, C T, M sBjisercss CAMILIEKTHISCKUM JTUHEHHBIM
IIPOCTPAHCTBOM OTHOCHTEIBHO dymmamentaasnoit dopmer (T, y) = ¢(Z, py). Hazosem mos-
MuOroobpazue Y C M jekaHJIPOBBIM MOAMHOIO0Opa3neM TMOYTH KOHTAKTHOIO METPUYECKOTO
MHOroo0pasusd, ec/Ii B KazK/J10il Touke y € Y KacarejabHOoe NpocTpalcTso 1,Y dpidercd jarpat-
JKeBBIM MOJMPOCTPAHCTBOM npocTpancTBa D, Onumiem o6o6uienwue 1] koncrpykiuu B.B. Tpo-
dbumoBa 2] Ha ciryuail MHOrOOOpa3ust ¢ TOYTH KOHTAKTHONH METPUIECKOH CTPYKTYpoil. ITycTh 2o
— dukcupoBannas Touka Mmuorooopasus M. Onpegernm orobpazkenue f : [M,Y] — Gp(Dy,),
rae [M,Y] — upocrpancrso nyreit « : [0, 1] — M, takux, yro a(0) = xg, a(1) € Y, G, (Dyy) —
rpaccMaHmaH, MOpOyKAeHHb pocTpancTeoM D, . Tlycrs, Teneps VP = (V,0) — accomumnpo-
BaHHAs CHMILTEKTHYECKas CBA3HOCTH [3-5]. O6pa3 npocrpancrsa Tp,(1)Y npu cooTBeTCTBYyIOIMEM
napaJsuiesbHoM neperoce B Touky «(0) = xy oboznauum f(«). Paccmorpnm orobparkenune f* B
00001IeHHOII TEOpUH KOIOMOJIOTHIA:

f* W (G (Day)) = W (M, Y]),

Kuacenr koromostornii f*(«) HazoBem 0600mmeHHBIME Kiaaccamu MacsioBa JiexkaH IpoBa. 1oJI-
muoroobpazus Y. Ilycts, Teneps, M — mouru AP-mHOroo6pasme, T.e. MOYTH KOHTAKTHOE MET-
pHYECKOE MHOT00Opa3ue, HaIe/IeHHoe JOMOTHATENILHO CTPYKTYpoil F' moutn npousseenud. Ha
nouatu AP-mHOr00Opasnn ¢ momompio cesa3noctu Jlesu-Uusura V u angomopdusma F ompee-
JIIM CBSI3HOCTH, 00001manyo cBa3HocTb Cxoyrena-Ban Kamierna — accOmUUpOBaHHAS CBA3-
nocts Cxoyrena-san Kamiena V. C HOMOMIBIO CBA3HOCTH V yI0GHO BBLAE/ISTH PA3IXUHBIE
KJIACCHI MOAMHOT000Opasuii mouru AP-MHOroo6pasus. B gacTHOCTH, MOXKHO ITOKa3aTh, 4T0 AP-
MHOro0Opasue sBasgercs SQS-MHOroo6pasneM Toraa u ToIbKO Torma, Korna VE = Vo = 0.
Kak n B ciyuae KOHTAKTHOTO METPHUYIECKOT0 MHOTOOOPA3Wst, OMPEILINM JIeKAHIPOBO MOIMHO-
roobpasue, Kak mnoaMuoroobpasue Y mMHoroobpasust M, Haje/leHHOe TeMH »Ke CBOUCTBaMHU, UTO
U JIe’KAHIPOBO IOAMHOI00Opa3re KOHTAKTHOINO METPHIECKOIO0 MHOI000pa3us, HO Kacalolleecs
pacupenetennsa L, tne TM = L& L ® D+ = D® D+, rne L+ = KN D, a L — oproronaibHoe
eMy pacmupenesenne B D. Jlerko mokasaThb, 9To pacupeienaeHns L mapaJieabHO OTHOCATEILHO
CBSI3HOCTH V, M, T€M CAMBIM, HMEET MECTO CJIEAYIONIAsT TEOPEMA.
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Teopema. Bce xapakTepucruieckue Kjaaccel Maciopa BIOoJiHe reoge3ndecKux JexKaHIDOBBIX
noaMHOroobpasuii SCQS-MHOro06pa3uss paBHbI HYJIIO.
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[3] C.Tanaes, A.Toxman, [Toumu cumniexmuieckue c6A3HOCIMU Ha HE2OAOHOMHOM MH02000pasuy [/ Marema-
ruka. Mexanuka, 3, 28-31 (2001).

[4] A.Bykymesa, C.Tamaes, U. Banuenko, O noumu KOHMAKMHOL MEMPUNECKUT CMPYKMYPAT, onpedese-
ML C8A3HOCTILI Had pacnpedeseruem ¢ Puncaeposolti mempurot // Maremarnka. Mexannka, 13, 10-14
(2011).

[5] A.Bykymesa, C.Tanaes, O donycmumotli Keaeposoti cmpykmype Ha KACAMEALHOM PACCAOEHUY K HE20NOHOM-
Homy mHozo00pasuro // Maremaruka. Mexanuka, 7, 12-14 (2005).

CAPATOBCKUM HALIMOHAJIbHBIA UCCJIEJOBATE/IbCKUA I'OCYIAPCTBEHHbBIIT YHUBEPCUTET UMEHU H. T,
YEPHHBIIIIEBCKOTO, VJI. ACTPAXAHCKAS, 83, CAPATOB, 410012, Poccusa
E-mail address: sgalaev@mail .ru



HEKOTOPHIE ITPOBJIEMEI U IIOJAXO0O/Jdbl BHIYNCJIUTEJIBHON
IFrEOMETPUN B MATEMATNYECKOM MOJJAEJINPOBAHNUN

BAJIEPUI NJIBUH

PaccmarpuBatorcst mpob/ieMbl BEITUCIUTETBHON MeOMEeTPUU U HEKOTOPBIE TTOIX0/Ib K UX pea-
JIN3AIMKA B MHOIOMEPHBIX MPSIMBIX ¥ OOpATHBIX HAYaIbHO-KPaeBbIX 3a/adax MaTeMaTHIeCKOro
MOJIEJTMPOBAHUS, OMUCHIBAEMBIX T (hEPEHIMATLHBIMA /U HHTEIPAJTBHBIMI Y DABHEHISIMI
B PacUeTHBIX 00JIACTSIX, COCTOANINX M3 I0/100/IacTeil ¢ KOHTPACTHBIMU MaTepHaJIbHBIMUA CBOII-
CTBAMU ¥ UMEIOIIIX CJIOXKHYIO KOHMUTYPAIINIO KYCOIHO-TJIAIKAX MHOTOCBA3HBIX I'PDAHIIHBIX 110~
BerHOCTefI. A.HI‘OpI/ITMbI pemeHnsd B JaHHBIX CJIydadx 6a3prIOTCH Ha ITIOCTPOCHUU aJalITUBHBIX
HECTPYKTYPUPOBaHHBLIX W JUHAMUYIECCKUX CCTOK C PAa3/IMYHBIMU THUIIaMN KOHEYHBIX 3JIEMEHTOB,
IIpu COBpEMEHHBIX Tpe6OBaHI/IHX K TO9YHOCTHU, HACHUTBIBAIOMINX 10 JCCATKOB MUJIJINAPA0B Y3JI0B
U TIPE/IITOJIArAONINX TPUMEHEHNEe MACIITabIPYeMOTO paciapalIe/InBaHnsT Ha, MHOTOITPOIIECCOP-
HBIX BBIYUCIUTEIBHBIX CHCTEMAX. BOMPOCH T€OMETPHYECKOr0 MOJIEIMPOBaHus (Ha Makpo- U Ha
CETOYHOM YPOBHE) BOBJIEKAIOT MIMPOKUIT KPYT MPOBJIeM, Kacaroluxcs HeoOXOAMMOro obectetde-
HUsI KaK BBICOKOI ITPOM3BOIMTEIHHOCTH PACIETOB, TaK 1 OOIaTOro NCKYCCTBEHHOIO MHTEJLIEKTA.
B pabore onuchIBaroTCs HEKOTOPBIE MATEMATHIECKIE U TEXHOJIOITIECKUEe PeIlleHrsI, OCHOBAHHbBIE
Ha aBTOMaTHU3allUW IIOCTPOCHUA aJITOPUTMOB C KOMIIBIOTEPDHBIMA aHAJIUTUICCKUMU BbIKJIaJIKa-
MU, Ha JuddepeHnnajbHOM UCUUCIEHUA U OITUMU3AINT TeOMEeTPUIeCcKuX (hopM, Ha METOJ1ax
1peobpazoBaHusi 000OIEHHBIX I'PpadoB, HA N30reOMEeTPUIECKOM aHaJIN3€e U JIPYTIHUX MOJIX0/IaX.

MHCTUTYT BBIYUCJIMTEJIBHON MATEMATUKU U MATEMATUYECKOU T'EO®U3WKU, IP. JIABPEHTBEBA,
6, HoBocusuprck, 630090, Poccusd
FE-mail address: ilin@sscc.ru
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O HEKOTOPOM HCIIOJIbSOBAHNN TEOPEMbBbI Ob OBIIIEM
ITOJIO2ZKEHUN 1JIAd CAMOIIOAOBHBIX CTPYKTVYP

KINPUJIJT KAMAJIVTINHOB, AHIPENI TETEHOB

[Iycrs S = {54, ...Sm} - cucrema czkumatonux orobpazxkenuii B R™, G - mosryrpyrmna, nopox-
nennas S. Hemycroe komnakTHoe mHO)KecTBO K C R™ Ha3bIiBaeTcsa ammpaxmopom CUCTEMBI S,

m
ecn K = |J Si(K). Eciu Bee S; - mogobusi, To K HasbBaeTCs camonodoonvim MHOHCECTNEOM,
i=1

a napa (K,S) - camonodobroti cmpyxmypot. Toopsr, uto cucrema S yIOBIETBOPSIET CAGOOMY
yeaosuro omdeaumocmu (WSP), ecin Id & {g~'f : f,g € G}.

Paccmorpum cemeiictBo camononobubix Muoxkects K, C C, mia p,q € C, |pl,|q| < 1/8,
OIIPEJIEJIEHHBIX KaK aTTPAKTOPBI COOTBETCTBYIOMNUX CUCTEM Sy = {51, ..., Sy} momobunit B C, e
S1(2) = pz, Sa(2) = qz, S3(2) =pz—p+1, Su(2) =qz — g+ 1.

CHavajia Mbl JIOKa3bIBaeM CJleytonryio Teopemy 00 OOIEM IOJIOKEHUU JJIs DEThIEPOBO-
HapaMeTPU30BAHHBIX MHOKECTB:

Teopema 1. Ilycts K;,i = 1,2 - KommakTHBIe MeTpudecKue mpocrpanctsa, D C Re - za-
MHYTHIE map. Ilycrs p;(§,x) : D X K; — R™ - HenpepbIBHbIE 0TOOpAazKeHHsI TaKHe, 9TO
(a) oHE (-1éJIBIEPOBBI 1O T;
(b) cymecrByer takoe M > 0, uro jgist o6bix 1 € Ky, 19 € Ky, ¢pynkmus O (&, xq,x9) =
o1(€,71) — alE,2) yromersopser nepanercrsy [|O(€), 1, 5) — B(E, 21, 22)]| > M€ — €.
Torma A = {& € D| ¢1(§, K1) Npa(&, Ky) # 0} - komnakTHOE MHOXKECTBO ¢ XayopdoBoii
dlmH(K1 X KQ) d}

«

pa3MepHOCThIO He HoJiee min

Ucnonbsys momudukanuio Teopembr Bapucau o kosutaxe [1] u Teopemy 1, Mbl jloka3biBaeM
cJIe/lyonuit pesyabTaT o ceMeiicTse Ky,

Teopema 2. CymecrByer nogqmuoxkectso D mosroii mepbr Bo muokectse {(p,q) = |p|, |q| <
1/8} C C? rakoe, uro camononobusie ctpyKTypbl (Kpy Spy), (p,q) € D, momapuo mzoMopdHbI
1 00J1a/1a10T CJICAYVIOIIHMI CBOHCTBAMHU:

(1) kazkmoe mooxkectBo K, - muckonrumyym pasmepuocta dimy K, < 2/3;
(ii) aucsia p, q, mopozkgatoT mwioTHyIo rpymniy sroporo tumna [2] B C, tak 4ro S,, He yaoBaeTBo-
pster WSP;
(iii) lim —2¢ = C.
t—04+ ¢

CIIUCOK JIUTEPATYPBI

[1] M. F.Barnsley, Fractals Everywhere // Academic Press, 1988.
[2] A.V.Tetenov, K.G.Kamalutdinov, D. A. Vaulin, On two classes of dense 2-generator subgroups in C //
Siberian Electr. Math. Rep., 11, 891-895 (2014).

HoBocubupPCKUi1 TOCYAAPCTBEHHBIN YHUBEPCUTET, YJI. ITUPOroBA, 2, HOBOCUBUPCK, 630090, Poc-
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OB SUHIITENHOBO-IIOOBHBIX IICEBJIOPNMAHOBBIX
MHOT'OOBPA3HUAIX IIO A. T'PEIO

ITABEJI KJIEIIMKOB, EBITEHII POINOHOB

B mocearee BpeMst ak THBHO M3YYAIOTCS Pa3IUIHbIE 0000IEHNST MHOTOOOpas3uil DifHITeitHa,
HAIpUMeD, SHHIITeHOBO-110100HbIe (IICEBI0)pUMAHOBBI MHOr000Opasus B cMmbicyie A. I'pest [1].

ToBopsr, uTo (ICeB10) pUMAHOBO MHOrOOOpa3ue MpUHAJIEXKUT K Kiaccy A, eciu Tenzop Puy-
Yy SABISETCA MUKJINIHO HaPaJLICILHBIM

(Vxr) (Y, 2) + (Vyr) (2, X) + (Vzr) (X,Y) = 0

JJ1s1 JTI0OBIX BEKTOPHBIX 1oJieit X, Y un Z.

(IlceBmo) pumanoBo MHOrOOOpasue MPUHAJIEKUT K Kiiaccy B, ecim Tenzop Pudaun siBisiercs
tenzopoM Komaru, T.e.

(Vxr) (Y, Z) = (Vyr) (X, 2)

JIIs JIIOOBIX BEKTOpHBIX nojieit X, Y u Z.

Mmuoroobpasusi, npunajiexkamue kiaaccy A wim B, gBIAIOTCS SHHITEHHOBO-110J00HBIME
(mceBi0) puManoBbIME MHOTOOGpasusmu 1o A. I'pero [1].

B nmamuoit paborte m3ydaloTcs OJHOPOJHDIE (IICEBI0)PUMAHOBBI MHOrOOOpasust ¢ SHHIITEHH-
OBO-T10/I00HO# METPUKOII B CIydae MaJIOil pa3MEepHOCTH, MOJIyYeHa KIaCCUPUKAIIIST TAKUX MHO-
roo0pasuii B YeTHIPEXMEPHOM CJIydac.

CIIUCOK JIMTEPATYPHI
[1] A.Gray, Finstein-like manifolds which are not Einstein // Geom. Dedicata, 7, 259-280 (1978).

AJITAICKUI TOCYAAPCTBEHHBINI YHUBEPCUTET, MP. JIEHUHA, 61, BAPHAV, 656049, Poccusa
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(rpamT Ne16-01-00336A).
38



OB M30TPOIIHOCTU TEH30POB BEIMJISI I CXOYTEHA-BENJIA
HA YETBIPEXMEPHBIX OJHOPOJHBIX IICEB/IOPMMAHOBBIX
MHOTI'OOBPA3UAX

CBETJIAHA KJIEIIMKOBA, OJIEC{ XPOMOBA

PaboThl MHOIMX MATEMATUKOB MOCBSIIEHbI N3y YeHUI0 KOHMOPMHO TLIOCKUX (TICEBJIO) PUMAHO-
BBIX MHOTI00Opasuii, T.e. MHOrooOpas3uii ¢ TpPUBUAJIBHBIM Tern3opoM Beiuisa. Kpome Toro, MoxKHO
paccMaTpuBaTh MHOrOO6pasusi, Ten3zop Beiinsg (nam tenzop Cxoyrena-Beitsst) Koropbix mmveer
HYJIEBOI KBaJPAT JJIMHBI, & CAM OH He SBJIsIeTCs HYJIeBbIM. B 9TOM ciiydae Takue MHOrooOpasusi
HA3bIBAIOT MHOIOOOPA3UsMU C U30TPONHBIM TeH30poM Beiiist (i Cxoyrena-Beiiisg coorBer-
CTBEHHO).

OrmeTnM, 9TO B cIydae PUMAHOBON METPHKH KBaJIPAT JJTUHBI TEH30pa B HEKOTOPOM OPTO-
HOPMUPOBAHHOM Oa3uce MPeJICTaBIAET cODOM CyMMY KBaJIpATOB BCEX KOMIIOHEHT, M PABEH HYJIIO
TOJIBKO €CJIN caM TeH30p TpusHaJseH. [[oaToMmy ecTecTBeHHO paccMaTpUBaTh JIUIIH CIyYail IICeB-
JIOPUMAHOBOI METPUKH.

B tpexmepnom ciryuae Ternszop Beiiist TpuBuasien, u poJib ero anasora urpaet reazop Cxoyre-
na-Beitis. B paborax Kirentukosa I1.H., Kirertmkosoit C.B., Pogunonosa E.JI., Cinasckoro B.B.,
Xpomogoii O.I1., Yubpukosoit JI.H. Obna periena 3a1ada o KjaaccubUKAIUH TPEXMEPHBIX
rpynn JIu ¢ JieBoMHBapUAHTHON JIOPEHIIEBOW METPUKON U M30TPOIHBIM TeH30poM (CxoyTe-
na-Beitns [1, 2].

Jlannasi paboTa IPOJIOJIZKAET UCCJIE/IOBAHU B CIydae YeTHIPEXMEPHBIX OJIHOPOJIHBIX TICEBJIO-
PUMAaHOBBIX ITPOCTPAHCTB ¢ HETPUBHUAIBHOI MOATPYIIIOi m30Tponwu. B Heil mogydeHa KiIaccu-
duKammsa Takux MHOTOOOpa3uii ¢ n30TponHbIMIA TeH3opamu Beiiis u Cxoyrena-Beits.

CIMCOK JIMTEPATYPHI

[1] E.d.Poxuonos, B. B. Cnasckuit, JI. H. Yubpukosa, JIe60uHBaAPUAHMHYLE AOPEHUES, MEMPUKL HG MPETMED-
o epynnax Ju ¢ nyaesvim keadpamom dauns, menzopa Croymena-Betas // JTAH. Cepus: Maremaruka,
401:4, 459-461 (2005).

[2] II.H. Knenmkos, C. B. Knenukoga, 1. H. Ockopbun u mp., Memodv: komnwvromeproti mamemamuky 6 3a0a4ax
2eomempuu U anaausda: Monorpadus // Iox. pex. E. . Poxuonosa, Usn-so: Anrl'Y, Bapuay:, 2016.
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HOTONAbI N1 NX CB4A3b C Y3JIAMU B YTOJIIIEHHOM TOPE

OUJINII KOPABJIEB, IHA MAIT

Teopust HoTon10B GbLI1A TOcTpoera B. Typaesbim B 2011 roy. B pabote [1| BBeieHbI OCHOBHBIE
HOHsITHsI 9TOi Teopuu. B pabore [2| kaaccudunupoBanbl y3bl B yTOIIIEHHOM TODe.

B noxkitaze 6ymer nmocrpoeHo orobparkenue MOJHATUS, KOTOPOe KayKJOMY HOTOULY COIIOCTaB-
JISIET y3€eJl FeOMEeTPUIECKOil cTereHn 1 B yTOJIIEHHOM TOpe, U OYJIyT PacCMOTPEHBI OCHOBHBIE
CBOMCTBA 9TOr0 OTOOPAYKEHUS.

CIIUCOK JIMTEPATYPHI

[1] V.Turaev, Knotoids // Osaka J. Math., 49:1 (2013), 195-223.
[2] A.Akimova, S.Matveev, Classification of genus 1 virtual knots having at most five classical crossings //
J. Knot Theory Ramifications, 23:6 (2014).
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NHTEPIIPETAIINA TECCE HEEBKJINJIOBOM T’EOMETPUUN U EE
AHAJIOI'N

AHJIPENI KOCTUH

B pabore paccmarpuBatoTcs mHteprperarnun [ecce JBYMEPHBIX ITPOCTPAHCTB MOCTOSHHOM
KPUBU3HDBI U UX aHAJOTU B OOJIBININX pa3MepHOCTAX. B dacrtHOCTH, nmuTepuperarus [ecce nBy-
MEPHOT'0 IIPOCTPAHCTBA €IMHUIHON KPUBU3HBI ¢ UHACHUHUTHON METPUKOM CTPOUTCA B MHOTOO0-
pa3un map To4YeK MPOEKTUBHON NpsMoitl. Ecimm Ha mTpoeKTUBHOM MpAMOil BBECTH HEOIHOPOTHYIO
KOOPAUHATY, TO UHIe(UHUTHAST METPUKA B 9TOM MHOIOOOPA3UH IIPUMET BT

2 _ 4dudv

u—v?

ds
31ech u- HEOTHOPOAHAS KOOPAMHATA MEPBOI TOYKM, V- HEOJIHOPOIHAs KOOPIMHATA BTOPOI
TouKH. ['eojie3ndeckue 9Toi nHIe(UHUTHON METPUKH Oy/IyT 3a/aBaThCs YPaBHEHUSIMU
uv + a(u +v) = b,
re a,b- BelmecTBeHHbIE KOHCTAHTHI, & TaKKe
u + v = const.

BynyT paccMoTpenbl pa3maHbIe TOAXO/IbI K IIOCTPOSHUIO MOIeIell TPEXMEPHOTO MTPOCTPAHCTRA
JlobavueBCcKOTO M ero ujeabHON 00JIacTH B IMPOCTPAHCTBE SPMHUTOBBIX MATPHIL, & TaKKe K UC-
TOJIKOBAHUIO TIpeobpa3oBaHmii MHOr0oOpasuit (puryp 3TUX IPOCTPAHCTB.

CIUCOK JIMTEPATYPHI

[1] B. A.Posendensy, Heesraudoswv, npocmparcmea // M.: Hayka, 1969.

KABAHCKUIT OEAEPAJIBHBIN YHUBEPCUTET, EJIABYXKCKUI UHCTUTYT, VJI. KABAHCKAA, 89, EJIABYTA,
423604 , Poccusa
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INKJINMYECKNE TPEYI'OJIbHUKN 1 INNKJINYECKUE
YETBIPEXVYI'OJIBHUKN B NJIAEAJIBHOUN OBJIACTU IIJIOCKOCTHA
JIOBAYEBCKOTI'O

HATAJIbA KOCTIHA, EBI'EHIIA KOCTUHA

CymecTByI0T pa3iIWdHble KPHTEPHH BINCAHHOCTH TPEYTOJbHHKA W UYeTBIPEXYTOJIbHHUKA B
OKPYZKHOCTb, 9KBUJUCTAHTY WJIM OPULMKJ HA 1iockocru JlobaueBckoro. D1y Kpurepuu ssjis-
10TCs 60 TMHERHBIME (CBA3BIBAIOT JJIMHBI OTPE3KOB), JIKOO YIJIOBBIME (CBA3BIBAIOT BEJIHIHHBI
yIJIOB), MO0 CMeImaHHbIMU. JacTh 5THX KpUTEpHeB OMyOJMKOBAaHA B HAYYHBIX WJIH HAY9IHO-
MOMYJISIPHBIX CTaThax [1], Apyrue sBasorcest MaremarndeckuM GoabKIopoM. Mbl pacemMorpum
AHAJIOTMYHbIe KDUTEPUU BIMCAHHOCTH B IUKJBI B HaeanbHoil obaactu [2| miockoctu JloGaden-
ckoro. [IpuBeném ogun n3 KpuTepues BINCAHHOCTH B OPUIMKJ I TPEYTOJbHUKA B H/1€AJbHON
00JIacTu ¢ paJnycoM KPUBH3HBI 1.

Teopema. TpeyroabHHK, Bce CTOPOHBI KOTOPOTO 3/IHOTHYECKHe, BIUCAH B OPHIHUKJ TOIJA
M TOJIBKO TOI/IA, KOIJIA JIJIsl JUIMH €0 CTOPOH BBIIOJIHSIETCS DABEHCTBO

. a b . cC
SIN— + SIN— = SINn_—

2R 2R 2R

CIIUCOK JINTEPATYPBI
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I'PA® KPOHPOJA-PUBA KOH®OPMHO-IIJIOCKOI'O CIIJIAMMHA

MAPUA KYPKIHA, OJIbT'A CAMAPUHA, BUKTOP CJIABCKUIT

KommaxkTHOMY BbITyKJIOMY TIojMHOKecTBY (Q C H? B npoctpancrse Jlobadesckoro H? Kpu-

BU3HBI (—K), 3/16Ch K — HOJIOKUTEJIbHOE YUCI0 MOXKHO COMOCTABUTH KOH(DOPMHO-IITIOCKYIO MET-
2 da?
UKy ds® =

puRYy hq® (x)
C1! onpenenena na eaunnunoit cdepe S? C R3 esxksmyosa npocrpanctsa R3. B pabore [1]
dbyuxnus hg(x) Ha3bIBATACH OHOPHON (QYHKITHE BBIIYKIOrO MHOKECTBA ().

Ecin dyuxnuio hg(z) = h(x) paccmarpusarh Kak cyzkenne Ha chepy OJHOPOIHON (byHKINH
onpeJiesienHoit Ha BeeM R3 (1. e. h(Az) = Mh(z), A > 0), To ojiHOMepHast CeKIIMOHHAS KDUBU3HA B
HAITPABJICHIN eIMHITHOTO KacaTeIbHOro K cdepe BeKTopa & B Touke © € S? 6y/IeT BLIIUCIAThCS

dopmy.ioii:

~ OrPAHMYCHHON OJHOMEPHOH CEKIMOHHOM KPUBU3HBI, rjae dyHKIud hg €

d*h 1
Kio(z,€) = h(z)— — =|Vh]?,
r7ie BTopas IIPOU3BO/IHA ‘ZZ—Z 1o HanpasjeHuio & u rpaguent dbyuxknun Vh B R? nonumaercs B

cMmblicsie mpon3BoAnbix Kitapka [2]. Orpann<eHnocTs oHOMepPHOf CeKIMORHOM KPUBU3HEL O3HA-
qaer HepaBeHCTBO |Kijo(x,£)| < & juist Beex Todek & € S? M BCEX KaCaTe/bHBIX €MHUYHBIX
BeKTOpPOB & B Touke x € S2.

Teopema. I[lycrp () KOHEUHBIH BBIIYKJIBIE MHOTOTPAHHHK IpoCTpaHcTBa JlobadeBCcKOro B
obrem moJioxKenuu, Torja GyHknua hg oyaer ynknueii Mopca ¢ KOHeYHBIM YHCJIOM HEBEI-
POXKJIEHHBIX OCODBIX TOYEK OIIPEJE/ISIEMbIX CTPOCHHEM MHOrorpaHHuKa ().

CaencrBue. B ycioBHSIX TeOpeMbI CYIIECTBYET AJITOPUTM aBTOMATH3HPOBAHHOI'O ITOCTPOE-
must gepesa Kponpona-Puba ¢ynxnun he [3].

B pabore naiinens nepeBbsa Kpoupoja-Puba coorBercrByionmue KOHGOPMHO-TIJIOCKIM CILIa-
mam ma S? [1].

CIIUCOK JIMTEPATYPbI
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I'MITEPKOMIIJVIEKCHBIE YVMCJIA B TEOMETPUN JABYX MHO2KECTB

BJIAJINMUP KBIPOB, TEHHA I MUXAINYEHKO

B pab6otre [1]| maercs ompejiesieHre OIHOMETPUIECKON (DEHOMEHOJOIMIECKN CUMMETPUTHON
reomerpun JaByx MuoxkecTB (PC ['JIM) panra (n+ 1,m + 1), koropast 3ajgaercs jauddbepeHiiu-
pPyeMoii HEBBIPOXKJICHHOM MeTPUUIecKOl (DyHKIIMEH ¢ OTKPBITON 1 1oTHOH B R™ X R™ 0b/1acThio
oIIpeIeICHUsI:

f:R"x R"— R,
a TakKyKe BBIIOJIHSIETCS aKcuoMa (heHOMEHOJIOTMIECKON CUMMETPUM: CIIpaBeIiuBa (DyHKIINO-
HaJIbHas CBSI3b

O(f (1, v1), f(prsv2), - - flng1s Vimgr)) = 0,

JIIsl OTKPBITONO U ILIOTHOTO TIOJIMHOYKECTBA KOPTEIKEH ([11, fl2, - - - 5 fhny font15 V1, Y2y -+« + s Viny Vint1)
JUTHHBL 1 4 m + 2 13 oKpecTHOCTH V ({{i1, fa, - - -, fhns 15 V1, Vs - - s Uiy Uma1)) C RO
RMm+D) - Oynkima & — nuddepennupyemas u rang® = 1. Touku u3 mepBOro MHOMKECTBA
0003HAYAIOTCH U, 41, [42, - . ., & TOUKH U3 BTOPOI'O MHOYKECTBA — V, V1, Vg, . . .

B koopaunarax merpudeckast dbyukims OC [IM panra (n + 1, m + 1) 3amaercs Tak:

flusv) = fl@t(p), ... a™(p), €' (v), ..., £"(v)),
rie (z'(p), ..., 2™ (u)) — xkoopauuarel Toukn p € R™, a (E1(v),. .., £"(v)) — KoopAuHATEL TOUKH
veR".
Bazxroit 3amaueit saiastercs kinaccuduranus OC IZIM. Hac maTepecytoT ciemyroriue:
®C I'/IM panra (2,2):

flu,v) = 2(p)é(v); (1)

®C I'/IM panra (3,2):
[ v) = 2(p)é(v) +n(v); (2)

®OC I'/IM panra (3,3):
[l v) = 2()é(v) + y(wn(v); (3)
[l v) = 2(w)év) +y(p) +n(v). (4)

B nammbix Tesucax rosopurcs o xowmintekcudukarmu ogaomerpudeckux OC T'JIM rurep-
KOMIIJIEKCHBIMU YHCJIAMU PAa3JIMYHOIO paHra: JiBa, TPU, YeThIpe U T.JI. B pe3ysbrare KOMILIEK-
cudukanuu nosxydatorces Merpudeckue dyakmun s-merpudeckux @C I'JIM [2]. TIpoussosbHoe
I'IIEePKOMILICKCHOE IHCII0 nMeeT Bu; & = 2V +ati; +---+a",, rme 2%, 2!, ... ,a" € R, iy = 1,
11y -+, y — MHIMBIE equHUATIBL. ClioZKeHre, yMHOXKEHUE Ha JIEHCTBUTEIHHOE YUCTIO ONPEIeTAI0T-
¢ IOKOMIIOHEHTHO, & ITPOM3Be/IeHNEe 3AIMICHIBAIOTCS CJIEIYIONIM 00Pa3oM: TY = ZZJZO aFylizi;.
[IpoussejicHre MHUMBIX €IUHUIL ix%; U ONPEIEISICTCA CHEIUATIbHON TabIUIell yMHOKEHUS.

[Tposesem koMmIutekcndukarnmo Merpraeckux dbysximit (1) — (4), mepexos K cOOTBETCTBY-
IOIUM THIIEPKOMILIEKCHBIM (DYHKITUSIM U KOOPIUHATAM, TI0JIarast

fe=Y FPiga=) aijy=) yip =) ijn=) i
j=0 =0 Jj=0 j=0 Jj=0

Tora kKoMILIeKcuUIUPOBaHHbIE MeTPUYECKUEe (DYHKIMH OY/IyT UMETh BU/I:
®C I'/IM panra (2,2):

flpsv) = 2(p)§(v); (1)

®C I'/IM panra (3,2):
fepsv) = 2(p)é(v) +n(v); (2)

®OC I'/IM panra (3,3):
fi(psv) = 2(p)é(v) +y()n(v); (3"
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fulp,v) = 2(p)é(v) +y(u) +n(v). (4)

MozkHO HaWTH rpyIsl ABuKeHUN 11 KoMmintekcudumumpoBanabix @C I'JIM, To ecth MHO-
JKeCTBO TIpeobpasoBaHuii, coxpausaonmx GyHkmo fi(u,v).

Teopema. ['pynmbl gpmkennii komitekcuduimpopanabix PC IJIM panros (2,2), (3,2) u

(3,3) ¢ merpuaecknmu pynkmusavn (1) — (4') sagarorcs ypapuennsivu:

@OC I'/IM panra (2,2):

7' = xa, & =a ¢
@C I'JIM panra (3,2):
o =xza+b & =at¢ n=n—bal¢;
@OC I'/IM panra (3,3):
epBoe peIeHue

X' =XA = =A"1=F,

mzeX:(x y),E:(g),A:(z ccl)’

BTOpOE pelreHue
v =za+by =ytactd & =at(E—c),n=n—bat(E—c)—d.

BaMeTHM, UTO 3/1eCh BCe 9JIeMEHThI SBJISIOTCH THIEePKOMILICKCHBIMU THCIAMI.

MozkHo 3amnmcaTh TakzKe PyHKIMOHAIbLHBIC CBA3N:

®OC I'/IM panra (2,2):

Fielpn, 1) 7 (s v2) = fie(pn, 1) £ (pay 1v2) = 0;
®C I'/IM panra (3,2):
(Ficlpn, ) = fielpz, 1)) (fie(pas 1) = fiepas, 1)) ™' =

—~(fu(p1, v0) — filpo, v2)) (fic(pir, v2) — fu(ps, v2)) ™t = 0;
®C I'/IM panra (3,2):
IEepBOE peleHue:

F(pn, po; vi, vo) Fo (s pisy vr, v2) = Fipan, pios vr, vs) Fi M, piss vn, v3),

fi(pn, 1) fK(N17V2)> ;

e marpuna Fy(pi1, po; vi, o) = (f (o, 1) felpin, 1)

BTOpPOE PeIeHue:
[(fi(pr, 1) = fielpas va)) — (ficlps, v1) — fi(ps, v3))] x
X[(fielpz 1) = flpz, va)) = (ficlpas, v1) = fiepa, vs))] ™
= [(fi(pr, v2) = filpn, v3)) — (fielpa, vo) — fi(ps, v3))]
X[(f(pz, v2) — filpa, v3)) — (fielpa; vo) — fi(ps, vs))]™
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O JOKASBATEJIbBCTBE 9KBIUBAJIEHTHOCTU HEKOTOPBIX
TABYJINPOBAHHBIX V3JIOB B YTOJIIIIEHHON BYTHIJIKE KJIEMHA

JINJINA HABEEBA

Ha mporsizkenne mocyieTHUX JieT aKTUBHO Pa3BUBAETCS TEOPHUsl Y3JIOB B TPEXMEPHBIX MHO-
roo0Opas3usix OTJNIHBIX OT TpexMepHoil cdepnl. Hampumep, B Takux MHOrooOpa3nax, Kak IIPo-
eKTUBHOM MpocrpaHcTse 1], JuH30BbIX mpocTpaHcTBax [2|, mosHOM TOpe [3|, B yTOo/IIEeHHOM
tope [4] u B yrosmennoit 6yreuike Kieitaa [5)].

Ymonwennoti 6ymwiakoti Kaetina HaspiBacTcs opueHTHpyeMoe Kocoe npoussesenue K X I 6y-
teikn Kieitna K wa orpesok I. Ilox y3inom B K x I moHMMaeTcs IIPOM3BOJILHASA IIPOCTAs 3a-
MKHYTasl KpuBas, Jeyalasg B yToJennoit oyrouike Kieitna. /[Ba y371a Ha3bIBalOTCA 9K6U6A-
ACHIMHBLMU, €CJTH CYTIIeCTBYeT ToMeoMopdI3M MHOroobpasud K X I Ha cebs, HepeBoIAInil y3e
B y3ell.

B crarbe [5] 66110 TabyIMPOBAHBI CYIECTBEHHBIE Y3JIbI B YTOJIIEHHO Oy ThiIKe Kiteitra, Mu-
HUMAJIbHBIE JIarpaMMbl KOTOPBIX UMEIOT He OoJjiee Tpex mepekpecTKoB. Ha mepBom miare tady-
JIMPOBAHUsI TAKKUX y3JI0B ObLII TIOJIYYeH MOJIHbI CIIICOK (BO3MOYKHO € JyOJIMKATAME ), COCTOSAIINIA
u3 33 guarpamm y3jo0B. Ha Bropom miare ¢ momornbio 0606menns nosmHoMma Kayddmana na
caydail y3JI0B B yToJimeHHOi OyThlike KiieitHa ObLIo J0Ka3aHO, 9TO 28 gumarpaMm 3a1ai0T 28
PA3JIMIHBIX Y3JI0B.

B nannoit pabore Oyjer J0Ka3zaHO, UTO OCTABIIHECT D JHArpPaMM sBJIAIOTCH JIyO/JMKaTaMu
IATH U3 28 BBINIE YIOMIHYTBIX Y3JI0B. Y3JIbl C HOMEPaMU 3¢, 39, 320 YKBUBAJIEHTHBI y3J1aM C
HOMepaMu 37, 391, 325, COOTBETCTBEHHO W Y3JIBI 393, 326 IKBUBAJEHTHBI Y3y 3o3.

CIIUCOK JIUTEPATYPbBI

[1] J.Drobotukhina, Classification of Links in RP3 with at Most Siz Crossings // Adv. Math., 18 (1994),
87-121.

[2] M. Manfredi, M. Mulazzani, On knots and links spaces // Becrank Yenl'V, Maremarnka. Mexanuka. H-
dopmaruka, 3 (2015), 118-134.

[3] B.Gabrovsek, M. Mroczkowski, Knots in the solid torus up to 6 crossings // J. Knot Theory Ramifications,
21:11 (2012), 1250106-1250148.

[4] A.A. Akimova, S.V. Matveev, Classification of Knots of Small Complexity in Thickened Toti // J. Math.
Sci., 202:1 (2014), 1-12.

[5] S.V. Matveev, L.R. Nabeeva, Tabulating knots in the thickened Klein Bottle // Sib. Math. J., 57:3 (2016),
542-548.

YEJIABUHCKUN TOCYIAPCTBEHHBII YHUBEPCUTET, VJI. BPATBEB KAIINMPUHBIX, 129, YEJIABUHCK,
454001, Poccuda
E-mail address: 1iya.nabeyeva@yandex.ru

UccaeroBanye BBIIOJIHEHO 3a cyer rpanTa Poccuiickoro mayunoro ¢gouzga (mpoext Ne 16-11-10291).
47



O COJIMTOHAX PNNYYN HA YETBIPEXMEPHBIX
K-CUMMETPUYECKUX JIOPEHIHEBBIX MHOI'OOBPA3UMAX

IMUTPUI OCKOPBUH, EBI'EHII POINOHOB, NTOPHL SPHCT

BakubiM 0606IIeHIeM SWHINTERHOBBIX METPUK Ha (IICEBJI0)PUMAHOBBIX MHOIOOODA3USIX SIB-
JIIOTCSL COJIMTOHBI Puvyn 3ajiavua HaX0XKIEHUs COTUTOHOB Puvvn BJIseTCs TOCTATOYHO CJIOXK-
HOIi, TIO9TOMY TIPEJIIIOJIAraloTCA OI'PaHnYeHns JTud0 Ha CTPOeHne MHOTrooOpasusd, Tudbo Ha pas-
MEPHOCTB, JINOO Ha KJIACC PACCMATPUBAEMBIX METPUK, JIMOO Ha KJIACC BEKTOPHDIX TOJIEl, yIACT-
BYIOIIIUX B 3allUCU ypaBHeHUs cojuToHa Puuun. OJHUM M3 BayKHBIX IIPUMEPOB TAKOTO POJa
OTpaHUYCHUI ABJISIOTCS MHONOOOpa3ust YOKepa, TO €CTh IICeBJI0PUMAHOBBI MHOr000pas3us, J10-
IIyCKaoIue TJIajiKoe Iapasuiebaoe (B cMbicie cBsisHocTn Jleu-HuBuTa) pacrpe/iesieHue m30-
TPOITHBIX BEKTOPOB. ['eomeTpust MHOTOOOpa3milt Yokepa, a TaKzKe COJIMTOHbI Puddnm Ha HUX HC-
CJIeIOBAINCh B PabOTaX MHOTHX MATEMATHKOB.

B nacrosieit pabore paccMOTPEHO ypaBHEHHE COJUTOHA PUY4dnM Ha HEKOTOPBIX JIOPEHIIe-
BBIX MHOroobpasmsax Yokepa. K umeiay takux MHOTOOOpasmii OTHOCATCH HePas3IoKUMble 2- 1
3- cuMMeTpHYecKue JIOPEHIEBbl MHOrooOpa3us, KoTopbie ObLtu uccieaoBanbl J[.B. Anekcees-
cknm, A.C. Tamaeseim. K. Onna u B. Barar uccnemoBanu cosmronbl Pudan Ha deThipéxmep-
HBIX 2-CHMMETPUYIECKUX JIOPEHIIEBBIX MHOr000Pa3UAX U JOKA3AJM JIOKAJIBHYIO PA3PEITUMOCTh
ypaBHeHud coJinToHa Puyum ma takux MuHoroodpasusax. [lozmmee aBropamm Oblia joKa3aHa
Pa3peIMMOCTh ypaBHEHHS COTUTOHA Puadu Ha 2- 1 3- cMMMEeTPUYIeCKuX JIOPEHIEBBIX MHOTO00-
pas3usax MpOu3BOJILHOIN pa3zmepHocTu. B mannoit pabore ucciesyercs ooIree pelenre ypaBHeHus
cosmrona Puaan Ha 2- 1 3- CHUMMeTPUYECKAX YeThIPEXMEPHBIX JIOPEHTIEBBIX MHOTO00PA3NIX.
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AJITEBPAMYECKUE CBOMCTBA SHUKN

NPUHA ITIOJIMKAHOBA

B cBs13u ¢ usyvuenneM jimHuii ¢ apHUHHO-IKBUBAJIEHTHBIME JyTaMi B N-MEPHOM BEIIECTBEHHO-
koMmIiekcHoM addunaom npocrpanctse A™ [1]-[4], aBrop BeisicHuI, uTo cBoiicTBOM adduHHOl
9KBHMBAJIEHTHOCTHU JIyT 00JIaJIal0T JIMHUY, 33/laBaeMble B HEKOTOPOil adpduHHOl cucreme KOOp-
quaar (cokpaménno ACK) napamerpusanuei:

(1) 7= (u,u? v’ .. u"), uel,

rje [ — 9ucjoBoil mpoMexKyTOK. VMes 1esbio 0Ka3aTh MUIOTE3Y O eINHCTBEHHOCTH (C TOTHO-
crbio 710 adbduHHON 3KBUBajIeHTHOCTH) MUK (1) B KJlacce HEBBIPOXKIEHHBIX IIOJIHBIX JIMHUI
¢ adPUHHO-IKBUBAJIEHTHBIMU JIyraMU, Mbl DEIIMJIA IPULJISJIEThCA K Hell npucrtajibheii. [To-
CKOJIbKY HaMMEeHOBaHMe €€ HaM He BCTpedaJsach, IIpeJijlaraeM Ha3BaTb €€ aHuKol OT N — ica 10
axaJsioruu ¢ Kyoukoit (msg n = 3). Hazosém ACK xanonuveckoti, eciin B Heil SHUKA 7, 33/1a8TCS
Kanoru1eckot napamempudanuet

u? ud u”

u7§>§7'“7m )

Aneebpauveckue ceoticmea sHUKY

(2) = uel.

1. DHMKa — HEBBIPOXKJEHHAS ITOJIMHOMUAJIbHAS JIMHUSA CTENEHU N, T. €. HE COJEePKAIAsICs
B THIIEPIIOCKOCTH U 3ajaBaeMas mapaMerpusaiueil Buga 7 = 7(u) = (fi(u),..., fu(u)), vae
fi(u),...,fn(u) — MEHOrOWIEHB OT MapameTpa u € I, HAUBBICIIAS CTEIEHb KOTOPHIX paBHa n. I,
HA000POT, HEBLIPOKICHHAA TOJUHOMUAIbHAS JInHUSA cTenern n B A™ ecTb SHUKA.

2. DHUKa He UMeeT TOYEK YILIOIMIEHUS.

3. Beskas k-MepHas TIJIOCKOCTD IepeceKaeT SHUKYy He OoJsiee, eM B k + 1 TodYKax ¢ y4éTom
X KPATHOCTU. k-MepHas COMPUKACAIONIAACS IJIOCKOCTh K SHUKE IepeceKaeT e€ B €/INHCTBEHHOMN
rouke (KparHocru k + 1).

4. Ilpu 2 < k < n + 1 Begkue k TOUEK SHUKU JIMHEHHO HE3aBUCHMBI.

5. DHUKa OJ[HO3HAYHO olpeje/iseTcs HabopoM u3 n? + 1 Touek, eit MpuHa IeKAIIKX.

6. JIuHUs, OKPECTHOCTH KaXKJI0Ml TOUKHM KOTOPOU sIBJIsIETCS SHUKOI, caMa eCTh SHUKA.

7. IleETpBI Macc MHOXKECTB TOYEK IIepecevdeHHs] SHUKHU C JIIOOBIM CeMeHCTBOM IapaJiiesb-
HBIX THIIEPIJIOCKOCTEH, IepeceKaloNX SHUKY B TOYKaX, CyMMa KPaTHOCTel KOTODPBIX pPaBHA
n, JiezKaT Ha MPAMBIX OJHOTO M TOTO Ke HaIlPaBJIEHUs, KOTOPOE HA30BEM ACUMNMOMULECKUM.
AcuMnToTHYecKOe HAIIPABJICHAE Y SHUKU €INHCTBEHHO.

8. Begkas k-mepHas I0CKOCTD apaJsiiebHasg aCHMITOTHIECKOMY HAIIPABJIEHIIO IIepeceKaeT
SHUKY He 0oJiee, YeM B k TOYKaxX, ¢ yIETOM UX KpaTHOCTU. B "acTHOCTH, IpsAMasi aCUMIITOTH-
YECKOT'0 HAIIPABJICHUS [€PEceKaeT SHUKY He Dojiee, 4eM B OJIHOM TOUKeE.

9. Comnpukacaromyecst IIOCKOCTH (JIIOOBIX PA3MEPHOCTEN) B PA3HBIX TOUYKAX SHUKHU HE MapaJl-
JIeJIbHBI I HE COBIIQ/IAIOT.

10. IIpamasg acHMMITOTHYECKOTO HaIPaBJIEHHS He IapaJjlebHa COIPHUKACAIONIIMCS TUIED-
IIJIOCKOCTSIM SHUKU HU B OJIHOI TOYKe.

11. /lng smoboit Toukn suukn cymiectByeT Kanonndeckas ACK ¢ nagasiom B 3roit Touke. Ecin

I ={0;e,....e,} u II={0;dy,..,d,}

.. .. S i
— nBe kaHonmdeckne ACK, To Hailmércs aeficTBUTEIbHOE YHCIO A Takoe, 9TO d; = Ané€;,
i=1,...,n, amapaMeTpbl 4 U U COOTBETCTBEHHO IEPBOI 1 BTOPOIl KAHOHUYIECKUX ITapaMeTpH-
1 .. S
3aIWii CBA3AHBI COOTHOIIEHNEM: u = Anv. [Ipwaém, mocsie/iHne BEKTOPHI €, U d, BCErJIa UMEIOT

ACHMIITOTHYeCKoe Hampasienue. Ecin ¢ukcupoBarh Bo Beex kanoHmdecknx ACK mocsremmmit
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BEKTOP, TO JIJIA KayKJIOM TOYKM SHUKHU CYIIeCTByeT eanHcTBeHHass KaHonndeckass ACK ¢ nada-
JIOM B TOH TOYKE.
12. B cayyae 3a/1aHus SHUKHA 7Y,, KAHOHUYECKO ITapamMeTpu3arueit (2) ACK

{M); 7' (), 7"(t), ... "™ (1) }

OyJIeT KAHOHUIECKOI, HEITPEPHIBHO MEHSIOIENHC OT TOYKH K TOUKE.

13. IIpoexmus sHUKH 7y, BAOIE (n—k)-MepHoit KoopauHaTHOl 10CKOCTH Oy, . | ., KAHOHIYE-
ckoit ACK Ha k-y1o0 compukacaroryocs mI0CKOCTb B TouKe () eCTh IHUKA Y. DTO 0TOOparKeHue
MPOEKTUPOBAHUA Y,, HA Y ABJISIETCS TOMEOMOP(MU3IMOM.

14. k-MepHbIe IJIOCKOCTU TIpU k = L”T“J , TapaJsule/bHble KOODANHATHON IJIOCKOCTH Oy, 4y,

IIPOXOJIAIIENl Yepe3 Bce ocu ¢ HedéTHbIMH HOoMepamu KaHoHudeckoit ACK O,, .., nepecekaror
SHUKY 7, JINOO B JBYX TOYKaX, JUOO He IepeceKaroT Bosce. [Ipn 9TOM IEHTPHI Macc 3THX Iap

TOYEK JIeXKAT Ha SHUKE Yj,_j B KOOPAMHATHON TIOCKOCTH O,y T

Bamernm, 9o, Kak ciaeayer u3 |5, pr. 6.1], onpe/eséHHbII BbIllle KAHOHMYECKHI Oa3UC COBIIA-
J1aeT ¢ 9KBU-adpOUHHBIM Oa3ucoM, npeioxkeHHbM D. Davis s uzydenus adbPUHHBIX KPUBBIX.
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[5] D.Davis, Generic affine differential geometry of curves in R™ // Proc. Roy. Soc. Edinburg Sect. A, 1195-1205
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O CJIOXKHOCTU 3-MHOT'OOBPA3UI

EBI'EHUN ®OMUHBIX

B nokirajie Oyjier j1an 0030p MOCSTHUX PE3YIbTATOB M0 YCTAHOBJICHUIO TOYHBIX 3HAYECHUN U
HAXOKJIEHUIO JIBYCTOPOHHUX OIEHOK CJIOKHOCTU TPEXMEPHBIX MHOT0OOpa3uii.

YENIABUHCKUI TOCYIAPCTBEHHBINI YHUBEPCUTET, YJI. BPATHEB KAIMPUHBIX, 129, YEJIABUHCK,
454001, Poccud
E-mail address: efominykh@gmail . com

UccaeroBanye BBIIOJIHEHO 3a cyer rpanTa Poccuiickoro mayunoro ¢gouzga (mpoext Ne 16-11-10291).
51



FOMOTOIINMYECKN IIOJIHOOEHHBIE IIPOCTPAHCTBA.
METPUYECKNN CJIYYAU

I[TABEJI YEPHUKOB

Tormororuvueckoe MpoCcTPaHCTBO, TOMOTOINYECKHU SKBUBaIeHTHOE HeKoTopomy C'W-KoMILIekcy,
HA3BIBAETCST 20MOMONUHECKY, NOAHOUEHHbIM npocmpancmeom |1, 2|. TIpusegem onucanue mMeT-
PUYECKIX TOMOTOINYECKH ITOJTHOIEHHBIX IIPOCTPAHCTB.

B (3| ompegensiercst onsTHE abGCOTIOTHOIO OKPECTHOCTHOTO h-peTpakTta B Kiacce M Beex
MeTPUYECKUX ITPOCTPAHCTB.

CdhopmymupyeM 5TO ompejeeHne. 3aMKHYTOe TMOIMHOXKECTBO A MeTpudeckoro mpocTpaH-
cTBa X Ha3bIBaeTCd okpecmmocmuvim h-pemparmom X , €CIu CyIecTBYIOT OKpecTHOCTb U MHO-
xkecrBa A B X 1 Takoe HempepbiBHOe oTobpaxkenue r: U — A, aro r|A ~id,.

Metpuueckoe pOCTPAHCTBO Y HA3BIBAETCA AOCONOMHBIM OKPECTIHOCMHYM h-pemparmonm,
€CJIM BCSIKOE 3aMKHYTOE ITOJAMHOXKEeCTBO A JII000ro MeTpHIeCcKoro mpocTpancTsa X, romeoMopd-
HOe Y, sIBJIZE€TCSI OKPECTHOCTHBIM h-perpakTom X .

CoOBOKYIIHOCTB BCEX aDCOJIIOTHBIX OKPECTHOCTHBIX h-perpakTos obosuaunm depes AN H R(M).

Teopema. Merpuueckoe npocrpancrso Y npunagiexkur AN HR(M) B ToM u TOJIBKO TOM
caydae, korga Y romMoronmdeckKd dkBuBajeHTHO HeKoTopomy C'W -KoMILIekcy.

Coy4Jait GUKOMIIAKTHBIX TOMOJIOTHYECKIX MPOCTPAHCTB PACCMOTPEH B [4].

CIIUCOK JIMTEPATYPbI
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Ob OJITHOM IMTPUMEPE MOJJEJINN TOPA

MUPA YEIIIKOBA

B esk/mioBoM npoctpancree B3 pacemorpuM nosepxnocTs nepenoca M |1, c. 315]
(1) r(u,v) =U(u) + V(v),

u € [-m,7|,v € [-m, 7],

riae U(u), V(v) — 2m-nepuonndaeckue Bekrop-byHkimn, npudem kpusbe U(u), V (v) we npu-

HAJJIE?KAT OIHOM IJIOCKOCTH M HE BBIPOXKIAIOTCS B OTPE3KU IPSIMBIX.
Tooxxkum

(2) U(u) = (0,cos(u),sin(u)), V(v) = (cos(v),sin(v),0).

Kpussie (2) ecrb okpyzkuaocTH. [loBepxaocTh nepenoca (1) nmeer Bu

r(u,v) = (cos(v),sin(v) + cos(u),sin(u)), u € [—m, 7], v € [-7, 7.
Teopema 1. Qopmyna (1) onpesensier Mojiesb Topa.

JleficTBUTE/IHHO,
r(—mv)=U(-7)4+V(v) =U(—7+27) + V(v) = r(m,v),
r(u, —)

Uu)+V(—m)=U(u) + V(=7 +271) = r(u, ).
NmeeM CKJIEiKy MPOTHBOIOJIOXKHBIX CTOPOH IIPAMOYTOJbHUKA U € [—7, 7|, v € [—7, 7| no

TOYKAM, JIeKAIUM Ha OOIIell TOPU30HTAJM, , OJJHOBPEMEHHO, CKJIEHKY 110 TOYKAM, JICZKAIIUM
Ha obmieil BepTukamu 2, . 75].

Nccnemyem xapakTep To4ek Ha nosepxuoctu M. Tayccosa kpupusna K pasna
K = —SIH(ULSOS(U), =1 — sin(u)? cos(v)>.
Jlist mapaboMdecKnx TOYeK
(3) sin(v) cos(u) = 0.
YpasHaenue (3) onpejesisier 9eTbipe OKPYKHOCTH

Spir=r(u,0), Sy:r=r(um), Sz:r=r(r/2,v), Si:r=r(-7m/2,v).

Toukn KacaHWUs STUX OKPYKHOCTeN ecThb ocoOble Touku. s aux g = 0.

[TocToponm mapabonvdecKue, JUININTAYECKHE W TUIepOoJIndIecKrne TOYKH IToBepxHocTu M
(puc. 1).
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Puc. 1. ITapabomumyeckue n JUTHITAYECKHE TOYKH, TapaboIndeckne u rurnepobo-
JITYECKNe TOYKHU moBepxHocTu M
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54 MUPA YEIIKOBA

Teopema 2. Ilycrb BekTop-pyHKINN 11 = r1(U,v), 79 = T3(U, V) ONPEAEJTIOT MOJETH TOPA.
Toria BeKTOp-QyHKIHI
(4) re = tri(u,v) + (1 — t)ra(u,v), t € [0,1],u € [—m,7],v € [—m, 7]
TakKe OIPEJICISIOT MOJIETU TOPA.

Paccemorpum kitaccuveckuii Top 7'

ra(u,v) = (2 + cos(u))(cos(v),sin(v), 0) + sin(u)(0,0, 1)

u romorormio (4) [2, c. 148], tae 1 = ri(u,v) — rop M. Ilocrpoum ee (puc. 2), mosaras
t=0,t=1/2,t=3/4,t=1.

Puc. 2. Tomoronus ry = r(u, v)

2
* — m?(r—ro)
Pacemorpum unBepcuio (3, ¢. 482] r* —rg = S ror—rgS OTHOCHTEIHHO cdepsl pajmyca m ¢
IEHTPOM 7.
Teopema 3. Ec/in Top He NIPOXOJUT depe3 IEHTP HHBEPCHH, TO HHBEPCHSI TOPa €CTh TOP.
[Tocrpoum Top T (Temublil) u ero uHBepeuto it rg = (2,0,0),m = 2, rop M (Temublil) u

ero uuBepcuto st ro = (2,0,2),m = 4 (puc. 3).

Puc. 3. Unsepcusa Topos

CIUCOK JIMTEPATYPHI
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AOCTATOYHBIE YCJIOBUA MUHUMAJIBHOCTU CIIEHIMAJIBHBIX
CIIAVMTHOB C TPEM4 2-KOMIIOHEHTAMMUI

EKATEPUHA IMIYMAKOBA

B pabore [1]| HaiijeHbl TOUHBIE 3HAYEHUSAX CJIOKHOCTU BUPTYAJIbHBIX MHOIOOOpa3uii, 3aja-
BaeMBbIX CIICIUAJIbHBIMI IIOJTUIPAMHU € OXHOW WM JIBYMs 2-KOMIIOHeHTamu. B mokase Oy-
JIyT TpeJICTaB/IeHBI JOCTATOYHbIE YCJIOBUS MUHUMAJIBHOCTH CIIEIHAJIBHBIX CIANHOB C TpEeMs 2-
KOMIIOHEHTaMU W ITPUBEJICHBI ITPUMEPHI OECKOHEYHBIX CepHil TAKUX criaiinoB. Pabora BbIoiHena
cosMmecTHo ¢ E. A. ®oMUHBIX
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HEKOTOPBIE IIPUMEPBI TPEXMEPHBIX KOMBNUHATOPHBIX KAPT

TAMAPA IIVIIYEBA

Arop pabotsl [1| ompenessier moHsATHE N-MEPHONH KOMOMHATOPHOI KAPThI U CBSI3aHHBIE C
HUM IIOHSITHUSI U CBOICTBA, TaKne KakK KJIETKHU, TPAHUIIbI, JBOMCTBEHHOCTb U JIPYTHE, UCIIOIb3Y
UX B FeOMETPUYECKOM MOJIC/TMPOBAaHUU. B Hareil paboTe MbI MMeeM HEMHOI'O JIPYTOfl ITOIXO0.
K TPAKTOBKE MOHATHS TPEXMEPHO KOMOMHATOPHO KAapThI (MU 3-KAPTHI), 9TO TIO3BOJISIET BbI-
sICHUTH CBSI3b C HAaKPBITUSIMU W UCIIOJIBL30BATh €0 B JIAJIbHEHIIEM JIjIsd TojcueTa KapT. TakxKe
HPUBOIUM IIPUMEPHI 3-KapT U HEKOTOPbIEe HAOIOICHUST U 3aMevaHusl.

[Iycts ¥ — KjeTouHOE pa3dMeHue TPEXMEPHOI0 3aMKHYTOI'O OPHEHTUPOBAHHOTO MHOT'000-
pasust M, a ¥’ — ero GapunenTpudeckoe noapasouenne. [Tockonbky M opueHTHpOBaHHOE, TO
CYIIECTBYeT «IaxMaTHas» pacKpacka B YepHBI u Oesblil 1BeT Terpasapos u3 X'. O6o3Ha-
qnM gepes F¥ u F' MHOXKeCTBO BCeX OKpAIeHHBIX TeTPasIpPoB U MHOXKECTBO TOJLKO HepPHDLIX
TeTpas’apoB coorBercTBeHHO. [lycth A, B, C, D BepImHbI OJHOIO U3 TETPasapoB u3 F, n Tak-
ke OyJieM Ha3bIBaTh OTPAaYKEHUsI B COOTBETCTBYIOINX €ro rpaHsax. lorga smementsl a = AC),
b= AD, ¢ = BD ecTb 0BOPOTHI BTOPOI'O TIOPsIJIKA, OTIPABJISIIONIIE YepPHBIi (OeJiblii) TeTpasip
B depHbiit (Gesbrit). [lycts A =(A, B, C, D) rpyuna, nopoxaenHast orpaxkenuamu A, B, C, D.
O6osnaunmM yepes AT moarpymnmy mHzekca 2 B A, HOPOXKICHHYIO 3JeMeHTaMu a, b, c. I'pyn-
ma A geiictByer ma F*, B To Bpema kak AT geitcteyer ma F. IlosToMy MBI TIOTydacM JiBa
romomopdmsma : A — Sym(F*) and ¢*: AT — Sym(F).

Onpepenenne. Tpexveprasi KombunatopHasi kapra (win 3-kapra) sto Habop (F;a, b, c) co
CJIETYIOIITUMH CBOHCTBAMU:
1° F — KoHeYHOe MHOXKeCTBO (hJjIaroB;
2° a, b, ¢ — mHBOJIFOIINH, JeHcTBYIOIIHE O6e3 HEIIOJBUXKHBIX TOYEK CBODOJHO Ha F';
3° I'pymma AY Tpansutusaa Ha MHOXKecTBe F';
4° Opbutkl nepecTaHoBKH ab siBysitorcst pebpamu, be — rpansvi, (a,bc) — kiaerkamu u {(ab, c)
— BepITHHAMI TPEeXMEPHOH KapThl.

Jlannoe omnpejiesieHre Mbl WJLTIOCTPUPYEM CJIEYIOMMME TpuMepamu: «pillows ¢ 4 momeuen-
HBIMU BepinHaMu, «shelly ¢ 2 moMevueHHBIMET BepIIMHAMEI, KOHYC C 3 IIOMEYE€HHBIMU BEPIITHHAMU,
YeTBIPEXYTO/IbHAs I'PAHDb ¢ 4 TIOMEUYEHHBIMU BEPIIMHAMU U JIPYTHE.

Bameuanmue. C nmomormipo Merojia Peiigemericrepa-IlIpaiiepa MOXKHO MMoKa3aTh, 9TO TDYIIIIA
AT cBo60IHO TOPOXK IeHA HHBOTIOIHAMH A, b, ¢. ClleJ0BATEILHO B ONIPEICICHIN 3-KAPThI MOYKHO
3aMeHuTh ux obpasamu oT(a), et (b), pT(c).

CrpaBe/IJIUBO CJleIyIolee yTBep:K/IeHne:

IIpensioxkenue. CyinecTByeT B3auMHO-0JHOZHATHOE COOTBETCTBHE MEXKTy oponTaMu Ha F*
u 9JIeMeHTaMH 3-KapThl: 1IpH 3ToM opoutsl (A, B) coorBercrBytor rpamsm, (C, D) — pebpam,
(A, B,C) — kaerkam, a (B,C, D) — BepmmaaM 3-KapThl.

CIIUCOK JIUTEPATYPbI
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