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ON THE VOLUME OF A COMPACT HYPERBOLIC ANTIPRISM

NIKOLAY ABROSIMOV1, VUONG HUU BAO2

We consider a compact hyperbolic antiprism. It is a convex polyhedron with 2n vertices in
H3 which has a symmetry group S2n generated by a mirror-rotational symmetry of order 2n,
i.e. rotation to the angle π/n followed by a reflection (see Fig. 1).

π

5

π

n

n=5

Figure 1. The symmetry of an antiprism.

We establish necessary and sufficient conditions for the existence of such polyhedra in hy-
perbolic space H3.

Theorem 1. A compact hyperbolic antiprism with 2n vertices and edge lengths a, c having
a symmetry group S2n is exist if and only if

1 + cosh a− 2 cosh c+ 2 (1− cosh c) cos
π

n
< 0.

Then we find relations between their dihedral angles and edge lengths in the form of a cosine
rule.

Theorem 2. The dihedral angles A,C and the edge lengths a, c of a compact hyperbolic
antiprism with 2n vertices are related by the equalities

cosA =
−
√

cosh a− 1
(
1 + cosh a− 2 cosh c cos π

n

)√
2(1 + cosh a− 2 cosh2 c)(cos 2π

n
− cosh a)

,

cosC =
cosh c− cosh a cosh c+ 2(cosh2 c− 1) cos π

n

1 + cosh a− 2 cosh2 c
.

(1)

Finally, we obtain exact integral formulas expressing the volume of a hyperbolic antiprism
in terms of the edge lengths.

Theorem 3. The volume of a compact hyperbolic antiprism with 2n vertices and edge
lengths a, c is given by the formula

V = n

∫ c

c0

aG+ tH

(2 cosh2 t− 1− cosh a)
√
R
dt,

This work was supported by the Laboratory of Topology and Dynamics, Novosibirsk State University (con-
tract no. 14.Y26.31.0025 with the Ministry of Education and Science of the Russian Federation).
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6 NIKOLAY ABROSIMOV1, VUONG HUU BAO2

where

G = 2
(

cosh t− cos
π

n

)
sinh a sinh t,

H = −(cosh a− 1)
(

1 + cosh a+ 2 cosh2 t− 4 cosh t cos
π

n

)
,

R = 2− cosh a(2 + cosh a) + cosh 2t+ 4(cosh a− 1) cosh t cos
π

n
− 2 sinh2 t cos

2π

n

and c0 is the root of the equation 2 cosh c
(
1 + cos π

n

)
= 1 + cosh a+ 2 cos π

n
.

In particular case n = 3 an antiprism become an octahedron with 3-symmetry (see Fig. 2).
In this case theorems 1, 2 and 3 are coincide with the results given in [1]. When n = 2 the
upper and lower n-gonal faces of an antiprism degenerate to line segments. Thus we get a
tetrahedron with a symmetry group S4. The latter case was previously studied in [2].

π

3

π

2

n=2 n=3

Figure 2. Particular antiprisms with 2n vertices for n = 2, 3.
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CLASSIFICATION OF PRIME LINKS IN THE THICKENED TORUS

ALYONA AKIMOVA1, SERGEI MATVEEV2, AND VLADIMIR TARKAEV3

One of the main problems of the knot theory is to construct complete tables of knots and
links arranged in increasing of the crossing number. Many researchers worked in this area
during last 150 years. Recent tables includes only the so-called prime links, which can not be
obtained by some known operations from already tabulated objects.

A link L is called
composite, if at least one of the following conditions holds:

(1) L is a connected sum of links L1 ⊂ T × I and L2 ⊂ S3. In this case, the connected
sum is defined by analogy with the classical connected sum of two links in S3 with the
exception that L1 ⊂ T × I can be trivial,

(2) L is a circular connected sum of two non-trivial links Li ⊂ Ti × I, i = 1, 2, where T1, T2

are disjoint copies of the torus, see [1];

split, if there exists an embedded surface in the thickened torus (either a torus, which is
parallel to the boundary, or a 2-dimensional sphere), which does not intersects L and cuts the
thickened torus into two parts such that each part contains a component of L;

essential, if any annulus, which is isotopic to c× I ⊂ T × I, where c ⊂ T is a nontrivial
simple closed curve, has non-empty intersection with L;
prime, if L is non-split, essential, non-composite and contains more than one component.
We construct a table of prime links in the thickened torus with two or more components,

which have diagrams with at most 5 crossings. Recall that a link having single component is
a knot. Therefore, we do not consider 1-component links, because the table of knots in the
thickened torus had been constructed in [2].

Theorem. There exist no more than 138 pairwise inequivalent prime links with two or more
components in the thickened torus having diagrams with at most 5 crossings.

Note that we say ”no more than” instead of ”exactly”, because today we can examine all
conditions in the definition of prime link except one. Namely, there is no instrument to verify
that the given link in the thickened torus is not circular connected sum. Therefore, some
constructed links can be non-prime, if they are circular connected sums.
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WHY THERE IS NO EXISTENCE THEOREM FOR A CONVEX
POLYTOPE WITH PRESCRIBED DIRECTIONS AND PERIMETERS OF

THE FACES?

VICTOR ALEXANDROV

In 1897, Hermann Minkowski proved the following uniqueness and existence theorems:

Theorem 1 (H. Minkowski, [3, p. 103–121]). A convex polytope is uniquely determined, up
to translations, by the directions and the areas of its faces.

Theorem 2 (H. Minkowski, [3, p. 103–121]). Let unit vectors n1, . . . ,nm in R3 and real
numbers F1, . . . , Fm satisfy the following conditions:

(i) n1, . . . ,nm are not coplanar and no two of them coinside with each other;
(ii) Fk is positive for every k = 1, . . . ,m;
(iii)

∑m
k=1 Fknk = 0.

Then there exists a convex polytope P ⊂ R3 such that n1, . . . ,nm (and no other vector) are
outward face normals for P and Fk is the area of the face with outward normal nk for every
k = 1, . . . ,m.

Both Theorems 1 and 2 have many applications and generalizations. For more details the
reader is referred to [1] and [4]. One of those generalizations has the following consequence:

Theorem 3 (A.D. Alexandrov, [1, Chapter II, § 4]). A convex polytope in R3 is uniquely
determined, up to translations, by the directions and the perimeters of its faces.

Our study is motivated by the question why there is no existence theorem corresponding to
uniqueness Theorem 3 in the same manner as existence Theorem 2 corresponds to uniqueness
Theorem 1?

We choose some special unit vectors n1, . . . ,n5 in R3 and denote by L ⊂ R5 the set of all
points (L1, . . . , L5) ∈ R5 with the following property: there exists a compact convex polytope
P ⊂ R3 such that the vectors n1, . . . ,n5 (and no other vector) are unit outward normals to
the faces of P and the perimeter of the face with the outward normal nk is equal to Lk for all
k = 1, . . . , 5.

Our main result reads that L is not locally-analytic set, i. e., we prove that, for some point
(L1, . . . , L5) ∈ L, there is no neighborhood U ⊂ R5 and analytic set A ⊂ R5 such that
L ∩ U = A ∩ U .

From our point of view, our main result explains why a general existence theorem is not
known which determines a convex polytope in R3 via unit normals and perimeters of its faces.
The reason is that no analytic condition, similar to condition (iii) in Theorem 2, does exist.

The talk is based on the author’s paper [2].
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ABOUT COHOMOGENEITY ONE ALMOST COMPLEX STRUCTURES ON
THE S2 × S4

NATALIYA DAURTSEVA

The action of a group G on a manifold M is said to be cohomogeneity one if the orbit space
M/G is one-dimensional. Suppose G is a compact connected Lie group which acts on the
compact connected manifold M by cohomogeneity one. M is called an interval cohomogeneity
one manifold if the orbit space M/G is a closed interval [0, T ] ⊂ R. Such a manifold is
determined by its group diagram G ⊃ K± ⊃ K. Here K is called a principal isotropy subgroup
and K± are non-principal isotropy subgroups with the property K±/K ' Sl± . The open set
M∗ ⊂M corresponding to the interior of M/G is diffeomorphic to (0, T )×G/K, and G/K± are
non-principal orbits corresponding to the boundary points of M/G. Conversely any collection
of compact groups G ⊃ K± ⊃ K, with K±/K ' Sl± determines an interval cohomogeneity
one manifold.

At [1, 2] authors classified all possible group diagrams of cohomogeneity one nearly Kähler
6-manifolds. The case of S2×S4, with group diagram SU(2)×SU(2) ⊃ U(1)×SU(2), U(1)×
SU(2) ⊃ ∆U(1) was overlooked, but later was specified at [3] by Foscolo L. and Haskins M.
In [3] authors have proven the existence of exotic nearly Kähler structures on S6 and S3 × S3

which are inhomogeneous but of cohomogeneity one. For S2×S4 was conjectured that it carries
no cohomogeneity one nearly Kähler structure.

The S2×S4 is a special manifold for a number of reasons. Firstly this is in list of products of
even-dimensional spheres with almost complex structures, and the unique in above list almost
complex product with non almost complex multiplier S4. It is diffeomorphicaly embeddable in
R7 and inherits Cayley structure. The question about existence of nearly Kähler or complex
structures on S2 × S4 is open.

There exists several means to define cohomogeneity one actions of SU(2)×SU(2) on S2×S4

[4, 5]. At the talk I’ll describe the cohomogeneity one almost complex structures on S2 × S4

for those actions and some their properties.
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DYNAMICS RELATED TO THE RAUZY GASKET

IVAN DYNNIKOV

The Rauzy gasket is a fractal set homeomorphic to the Sierpinski triangle, but having quite
different geometry. It was discovered, independently, several times in connection with problems
in dynamical systems which had, at first look, quite different natures. These included certain
symbolic dynamical systems as well as measured foliations on surfaces.

The Rauzy gasket is a subset of a triangle ∆ defined as follows. For a point p ∈ ∆ whose
barycentric coordinates do not satisfy the triangle inequalities define f(p) as the point whose
barycentric coordinates are obtained from those of p by subtracting from the largest coordinate
the sum of the other two and then renormalizing. If the barycentric coordinates of p satisfy
the triangle inequalities, then f(p) is undefined. The Rauzy gasket is the set of points p such
that fk(p) is defined for any k ∈ N.

In my talk, I will overview the problems in which the Rauzy gasket arises naturally, and
explain how these problems are related to each other.
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FLUCTUATIONS OF RANDOM POLYNOMIALS ON COMPACT
ISOTROPY IRREDUCIBLE HOMOGENEOUS SPACES

VICTOR GICHEV

Let M = G/H be the isotropy irreducible homogeneous space of a compact Lie group G and
E be a G-invariant finite dimensional subspace of L2(M,σ), where σ is the invariant probability
measure on M . We say that functons in E are polynomials. Set Db(u) =

∫
M
|∇u|b dσ, where

b ≥ 0 and u is a smooth function on M . If b = 2, then Db is the Dirichlet form. We consider the
variance of Db assuming that u is a random vector which is uniformly distributed in the unit
sphere S in E. The normalized evaluation mapping defines a natural G-equivariant immersion
ι : M → S that is a finite covering and a local metric homothety. The coefficient s of the local
homothety ι determines expectation of some standard metric quantities, for example, of the
volume of the nodal set. As a rule, the expectation depends only on s and dimensions of the
involved spaces. For the variance this is not true.

Let o be the base point of M corresponding to H and πo, πp be the orthogonal projections
in E onto the tangent spaces To = ToM̄ , Tp = TpM̄ to M̄ = ι(M) at o, p, respectively. The
spectrum of the linear operator πoπpπo defines the pair To, Tp up to a linear isometry of E
as well as a pair of m-dimensional subspaces of R2m, where m = dimM , i.e., an orbit of the
stable subgroup O(m)×O(m) in O(2m) of a point in the real Grassmann manifold Gr(2m,m).
Thus the measure σ on M defines an O(m) × O(m)-invariant measure σ̃ on Gr(2m,m). Set
µb(p) =

∫
S2m−1 |πpu|b|πou|b du. We consider it as a function on Gr(2m,m) keeping the notation

Tp, πp for arbitrary m-dimensional subspaces of R2m. The computation of the variance can be
reduced to the integration of µb over σ̃. We prove that µb attains its least value on Gr(2m,m) if
πp = π′

o = I−πo, where I is the identical operator, compute µb(π
′
o), and find the quadratic term

of the Taylor fomula for µb at π′
o. We find the explicit formulas for µ2 and µ4. If n is positive

integer, then µ2n is a symmetric polynomial of the eigenvalues of πoπpπo whose coefficients are
positive. Using these results, we estimate the variance of Db in several special cases.

In the paper [1], the construction of the first paragraph of this text was applied to the
computation of the expectation of the volumes of level sets and estimation of the Lp-norms of
polynomials. The results mentioned in the second paragraph are joint with Irina Markina. The
book [2] contains a recent survey of this area.
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ON CYCLES OF SOME DYNAMICAL SYSTEMS
WITH PIECEWISE SMOOTH TRAJECTORIES

VLADIMIR P. GOLUBYATNIKOV1, LILIYA S. MINUSHKINA2

Some of our recent publications were devoted to existence and uniqueness of cycles in phase
portraits of piecewise linear dynamical systems which simulate circular gene networks function-
ing. We consider now piecewise linear dynamical systems of more general type

dx1

dt
= f1(x3)− k1x1;

dx2

dt
= f2(x1)− k2x2;

dx3

dt
= f3(y2)− k3x3, (1)

with step-functions

fj(xj−1) = Aj for 0 ≤ xj−1 < 1; fj(xj−1) = 0 for 1 ≤ xj, j = 1, 2, 3

in their right-hand sides. Here and below Aj > 2kj > 0, and we assume that j − 1 = 3 for
j = 1. All variables, coefficients and functions here are non-negative, see [3, 4] for biological
interpretations and descriptions. In the particular case kj = 1 for all j ≥ 1, analogous dynamical
higher-dimensional systems were considered in [1, 2].

Our considerations are based on discretization of the phase portrait of the system (1). We

verify that the domain Q =

[
0,

A1

k1

]
×

[
0,

A2

k2

]
×

[
0,

A3

k3

]
is invariant with respect to positive

shifts along the trajectories of the system (1). The planes x1 = 1, x2 = 1, x3 = 1 decompose
Q by 8 blocks which we enumerate by binary indices {ε1, ε2, ε3}. Here εj = 0, if xj ≤ 1 for all
points of the block; respectively, εj = 1, if the opposite equality xj > 1 holds there, see [1, 2].

Theorem. If A1 > 2k1, A2 > 2k2, A3 > 2k3, then the dynamical system (1) has at least one
cycle C.

This cycle travels from block to block of the decomposition of the domain Q according to
the cyclic diagram

. . .→ {0, 0, 1} → {0, 1, 1} → {0, 1, 0} → {1, 1, 0} → {1, 0, 0} →

→ {1, 0, 1} → {0, 0, 1} → . . . (2)

For each block of this diagram, trajectories of its points can pass to only one of adjacent
blocks according to the corresponding arrow. In each of the blocks of this decomposition, the
system of differential equations (1) is linear and can be solved explicitly, all its trajectories are
piecewise smooth with the angle points on the planes x1 = 1, x2 = 1, x3 = 1, i.e., on the
common faces of the adjacent blocks.

In more simple particular case when k1 = k2 = k3, these trajectories are piecewise linear,
and in each block the positive shifts along the trajectories are described by the projective
transformations of the faces of the blocks.

For example, {0, 0, 1} ∩ {0, 1, 1} → {0, 1, 1} ∩ {0, 1, 0} is a projective transformation corre-
sponding to the homothety with the center C2 = (0, A2/k2, 0) ∈ {0, 1, 0} in one of the vertices
of Q, and so on. In this case the uniqueness of the cycle C of the system (1) was shown in [1].

In our case, the shifts along trajectories of the system (1) are described by analogous “curvi-
linear transformations” xj(t) = x0

j + (cj − x0
j)t

kj .
These constructions and the proof of the theorem can be reproduced in the case of any

odd-dimensional piecewise linear dynamical system of the type (1). If the dimension of the
system equals 2k + 1, then it should have a piecewise smooth cycle C contained in the union

Supported by the program N I.1.5. of SB RAS, project N 0314-2018-0011; and by RFBR, grant 18-01-00057.
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of 4k + 2 blocks which compose a cyclic diagram analogous to (2); one of typical fragments of
this diagram has the form

. . .→ {1, 0, 1, 0 . . . 0, 1} → {0, 0, 1, 0 . . . 0, 1} → {0, 1, 1, 0 . . . 0, 1} . . .
All the other parts of this diagram are obtained by corresponding shifts mod (2k + 1) of the
positions of indices of the blocks in this fragment. The case of even dimensional dynamical
systems of the type (1) is much more complicated, see [2]. The cyclic diagrams of the type (2)
do not appear there.
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SOME TOPOLOGICAL PROPERTIES OF f-QUASIMETRIC SPACES

ALEXANDER GRESHNOV

Assume that X is an arbitrary set consisting of at least two points, and ρ : X ×X → R+ is
a function satisfying the identity axiom: x = y ⇔ ρ(x, y) = 0. We call ρ a distance function.
The value ρ(x, y) is called the distance from x to y.

Consider an arbitrary function f : R+ × R+ → R+ such that f(x, y) → 0 when (x, y) →
(0, 0). A distance function ρ is called f -quasimetric if the following f -triangle inequality holds
ρ(x, z) ≤ f(ρ(x, y), ρ(y, z)) ∀x, y, z ∈ X. The pair (X, ρ) is called f -quasimetric space [1].
f -quasimetric is symmetric if ρ(x, y) = ρ(y, x).

Put B(y, r) = {x ∈ X | ρ(y, x) < r}. Define open sets in X as follows. A set A ⊂ X is open
if for each y ∈ A there exists r > 0 such that B(y, r) ⊂ A. Open sets define a topology τ .

Obviously, if f(x, y) = x + y then f -triangle inequality becomes the standard triangle in-
equality. In this case is called quasimetric and (X, ρ) is called quasimetric space [2]. In the most
important for applications case, f(x, y) = q1x+ q2y for some q1 > 0, q2 > 0. Then the function
ρ is called (q1, q2)-quasimetric and the pair (X, ρ) is called (q1, q2)-quasimetric space [1, 3]. Note
that in this case q1 ≥ 1, q2 ≥ 1 since set X contains at least two elements.

For a (q1, q2)-quasimetric space (X, ρ) denote by Q = Q(ρ) the set of all points q′ = (q′1, q
′
2) ∈

R2 such that the (q′1, q
′
2)- triangle inequality for ρ holds. Obviously, the nonempty set Q is

convex, closed, and Q ⊆ {(x, y) ∈ R2 | x ≥ 1, y ≥ 1}. The set Q contains extreme points,
and each of them is a Pareto optimal point of Q (in the sense of the minimization of their
components). The definition of an extreme point immediately implies that if (a, b) is an extreme
point of a (q1, q2)-quasimetric ρ then Ka,b = {(x, y) ∈ R2 | x ≥ a, y ≥ b} ⊆ Q. A point q ∈ Q is
called best if q ≤ q′ for all q′ ∈ Q (the inequality is understood coordinatewise). The definition
of best point immediately implies that best point (a, b) is unique if it exists; in this event,
Q = Ka,b. Since the set Ka,b has only one extreme point, namely, the point with coordinates
(a, b), so we have: if a (q1, q2)-quasimetric ρ has two extreme points then ρ has no best point.

In [1] examples of symmetric (q, q)-quasimetrics were constructed for q > 1 whose (q, q)-
quasimetric balls are not open; on the other hand, see for example [4], (1, q2)-quasimetric balls
are always open. In our talk we discuss the problem of existence of (q1, 1)-quasimetrics whose
(q1, 1)-balls are not open.
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ARCHIMEDEAN AND DIRECTIONALLY CLOSED CONES

ALEXANDER GUTMAN

In what follows, X is a vector space over R. A nonempty subset W ⊆ X is called a wedge
whenever αW ⊆ W for all α > 0. A wedge W is a cone if W ∩ (−W ) = {0}. As is
known, in every (pre)ordered vector space (X,6) the set X+ := {x ∈ X : x > 0} is a cone
(wedge). Conversely, if W is a cone (wedge) in X then the relation 6W defined by the rule
x 6W y ⇔ y − x ∈ W makes X into a (pre)ordered vector space with X+ = W .

A (pre)ordered vector space (X,6) is said to satisfy the axiom of Archimedes whenever for
all x ∈ X and y ∈ X+ the condition (∀n ∈ N)(x 6 1

n
y) implies x 6 0. A cone (wedge) W in

a vector space X is called Archimedean if the corresponding (pre)ordered vector space (X,6W )
satisfies the axiom of Archimedes.

See [1] for the basic information on Archimedean cones. The relation between Archimedean
and closed cones is studied in [2].

Say that a set C ⊆ X is closed along the direction of y ∈ X if for every family (αi)i∈I ⊆ R
and every α ∈ R, x ∈ X, the conditions infi∈I αi = α and (∀ i ∈ I)(x + αiy ∈ C) imply
x + αy ∈ C. A convex set C ⊆ X is closed along the direction of y ∈ X if and only if for all
x ∈ X the condition inf{α ∈ R+ : x+ αy ∈ C} = 0 implies x ∈ C.

Theorem 1. The following properties of a convex subset C ⊆ X are equivalent:
(1) C is Archimedean;
(2) C is closed along all directions;
(3) the intersection of C with every straight line is closed;
(4) the intersection of C with every finite-dimensional subspace of X is closed;
(5) X\C is algebraically closed (i.e., coincides with its algebraic interior).

Theorem 2. Let W ⊆ X be a wedge and let f be a linear functional on X such that f > 0
on W and f(y) > 0 for some y ∈ W . The wedge W is Archimedean if and only if W is closed
along the direction of y and the set {x ∈ W : f(x) = 1} is Archimedean.

We will now present criteria for existence of f and y satisfying the hypotheses of Theorem 2.

Theorem 3. Let W be the closure of a wedge W ⊆ X in the weak topology induced by the
space X# of all linear functionals on X. The following are equivalent:

(1) there exist f ∈ X# and y ∈ W such that f > 0 on W and f(y) > 0;
(2) there exists y ∈ W such that −y /∈ W ;
(3) linW * W , where linW is the linear span of W .

Every locally convex space of uncountable dimension includes a nonclosed Archimedean cone
(see [2]). It remain unknown which locally convex spaces of countable dimension include non-
closed Archimedean cones.
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GENERAL POSITION THEOREM FOR SELF-SIMILAR FRACTALS AND
IT’S APPLICATIONS

KIRILL KAMALUTDINOV

Let S = {S1, . . . , Sm} be a system of contraction similarities in Rn. A nonempty compact

set K = K(S) such that K =
m⋃
i=1

Si(K), is called an attractor of the system S, or a self-similar

set. A set C(S) =
m⋃

i=1,j 6=i
Si(K)∩Sj(K) is called a critical set of the system S. The system S is

said to satisfy the open set condition (OSC), iff there exists an open set O such that Si(O) ⊂ O
and Si(O) ∩ Sj(O) = ∅ for all distinct i, j ∈ I = {1, . . . ,m}. Denote by F = {Si : i ∈ I∞} the
semigroup, generated by S; then F = F−1 ◦ F , or a set of all compositions S−1j Si, i, j ∈ I∗, is
the associated family of similarities. The system S has the weak separation property (WSP) iff

Id /∈ F \ Id. If the system doesn’t have WSP, then it doesn’t satisfy OSC, but the opposite is
not true.

We use the following General Position Theorem [1] to construct special examples of parametri-
zed families of self-similar sets, that for almost all generating parameters they do not have WSP
(so as OSC), but have exact overlap condition for double fixed point (Theorem 2), or even unique
one point intersection in critical set (Theorem 3):

Theorem 1. Let the Cartesian products of metric spaces (D, ρ), (L1.σ1), (L2, σ2) be supplied
with canonical metrization. Let continuous maps ϕ1 : D × L1 →M, ϕ2 : D × L2 →M to the
normed linear space (M, ‖.‖) and the function Φ(ξ, x1, x2) := ϕ1(ξ, x1)−ϕ2(ξ, x2) be such that
for some constants C,M,α, β > 0 and for all ξ, ξ′ ∈ D, x, y ∈ Li(i = 1, 2), x1 ∈ L1, x2 ∈ L2:

‖ϕi(ξ, x)− ϕi(ξ, y)‖ ≤ C[σi(x, y)]α, ‖Φ(ξ′, x1, x2)− Φ(ξ, x1, x2)‖ ≥M [ρ(ξ′, ξ)]β.

Then the set ∆ := {ξ ∈ D : ϕ1(ξ, L1) ∩ ϕ2(ξ, L2) 6= ∅} is closed in D and

dimH ∆ ≤ min{(β/α) dimH(L1 × L2), dimH D}.

Theorem 2. For Lebesgue-almost all (p, q) ∈ (0, 1/16)2 the system S = {S1(x) = px, S2(x) =
qx, S3(x) = 1− p+ px, S4(x) = 1− q + qx} with the attractor K has the following properties:
(1) Sm1 (K) ∩ Sn2 (K) = Sm1 S

n
2 (K) (it has exact overlaps for double fixed point);

(2) S does not satisfy WSP.

Theorem 3. Fix r ∈ (0, 1/16) and put h = r+rq
r+q

. For Lebesgue-almost all (p, q) ∈ (0, r) ×(
r2

1−2r , r
)

the system S = {S1(x) = px, S2(x) = h− qx, S3(x) = h− r+ rx, S4(x) = 1− r+ rx}
with the attractor K has the following properties:
(1) C(S) = S2(K) ∩ S3(K) = {h} (it has unique one point intersection);
(2) S does not satisfy WSP.
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MINIMAL GRAPH SURFACES ON TWO-STEP CARNOT GROUPS

MARIA KARMANOVA

We consider graph mappings ϕΓ defined by mappings ϕ : G→ G̃ of classes of two-step Carnot
groups. In particular, we discover specific properties of this case (e. g., necessary condition for
correct formulation of the minimal area problem for their images ϕΓ(Ω), Ω ⊂ G) and describe

some characteristics of minimal surfaces. Here we assume that G, G̃ ⊂ U, where U is a two-step
nilpotent graded group of tolopogical dimension N + ñ+ 1, where N is a topological dimension

of G, ñ+ 1 is a topological dimension of G̃, ñ = dimHxG̃ for all x ∈ G̃, and G ∩ G̃ = 0.

Definition. A graph mapping ϕΓ : Ω→ U assigns to each x the element

U 3 ϕΓ(x) = exp
( Ñ∑
j=1

ϕj(x)X̃j

)
(x),

where exp
( Ñ∑
j=1

ϕj(x)X̃j

)
(0̃) = ϕ(x) ∈ G̃.

In addition to questions similar to those in [1, 2] for ϕ : H1 → H1 on correct definition of a
variation for a nonholonomic-valued mapping, we also have to deduce some restrictions on a
horizontal subbundle HG in the preimage. As shown in [1, 2], variation of ϕ (as an argument of
the functional calculating area of a graph surface) is defined by changing coordinate functions
corresponding to horizontal subspace by values ξk, k = 1, . . . , ñ. The following new specific
result is valid.

Theorem. For unlimited choice of ξk, k = 1, . . . , ñ, it is necessary for commutators of
horizontal vector fields to be linearly independent with other ones or to be equal to zero.
In other words, each vector field of the degree two on G must be represented uniquely via
commutators of horizontal fields.

Obviously, this condition holds for mappings ϕ : H1 → H1 of Heisenberg groups of topological
dimension 3. Let us describe the area functional and its increment.

Definition. The increment of the area functional on the element ξ = (ξ1, . . . , ξñ) equals

S(D̂ψε)− S(ϕ), where S(D̂ψε) is defined as∫
Ω

√
det
(
En + (D̂Hϕ(x) + εDHξ(x))∗(D̂Hϕ(x) + εDHξ(x))

)
·
√

1 + ∆2(x) dHν(x),

∆2(x) =
N∑

k=n+1

(
φk(x) + εP k

1 (D̂Hϕ(x), D̂Hξ(x)) + ε2P k
2 (D̂Hξ(x))

)2
, and S(ϕ) = S(D̂ψ0).

The next result describes minimal surfaces equations.

Theorem. For the area functional S(ϕ) defined by C2-mapping ϕ and horizontal part of

its sub-Riemannian differential D̂ϕ to be minimal among mappings corresponding to horizon-

tal homomorphisms D̂ψε and ξk, k = 1, . . . , ñ, it is necessary for horizontal mean curvature

The work was supported by the program of fundamental scientific researches of the SB RAS I.1.2.,
project 0314-2016-0006.

17



18 MARIA KARMANOVA

HSR(x) = (HSR
1 (x), . . . , HSR

ñ (x)) to be equal zero, where

HSR
m (x) =

n∑
i=1

n∑
j=1

Xi

〈
Xjϕm(x)

(
E + D̂Hϕ(x)∗D̂Hϕ(x)

)
ij
F(ϕ)

〉
+

n∑
i=1

n∑
j=1

Xi

〈
Xjϕm(x)

(
E + D̂Hϕ(x)∗D̂Hϕ(x)

)
ji
F(ϕ)

〉
+ 2

N∑
k=n+1

n∑
i,j=1

aki,j
∑

1≤l<m

clmñ+1Xj

〈
Xiϕl(x)(D̂ϕ(x))ñ+1,kF(ϕ)−1

〉

− 2
N∑

k=n+1

n∑
i,j=1

aki,j
∑

1≤l<m

clmñ+1Xi

〈
Xjϕl(x)(D̂ϕ(x))ñ+1,kF(ϕ)−1

〉

+ 2
N∑

k=n+1

n∑
i,j=1

aki,j
∑

m<l≤ñ

cmlñ+1Xi

〈
Xjϕl(x)(D̂ϕ(x))ñ+1,kF(ϕ)−1

〉

− 2
N∑

k=n+1

n∑
i,j=1

aki,j
∑

m<l≤ñ

cmlñ+1Xj

〈
Xiϕl(x)(D̂ϕ(x))ñ+1,kF(ϕ)−1

〉
,

m = 1, . . . , ñ.
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VORTEX RECONNECTION AND CONCORDANCE OF KNOTS

LOUIS H. KAUFFMAN

Knotted vortices in water have been produced experimentally. Knotted superfluid vortices
can be studied via computer simulation using the Gross-Piatevksi equations. Knotted vortices
tend to become unknotted and unlinked via reconnection where two intervals of vortex interact
and recombine to form a new vortex. Vortex reconnection can be described in the knot theoretic
context as a cobordism of the knot in four dimensional space of the type of a Morse saddle
point. This leads to a topological model of reconnection that can be analyzed in terms of
properties of knot concordance and knot cobordism. We prove that the the absolute value of
the signature of a knot is a lower bound on the number of reconnections needed to transform
the knot to a collection of unknotted circles. Example from topology and from simulations will
be given.
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ON UNIQUE DETERMINATION OF CONFORMAL TYPE FOR DOMAINS
IN EUCLIDEAN SPACES

ANATOLII KOPYLOV

We discuss the problems of unique determination of conformal type for domains in Euclidean
spaces. It consists of three parts. In the first part, we consider results on the problem of unique
determination for (generally speaking) nonconvex domains in Rn, where n ≥ 4. The second
part is devoted to the study of the problems of the unique determination of convex polyhedral
domains in the three-dimensional Euclidean space by the relative conformal moduli of boundary
condensers. Finally, in the third part, we are concerned with problems of the unique deter-
mination of 3-connected plane domains by the relative conformal moduli of pairs of boundary
components.
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THE RAO–REITER CRITERION FOR THE AMENABILITY
OF HOMOGENEOUS SPACES

YAROSLAV KOPYLOV

We prove that a homogeneous space G/H, where G is a locally compact group and H is
a closed subgroup, is amenable in the sense of Eymard–Greenleaf if and only if the “quasiregu-
lar” action πΦ of G on the unit sphere of an Orlicz space LΦ(G/H) for some N -function Φ ∈ ∆2

satisfies the Rao–Reiter condition (PΦ).

Sobolev Institute of Mathematics, 4 Koptyuga ave., Novosibirsk, 630090, Russia
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LAPLACIANS ON SMOOTH DISTRIBUTIONS

YURI KORDYUKOV

We will discuss the Laplacians associated with an arbitrary generalized smooth distribution
on a smooth manifold M . Roughly, smooth distributions are smooth assignments of vector
subspaces Dx of TxM for every x ∈ M . These subspaces are not required to have constant
rank. It is more convenient to view such a distribution in terms of its dynamics, focusing on the
module D of smooth vector fields on M tangent to it. More precisely, we define a (generalized)
smooth distribution on M as a locally finitely generated C∞(M)-submodule D of the C∞(M)-
module Xc(M) of smooth compactly supported vector fields on M . If the distribution has
constant rank, D is a subbundle of the tangent bundle TM and the associated C∞(M)-module
D is the space of smooth sections of this bundle: D = C∞(M,D). In this case D is projective.

The fiber of the distribution D at x ∈M is the finite dimensional vector space Dx = D/IxD,
where Ix = {f ∈ C∞(M) : f(x) = 0}. We define a Riemannian metric on D as a family of
inner products 〈 , 〉x on Dx, depending smoothly on x ∈M in some sense. We prove that such
a Riemannian metric exists for an arbitrary distribution D.

Given a smooth distribution D on a smooth manifold M , a Riemannian metric on D and
a positive density µ on M , we construct the associated horizontal Laplacian as follows. First,
we define the horizontal differential to be the operator dD : C∞c (M) → C∞c (M,D∗) given by
dD = ev∗ ◦ d, where d : C∞c (M) → Ω1

c(M) is the de Rham differential and ev∗ : Ω1
c(M) →

C∞c (M,D∗) is induced by the evaluation maps evx : Dx → TxM , x ∈ M . The horizontal
Laplacian of D is the second order differential operator ∆D = d∗D ◦ dD : C∞c (M) → C∞c (M),
where d∗D : C∞c (M,D∗) → C∞c (M) is the adjoint of dD with respect to natural inner products
on C∞c (M) and C∞c (M,D∗) defined by the Riemannian metric on D and the density µ. We
show that, if M is compact, the horizontal Laplacian ∆D as an unbounded operator on the
Hilbert space L2(M,µ) with domain C∞(M) is essentially self-adjoint.

A distribution D is called involutive, if it is closed under Lie brackets: [D,D] ⊆ D. An
involutive smooth distribution is called a singular foliation. In [1], I. Androulidakis and G.
Skandalis constructed a longitudinal pseudodifferential calculus and the corresponding scale of
longitudinal Sobolev spaces for an arbitrary singular foliation on a compact manifold.

For a smooth distribution D on a compact manifold M , consider the smallest involutive
C∞(M)-submodule F of X (M), which contains D. It is generated by the elements of D
and their iterated Lie brackets [X1, . . . , [Xk−1, Xk]] such that Xi ∈ D, i = 1, . . . , k, for every
k ∈ N. Assume that F is a singular foliation (that is, it is finitely generated). We prove that
the horizontal Laplacian ∆D is longitudinally hypoelliptic in the scale of longitudinal Sobolev
spaces associated with F .

In the case when the distribution has constant rank, similar results were obtained in [2].
This is joint work with I. Androulidakis.
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QUANDLES OF CYCLIC TYPE WITH SEVERAL FIXED POINTS

PEDRO LOPES

A quandle is an algebraic structure whose binary operation is idempotent, left-invertible and
self-distributive. As such it is equivalent to a list of permutations (one permutation per element
of the quandle) satisfying a particular condition per pair of elements of the quandle. In this
talk we adopt this perspective and use it to classify the so-called quandles of cyclic type with
several fixed points, for the high orders. Each of these quandles, say of order n and f fixed
points, is such that each of the associated permutations splits into f cycles of length one and
one cycle of length n− f . This is joint work with A. Lages.
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HYPERBOLIC LINKS ARE NOT GENERIC

ANDREI MALYUTIN

A well-known conjecture in knot theory says that the percentage of hyperbolic knots amongst
all of the prime knots of n or fewer crossings approaches 100 as n approaches infinity (see,
e. g., [1]). Several years ago it was found (see [6]) that this conjecture contradicts several other
plausible conjectures, including the 120-year-old conjecture on additivity of the crossing number
of knots under connected sum and the conjecture that the crossing number of a satellite knot is
not less than that of its companion. We show that the analogue of the hyperbolicity conjecture
is not true for the case of links:

Theorem. The percentage of hyperbolic links amongst all of the prime non-split links of n
or fewer crossings does not tend to 100 as n tends to infinity.

Moreover, the following theorem holds true.

Theorem. If K is a non-trivial knot then the percentage of links that are satellites of K
amongst all of the prime non-split links of n or fewer crossings does not tend to 0 as n tends
to infinity.
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POSITIVELY GRADED NARROW LIE SUPERALGEBRAS

DMITRY V. MILLIONSHCHIKOV

In the 1990s, Shalev and Zelmanov, comparing the methods developed in the theory of
pro-p groups with the theory of pro-nilpotent Lie algebras over a field of characteristic zero,
initiated the study of the so-called narrow Lie algebras. That is, positively graded Lie algebras
g = ⊕+∞

i=1 gi with one-dimensional or at most two-dimensional, homogeneous components gi [1].
We consider positively graded Lie superalgebras

g = g0 ⊕ g1 = ⊕+∞
i=1 g

i
0 ⊕⊕+∞

j=1g
j
1, [giα, g

j
β] ⊂ gi+jα+β mod 2, α, β ∈ {0, 1}.

A Lie superalgebra g = g0 ⊕ g1 is called naturally graded if it is isomorphic to its associated
graded Lie superalgebra grCg with respect to the filtration by the ideals Cig of the lower central
series.

We classify narrow naturally graded Lie superalgebras g = g0 ⊕ g1 = ⊕+∞
i=1 g

i
0 ⊕⊕+∞

j=1g
j
1 such

that
1 ≤ dim g10 ≤ 2, dim gi0 = 1, i ≥ 2, dim gj1 = 1, j ≥ 1.

This classification generalizes the classical result by Vergne [2] on naturally graded filiform Lie
algebras.

The research was made under the support of the RSF grant 14-11-00414.
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MOUTARD TRANSFORMATIONS FOR GENERALIZED ANALYTIC
FUNCTIONS

ROMAN G. NOVIKOV

The transformations of the Darboux-Moutard type go back to the publication [1]. Recently,
we have constructed and studied Moutard type transformations for generalized analytic func-
tions (that is for the Carleman system or Bers-Vekua system). This talk is based, in particular,
on works [2] and [3].
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COHOMOLOGICAL OBSTRUCTIONS FOR THE DEFORMATION
QUANTIZATION OF COMMUTATIVE FAMILIES

GEORGY SHARYGIN

Let M,π be a Poisson manifold; according to Kontsevich’s theorem, one can always find a
deformed noncommutative product on the space of formal power series in ~ with coefficients
in C∞(M), such that for any two f, g ∈ C∞(M), their commutator with respect to the new
product will coincide with the Poisson bracket up to ~2 terms. This algebra is usually called
deformation quantization of M .

In my talk I shall address the question, whether one can extend a given commutative (with
respect to the Poisson bracket) family of functions on M to a commutative family of elements in
its deformation quantization and its straightforward generalization to the case of a Lie algebra
action on this manifold. Due to Darboux theorem this question can always be solved locally,
when the manifold M is symplectic and the commutative functions are independent, thus
the question is closely related to the global properties of the singular sets of the commutative
system. In my I shall describe various cohomological obstructions for this procedure and discuss
possible relations between them.
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INTERPRETATION OF CLASSICAL AFFINE CONNECTION BY MEANS
LAPTEV AFFINE CONNECTION

YURY SHEVCHENKO1, ELENA SKRYDLOVA2

Let Laptev structural equation [1] of the 2nd order coframes principal bundle L 1
2
n2(n+3)(Mn)

on an n-dimensional smooth manifold Mn have form

(1)
dωi = ωj ∧ ωi

j, dωi
j = ωk

j ∧ ωi
k + ωk ∧ ωi

jk,

dωi
jk = ωl

jk ∧ ωi
l − ωi

lk ∧ ωl
j − ωi

jl ∧ ωl
k + ωl ∧ ωi

jkl (i, ... = 1, n).

A typical fiber of bundle is 2nd order differential group L 1
2
n2(n+3). The bundle have a quotient

bundle of linear coframes Ln2(Mn) which is satisfying structural equation (11−2) and a typical
fiber is linear group Ln2 = GL(n).

Let us give Laptev affine connection [1] on the bundle Ln2(Mn) by Laptev-Lumiste method

(2) ω̃i
j = ωi

j − Γi
jkω

k, ∆Γi
jk + ωi

jk = Γi
jklω

l, ∆Γi
jk = dΓi

jk − Γi
lkω

l
j − Γi

jlω
l
k + Γl

jkω
i
l

thus components of connection object Γi
jk are functions on the bundle L 1

2
n2(n+3)(Mn). Let

us substitute the connection forms ω̃i
j into structural equation (11) and write their exterior

differentials:
dωi = ωj ∧ ω̃i

j + Si
jkω

j ∧ ωk, Si
jk = Γi

[jk];

dω̃i
j = ω̃k

j ∧ ω̃i
k +Ri

jklω
k ∧ ωl, Ri

jkl = Γi
j[kl] − Γm

j[kΓi
|m|l].

We obtain the structural equation of Laptev affine connection space Ln2,n with the torsion tensor
Si
jk and the curvature tensor Ri

jkl. We define a cross-section on the bundle L 1
2
n2(n+3)(Mn) by

equations: ωi
j = µi

jkω
k, ωi

jk = νijklω
l. Now we substitute this expression into differential

equation (22):
dΓi

jk = (Γi
jkl − Γm

jkµ
i
ml + Γi

mkµ
m
jl + Γi

jmµ
m
kl − νijkl)ωl.

Therefore, components Γi
jk are functions on the manifold Mn that are object of classical affine

connection (see [2]). The smooth manifold Mn, which has functions Γi
jk with certain transfor-

mation low, is called an affine connection space An,n.

Theorem. If we have a cross-section of the 2nd order coframe s : Mn→L 1
2
n2(n+3)(Mn), and a

quotient bundle of linear coframe Ln2(Mn) is Laptev affine connection space, then image s(Mn)
of the cross-section is classical affine connection space An,n.
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TOPOLOGICAL SELF-SIMILAR DENDRITES GENERATED BY
M-SPROUTS

ANDREI TETENOV

Definition. Let I = {1, ...,m} be the index set and Γ = (V,E) be a tree such that
1) V is divided into 2 parts: V = B tW , E ⊂ B ×W ; #B ≥ m and the set of endpoints
BF ⊂ B;
2) there is injective map ν : I → B, and edge coloring ϕ : E → I, injective on each E(w) for
any w ∈ W .
Then the tree Γ = Γ(B,W,E, ν, ϕ), is called a m-sprout.

Such settings allow to define a composition operation Γ1∗Γ2 on the set Sp(m) of all m-sprouts.

There are several objects associated with a m-sprout Γ:
a) connected finite acyclic non-Hausdorff space X(Γ) = (V, τ), where τ is a topology generated
by neighbourhoods of ”black” points {N(b), b ∈ B} in Γ;
b) a digraph G(Γ) with the vertex set I, called index diagram of Γ;
c) two semigroups Gψ and Gφ of maps ψw : I ∪ {0} → I ∪ {0}(resp. φw : I → I) relating
indexed points in ν(I) to edge indices in E(w).

For u ∈ Gψ or u ∈ Gφ, we define Inv(u) = max{I ′ ⊂ I : u(I ′) = I ′}.
If Γ = Γ1 ∗ Γ2, then for each w ∈ W1 we have an isomorphic embedding fw : Γ2 → Γ

such that Γ =
⋃

w∈W1

fw(Γ2), which restricts to fw : X(Γ2) → X(Γ), giving the representation

X(Γ) =
⋃

w∈W1

fw(X(Γ2)). There are also a natural embedding J : B(Γ1)→ B(Γ) and projection

π : X(Γ)→ X(Γ1) such that π ◦ J = Id|B1 .

Let Γ1 be a m-sprout, and put Γn = Γn1 , and denote by Xn = X(Γn) the associated topolog-

ical space. Consider the sequence of projections: X1
π1,1←−− X2

π2,1←−− ...
πn−1,1←−−− Xn

πn,1←−− ... and let
its inverse limit be X = lim←−Xn. Under certain conditions on the semigroup Gψ, X is Hausdorff.
The space X satisfies the equation X =

⋃
w∈W1

fw(X), so X is self-similar with respect to the

system S = {fwi
, wi ∈ W1}. Since all Xn are acyclic connected quasi-compact spaces, the same

is true for X. We prove that X is a dendrite, find the conditions of finiteness of its ramification
order and show that the arcs, connecting the points in ν(I) ⊂ B, are the components of an
attractor of a graph-directed system:

Theorem 1. If for any u ∈ Gψ, then #Inv(u) ≤ 1 X is a dendrite.

Theorem 2. If the index diagram of Γ does not contain cyclic vertices with outgoing rami-
fication order ≥ 2, then the ramification order for the points of X is bounded.

Theorem 3. For any b, b′ ∈ ν(I) there are unique s and s-tuples j1, ..., js, k1, ..., ks and
l1, ..., ls so that

γbb′ =
s⋃
i=1

fwji
(γbkibli )
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COMPLEX GOLDEN DIFFERENTIAL GEOMETRY

MUKUT MANI TRIPATHI

We introduce the concept of an almost complex Golden structure on a manifold as follows.
A quadratic polynomial structure ϕ on a manifold M satisfying

ϕ2 − ϕ+ I = 0,

where ϕ is a (1, 1) tensor filed will be called an almost complex Golden structure. In this case,
(M,ϕ) will be called an almost complex Golden manifold. Corresponding to an almost complex
Golden structure on manifold, we have the number φ given by

φ =
1 + i

√
3

2
= cos

π

3
+ i sin

π

3
= eiπ/3

and the number φ given by

φ =
1− i

√
3

2
= cos

π

3
− i sin

π

3
= e−iπ/3.

The number φ will be called complex Golden ratio, while the number φ will be called conjugate
complex Golden ratio. These numbers are roots of quadratic equation w2 −w + 1 = 0. Several
properties of complex Golden ratio and almost complex Golden structure are presented. It is
proved that there is a one to one correspondence between the set of all almost complex Golden
structures on a manifold M and the set of all almost complex structures on M . Integrability
of an almost complex Golden structure is discussed. G-Structures over almost complex Golden
manifolds are discussed. Relation between a CR-structure and an almost complex Golden
structure is given. Let (M,ϕ) be an almost complex Golden structure and let g be a Riemann-
ian metric on M . The structure (ϕ, g) will be called an almost complex Golden Riemannian
structure on M , if g satisfies

g (ϕX,ϕY ) = g (X, Y )

for all vector fields X, Y on M . In this case, (M,ϕ, g) will be called an almost complex Golden
Riemannian manifold. Some properties of such Riemannian metrics are presented. The idea of
complex Golden space form is presented. Complex Golden conjugate connections are introduced
and studied. The talk ends with several interesting problems for further studies.
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ÎÁ ÀÊÑÈÎÌÀÒÈ×ÅÑÊÎÌ ÏÎÑÒÐÎÅÍÈÈ ÑÈÍÃÓËßÐÍÎÉ
ÔÈÍÑËÅÐÎÂÎÉ ÃÅÎÌÅÒÐÈÈ

ÏÀÂÅË ÀÍÄÐÅÅÂ

Ñèíãóëÿðíûé ïîäõîä ê ôèíñëåðîâîé ãåîìåòðèè ïðåäñòàâëåí àâòîðîì â [1], ãäå ïðèâî-
äÿòñÿ å¼ àêñèîìàòèêà è íåêîòîðûå îáîñíîâûâàþùèå ïðèìåðû.
Ïóñòü Mn � ãëàäêîå ìíîãîîáðàçèå, TMn � åãî êàñàòåëüíîå ðàññëîåíèå. Áóäåì ãîâî-

ðèòü, ÷òî íåïðåðûâíàÿ ôóíêöèÿ F : TMn → R+ çàäà¼ò íà Mn ñèíãóëÿðíóþ ôèíñëåðîâó
ñòðóêòóðó, åñëè

(1) F(x, y) > 0, åñëè âåêòîð y ∈ TxMn � íå íóëåâîé;
(2) äëÿ ëþáîé òî÷êè x ∈ Mn ôóíêöèÿ Fx : TxM

n → R+ âèäà Fx(y) = F(x, y) ïîëî-
æèòåëüíî îäíîðîäíà ïåðâîé ñòåïåíè, òî åñòü Fx(αy) = αFx(y) äëÿ ëþáîãî α ≥ 0 è
ëþáîãî âåêòîðà y ∈ TxMn;

(3) äëÿ ëþáîé òî÷êè x ∈Mn è ëþáûõ âåêòîðîâ y, z ∈ TxMn âûïîëíåíî íåðàâåíñòâî

Fx(y + z) ≤ Fx(y) + Fx(z),

ïðè÷¼ì ðàâåíñòâî äîñòèãàåòñÿ òîãäà è òîëüêî òîãäà, êîãäà âåêòîðû y è z ñîíàïðàâ-
ëåíû.

Èíà÷å ãîâîðÿ, F çàäà¼ò íà Mn ñèíãóëÿðíóþ ôèíñëåðîâó ñòðóêòóðó, êîãäà ïðè êàæäîì
x ∈M ôóíêöèÿ Fx çàäà¼ò íà TxM

n (âîçìîæíî, íåñèììåòðè÷íóþ) ñòðîãî âûïóêëóþ íîðìó,
êîòîðàÿ íåïðåðûâíî çàâèñèò îò x.
Ïóñòü íàMn çàäàíà ñèíãóëÿðíàÿ ôèíñëåðîâà ñòðóêòóðà. Åñëè γ : [a, b]→Mn � êóñî÷íî

ãëàäêàÿ êðèâàÿ, òî äëÿ ëþáîãî t ∈ [a, b) îïðåäåë¼í âåêòîð ïîëîæèòåëüíîé ñêîðîñòè γ′+(t)
ðàâåíñòâîì

γ′+(ϕ) = lim
∆t→+0

ϕ(γ(t+ ∆t))− ϕ(γ(t))

∆t
,

êîòîðîå äîëæíî âûïîëíÿòüñÿ ïðè âñåõ ϕ ∈ C∞(Mn). Ïîëîæèòåëüíàÿ äëèíà γ (òî åñòü å¼
äëèíà â ïîëîæèòåëüíîì íàïðàâëåíèè) îïðåäåëÿåòñÿ êàê ïðåäåë

L+(γ) = lim
s→b−0

s∫
a

F(γ(t), γ′+(t)) dt.

Òàêèì îáðàçîì, ñèíãóëÿðíàÿ ôèíñëåðîâà ñòðóêòóðà F íà Mn ïîðîæäàåò íà Mn (âîçìîæ-
íî, íåñèììåòðè÷íóþ) âíóòðåííþþ ìåòðèêó d+, â êîòîðîé ðàññòîÿíèå d+(u, v) äëÿ ïðîèç-
âîëüíîé óïîðÿäî÷åííîé ïàðû (u, v) ïðè u, v ∈ Mn ðàâíî òî÷íîé íèæíåé ãðàíè ïîëîæè-
òåëüíûõ äëèí êóñî÷íî ãëàäêèõ êðèâûõ èç u â v. Åñëè ìåòðè÷åñêîå ïðîñòðàíñòâî (Mn, d+)
ïîëíî, òî îíî ÿâëÿåòñÿ ãåîäåçè÷åñêèì: ëþáóþ óïîðÿäî÷åííóþ ïàðó òî÷åê (u, v), u, v ∈Mn

ìîæíî ñîåäèíèòü â Mn íàïðàâëåííûì îòðåçêîì [uv〉. Çäåñü ïîä íàïðàâëåííûì îòðåçêîì
ïîíèìàåòñÿ îáðàç êóñî÷íî ãëàäêîé êðèâîé γ : [a, b]→ Mn, ïîëîæèòåëüíàÿ äëèíà êîòîðîé
L+(γ) ðàâíà

L+(γ) = d+(γ(a), γ(b)).

Òî÷êà u = γ(a) � ýòî íà÷àëî íàïðàâëåííîãî îòðåçêà [uv〉, òî÷êà v = γ(b) � åãî êîíåö.
Íàïðàâëåííûé îòðåçîê [uv〉 â îáùåì ñëó÷àå îïðåäåë¼í íå îäíîçíà÷íî.
Ïîäìíîæåñòâî A ⊂ Mn íàçûâàåòñÿ âûïóêëûì, åñëè äëÿ ëþáîé óïîðÿäî÷åííîé ïàðû

(u, v) ïðè u, v ∈ A ïðîèçâîëüíûé íàïðàâëåííûé îòðåçîê [uv〉 ñîäåðæèòñÿ â A. Âûïóêëîå
ïîäìíîæåñòâî A ⊂Mn íàçûâàåòñÿ ñòðîãî âûïóêëûì, åñëè ïðè ýòîì âñå âíóòðåííèå òî÷êè
ïðîèçâîëüíîãî íàïðàâëåííîãî îòðåçêà [uv〉 ñ êîíöàìè u, v ∈ A ñîäåðæàòñÿ â åãî âíóòðåí-
íîñòè Int(A).
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Òåîðåìà. Ïóñòü ôóíêöèÿ F çàäà¼ò íà ìíîãîîáðàçèè Mn ñèíãóëÿðíóþ ôèíñëåðîâó

ñòðóêòóðó òàê, ÷òî ïîðîæä¼ííàÿ åþ âíóòðåííÿÿ ìåòðèêà d+ ÿâëÿåòñÿ ïîëíîé. Òîãäà äëÿ

ëþáîé òî÷êè p ∈Mn ñóùåñòâóåò ÷èñëî ρp > 0, ÷òî äëÿ ëþáîãî ðàäèóñà r < ρp øàðû

B+(p, r) = {x ∈Mn | d+(p, x) ≤ r}
ñòðîãî âûïóêëû.

Ñëåäîâàòåëüíî, ïîëíàÿ âíóòðåííÿÿ ìåòðèêà, â êîòîðîé øàðû ñêîëü óãîäíî ìàëîãî ðà-
äèóñà ñ öåíòðîì â ôèêñèðîâàííîé òî÷êå íå ÿâëÿþòñÿ ñòðîãî âûïóêëûìè, íå ìîæåò ïîðîæ-
äàòüñÿ ñèíãóëÿðíîé ôèíñëåðîâîé ñòðóêòóðîé. Ïðèìåðû âíóòðåííèõ ìåòðèê íà ïëîñêîñòè
ñ íåâûïóêëûìè ñêîëü óãîäíî ìàëûìè øàðàìè ïðèâåäåíû, íàïðèìåð, â [2].
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Î ÃÈÏÅÐÏÎÂÅÐÕÍÎÑÒßÕ Ñ ÒÈÏÎÂÛÌÈ ×ÈÑËÀÌÈ 0 È 1 ÏÎ×ÒÈ
ÝÐÌÈÒÎÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈÉ ÌÀËÛÕ ÊËÀÑÑÎÂ

ÃÐÅß�ÕÅÐÂÅËËÛ

ÌÈÕÀÈË ÁÀÍÀÐÓ

Êðîìå êëàññà êåëåðîâûõ ìíîãîîáðàçèé ê òàê íàçûâàåìûì ìàëûì êëàññàì Ãðåÿ�Õåð-
âåëëû ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé îòíîñÿò êëàññû ïðèáëèæåííî êåëåðîâûõ (nearly
K�ahlerian, NÊ-), ïî÷òè êåëåðîâûõ (almost K�ahlerian, ÀÊ-), ñïåöèàëüíûõ ýðìèòîâûõ (special
Hermitian, SH-) è W4-ìíîãîîáðàçèé. Ïîñëåäíèé êëàññ ñîäåðæèò ëîêàëüíî êîíôîðìíûå
êåëåðîâû (locally conformal K�ahlerian, LCK-) ìíîãîîáðàçèÿ, à ñîâïàäàåò ñ êëàññîì LCK-
ìíîãîîáðàçèé ëèøü äëÿ ðàçìåðíîñòè íå íèæå øåñòè [1].
Èçâåñòíî [2], ÷òî íà âñÿêîé îðèåíòèðóåìîé ãèïåðïîâåðõíîñòè ïî÷òè ýðìèòîâà ìíîãîîá-

ðàçèÿ èíäóöèðóåòñÿ ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà. Â [3] áûëî óñòàíîâëåíî,
÷òî â êåëåðîâîì ìíîãîîáðàçèè ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íà ãèïåðïîâåðõ-
íîñòè ñ òèïîâûì ÷èñëîì 1 (èëè 1-ãèïåðïîâåðõíîñòè) ÿâëÿåòñÿ êîñèìïëåêòè÷åñêîé. Òî åñòü
òàêîé æå, êàê è íà âïîëíå ãåîäåçè÷åñêîé ãèïåðïîâåðõíîñòè (èëè 0-ãèïåðïîâåðõíîñòè) â êå-
ëåðîâîì ìíîãîîáðàçèè. Äëÿ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ ïîëó÷åíû ïîõîæèå ðå-
çóëüòàòû. Èìåííî, äîêàçàíî, ÷òî è íà âïîëíå ãåîäåçè÷åñêîé ãèïåðïîâåðõíîñòè, è íà ãèïåð-
ïîâåðõíîñòè ñ òèïîâûì ÷èñëîì 1 âîçìîæíà ðåàëèçàöèÿ òîëüêî ñëàáî êîñèìïëåêòè÷åñêîé
ñòðóêòóðû (ñòðóêòóðû Ýíäî) [4]. Äàëåå ýòè ðåçóëüòàòû ïîëó÷èëè ðàçâèòèå äëÿ ïî÷òè
êîíòàêòíûõ ìåòðè÷åñêèõ ãèïåðïîâåðõíîñòåé ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé îñòàëüíûõ
ìàëûõ êëàññîâ Ãðåÿ�Õåðâåëëû: äîêàçàíî, ÷òî â W4-ìíîãîîáðàçèè [5] ( â ñïåöèàëüíîì ýð-
ìèòîâîì ìíîãîîáðàçèè [6], â ïî÷òè êåëåðîâîì ìíîãîîáðàçèè [7]) ïî÷òè êîíòàêòíûå ìåò-
ðè÷åñêèå ñòðóêòóðû íà ãèïåðïîâåðõíîñòè ñ òèïîâûì ÷èñëàìè 0 è íà ãèïåðïîâåðõíîñòè ñ
òèïîâûì ÷èñëîì 1 ÿâëÿþòñÿ èäåíòè÷íûìè.

Òåîðåìà. Â ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèÿõ âñåõ ìàëûõ êëàññîâ Ãðåÿ�Õåðâåëëû ïî-

÷òè êîíòàêòíûå ìåòðè÷åñêèå ñòðóêòóðû íà ãèïåðïîâåðõíîñòè ñ òèïîâûì ÷èñëàìè 0 è íà

ãèïåðïîâåðõíîñòè ñ òèïîâûì ÷èñëîì 1 ÿâëÿþòñÿ èäåíòè÷íûìè.

Îáðàòèì âíèìàíèå íà òî, ÷òî åñëè âèä ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû íà 0-
è 1-ãèïåðïîâåðõíîñòÿõ êåëåðîâûõ è ïðèáëèæåííî êåëåðîâûõ ìíîãîîáðàçèé âïîëíå îïðå-
äåëåí (ñì. âûøå), òî äëÿ ìíîãîîáðàçèé îñòàëüíûõ òðåõ êëàññîâ � íåò. Ïîëó÷åííûå ñòðóê-
òóðíûå óðàâíåíèÿ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðû, èíäóöèðîâàííîé íà 0- è
1-ãèïåðïîâåðõíîñòÿõ òàêèõ ìíîãîîáðàçèé, íå ñîîòâåòñòâóþò íè êîñèìïëåêòè÷åñêîé ñòðóê-
òóðå, íè ñëàáî êîñèìïëåêòè÷åñêîé ñòðóêòóðå, íè ñòðóêòóðàì Êåíìîöó èëè Ñàñàêè, íè
äðóãèì âèäàì áîëåå èëè ìåíåå èçâåñòíûõ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ñòðóêòóð [2].
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Î ØÅÑÒÈÌÅÐÍÛÕ ÏÐÈÁËÈÆÅÍÍÎ ÊÅËÅÐÎÂÛÕ

ÌÍÎÃÎÎÁÐÀÇÈßÕ

ÌÈÕÀÈË ÁÀÍÀÐÓ1, ÃÀËÈÍÀ ÁÀÍÀÐÓ2

Ñèñòåìàòè÷åñêèå èññëåäîâàíèÿ â îáëàñòè 6-ìåðíûõ ïî÷òè ýðìèòîâûõ (almost Hermitian,
AH-) ìíîãîîáðàçèé ïðîâîäÿòñÿ ñ 60-ûõ ãîäîâ ïðîøëîãî âåêà (À. Ãðåé, Å. Êàëàáè). Ïîçæå
ãëóáîêèì ðàáîòàìè ïî ýòîé òåìàòèêå îòìåòèëèñü òàêèå èçâåñòíûå ãåîìåòðû êàê Â.Ô. Êè-
ðè÷åíêî è Ê. Ñåêèãàâà. Äàííîå íàïðàâëåíèå óñïåøíî ðàçâèâàåòñÿ è â íàøè äíè � åæåãîäíî
â õîðîøèõ ìàòåìàòè÷åñêèõ æóðíàëàõ ïóáëèêóþòñÿ äåñÿòêè ñòàòåé î ðàçëè÷íûõ àñïåêòàõ
ãåîìåòðèè 6-ìåðíûõ ïî÷òè ýðìèòîâûõ ìíîãîîáðàçèé. Íàïðèìåð, 6-ìåðíûì ìíîãîîáðàçèÿì
òîëüêî îäíîãî èç êëàññîâ Ãðåÿ�Õåðâåëëû AH-ìíîãîîáðàçèé � êëàññà ïðèáëèæåííî êåëå-
ðîâûõ ìíîãîîáðàçèé � ïîñâÿùåíî ñðàçó äâà îáçîðà [1], [2] â îäíîì èç ïîñëåäíèõ òîìîâ èç-
äàíèÿ ¾Èòîãè íàóêè è òåõíèêè. Ñîâðåìåííàÿ ìàòåìàòèêà è å¼ ïðèëîæåíèÿ. Òåìàòè÷åñêèå
îáçîðû¿, à òàêæå ñïåöèàëüíûé âûïóñê âåäóùåãî æóðíàëà â îáëàñòè äèôôåðåíöèàëüíîé
ãåîìåòðèè [3].
Â äîêëàäå ïðåäïîëàãàåòñÿ ïðîâåñòè êðàòêèé îáçîð íîâûõ ðåçóëüòàòîâ î ãåîìåòðèè ïðè-

áëèæåííî êåëåðîâûõ 6-ìåðíûõ ìíîãîîáðàçèé (ñôåðû S6 è ïðîèçâåäåíèÿ ñôåð S3 × S).
Ïðè÷åì ïîìèìî ôàêòîâ èç óïîìÿíóòûõ âûøå èñòî÷íèêîâ [1], [2] è [3], áóäóò ïðåäñòàâëå-
íû è äðóãèå ðåçóëüòàòû � êàê íåäàâíî îïóáëèêîâàííûå [4], [5], òàê è ñîâñåì íîâûå. Â
îñíîâíîì ýòè íîâûå ðåçóëüòàòû ñâÿçàíû ñ ãåîìåòðèåé ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ãè-
ïåðïîâåðõíîñòåé 6-ìåðíûõ ïðèáëèæåííî êåëåðîâûõ ìíîãîîáðàçèé. Áóäåò ïîêàçàíà ñâÿçü
íîâûõ ðåçóëüòàòîâ ñ íåêîòîðûìè èçâåñòíûìè ôàêòàìè â îáëàñòè ãåîìåòðèè 6-ìåðíûõ AH-
ìíîãîîáðàçèé, êîòîðûå áûëè ïîëó÷åíû ìàòåìàòèêàìè çà ïîñëåäíèå 30 ëåò [6].
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ÎÁ ÀÍÀËÎÃÅ ÑÂßÇÍÎÑÒÈ ÍÅÉÔÅËÜÄÀ Â ÏÐÎÑÒÐÀÍÑÒÂÅ
ÖÅÍÒÐÈÐÎÂÀÍÍÛÕ ÏËÎÑÊÎÑÒÅÉ Ñ ÎÄÍÎÈÍÄÅÊÑÍÛÌÈ

ÁÀÇÈÑÍÎ-ÑËÎÅÂÛÌÈ ÔÎÐÌÀÌÈ

ÎËÜÃÀ ÁÅËÎÂÀ

Â ïðîåêòèâíîì ïðîñòðàíñòâå Pn ðàññìîòðèì ïðîñòðàíñòâî Π öåíòðèðîâàííûõm-ìåðíûõ
ïëîñêîñòåé. Ïðîèçâåäåì ñïåöèàëèçàöèþ ïîäâèæíîãî ðåïåðà {A,Aa, Aα}, ïîìåùàÿ âåðøè-
íû A è Aa íà öåíòðèðîâàííóþ m-ïëîñêîñòü, ïðè÷åì A � â åå öåíòð. Çäåñü è â äàëüíåéøåì

èíäåêñû ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ: a, . . . = 0,m; α, . . . = m+ 1, n.
Áàçèñíûå ôîðìû ωα, ωa, ωαa ïðîñòðàíñòâà Π óäîâëåòâîðÿþò ñòðóêòóðíûì óðàâíåíèÿì

Dωα = ωαa ∧ Ωa + ωβ ∧ Ωα
β ,

Dωa = ωb ∧ Ωa
b + ωα ∧ Ωa

α,

Dωαa = ωβb ∧ Ωαb
aβ + ωα ∧ Ωa,

ãäå

Ωa = −ωa, Ωα
β = ωαβ , Ωa

b = ωab , Ωa
α = ωaα, Ωa = −ωa, Ωαb

βa = δbaΩ
α
β − δαβΩb

a.

Çàìå÷àíèå. Â äàííîì ñëó÷àå ôîðìû ωa ÿâëÿþòñÿ áàçèñíî-ñëîåâûìè.

Íàä ïðîñòðàíñòâîì öåíòðèðîâàííûõ ïëîñêîñòåé âîçíèêàåò ãëàâíîå ðàññëîåíèå êàñàòåëü-

íûõ ëèíåéíûõ ðåïåðîâ L(Π). Òèïîâûì ñëîåì äàííîãî ðàññëîåíèÿ ÿâëÿåòñÿ ëèíåéíàÿ ãðóï-

ïà L, dimL = (n−m)m+m(m+ 2), äåéñòâóþùàÿ â êàñàòåëüíîì ïðîñòðàíñòâå ê Π.
Â ãëàâíîì ðàññëîåíèè L(Π) c ìíîãîìåðíûì ïðèêëåèâàíèåì çàäàäèì ñâÿçíîñòü Íåéôåëü-

äà ñïîñîáîì Ëàïòåâà � Ëóìèñòå, ïóòåì ââåäåíèÿ íîâûõ ôîðì

Ω̃a = Ωa − Γ̄aαω
α − Γ̄abω

b − L̄abα ωαb ,
Ω̃α
β = Ωα

β − Γαβγω
γ − Γαβaω

a − Lαaβγωγa ,
Ω̃a
b = Ωa

b − Γabαω
α − Γabcω

c − Lacbαωαc ,
Ω̃a
α = Ωa

α − Γaαβω
β − Γaαbω

b − Labαβω
β
b ,

Ω̃a = Ωa − Laαωα − Labωb − Πb
aαω

α
b .

Îñóùåñòâèì àíàëîã ñèëüíîé íîðìàëèçàöèè Íîðäåíà äàííîãî ìíîãîîáðàçèÿ ïîëÿìè ñëå-

äóþùèõ ãåîìåòðè÷åñêèõ îáðàçîâ: (n−m−1)-ïëîñêîñòüþ Pn−m−1, íå èìåþùåé îáùèõ òî÷åê

ñ öåíòðèðîâàííîé ïëîñêîñòüþ, è (m− 1)-ïëîñêîñòüþ Pm−1, ïðèíàäëåæàùåé öåíòðèðîâàí-

íîé ïëîñêîñòè è íå ïðîõîäÿùåé ÷åðåç åå öåíòð.

Ïëîñêîñòü Pn−m−1 çàäàäèì ñîâîêóïíîñòüþ òî÷åê Bα = Aα + λaαAa + λαA, à ïëîñêîñòü

Pm−1 � òî÷êàìè Ba = Aa + λaA.
Àíàëîã ñèëüíîé íîðìàëèçàöèè Íîðäåíà, çàäàâàåìîé ïîëåì êâàçèòåíçîðà λ = {λaα, λα, λa}

íà ìíîãîîáðàçèè Π, ïîçâîëÿåò îõâàòèòü êîìïîíåíòû îáúåêòà ñâÿçíîñòè Γ. Òàêèì îáðàçîì,

ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà. Àíàëîã ñèëüíîé íîðìàëèçàöèè ïðîñòðàíñòâà öåíòðèðîâàííûõ ïëîñêîñòåé Π
èíäóöèðóåò àíàëîã ñâÿçíîñòè Íåéôåëüäà â àññîöèèðîâàííîì ðàññëîåíèè L(Π).

Áàëòèéñêèé ôåäåðàëüíûé óíèâåðñèòåò èìåíè È. Êàíòà, óë. À. Íåâñêîãî, 14, Êàëèíèíãðàä,

236041, Ðîññèÿ

Email address: olgaobelova@mail.ru
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Â.Í. ÁÅÐÅÑÒÎÂÑÊÈÉ

Çàìåòêà Ï.Ñ. Óðûñîíà [1] îòíîñèòñÿ ê 1924 ã. è ïåðåä ïóáëèêàöèåé îòðåäàêòèðîâàíà
Ï.Ñ.Àëåêñàíäðîâûì óæå ïîñëå ñìåðòè Óðûñîíà [2]. Öåëüþ ýòîé çàìåòêè, êàê ñëåäóåò
óæå èç åå íàçâàíèÿ, áûëî ïîñòðîåíèå ìåòðè÷åñêîãî ïðîñòðàíñòâà R, íå ëîêàëüíî ñåïà-
ðàáåëüíîãî âñþäó. Ìíå íå èçâåñòíî íè îäíîé ññûëêè â ëèòåðàòóðå íà çàìåòêó [1] ([2]),
ãäå óòâåðæäàëîñü áû, ÷òî R � R-äåðåâî, ò.å. ãåîäåçè÷åñêîå ïðîñòðàíñòâî, íå ñîäåðæàùåå
òîïîëîãè÷åñêèõ îêðóæíîñòåé. Íà ýòó çàìåòêó îáðàòèë ìîå âíèìàíèå Ê.Â. Ñòîðîæóê.
Ìîæíî äàòü ñëåäóþùåå îïèñàíèå ïðîñòðàíñòâà R: R = ∪n∈{0}∪NRn, ãäå R0 = {0}, à Rn+1

ïîëó÷àåòñÿ èç Rn ïðèêðåïëåíèåì ê êàæäîé òî÷êå xn ∈ Rn ïðîñòðàíñòâà Cxn , ÿâëÿþùåãîñÿ
îáúåäèíåíèåì êîíòèíóàëüíîãî ñåìåéñòâà çàìêíóòûõ ïîëóïðÿìûõ R+, ïîïàðíî ïåðåñåêà-
þùèõñÿ òîëüêî ïî íóëþ. Ïðè ýòîì Cxn ∩ Rn = {xn}; Cxn ∩ Cyn = ∅, åñëè xn 6= yn ∈ Rn.
Îòñþäà ñëåäóåò, ÷òî ëþáûå äâå òî÷êè x, y ∈ R ìîæíî ñîåäèíèòü â R åäèíñòâåííûì

òîïîëîãè÷åñêèì îòðåçêîì [x, y] íåêîòîðîé äëèíû d(x, y).
Â àíîíñå àâòîðà [3] ñòðîèòñÿ ãðóïïà Ω ñ ëåâîèíâàðèàíòíîé ìåòðèêîé σ. Ýëåìåíòàìè

Ω ÿâëÿþòñÿ êîíå÷íûå ïîñëåäîâàòåëüíîñòè ξ = (z1, . . . , zn) íåíóëåâûõ êîìïëåêñíûõ ÷èñåë
ñ äîáàâëåíèåì íóëÿ (0) è ïðàâèëîì ñîêðàùåíèÿ (zk, zk+1) = (1 + t)zk, åñëè zk+1 = tzk,
t ∈ R. Óìíîæåíèå â Ω çàäàåòñÿ ïðàâèëîì ξξ′ = (z1, . . . , zn, z

′
1, . . . , z

′
m) äëÿ ξ′ = (z′1, . . . , z

′
m)

ñ ïîñëåäóþùèì ñîêðàùåíèåì è åäèíèöåé (0) . Ôîðìóëû

σ(ξ, ξ′) = l(ξ−1ξ′), l(ξ) =
n∑
k=1

|zk|,

â ïðåäïîëîæåíèè, ÷òî ξ íå äîïóñêàåò ñîêðàùåíèé, îïðåäåëÿþò ëåâîèíâàðèàíòíóþ ìåòðèêó
σ íà Ω. Ïîìèìî äðóãèõ óòâåðæäåíèé, â Ïðåäëîæåíèè 1 èç [1] àíîíñèðóåòñÿ, ÷òî (Ω, σ)
åñòü R-äåðåâî. Ýëåìåíòû ïðîñòðàíñòâà Ω � íå ÷òî èíîå êàê ëîìàíûå íà êîìïëåêñíîé
(åâêëèäîâîé) ïëîñêîñòè ñ íà÷àëîì â íóëå.

Òåîðåìà 1. Ïîñòðîåííîå â àíîíñå àâòîðà [3] R-äåðåâî (Ω, σ) è R-äåðåâî (S, dS) èç ðàáîòû
Ïîëòåðîâè÷à è À.È. Øíèðåëüìàíà [4] èçîìåòðè÷íû R-äåðåâó Óðûñîíà (R, d).

Ñëåäñòâèå. R-äåðåâî Óðûñîíà (R, d) îäíîðîäíî.

Ïðåäëîæåíèå. R-äåðåâî Óðûñîíà (R, d) ñàìîïîäîáíî ñ ëþáûì êîýôôèöèåíòîì λ > 0,
ò.å. äëÿ ëþáîãî λ > 0 ñóùåñòâóåò áèåêöèÿ fλ : R → R òàêàÿ, ÷òî d(fλ(x), fλ(y)) = λd(x, y)
äëÿ âñåõ x, y ∈ R.
Òåîðåìà 2. R-äåðåâî (R, d) ìåòðè÷åñêè íåïîëíî. Õàóñäîðôîâî ïîïîëíåíèå R ìåòðè÷å-

ñêîãî ïðîñòðàíñòâà (R, d) � R-äåðåâî. Ïðè ýòîì R \ R âñþäó ïëîòíî â R. Êðîìå òîãî,
òî÷êà y ∈ R ñîäåðæèòñÿ â R \ R òîãäà è òîëüêî òîãäà, êîãäà y èìååò âàëåíòíîñòü 1, ò.å.
ìíîæåñòâî R \ {y} èìååò îäíó êîìïîíåíòó ñâÿçíîñòè. Âñå òî÷êè (R, d) èìåþò âàëåíòíîñòü
êîíòèíóóì.

Ìîæíî ñ÷èòàòü, ÷òî R = Rω, ãäå ω � ïåðâîå áåñêîíå÷íîå ïîðÿäêîâîå ÷èñëî, ÿâëÿþ-
ùååñÿ ïðåäåëüíûì ÷èñëîì äëÿ ïîðÿäêîâûõ ÷èñåë n, n ∈ N. Íàïîìíèì, ÷òî R = ∪nRn.
Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà Îáðàçîâàíèÿ è Íàóêè Ðîññèéñêîé Ôåäå-
ðàöèè (Ïðîåêò � 1.3087.2017/4.6).
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Òåîðåìà 3. Ïðèìåíåíèå òðàíôèíèòíîé èíäóêöèè, êîíñòðóêöèè Óðûñîíà äëÿ ïîðÿä-
êîâûõ ÷èñåë, èìåþùèõ ïðåäøåñòâåííèêà, è õàóñäîðôîâà ïîïîëíåíèÿ îáúåäèíåíèÿ äëÿ
ñ÷åòíûõ ïðåäåëüíûõ ïîðÿäêîâûõ ÷èñåë äàåò ïîëíîå R-äåðåâî (Rc, τ) âàëåíòíîñòè êîíòè-
íóóì, ÿâëÿþùååñÿ îáúåäèíåíèåì R-äåðåâüåâ Rξ äëÿ âñåõ ñ÷åòíûõ ïîðÿäêîâûõ ÷èñåë ξ;
dim(Rc, τ) = 1.

(Cëàáàÿ) cóáìåòðèÿ � îòîáðàæåíèå f : X → Y ìåòðè÷åñêèõ ïðîñòðàíñòâ, îòîáðàæàþ-
ùåå êàæäûé çàìêíóòûé (ñîîòâåòñòâåííî, îòêðûòûé) øàð â X ñ öåíòðîì x íà çàìêíóòûé
(ñîîòâåòñòâåííî, îòêðûòûé) øàð â Y òîãî æå ðàäèóñà ñ öåíòðîì f(x). Îòîáðàæåíèå f íàçû-
âàåòñÿ ëåãêèì, åñëè ïðîîáðàç f−1(y) êàæäîé òî÷êè y ∈ Y âïîëíå íåñâÿçåí. Ñþðúåêòèâíîå
îòîáðàæåíèå f : (X, dX)→ (Y, dY ) íàçûâàåòñÿ ìåòðè÷åñêèì ôàêòîð-îòîáðàæåíèåì, åñëè

dY (y1, y2) = inf{dX(x1, x2) : xi ∈ f−1(yi), i = 1, 2}
äëÿ âñåõ y1, y2 ∈ Y . Ãðóïïà íàçûâàåòñÿ ëîêàëüíî ñâîáîäíîé, åñëè êàæäàÿ åå êîíå÷íî ïî-
ðîæäåííàÿ ãðóïïà ñâîáîäíà.

Òåîðåìà 4. [5] Åñëè (X, d) � ïîëíîå ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè ≥ 2, ãóáêà
Ìåíãåðà, êîâåð èëè ñàëôåòêà Ñåðïèíñêîãî, ñíàáæåííûå åñòåñòâåííîé âíóòðåííåé ìåòðè-
êîé, òî (X, d) åñòü ìåòðè÷åñêîå ôàêòîð-ïðîñòðàíñòâî R-äåðåâà X̃ := (Rc, τ), ïðîñòðàíñòâî
îðáèò îòíîñèòåëüíî ñâîáîäíîãî äåéñòâèÿ íåêîòîðîé ëîêàëüíî ñâîáîäíîé ïîäãðóïïû Γ(X)

ãðóïïû èçîìåòðèé Isom(X̃) ïðîñòðàíñòâà X̃. Ñîîòâåòñòâóþùåå ôàêòîð-îòîáðàæåíèå, ïðî-

åêöèÿ p : X̃ → X, � ñóáìåòðèÿ, ÿâëÿþùàÿñÿ îòêðûòûì è ëåãêèì îòîáðàæåíèåì.

Òåîðåìà 5. [6] R-äåðåâî Rc ñàìîïîäîáíî ñ ëþáûì êîýôôèöèåíòîì λ > 0 è îäíîðîäíî.
Êðîìå òîãî, êàæäàÿ ñôåðà â Rc îäíîðîäíà è ëþáàÿ åå èçîìåòðèÿ íà ñåáÿ ïðîäîëæàåòñÿ
äî èçîìåòðèè âñåãî R-äåðåâà Rc. Äëÿ ëþáûõ x ∈ Rc è r > 0 ñôåðà S(x, r) ⊂ Rc ÿâëÿ-
åòñÿ ïîëíûì óëüòðàìåòðè÷åñêèì ïðîñòðàíñòâîì. Ïðè ýòîì çàìêíóòûé øàð B(x, r) ⊂ Rc

ÿâëÿåòñÿ ìèíèìàëüíûì R-äåðåâîì ñ ãðàíèöåé S(x, r). Ñôåðà S(x, r), r > 0, â (Rc, τ) íå
èìååò èçîëèðîâàííûõ òî÷åê è äëÿ êàæäîãî ÷èñëà s, ãäå 0 < s < r, ñóùåñòâóåò ñþðúåêöèÿ
h : S(x, r)→ S(x, r) òàêàÿ, ÷òî äëÿ âñåõ y, z ∈ S(x, r),

τ(h(y), h(z)) =
r

s
max{0, τ(y, z)− 2(r − s)}.
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ÃÅÎÌÅÒÐÈÉ ÄÂÓÕ ÌÍÎÆÅÑÒÂ

ÐÀÄÀ ÁÎÃÄÀÍÎÂÀ1, ÃÅÍÍÀÄÈÉ ÌÈÕÀÉËÈ×ÅÍÊÎ2

Äâóìåðíàÿ ôåíîìåíîëîãè÷åñêè ñèììåòðè÷íàÿ ãåîìåòðèÿ äâóõ ìíîæåñòâ (ÄÔÑ ÃÄÌ)
ðàíãà (n + 1, 2) çàäàåòñÿ íà äâóìåðíîì è 2n-ìåðíîì ìíîãîîáðàçèÿõ M è N ìåòðè÷åñêîé
(äâóõòî÷å÷íîé) ôóíêöèåé f : M × N → R2, ñîïîñòàâëÿþùåé ïàðå òî÷åê èç ðàçíûõ ìíî-
æåñòâ äâà äåéñòâèòåëüíûõ ÷èñëà. Åñëè x, y è ξ, η, µ, ν, ... � ëîêàëüíûå êîîðäèíàòû â ìíî-
ãîîáðàçèÿõ M è N , òî äëÿ äâóõêîìïîíåíòíîé ìåòðè÷åñêîé ôóíêöèè f = (f 1, f 2) ìîæíî
çàïèñàòü åå ëîêàëüíîå êîîðäèíàòíîå ïðåäñòàâëåíèå

f = f(x, y, ξ, η, µ, ν, ...) (1)

Ïðåäïîëàãàåòñÿ âûïîëíåíèå ñëåäóþùèõ òðåõ åñòåñòâåííûõ àêñèîì:
Àêñèîìà 1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè f îòêðûòà è ïëîòíà â M ×N .

Àêñèîìà 2. Â îáëàñòè ñâîåãî îïðåäåëåíèÿ ôóíêöèÿ f äîñòàòî÷íî ãëàäêàÿ.

Àêñèîìà 3. Êîîðäèíàòíîå ïðåäñòàâëåíèå (1) ôóíêöèè f íåâûðîæäåíî îòíîñèòåëüíî

äâóõ êîîðäèíàò x, y è îòíîñèòåëüíî 2n � êîîðäèíàò ξ, η, µ, ν, ... .
Íåâûðîæäåííîñòü ìåòðè÷åñêîé ôóíêöèè â åå êîîðäèíàòíîì ïðåäñòàâëåíèè (1) âûðà-

æàåòñÿ íåîáðàùåíèåì â íóëü íåêîòîðûõ ÿêîáèÿíîâ. Íàïðèìåð, íåâûðîæäåííîñòü îòíîñè-
òåëüíî êîîðäèíàò x, y çàïèñûâàåòñÿ óñëîâèåì ∂(f 1, f 2)/∂(x, y) 6= 0.
Îñíîâíîé àêñèîìîé, îïðåäåëÿþùåé ÄÔÑ ÃÄÌ ðàíãà (n+ 1, 2), ÿâëÿåòñÿ ÷åòâåðòàÿ:
Àêñèîìà 4. Äëÿ ïëîòíîãî è îòêðûòîãî â Mn+1×N2 ìíîæåñòâà êîðòåæåé äëèíû n+ 3

âñå 4(n+ 1) çíà÷åíèé ìåòðè÷åñêîé ôóíêöèè ñâÿçàíû óðàâíåíèåì

Φ = 0, (2)

ãäå Φ = (Φ1,Φ2) � äâóõêîìïîíåíòíàÿ ôóíêöèÿ 4(n+ 1) ïåðåìåííûõ ñ rankΦ = 2.
Â ðàáîòå [1] è â §7 ìîíîãðàôèè [2] ïðîâåäåíà ïîëíàÿ êëàññèôèêàöèÿ ÄÔÑ ÃÄÌ ðàíãà

(n+1, 2) c òî÷íîñòüþ äî çàìåíû êîîðäèíàò â ìíîãîîáðàçèÿõ è ïðåîáðàçîâàíèÿõ χ(f)→ f :
äëÿ n = 1:

f 1 = x+ ξ, f 2 = y + η; (3)

f 1 = (x+ ξ)y, f 2 = (x+ ξ)η; (4)

äëÿ n = 2:
f 1 = xξ + εyη + µ, f 2 = xη + yξ + ν, ε = 0,±1; (5)

f 1 = xξ + µ, f 2 = xη + yξc + ν, c 6= 1; (6)

f 1 = xξ + µ, f 2 = xη + yξ2 + x2ξ2lnξ + ν; (7)

f 1 = xξ + yµ, f 2 = xη + yν; (8)

äëÿ n = 3:

f 1 =
(xξ + εyη + µ)(x+ ρ)− ε(xη + yξ + ν)(y + τ)

(x+ ρ)2 − ε(y + τ)2
,

f 2 =
(xξ + εyη + µ)(y + τ)− (xη + yξ + ν)(x+ ρ)

(x+ ρ)2 − ε(y + τ)2
,

 (9)

ãäå ε = 0,±1;

f 1 =
xξ + µ

x+ ρ
, f 2 =

xη + yν + τ

x+ ρ
; (10)

40



ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÅ ÂËÎÆÅÍÈÅ ÃÅÎÌÅÒÐÈÉ ÄÂÓÕ ÌÍÎÆÅÑÒÂ 41

f 1 = xξ + yµ+ ρ, f 2 = xη + yν + τ ; (11)

äëÿ n = 4

f 1 =
xξ + yµ+ ρ

xϕ+ y + ω
, f 2 =

xη + yν + τ

xϕ+ y + ω
; (12)

äëÿ n = 5 äâóõêîìïîíåíòíàÿ ìåòðè÷åñêàÿ ôóíêöèÿ f = (f 1, f 2) íå ñóùåñòâóåò.
Ïóñòü ìåòðè÷åñêàÿ ôóíêöèÿ g = (g1, g2) çàäàåò ÄÔÑ ÃÄÌ ðàíãà (n+1, 2), à ìåòðè÷åñêàÿ

ôóíêöèÿ f = (f 1, f 2) çàäàåò ÄÔÑ ÃÄÌ ñëåäóþùåãî ðàíãà (n+ 2, 2), ãäå n = 1, 2, 3. Áóäåì
ãîâîðèòü, ÷òî ïåðâàÿ èç ýòèõ ãåîìåòðèé âëîæåíà âî âòîðóþ, åñëè â ïðåäåëàõ òî÷íîñòè
êëàññèôèêàöèè (3) - (12) èìååò ìåñòî ôóíêöèîíàëüíîå ñîîòíîøåíèå

f = χ(g, ...), (13)

ãäå ñïðàâà òðåìÿ òî÷êàìè îáîçíà÷åíû òå äîïîëíèòåëüíûå äâå êîîðäèíàòû, êîòîðûå ïîÿâ-
ëÿþòñÿ ïðè ïåðåõîäå îò ôóíêöèè g ê ôóíêöèè f .
Òåîðåìà. Êàæäàÿ èç ÄÔÑ ÃÄÌ ðàíãà (n + 2, 2), ãäå n = 1, 2, 3, âêëþ÷àåò â ñåáÿ, ïî

êðàéíåé ìåðå, îäíó èç ÄÔÑ ÃÄÌ ïðåäûäóùåãî ðàíãà (n+ 1, 2).
Äîêàçàòåëüñòâî òåîðåìû, î÷åâèäíî, ñîñòîèò â ïðåäúÿâëåíèè ÿâíîé çàïèñè ñîîòíîøåíèÿ

(13), âûðàæàþùåãî ôàêò ñîîòâåòñòâóþùåãî âëîæåíèÿ.
Ïðåäïîëîæèì ñíà÷àëà, ÷òî n = 1. Ôîðìà çàïèñè ñîîòíîøåíèÿ (13) â ýòîì ñëó÷àå ñòàíåò

áîëåå îïðåäåëåííîé, ïðèîáðåòàÿ ñëåäóþùèé âèä:

f(x̄, ȳ, ξ̄, η̄, µ̄, ν̄) = χ[g(x, y, ξ, η), µ, ν], (14)

ãäå x̄ = x̄(x, y), ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν), η̄ = η̄(ξ, η, µ, ν), µ̄ = µ̄(ξ, η, µ, ν),
ν̄ = ν̄(ξ, η, µ, ν), ïðè÷åì ìåòðè÷åñêàÿ ôóíêöèÿ g â ïðàâîé ÷àñòè áåðåòñÿ èç ñïèñêà (3) - (4),
à ìåòðè÷åñêàÿ ôóíêöèÿ f â ëåâîé ÷àñòè èç ñïèñêà (5) - (8).
Ñîîòíîøåíèå (14) ÿâëÿåòñÿ ôóíêöèîíàëüíûì óðàâíåíèåì îòíîñèòåëüíî øåñòè ôóíêöèé

x̄, ȳ è ξ̄, η̄, µ̄, ν̄, êîòîðûå îïðåäåëÿþò çàìåíó êîîðäèíàò â ìíîãîîáðàçèÿõ M è N , óäîâëå-
òâîðÿÿ åñòåñòâåííûì óñëîâèÿì åå îáðàòèìîñòè:

∂(x̄, ȳ)/∂(x, y) 6= 0, ∂(ξ̄, η̄, µ̄, ν̄)/∂(ξ, η, µ, ν) 6= 0. (15)

Íèæå äëÿ ðàññìàòðèâàåìîãî ñëó÷àÿ n = 1 è g = (g1, g2) = (x+ ξ, y+ η) çàïèøåì ÷åòûðå
ïàðû ôóíêöèîíàëüíîãî óðàâíåíèÿ (14) è èõ ÷àñòíûå ðåøåíèÿ, óäîâëåòâîðÿþùèå óñëîâèÿì
(15):

x̄ξ̄ + εȳη̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳξ̄ + ν̄ = χ1(x+ ξ, y + η, µ, ν),

}
ξ̄ = x, ȳ = y, ξ̄ = µ, η̄ = ν, µ̄ = ξµ+ εην, ν̄ = ξν + ηµ;

x̄ξ̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳξ̄c + ν̄ = χ1(x+ ξ, y + η, µ, ν),

}
ξ̄ = x, ȳ = y, ξ̄ = µ, η̄ = ν, µ̄ = ξµ, ν̄ = εµ+ ηµc;

x̄ξ̄ + µ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳξ̄2 + x̄2ξ̄2lnξ̄ + ν̄ = χ1(x+ ξ, y + η, µ, ν),

}
ξ̄ = x, ȳ = y, ξ̄ = µ, η̄ = 2µ2ξlnµ, µ̄ = ξµ, ν̄ = ξν + ηµ2 + ξ2µ2lnµ;

x̄ξ̄ + ȳµ̄ = χ1(x+ ξ, y + η, µ, ν),
x̄η̄ + ȳν̄ = χ1(x+ ξ, y + η, µ, ν),

}
x̄ = expx, ȳ = exp y, ξ̄ = µ exp ξ, η̄ = µ2 exp ξ, µ̄ = ν exp η, ν̄ = ν2 exp η.
Òàêèì îáðàçîì, ÄÔÑ ÃÄÌ ðàíãà (2,2), çàäàâàåìàÿ àääèòèâíîé ìåòðè÷åñêîé ôóíêöèåé

(3), âëîæèìà âî âñå ÄÔÑ ÃÄÌ ðàíãà (3,2), çàäàâàåìûå ìåòðè÷åñêèìè ôóíêöèÿìè (5) -
(8).
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Ïåðåéäåì äàëåå ê ñëó÷àþ n = 2. Ñîîòíîøåíèå (13) çàïèñûâàåòñÿ òîãäà â ñëåäóþùåì
âèäå:

f(x̄, ȳ, ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄) = χ[g(x, y, ξ, η, µ, ν), ρ, τ ], (16)

ïðåäñòàâëÿÿ ñîáîé ôóíêöèîíàëüíîå óðàâíåíèå îòíîñèòåëüíî âîñüìè ôóíêöèé x̄ = x̄(x, y),
ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν, ρ, τ), η̄ = η̄(ξ, η, µ, ν, ρ, τ), µ̄ = µ̄(ξ, η, µ, ν, ρ, τ), ν̄ =
ν̄(ξ, η, µ, ν, ρ, τ), ρ̄ = ρ̄(ξ, η, µ, ν, ρ, τ), τ̄ = τ̄(ξ, η, µ, ν, ρ, τ), óäîâëåòâîðÿþùèõ óñëîâèÿì:

∂(x̄, ȳ)/∂(x, y) 6= 0, ∂(ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄)/∂(ξ, η, µ, ν, ρ, τ) 6= 0. (17)

Â ëåâîé ÷àñòè óðàâíåíèÿ (16) ïðåäñòàâëåíà îäíà èç ôóíêöèé (9), (10), (11), çàäàþùèõ
ÄÔÑ ÃÄÌ ðàíãà (4,2), à â ïðàâîé � îäíà èç ìåòðè÷åñêèõ ôóíêöèé (5), (6), (7), (8), çàäà-
þùèõ ÄÔÑ ÃÄÌ ðàíãà (3,2). Äëÿ äîêàçàòåëüñòâà òåîðåìû, î÷åâèäíî, íåò íåîáõîäèìîñòè
ðàññìàòðèâàòü âñå äâåíàäöàòü âàðèàíòîâ ôóíêöèîíàëüíîãî óðàâíåíèÿ (16). Äîñòàòî÷íî
ðàññìîòðåòü òîëüêî òå èç íèõ, êîòîðûå â ñâîåé ëåâîé ÷àñòè âêëþ÷àþò ôóíêöèè (9), (10),
(11), ïðè÷åì ÿâíóþ çàïèñü ôóíêöèîíàëüíûõ óðàâíåíèé, âûðàæàþùèõ ôàêò âëîæåíèÿ, â
ïîñëåäóþùåì èçëîæåíèè îïóñòèì.
Äëÿ âëîæåíèÿ ìåòðè÷åñêîé ôóíêöèè (5) â ìåòðè÷åñêóþ ôóíêöèþ (9):
x̄ = x, ȳ = y, ξ̄ = ρ, η̄ = τ, µ̄ = [(1 + µρ + εντ)ξ − ε(µτ + νρ)η)]/(ξ2 − εη2), ν̄ =

[−(1+µρ+εντ)η+(µτ+νρ)ξ)]/(ξ2−εη2), ρ̄ = (µξ−ενη)/(ξ2−εη2), τ̄ = (−µη+νξ)/(ξ2−εη2).
Äëÿ âëîæåíèÿ ìåòðè÷åñêîé ôóíêöèè (8) â ìåòðè÷åñêóþ ôóíêöèþ (11):
x̄ = x, ȳ = y, ξ̄ = ξ, η̄ = η, µ̄ = µ, ν̄ = ν, ρ̄ = ρ, τ̄ = τ .
Äëÿ âëîæåíèÿ ìåòðè÷åñêîé ôóíêöèè (8) â ìåòðè÷åñêóþ ôóíêöèþ (10):
x̄ = x/y, ȳ = 1/y, ξ̄ = ξ/η, η̄ = (ξρ+ ητ)/η, µ̄ = µ/η, ν̄ = 1/η, ρ̄ = ν/η, τ̄ = (µρ+ ντ)/η.
Çàâåðøàÿ äîêàçàòåëüñòâî òåîðåìû ïåðåéäåì ê ñëó÷àþ n = 3 äëÿ óñòàíîâëåíèÿ âëîæåíèÿ

îäíîé èç òðåõ ÄÔÑ ÃÄÌ ðàíãà (4,2) â åäèíñòâåííóþ ÄÔÑ ÃÄÌ ðàíãà (5,2). Ñîîòâåòñòâó-
þùåå ôóíêöèîíàëüíîå óðàâíåíèå, âûòåêàþùåå èç ñîîòíîøåíèÿ (13), áóäåò ñëåäóþùèì:

f(x̄, ȳ, ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄ , ϕ̄, ω̄) = χ[g(x, y, ξ, η, µ, ν, ρ, τ), ϕ, ω], (18)

ãäå â ëåâîé ÷àñòè ïðåäñòàâëåíà ìåòðè÷åñêàÿ ôóíêöèÿ (12), à â ïðàâîé � êàêàÿ-òî èç ìåò-
ðè÷åñêèõ ôóíêöèé (9), (10), (11). Íåçàâèñèìûìè â óðàâíåíèè (18) ÿâëÿþòñÿ äåñÿòü ôóíê-
öèé: x̄ = x̄(x, y), ȳ = ȳ(x, y), ξ̄ = ξ̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), η̄ = η̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), µ̄ =
µ̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), ν̄ = ν̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), ρ̄ = ρ̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), τ̄ = τ̄(ξ, η, µ, ν, ρ,
τ, ϕ, ω), ϕ̄ = ϕ̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), ω̄ = ω̄(ξ, η, µ, ν, ρ, τ, ϕ, ω), óäîâëåòâîðÿþùèõ óñëîâèÿì:

∂(x̄, ȳ)/∂(x, y) 6= 0, ∂(ξ̄, η̄, µ̄, ν̄, ρ̄, τ̄ , ϕ̄, ω̄)/∂(ξ, η, µ, ν, ρ, τ, ϕ, ω) 6= 0. (19)

Äëÿ âëîæåíèÿ ìåòðè÷åñêîé ôóíêöèè (11) â ìåòðè÷åñêóþ ôóíêöèþ (12):
x̄ = x, ȳ = y, ξ̄ = ξ/ν, η̄ = (ξϕ + ηω)/ν, µ̄ = µ/ν, ν̄ = (µϕ + νω)/ν, ρ̄ = ρ/ν, τ̄ =

(ρϕ+ τω + 1)/ν, ϕ̄ = η/ν, ω̄ = τ/ν.
Â ïðèâåäåííîì äîêàçàòåëüñòâå òåîðåìû áûëè èñïîëüçîâàíû ÷àñòíûå ðåøåíèÿ âîñüìè

ïàð ôóíêöèîíàëüíûõ óðàâíåíèé èç 23 âîçìîæíûõ. Ðàññìîòðåíèå æå âñåõ ýòèõ óðàâíåíèé
ïîçâîëèëî áû óñòàíîâèòü êàêèå ÄÔÑ ÃÄÌ è êóäà ìîãóò áûòü âëîæåíû, à êàêèå íåò, ïî
íàëè÷èþ èëè îòñóòñòâèþ èõ ðåøåíèé. Íàïðèìåð, äëÿ ñëó÷àÿ n = 1, áûëî óñòàíîâëåíî,
÷òî ÄÔÑ ÃÄÌ ðàíãà (2,2), çàäàâàÿåìàÿ íåàääèòèâíîé ìåòðè÷åñêîé ôóíêöèåé (4), òîæå
âëîæèìà âî âñå ÄÔÑ ÃÄÌ ðàíãà (3,2) [3].
Çàìåòèì, ÷òî àíàëîãè÷íàÿ çàäà÷à äëÿ îäíîìåòðè÷åñêèõ ôåíîìåíîëîãè÷åñêè ñèììåòðè÷-

íûõ ÃÄÌ áûëà ðåøåíà Â.À. Êûðîâûì â ðàáîòå [4].
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ÀËÈß ÁÓÊÓØÅÂÀ

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå íå÷åòíîé ðàçìåðíîñòè n = 2m + 1 ñ çàäàííîé íà
íåì ïî÷òè êîíòàêòíîé Áè-ìåòðè÷åñêîé ñòðóêòóðîé (M, ~ξ, η, ϕ, g,D). Êîðàñïðåäåëåíèå D∗

ìíîãîîáðàçèÿ M, ñîñòîÿùåå èç äîïóñòèìûõ 1-ôîðì: λ ∈ D∗ ↔ λ(~ξ) = 0 ÿâëÿåòñÿ íå÷åòíî-
ìåðíûì àíàëîãîì êîêàñàòåëüíîãî ðàññëîåíèÿ T ∗M. Ãåîìåòðèÿ êîêàñàòåëüíîãî ðàññëîåíèÿ
T ∗M Áè-ìåòðè÷åñêîãî ìíîãîîáðàçèÿ õîðîøî èçó÷åíà (ñì., íàïðèìåð, [1]). Â ñòàòüå [2] áûëî
ïîëîæåíî íà÷àëî èçó÷åíèþ ãåîìåòðè÷åñêèõ ñòðóêòóð, îïðåäåëÿåìûõ íà êîðàñïðåäåëåíèè
D∗ ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî ìíîãîîáðàçèÿ. Â íàñòîÿùåé ðàáîòå ââîäÿòñÿ îñíîâíûå
ïîíÿòèÿ ãåîìåòðèè êîðàñïðåäåëåíèÿ ïî÷òè êîíòàêòíîãî Áè-ìåòðè÷åñêîãî ìíîãîîáðàçèÿ ñ
ïðîäîëæåííîé ìåòðèêîé.
Ââåäåì íà êîðàñïðåäåëåíèè D∗ ñòðóêòóðó ãëàäêîãî ìíîãîîáðàçèÿ, ïîñòàâèâ â ñîîòâåò-

ñòâèå êàæäîé àäàïòèðîâàííîé êàðòå K(xα) [2] ìíîãîîáðàçèÿM ñâåðõêàðòó K̃(xα, pa) ìíî-
ãîîáðàçèÿ D∗, ãäå pa � êîîðäèíàòû äîïóñòèìîãî êîâåêòîðà â êîáàçèñå (dxa, η = dxn +
Γnadx

a), ñîïðÿæåííîì áàçèñó (~ea = ∂a − Γna∂n, ∂n).
Èñïîëüçóÿ âíóòðåííþþ ñâÿçíîñòü ∇ [3-5], ïîñòàâèì êàæäîìó äîïóñòèìîìó âåêòîðíîìó

ïîëþ ~x ∈ Γ(D), ~x = xa~ea, è êàæäîìó äîïóñòèìîìó êîâåêòîðíîìó ïîëþ λ ∈ Γ(D∗), λ =
λadx

a, âåêòîðíûå ïîëÿ ~xh = xa~εa, λ
v = λa∂

a ñîîòâåòñòâåííî, ãäå ~εa = ∂a − Γna∂n + pbΓ
b
ac∂

c,
∂a = ∂

∂pa
.

Íà òîòàëüíîì ïðîñòðàíñòâå D∗ âåêòîðíîãî ðàññëîåíèÿ (D∗, π,M), ãäå π : D∗ → M �
åñòåñòâåííàÿ ïðîåêöèÿ, òàêèì îáðàçîì, âîçíèêàåò ãëàäêîå ðàñïðåäåëåíèå D̃ = H ⊕ V, ãäå
H = Span(~εa), V = Span(∂a).
Îïðåäåëèì íà ìíîãîîáðàçèè D∗ ìåòðè÷åñêèé òåíçîð G è äîïóñòèìóþ ïî÷òè êîìïëåêñ-

íóþ ñòðóêòóðó J, ïîëàãàÿ

G(~xh, ~yh) = g(~x, ~y), G(~xh, λv) = G(λv, ~xh) = λ(~x), G(~u, ·) = G(·, ~u) = µ(·),

J(~xh) = (ϕ~x)h, J(λv) = (ω · ϕ)v, J(~u) = 0.

Èñïîëüçóÿ ñòðóêòóðíûå óðàâíåíèÿ

[~εa, ~εb] = 2ωba~u+ pcR
c
abe∂

e,

[~εa, ∂
b] = −Γbac∂

c,

[~εa, ∂n] = −pb∂nΓbac∂
c,

ãäå Rc
abe � êîìïîíåíòû òåíçîðà Ñõîóòåíà [2], ïîñëå íåêîòîðûõ âû÷èñëåíèé óáåæäàåìñÿ â

ñïðàâåäëèâîñòè ñëåäóþùèõ óòâåðæäåíèé.

Ïðåäëîæåíèå 1. Ñèñòåìà (D∗, ~u = ∂n, µ = η ◦ π∗, J, G, D̃) ÿâëÿåòñÿ ïî÷òè êîíòàêòíîé
Áè-ìåòðè÷åñêîé ñòðóêòóðîé.

Ïðåäëîæåíèå 2. Ñèñòåìà (D∗, ~u = ∂n, µ = η ◦ π∗, J, G, D̃) ïðèíàäëåæèò êëàññó F0 [6]
òîãäà è òîëüêî òîãäà, êîãäà èñõîäíàÿ Áè-ìåòðè÷åñêàÿ ñòðóêòóðà ïðèíàäëåæèò òîìó æå
êëàññó è åå òåíçîð êðèâèçíû Ñõîóòåíà îáðàùàåòñÿ â íóëü.
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ÎÁÎÁÙÅÍÍÀß ÊÐÀÅÂÀß ÇÀÄÀ×À ÐÈÌÀÍÀ

ÀÍÀÒÎËÈÉ ÂÎÐÎÍÈÍ

Îáîáùåííàÿ êðàåâàÿ çàäà÷è Ðèìàíà (èçâåñòíàÿ òàêæå ïîä íàçâàíèåì çàäà÷è Ìàðêó-
øåâè÷à èëè çàäà÷è R - ëèíåéíîãî ñîïðÿæåíèÿ) íà êîíòóðå Γ ⊂ R2 ñîñòîèò â îïðåäåëå-
íèè ôóíêöèé ϕ+(z), ϕ−(z), àíàëèòè÷åñêèõ âíóòðè è âíå Γ, ñîîòâåòñòâåííî, ïî ãðàíè÷íîìó
óñëîâèþ íà Γ

ϕ+(t) = a(t)ϕ−(t) + b(t)ϕ−(t) + c(t), (∗)

ãäå a, b, c � çàäàííûå ôóíêöèè (a ∈ C(Γ), a(t) 6= 0, t ∈ Γ).
Îáîáùåííàÿ êðàåâàÿ çàäà÷è Ðèìàíà (*) ïðèâëåêàåò âíèìàíèå èññëåäîâàòåëåé ñ ïåðâîé

ïîëîâèíû ïðîøëîãî âåêà. Ñ îäíîé ñòîðîíû, çàäà÷à ÿâëÿåòñÿ ôóíäàìåíòàëüíîé ïðîáëåìîé
â òåîðèè êðàåâûõ çàäà÷ äëÿ àíàëèòè÷åñêèõ ôóíêöèé. Ñ äðóãîé ñòîðîíû, çàäà÷à òåñíî
ñâÿçàíà ñ ðÿäîì íåðåøåííûõ ïðîáëåì â ìåõàíèêå ñïëîøíîé ñðåäû, àíàëèçå, ãåîìåòðèè
ïîâåðõíîñòåé è ìàòåìàòè÷åñêîé ôèçèêå. Ïðè ýòîì, ñàìà çàäà÷à èìååò ïðîñòóþ ôîðìóëè-
ðîâêó.
Êðàåâîé çàäà÷å (*) è åå íåïîñðåäñòâåííûì îáîáùåíèÿì ïðè ðàçëè÷íûõ ïðåäïîëîæåíèÿõ

î êëàññàõ êîýôôèöèåíòîâ è ãðàíè÷íûõ êîíòóðîâ ïîñâÿùåíî ìíîãî ðàáîò. Èõ îáçîð ìîæíî
íàéòè â [1]. Ïåðâûå ðåçóëüòàòû èçó÷åíèÿ çàäà÷è (*) ïîëó÷åíû â ðàáîòàõ Í.È. Ìóñõåëè-
øâèëè, È. Í. Âåêóà è À.Ê. Ðóêõàäçå, Ã.Ì. Ãîëóçèíà, À.È. Ìàðêóøåâè÷à, Í.Ï. Âåêóà, Á.Â.
Áîÿðñêîãî, Ë.Ã. Ìèõàéëîâà, È.Õ. Ñàáèòîâà, Ã.Ñ. Ëèòâèí÷óêà è È.Ì. Ñïèòêîâñêîãî. Íà
íàñòîÿùèé ìîìåíò íåò îáùåé òåîðèè çàäà÷è (*), èçâåñòíû ëèøü îòäåëüíûå ðåçóëüòàòû,
êîòîðûå, â ñâîåé îñíîâå, ïîëó÷åíû åùå â ïðîøëîì âåêå íà íà÷àëüíîì ïóòè èññëåäîâàíèÿ
çàäà÷è.
Õîðîøî èçâåñòíî, ÷òî ðàçëè÷íûå êðàåâûå çàäà÷è äëÿ àíàëèòè÷åñêèõ ôóíêöèé (â ÷àñò-

íîñòè, çàäà÷à (*)) ñâîäÿòñÿ ê èíòåãðàëüíûì óðàâíåíèÿì Ôðåäãîëüìà è ê ñèíãóëÿðíûì
èíòåãðàëüíûì óðàâíåíèÿì ñ ÿäðîì Êîøè (ñì. èñòîðè÷åñêèå ñâåäåíèÿ â [2]). Íà ýòîì ïóòè
áûëè ïîëó÷åíû êëàññè÷åñêèå ðåçóëüòàòû ïî êîððåêòíîñòè êðàåâûõ çàäà÷ äëÿ àíàëèòè÷å-
ñêèõ ôóíêöèé [1],[2]. Îäíàêî, â îáùåì ñëó÷àå, ýòè èíòåãðàëüíûå óðàâíåíèÿ îêàçàëèñü íå
ìåíåå ñëîæíûìè äëÿ äàëüíåéøåãî èññëåäîâàíèÿ ÷åì èñõîäíûå êðàåâûå çàäà÷è.
Â äàííîì äîêëàäå ïðåäëàãàåòñÿ èññëåäîâàòü îáîáùåííóþ êðàåâóþ çàäà÷ó Ðèìàíà ñ ïî-

ìîùüþ óñå÷åííîãî óðàâíåíèÿ Âèíåðà-Õîïôà (èíòåãðàëüíîãî óðàâíåíèÿ â ñâåðòêàõ âòîðî-
ãî ðîäà íà êîíå÷íîì èíòåðâàëå). Çäåñü çàäà÷à (*) áóäåò ñâåäåíà ê óñå÷åííîìó óðàâíåíèþ
Âèíåðà-Õîïôà. Êëàññ óðàâíåíèé â ñâåðòêàõ âòîðîãî ðîäà íà êîíå÷íîì èíòåðâàëå ÿâëÿåòñÿ
îäíèì èç íàèáîëåå èçó÷åííûõ â áîëåå îáùåì êëàññå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëü-
ìà âòîðîãî ðîäà. Ïîýòîìó, ìîæíî îæèäàòü, ÷òî èäåÿ òàêîãî ñâåäåíèÿ ïðèâåäåò ê íîâûì
ðåçóëüòàòàì â èññëåäîâàíèè èñêîìîé êðàåâîé çàäà÷è (*).
Â êà÷åñòâå êîíòóðà Γ áóäåì ðàññìàòðèâàòü çàìêíóòóþ æîðäàíîâó êðèâóþ. Íå óìåíü-

øàÿ îáùíîñòè ñ÷èòàåì, ÷òî êîíòóð Γ ñîâïàäàåò ñ ðàñøèðåííîé âåùåñòâåííîé ïðÿìîé R â
êîìïëåêñíîé ïëîñêîñòè x+ iy.
Ïðåæäå ÷åì ïåðåéòè íåïîñðåäñòâåííî ê òî÷íîé ôîðìóëèðîâêå èçó÷àåìîé çàäà÷è ââåäåì

íåîáõîäèìûå îáîçíà÷åíèÿ.
Ïîëîæèì Ff � îáðàç Ôóðüå ôóíêöèè f ∈ L1(R):

Ff(x) =

∞∫
−∞

f(t)eixt dt, x ∈ R;
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W0 � àëãåáðà Âèíåðà íåïðåðûâíûõ ôóíêöèé âèäà Ff ; W0+ (W0−) � ïîäàëãåáðà â W0,
ñîñòîÿùàÿ èç ôóíêöèé âèäà Ff òàêèõ, ÷òî f(t) = 0 ïðè t < 0 (ïðè t > 0); W := {C+Ff :
C = const}.
Ðàññìîòðèì îáîáùåííóþ êðàåâóþ çàäà÷ó Ðèìàíà î íàõîæäåíèè ôóíêöèé ϕ± ∈ W0± ïî

êðàåâîìó óñëîâèþ íà R:
ϕ+(x) = a(x)ϕ−(x) + b(x)ϕ−(x) + c(x), x ∈ R, (1)

ãäå
a, b ∈ W, a(x) 6= 0, x ∈ R, c ∈ W0. (2)

Ðàññìîòðèì òàêæå óñå÷åííîå óðàâíåíèå Âèíåðà-Õîïôà íà êîíå÷íîì èíòåðâàëå (0, τ):

u(t)−
τ∫

0

k(t− s)u(s) ds = f(t), t ∈ (0, τ), (3)

ãäå
k ∈ L1(−τ, τ), f ∈ L1(0, τ), τ > 0. (4)

Ñ÷èòàåì, ÷òî ÿäðî k îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

k(t) = k−(t) + k−(−t), t ∈ (−τ, τ), (5)

ãäå k−(t) = θ(−t)k(t), θ � ôóíêöèÿ Õåâèñàéäà,

Λ−(x) := 1−Fk−(x) 6= 0, x ∈ R, IndΛ−(x) ≡ 1

2π
∆R arg Λ−(x) = 0, (6)

ãäå k−(t) := 0, t∈(−τ, 0).
Ðåøåíèå u(t) óðàâíåíèÿ (3) ïðè óñëîâèÿõ (4)-(6) áóäåì èñêàòü â L1(0, τ).
Èìååò ìåñòî

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ (4)-(6) è Ind a(x) = 0. Åñëè êîýôôèöèåíò b çàäà÷è
Ìàðêóøåâè÷à (îáîáùåííîé çàäà÷è Ðèìàíà) (1)-(2) èìååò ñëåäóþùèé îáùèé âèä:

b(x) = e−ixτ
Fk−(x)

1−Fk−(x)
+ F+(x),

ãäå F+ ∈ W+,
òî çàäà÷à Ìàðêóøåâè÷à (1)-(2) êîððåêòíî ðàçðåøèìà äëÿ ëþáîãî c ∈ W0 (ðåøåíèå

ñóùåñòâóåò, åäèíñòâåííî è óñòîé÷èâî ïî îòíîøåíèþ ê êîýôôèöèåíòàì çàäà÷è a, b, c â íîð-
ìå àëãåáðû Âèíåðà) òîãäà è òîëüêî òîãäà, êîãäà îäíîðîäíîå (f=0) óñå÷åííîå óðàâíåíèå
Âèíåðà-Õîïôà (3) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.

Îòìåòèì, ÷òî ðàñøèðåííûé âàðèàíò äàííîãî äîêëàäà èçëîæåí â [3].
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ÎÐÒÎÍÎÐÌÈÐÎÂÀÍÍÛÕ ÐÅÏÅÐÎÂ

ÑÅÐÃÅÉ ÃÀËÀÅÂ

ÏóñòüM � îðèåíòèðîâàííîå äâóìåðíîå ðèìàíîâî ìíîãîîáðàçèå. Ïðîñòðàíñòâî ðàññëîå-
íèÿ (P (M,D,G), p,M) îðòîíîðìèðîâàííûõ ðåïåðîâ ýòîãî ìíîãîîáðàçèÿ ðàññìàòðèâàëîñü
â ðàáîòàõ [1, 2] êàê íåãîëîíîìíîå ìíîãîîáðàçèå êîðàçìåðíîñòè 1. Â íàñòîÿùåé çàìåòêå èçó-
÷àåòñÿ ãëàâíîå ðàññëîåíèå (P (M,D,G), p,M) äîïóñòèìûõ [3-5] îðòîíîðìèðîâàííûõ ðåïå-
ðîâ íàä òðåõìåðíûì êîíòàêòíûì ìåòðè÷åñêèì ìíîãîîáðàçèåìM. Òîòàëüíîå ïðîñòðàíñòâî
P (M,D,G) ðàññëîåíèÿ äîïóñòèìûõ îðòîíîðìèðîâàííûõ ðåïåðîâ (P (M,D,G), p,M) òàêî-
ãî ìíîãîîáðàçèÿ ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì ðàçìåðíîñòè ÷åòûðå. Çàäàíèå âíóòðåí-
íåé ñâÿçíîñòè∇ [3] íà ìíîãîîáðàçèèM îïðåäåëÿåò íà ïðîñòðàíñòâå P (M,D,G) ñòðóêòóðó
ìåòðè÷åñêîãî íåãîëîíîìíîãî ìíîãîîáðàçèÿ (ñóáðèìàíîâà ìíîãîîáðàçèÿ) (P, g) ñ ðàñïðå-
äåëåíèåì H êîðàçìåðíîñòè 2. Ïåðåõîä îò âíóòðåííåé ñâÿçíîñòè ∇ ê ñîîòâåòñòâóþùåé
àññîöèèðîâàííîé ñâÿçíîñòè ∇̃ [3] ïîçâîëÿåò ðàññìàòðèâàòü ïðîñòðàíñòâî P (M,D,G) êàê
ìåòðè÷åñêîå íåãîëîíîìíîå ìíîãîîáðàçèå (P̃ , g̃) ñ ðàñïðåäåëåíèåì H̃ êîðàçìåðíîñòè 1. Ê
êàæäîìó èç ìåòðè÷åñêèõ íåãîëîíîìíûõ ìíîãîîáðàçèé (P, g), (P̃ , g̃) ìîæåò áûòü ïðèìåíåíà
êîíñòðóêöèÿ Â.Â. Âàãíåðà [2], ïðåâðàùàþùàÿ ýòè ìíîãîîáðàçèÿ â ðèìàíîâû ìíîãîîáðà-
çèÿ. Îñòàíàâëèâàÿñü íà ñëó÷àå ìíîãîîáðàçèÿ (P̃ , g̃), ìû íàõîäèì ñâÿçü ìåæäó ñâîéñòâàìè
ãåîìåòðèè ìíîãîîáðàçèÿ (P̃ , g̃) è òåíçîðîì êðèâèçíû Ñõîóòåíà èñõîäíîãî ìíîãîîáðàçèÿ
M. Íà ìíîãîîáðàçèè (P̃ , g̃) îïðåäåëÿåòñÿ ñòðóêòóðà ïî÷òè êîìïëåêñíîãî ìíîãîîáðàçèÿ ñ
ïîìîùüþ ýíäîìîðôèçìà J, îïðåäåëÿåìîãî ïîñðåäñòâîì ðàâåíñòâ:

J~xh = (ϕ~x)h, J~xv = (ϕ~x)v, J~ξh = ~c, J~c = −~ξh,
ãäå ~c � ôóíäàìåíòàëüíîå âåêòîðíîå ïîëå. Îïðåäåëèì, äàëåå, ìåòðè÷åñêèé òåíçîð g̃ ñ ïî-
ìîùüþ ðàâåíñòâà g̃(~xh, ~yh) = g(~x, ~y). Ïðè ýòîì âåêòîðû ~ξ, ~c ïîëàãàåì ðàâíûìè ïî äëèíå
åäèíèöå, îðòîãîíàëüíûìè ìåæäó ñîáîé è îðòîãîíàëüíûìè ãîðèçîíòàëüíîìó ðàñïðåäåëå-
íèþ, ïîðîæäàåìîìó âíóòðåííåé ñâÿçíîñòüþ.
Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ.
Ïðåäëîæåíèå. Ìíîãîîáðàçèå (P̃ , g̃) ñ çàäàííûì íà íåì ýíäîìîðôèçìîì J ÿâëÿåòñÿ

ïî÷òè ýðìèòîâûì ìíîãîîáðàçèåì.

Òåîðåìà.ÏóñòüM � ñàñàêèåâî ìíîãîîáðàçèå. Òîãäà ïî÷òè ýðìèòîâà ñòðóêòóðà (P̃ , g̃, J)
êýëåðîâà òîãäà è òîëüêî òîãäà, êîãäà òåíçîð Ñõîóòåíà ìíîãîîáðàçèÿ M ðàâåí íóëþ.
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ÃÅÎÌÅÒÐÈ×ÅÑÊÎÃÎ ÌÎÄÅËÈÐÎÂÀÍÈß

Â. Ï. ÈËÜÈÍ

Ðàññìàòðèâàþòñÿ àêòóàëüíûå ïðîáëåìû è êîíöåïöèÿ ñîçäàíèÿ èíòåãðèðîâàííîé èí-
ñòðóìåíòàëüíîé ñðåäû äëÿ àâòîìàòè÷åñêîãî ïîñòðîåíèÿ âûñîêîïðîèçâîäèòåëüíûõ àëãî-
ðèòìîâ âû÷èñëèòåëüíîé ãåîìåòðèè ïðè ðåøåíèè øèðîêîãî êëàññà ïðÿìûõ è îáðàòíûõ ìíî-
ãîìåðíûõ çàäà÷ ñóïåðêîìïüþòåðíîãî ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñî ñëîæíîé ìíî-
ãîìàñøòàáíîé êîíôèãóðàöèåé êóñî÷íî-ãëàäêèõ ãðàíè÷íûõ ïîâåðõíîñòåé, êîíòðàñòíûìè
ñâîéñòâàìè ìàòåðèàëüíûõ ñðåä è æåñòêèìè äèíàìè÷åñêèìè õàðàêòåðèñòèêàìè ðåøåíèé.
Ðàçðàáàòûâàåìîå ïðîãðàììíîå îáåñïå÷åíèå ðàññ÷èòàíî íà äëèòåëüíûé æèçíåííûé öèêë
è ïîääåðæèâàåò ãèáêîå ðàñøèðåíèå ñîñòàâà ðåàëèçóåìûõ ïîñòàíîâîê, ìåòîäîâ è òåõíî-
ëîãèé, àäàïòàöèþ ê ýâîëþöèè êîìïüþòåðíûõ àðõèòåêòóð, ñîãëàñîâàííîå ó÷àñòèå â ïðî-
åêòå ðàçëè÷íûõ ãðóïï èñïîëíèòåëåé, à òàêæå âîçìîæíîñòè ýôôåêòèâíîãî ïåðåèñïîëüçî-
âàíèÿ âíåøíèõ ïðîäóêòîâ, â òîì ÷èñëå ñèñòåì àâòîìàòèçàöèè ïðîåêòèðîâàíèÿ (ÑÀÏÐ,
CAD, CAE è ò. ä.), îâåùåñòâëÿþùèõ ðåçóëüòàòû ìíîãèõ ñîòåí ÷åëîâåêî-ëåò êâàëèôè-
öèðîâàííîãî òðóäà. Îïèñûâàåìûå ãåîìåòðè÷åñêèå îáúåêòû ìàêðîóðîâíÿ (ðàñ÷åòíûå îá-
ëàñòè ðåøàåìûõ íà÷àëüíî-êðàåâûõ çàäà÷) è ìèêðîóðîâíÿ (ñåòêè ñ ìèëëèàðäàìè êîíå÷-
íûõ ýëåìåíòîâ) òðåáóþò ðåàëèçàöèè âûñîêîèíòåëëåêòóàëüíûõ òåîðåòèêî-ìíîæåñòâåííûõ,
äèôôåðåíöèàëüíî-àíàëèòè÷åñêèõ è òîïîëîãè÷åñêèõ ïîäõîäîâ, à òàêæå ñðåäñòâ ðàáîòû ñ
áîëüøèìè äàííûìè è ìàñøòàáèðóåìîãî ðàñïàðàëëåëèâàíèÿ íà ãåòåðîãåííûõ ìíîãîïðî-
öåññîðíûõ âû÷èñëèòåëüíûõ ñèñòåìàõ. Ñîçäàíèå ðàññìàòðèâàåìîãî èíòåãðèðóåìîãî ìàòå-
ìàòè÷åñêîãî è ïðîãðàììíîãî îáåñïå÷åíèÿ îðèåíòèðîâàíî íà øèðîêîå âíåäðåíèå â ïðàê-
òèêó ìîäåëèðîâàíèÿ ðåàëüíûõ ïðîöåññîâ è ÿâëåíèé èç âñåâîçìîæíûõ èíäóñòðèàëüíûõ,
åñòåñòâåííîíàó÷íûõ è ñîöèàëüíî-ýêîíîìè÷åñêèõ ñôåð, à òàêæå ïðèçâàíî êà÷åñòâåííî ïî-
âûñèòü ïðîèçâîäèòåëüíîñòü òðóäà ìàòåìàòèêîâ-ïðîãðàììèñòîâ è ýôôåêòèâíîñòü ìàòåìà-
òè÷åñêèõ èííîâàöèé â ðàçëè÷íûå íàó÷íî-òåõíè÷åñêèå è ïðîèçâîäñòâåííûå îòðàñëè.
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ÑÓÌÌÛ ÔÅÉÅÐÀ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÌÅÐ
È ÝÐÃÎÄÈ×ÅÑÊÀß ÒÅÎÐÅÌÀ ÔÎÍ ÍÅÉÌÀÍÀ

ÀËÅÊÑÀÍÄÐ ÊÀ×ÓÐÎÂÑÊÈÉ

Ñóììû Ôåéåðà ïåðèîäè÷åñêèõ ìåð è íîðìû îòêëîíåíèé îò ïðåäåëà â ýðãîäè÷åñêîé òåî-
ðåìå ôîí Íåéìàíà âû÷èñëÿþòñÿ ôàêòè÷åñêè ïî îäíèì è òåì æå ôîðìóëàì (èíòåãðè-
ðîâàíèåì ÿäåð Ôåéåðà) � òàê ÷òî ñàìà ýòà ýðãîäè÷åñêàÿ òåîðåìà ôàêòè÷åñêè ÿâëÿåòñÿ
óòâåðæäåíèåì îá àñèìïòîòèêå ðîñòà ñóìì Ôåéåðà â òî÷êå 0 ñïåêòðàëüíîé ìåðû ñîîò-
âåòñòâóþùåé äèíàìè÷åñêîé ñèñòåìû. Ýòî äàåò âîçìîæíîñòü ïåðåðàáàòûâàòü èçâåñòíûå
îöåíêè ñêîðîñòåé ñõîäèìîñòè â ýðãîäè÷åñêîé òåîðåìå ôîí Íåéìàíà â îöåíêè ñóìì Ôåéåðà
â òî÷êå äëÿ ïåðèîäè÷åñêèõ ìåð � íàïðèìåð, òàê óäàåòñÿ ïîëó÷èòü åñòåñòâåííûå êðèòåðèè
ñòåïåííîãî ðîñòà è ñòåïåííîãî óáûâàíèÿ ýòèõ ñóìì. È íàîáîðîò, èìåþùèåñÿ â ëèòåðàòó-
ðå ìíîãî÷èñëåííûå îöåíêè óêëîíåíèé ñóìì Ôåéåðà â òî÷êå ïîçâîëÿþò ïîëó÷àòü íîâûå
îöåíêè ñêîðîñòåé ñõîäèìîñòè â ýòîé ýðãîäè÷åñêîé òåîðåìå.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, ïð-ò àêàä. Êîïòþãà, 4, 630090, Ðîññèÿ
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ÎÁ ÀËÃÅÁÐÀÈ×ÅÑÊÈÕ ÑÎËÈÒÎÍÀÕ ÐÈ××È ÍÀ 4-ÌÅÐÍÛÕ
ËÎÊÀËÜÍÎ ÎÄÍÎÐÎÄÍÛÕ ÏÑÅÂÄÎÐÈÌÀÍÎÂÛÕ

ÌÍÎÃÎÎÁÐÀÇÈßÕ Ñ ÈÇÎÒÐÎÏÍÛÌ ÒÅÍÇÎÐÎÌ ÂÅÉËß

ÏÀÂÅË ÊËÅÏÈÊÎÂ1, ÅÂÃÅÍÈÉ ÐÎÄÈÎÍÎÂ2

Ðàáîòû ìíîãèõ ìàòåìàòèêîâ ïîñâÿùåíû èçó÷åíèþ êîíôîðìíî ïëîñêèõ (ïñåâäî)ðèìàíî-
âûõ ìíîãîîáðàçèé, ò.å. ìíîãîîáðàçèé ñ òðèâèàëüíûì òåíçîðîì Âåéëÿ. Êðîìå òîãî, ìîæíî
ðàññìàòðèâàòü ìíîãîîáðàçèÿ, òåíçîð Âåéëÿ êîòîðûõ èìååò íóëåâîé êâàäðàò äëèíû, à ñàì
îí íå ÿâëÿåòñÿ íóëåâûì. Â ýòîì ñëó÷àå òàêèå ìíîãîîáðàçèÿ íàçûâàþò ìíîãîîáðàçèÿìè
ñ èçîòðîïíûì òåíçîðîì Âåéëÿ.
Êëàññèôèêàöèÿ ÷åòûðåõìåðíûõ ëîêàëüíî îäíîðîäíûõ (ïñåâäî)ðèìàíîâûõ ìíîãîîáðà-

çèé áûëà ïîëó÷åíà â ðàáîòå [1]. Â ñòàòüå [2], ñ èñïîëüçîâàíèåì äàííîé êëàññèôèêàöèè, ïî-
ëó÷åí ñïèñîê ÷åòûðåõìåðíûõ ëîêàëüíî îäíîðîäíûõ ïñåâäîðèìàíîâûõ ìíîãîîáðàçèé ñ èçî-
òðîíûì òåíçîðîì Âåéëÿ.
Â ïîñëåäíåå âðåìÿ àêòèâíî èçó÷àþòñÿ ðàçëè÷íûå îáîáùåíèÿ ìíîãîîáðàçèé Ýéíøòåéíà,

îäíèìè èç êîòîðûõ ÿâëÿþòñÿ ñîëèòîíû Ðè÷÷è. Â ñëó÷àå ëîêàëüíî îäíîðîäíûõ (ïñåâäî)ðè-
ìàíîâûõ ìíîãîîáðàçèé óäîáíûì èíñòðóìåíòîì äëÿ èçó÷åíèÿ ñîëèòîíîâ Ðè÷÷è ÿâëÿþòñÿ
àëãåáðàè÷åñêèå ñîëèòîíû Ðè÷÷è [3].
Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ àëãåáðàè÷åñêèõ ñîëèòîíîâ Ðè÷÷è íà ÷åòûðåõìåð-

íûõ ëîêàëüíî îäíîðîäíûõ ïñåâäîðèìàíîâûõ ìíîãîîáðàçèÿõ, ïîëó÷åíà èõ êëàññèôèêàöèÿ,
à òàêæå èçó÷åíû íåêîòîðûå èõ ñâîéñòâà.
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Î ÂÛ×ÈÑËÅÍÈÈ ÒÅÍÇÎÐÀ ÂÅÉËß ÍÀ 4-ÌÅÐÍÛÕ ËÎÊÀËÜÍÎ
ÎÄÍÎÐÎÄÍÛÕ ËÎÐÅÍÖÅÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈßÕ

ÑÂÅÒËÀÍÀ ÊËÅÏÈÊÎÂÀ1, ÎËÅÑß ÕÐÎÌÎÂÀ2

Â ðàáîòå [1] áûëà ïîëó÷åíà êëàññèôèêàöèÿ ÷åòûðåõìåðíûõ ëîêàëüíî îäíîðîäíûõ (ïñåâ-
äî)ðèìàíîâûõ ìíîãîîáðàçèé. Ñ åå ïîìîùüþ âîçìîæíî ðåøàòü ðàçëè÷íûå çàäà÷è îá èçó-
÷åíèè ñâîéñòâ òàêèõ ìíîãîîáðàçèé.
Îäíîé èç ïîäîáíûõ çàäà÷ ÿâëÿåòñÿ ïðîáëåìà êëàññèôèêàöèè ÷åòûðåõìåðíûõ êîíôîðì-

íî ïëîñêèõ ëîêàëüíî îäíîðîäíûõ (ïñåâäî)ðèìàíîâûõ ìíîãîîáðàçèé, êîòîðàÿ áûëà ðåøåíà
â ðàáîòå [2]. Êðîìå òîãî, â ðàáîòå [3] áûëè êëàññèôèöèðîâàíû ÷åòûðåõìåðíûå ëîêàëüíî
îäíîðîäíûå ïñåâäîðèìàíîâû ìíîãîîáðàçèÿ ñ èçîòðîïíûì òåíçîðîì Âåéëÿ.
Äëÿ ðåøåíèÿ ïîäîáíûõ çàäà÷ íåîáõîäèìà ìàòåìàòè÷åñêàÿ ìîäåëü, ïîçâîëÿþùàÿ âû÷èñ-

ëÿòü êîìïîíåíòû òåíçîðà Âåéëÿ ëîêàëüíî îäíîðîäíîãî (ïñåâäî)ðèìàíîâà ìíîãîîáðàçèÿ.
Äàííàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ äàííîé ìàòåìàòè÷åñêîé ìîäåëè è íàïèñàíèþ ñîîò-
âåòñòâóþùåãî êîìïëåêñà ïðîãðàìì.
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ÎÁÎÁÙÅÍÍÎ ÂÛÏÓÊËÛÅ ÌÍÎÆÅÑÒÂÀ È ÇÀÄÀ×À Î ÒÅÍÈ Â

ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

ÀÍÄÐÅÉ ÊÎÑÒÈÍ

Ïîñëåäíèå èññëåäîâàíèÿ Þ.Á. Çåëèíñêîãî áûëè ñâÿçàíû ñ çàäà÷åé î òåíè ([1]�[6]). Â
èñïîëüçóåìîé â ðàáîòàõ Þ.Á. Çåëèíñêîãî è åãî ó÷åíèêîâ ôîðìóëèðîâêå çàäà÷à î òåíè
âïåðâûå áûëà ðàññìîòðåíà Ã. Õóäàéáåðãàíîâûì â ñòàòüå [7], ñì. òàêæå [1]:

êàêîå ìèíèìàëüíîå ÷èñëî ïîïàðíî íå ïåðåñåêàþùèõñÿ øàðîâ ñ öåíòðàìè íà

(n− 1)-ìåðíîé ñôåðå n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà è ðàäèóñà ìåíüøåãî, ÷åì ðàäèóñ

ñôåðû, äîñòàòî÷íî äëÿ òîãî, ÷òîáû ëþáàÿ ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç öåíòð ñôåðû,

ïåðåñåêàëà õîòÿ áû îäèí èç ýòèõ øàðîâ.

Â ðàáîòå [1] ñôîðìóëèðîâàíû ðàçëè÷íûå îáîáùåíèÿ ýòîé çàäà÷è.
Öåëüþ ïðåäëàãàåìîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå ãèïåðáîëè÷åñêèõ àíàëîãîâ íåêîòîðûõ

èç íèõ. Óòâåðæäåíèå èç ëåììû, ïðèâåä¼ííîé â [1], â ðàñøèðåííîé ïîñòàíîâêå çàäà÷è î
òåíè (çàäà÷è î òåíè íå òîëüêî äëÿ öåíòðà 1-ñôåðû) èìååò ôîðìóëèðîâêó, äîïóñêàþùóþ
íàèáîëåå åñòåñòâåííîå îáîáùåíèå íà ïëîñêîñòè Ëîáà÷åâñêîãî. Â ðàáîòå íàéäåíû óñëîâèÿ,
ïðè êîòîðûõ ëþáàÿ ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç ïðîèçâîëüíóþ òî÷êó äîïîëíåíèÿ ãèïåðáî-
ëè÷åñêèõ êðóãîâ ðàçíîãî òèïà äî èõ âûïóêëîé îáîëî÷êè, ïåðåñåêàåòñÿ õîòÿ áû ñ îäíèì èç
ýòèõ êðóãîâ. Äà�åòñÿ ðåøåíèå çàäà÷è äëÿ øàðîâ ðàâíîãî ðàäèóñà, öåíòðû êîòîðûõ ðàñïî-
ëîæåíû íà îêðóæíîñòè ïðîèçâîëüíîãî ðàäèóñà íà ïëîñêîñòè Ëîáà÷åâñêîãî. Çàäà÷à î òåíè
äëÿ öåíòðà ñôåðû òàêæå äîïóñêàåò ðàçíûå âàðèàíòû îáîáùåíèÿ â ãèïåðáîëè÷åñêîì ïðî-
ñòðàíñòâå â çàâèñèìîñòè îò òîãî, ñîñòîèò ñôåðà èç ñîáñòâåííûõ, áåñêîíå÷íî óäàë�åííûõ
èëè èäåàëüíûõ òî÷åê. Íàéäåíû ìåòðè÷åñêèå õàðàêòåðèñòèêè, îáåñïå÷èâàþùèå ïðèíàä-
ëåæíîñòü òî÷êè âûïóêëîé 1-îáîëî÷êå ñåìåéñòâà øàðîâ ðàçíîãî òèïà n-ìåðíîãî ãèïåðáî-
ëè÷åñêîãî ïðîñòðàíñòâà.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÎÖÅÍÊÈ ÌÅÒÐÈ×ÅÑÊÈÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ

ÌÍÎÃÎÃÐÀÍÍÈÊÎÂ Â N-ÌÅÐÍÎÌ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÌ

ÏÐÎÑÒÐÀÍÑÒÂÅ

ÅÂÃÅÍÈß ÊÎÑÒÈÍÀ1, ÍÀÒÀËÜß ÊÎÑÒÈÍÀ2

Â ðàáîòå èññëåäóåòñÿ àñèìïòîòèêà ìåòðè÷åñêèõ õàðàêòåðèñòèê ìíîãîãðàííèêîâ â n-
ìåðíîì ãèïåðáîëè÷åñêîì ïðîñòðàíñòâå ïðè èçìåíåíèè ïàðàìåòðîâ ìíîãîãðàííèêîâ, à òàê-
æå ïðè ñòðåìëåíèè ðàçìåðíîñòè ïðîñòðàíñòâà ê áåñêîíå÷íîñòè. Â ÷àñòíîñòè, îöåíèâàåòñÿ,
êàêèå çíà÷åíèÿ ìîæåò ïðèíèìàòü ðàäèóñ âïèñàííîé ñôåðû ìíîãîãðàííèêà è èññëåäóåòñÿ
åãî àñèìïòîòèêà. Â ñâÿçè ñ ýòèì îöåíèâàåòñÿ ìèíèìàëüíîå ÷èñëî ãðàíåé îïèñàííîãî ìíîãî-
ãðàííèêà â n-ìåðíîì ãèïåðáîëè÷åñêîì ïðîñòðàíñòâå â çàâèñèìîñòè îò ðàäèóñà âïèñàííîé
ñôåðû. Â êà÷åñòâå ïðèìåðà ïðèâåä¼ì îäíî èç äîêàçàííûõ óòâåðæäåíèé.

Òåîðåìà. Ðàäèóñ ñôåðû, âïèñàííîé â êóá n-ìåðíîãî ãèïåðáîëè÷åñêîãî ïðîñòðàíñòâà

êðèâèçíû K, ìîæåò ïðèíèìàòü çíà÷åíèÿ îò íóëÿ äî

1√
−K

arth
1√
n
.

Êàê ñëåäñòâèå, ïðè ñòðåìëåíèè n ê áåñêîíå÷íîñòè ðàäèóñ ñôåðû, âïèñàííîé â êóá, àñèìï-

òîòè÷åñêè ðàâåí íóëþ.

Íåêîòîðûå ìåòðè÷åñêèå õàðàêòåðèñòèêè ìíîãîãðàííèêîâ n-ìåðíîãî åâêëèäîâà ïðîñòðàí-
ñòâà, èñïîëüçóåìûå â ðàáîòå, ïðèâåäåíû â [1].
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ÎÁ ÎÁÚÅÌÅ ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ 4-ÑÈÌÏËÅÊÑÀ

ÂËÀÄÈÌÈÐ ÊÐÀÑÍÎÂ

Â 2013 ãîäó È.Õ. Ñàáèòîâûì [1] áûë ïðåäëîæåí íîâûé ïîäõîä ê âû÷èñëåíèþ îáúåìîâ
ãèïåðáîëè÷åñêèõ ìíîãîãðàííèêîâ ïðîèçâîëüíîé ðàçìåðíîñòè ÷åðåç êîîðäèíàòû âåðøèí,
êîòîðûé ïîçâîëÿåò íàéòè îáúåì ìíîãîãðàííèêà ÷åðåç íåêîòîðûé èíòåãðàë ïî åãî ãðà-
íè÷íîé ïîâåðõíîñòè, ÿâëÿþùåéñÿ îáúåäèíåíèåì ìíîãîãðàííèêîâ ìåíüøåé ðàçìåðíîñòè.
Ïîçäíåå â ðàáîòå [2] áûëà ïîëó÷åíà ôîðìóëà ïðîèçâîëüíîãî ãèïåðáîëè÷åñêîãî òåòðàýäðà
(òðåõìåðíîãî ñèìïëåêñà) ÷åðåç êîîðäèíàòû âåðøèí.
Â äàííîì äîêëàäå ìû, ïðîäåëàâ ïîäîáíûå âû÷èñëåíèÿ â ðàçìåðíîñòè ÷åòûðå, óêàæåì

ÿâíóþ ôîðìóëó îáúåìà ïðîèçâîëüíîãî ãèïåðáîëè÷åñêîãî 4-ñèìïëåêñà ÷åðåç êîîðäèíàòû
âåðøèí, ñ ïîìîùüþ êîòîðîé îáúåì ìîæåò áûòü âûðàæåí ÷åðåç îäíîìåðíûå èíòåãðàëû ïî
îòðåçêàì âåùåñòâåííîé ïðÿìîé îò âåùåñòâåííîçíà÷íûõ ïîäûíòåãðàëüíûõ ôóíêöèé. Êðî-
ìå òîãî, ìû óâèäèì, ÷òî îáúåì ãèïåðáîëè÷åñêîãî ïÿòèìåðíîãî ñèìïëåêñà íå âûðàæàåòñÿ
â âèäå äâîéíîãî èíòåãðàëà îò ýëåìåíòàðíîé ôóíêöèè îò êîîðäèíàò âåðøèí (äëèí ðåáåð).
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ÎÁ ÎÄÍÎÌ ÝÔÔÅÊÒÈÂÍÎÌ ÄÅÉÑÒÂÈÈ ÃÐÓÏÏÛ GL(n) ÍÀ
ÏÐÎÑÒÐÀÍÑÒÂÅ ÊËÀÑÑÎÂ ÏÐÎÅÊÒÈÂÍÛÕ ÐÅÏÅÐÎÂ

ÀÐÒÓÐ ÂËÀÄÈÌÈÐÎÂÈ× ÊÓËÅØÎÂ

Ïóñòü Pn � ïðîåêòèâíîå ïðîñòðàíñòâî ðàçìåðíîñòè n ≥ 2, A � åãî òî÷êà, êîòîðóþ
ìû ñ÷èòàåì ôèêñèðîâàííîé; F (Pn) � ìíîãîîáðàçèå âñåõ ïðîåêòèâíûõ ðåïåðîâ âèäà R =
{A0, A1, . . . , An, E} òàêèõ, ÷òî A0 = A; V = TA(Pn) � âåêòîðíîå êàñàòåëüíîå ïðîñòðàíñòâî
ê Pn êàê ê ãëàäêîìó ìíîãîîáðàçèþ â åãî òî÷êå A; F (V ) � ìíîãîîáðàçèå âñåõ ëèíåéíûõ
ðåïåðîâ (ò. å. áàçèñîâ) ïðîñòðàíñòâà V ; G = GP ∗(n) � ñòàáèëèçàòîð òî÷êè A â ãðóïïå
GP (n) ïðîåêòèâíûõ ïðåîáðàçîâàíèé ïðîñòðàíñòâà Pn; GL(V ) � ãðóïïà íåâûðîæäåííûõ
ëèíåéíûõ îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâå V . Çàìåòèì, ÷òî GL(V ) èçîìîðôíà
ãðóïïå Ëè GL(n).
Ïóñòü R ∈ F (Pn) è ε ∈ F (V ), ïðè÷åì R = {A0, A1, . . . , An, E}, ε = {~e1, . . . , ~en}.

Îáîçíà÷èì

f · R = {f(A0), f(A1), . . . , f(An), f(E)}, ψ · ε = {ψ(~e1), . . . , ψ(~en)},
ãäå f ∈ G, ψ ∈ GL(V ). Òåì ñàìûì îïðåäåëåíû ñâîáîäíûå è òðàíçèòèâíûå äåéñòâèÿ ãðóïï
G è GL(V ) íà F (Pn) è F (V ) ñîîòâåòñòâåííî.
Îòîáðàæåíèå β : G → GL(V ), äåéñòâóþùåå ïî çàêîíó β : f 7→ dAf , ÿâëÿåòñÿ ãîìîìîð-

ôèçìîì ãðóïï Ëè. Òîãäà ÿäðî H = ker f � íîðìàëüíûé äåëèòåëü ãðóïïû G, ïðè÷åì
β̄ : fH 7→ dAf � êàíîíè÷åñêèé èçîìîðôèçì ãðóïï Ëè G/H è GL(V ). Ýòî ïîçâîëÿåò îòîæ-
äåñòâèòü äàííûå ãðóïïû è îáîçíà÷èòü èõ îáùèì ñèìâîëîì Ḡ.

Îïðåäåëåíèå 1. Ãðóïïó Ḡ áóäåì íàçûâàòü ëèíåéíîé ôàêòîðãðóïïîé ãðóïïû G.

Îïðåäåëåíèå 2. Äâà ðåïåðà R è R′ íàçîâåì ýêâèâàëåíòíûìè, åñëè îíè ïðèíàäëåæàò
îäíîé è òîé æå H-îðáèòå.

Êëàññ ýêâèâàëåíòíîñòè ðåïåðà R îáîçíà÷èì ÷åðåç [R]. Íà ìíîãîîáðàçèè Φ(Pn) âñåõ
òàêèõ êëàññîâ êîððåêòíî îïðåäåëåíî ñâîáîäíîå òðàíçèòèâíîå äåéñòâèå ãðóïïû Ḡ ïî ñëå-
äóþùåìó ïðàâèëó: fH · [R] : = [f · R] äëÿ ëþáîãî f ∈ G.
Óòâåðæäåíèå 1. Φ(Pn) è F (V ) èçîìîðôíû êàê ïðîñòðàíñòâà ïðåäñòàâëåíèÿ ãðóïïû

Ëè Ḡ.

Ïóñòü R, R′ ∈ F (Pn), ïðè÷åì R = {A0, A1, . . . , An, E}, R′ = {A′0, A′1, . . . , A′n, E ′},
ãäå A0 = A′0 = A. Ñëåäóÿ àêñèîìàòèêå Âåéëÿ n-ìåðíîãî ïðîåêòèâíîãî ïðîñòðàíñòâà,
ðàññìîòðèì (n + 1)-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî Vn+1, àññîöèèðîâàííîå ñ Pn, à ÷åðåç

π : Vn+1\{~0} → Pn îáîçíà÷èì êàíîíè÷åñêóþ ñþðúåêöèþ. Ââåäåì â ðàññìîòðåíèå áàçèñû ~R
è ~R′, ïîðîæäàþùèå ðåïåðû R è R′ ñîîòâåòñòâåííî:

~R = { ~A0, ~A1, . . . , ~An}, ~R′ = { ~A′0, ~A′1, . . . , ~A′n}. (1)

Òîãäà π( ~A0) = A0, π( ~Ai) = Ai, π( ~A′0) = A′0, π( ~A′i) = A′i, π( ~E) = E, π( ~E ′) = E ′, i = 1, n, ãäå

~E = ~A0 + ~A1 + . . .+ ~An, ~E ′ = ~A′0 + ~A′1 + . . .+ ~A′n.

Îïðåäåëåíèå 3. Ðåïåðû R è R′ íàçîâåì ïåðñïåêòèâíûìè äðóã äðóãó, åñëè A′i ∈ AiA0

(i = 1, n), E ′ ∈ EA0.

Óòâåðæäåíèå 2. Åñëè ðåïåðû R è R′ ïåðñïåêòèâíû äðóã äðóãó, òî íàéäóòñÿ áàçèñû
(1), ïîðîæäàþùèå äàííûå ðåïåðû, òàêèå, ÷òî äëÿ íåêîòîðûõ ÷èñåë λ, a1, . . . , an, e (λ 6= 0)
ñïðàâåäëèâû ðàâåíñòâà

λ ~A′0 = ~A0, λ ~A′i = ai ~A0 + ~Ai, λ ~E ′ = e ~A0 + ~E, i = 1, n.
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Èç óòâåðæäåíèÿ 2 âûòåêàåò

Òåîðåìà 1. 1) Åñëè ðåïåðû R è R′ ýêâèâàëåíòíû, òî îíè ïåðñïåêòèâíû äðóã äðóãó.
2) Ïóñòü ðåïåðû R è R′ ïåðñïåêòèâíû äðóã äðóãó. Òîãäà äëÿ òîãî, ÷òîáû ýòè ðåïåðû
áûëè ýêâèâàëåíòíûìè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû â îáîçíà÷åíèÿõ óòâåðæäåíèÿ 2
âûïîëíÿëîñü ðàâåíñòâî e = a1 + . . .+ an.

Îïðåäåëåíèå 4. Ðåïåðû R è R′ íàçîâåì ñòðîãî ïåðñïåêòèâíûìè äðóã äðóãó, åñëè îíè
ïåðñïåêòèâíû, è ïðè ýòîì ~A′i 6= ~Ai (i = 1, n) è E ′ 6= E.

Äëÿ ëþáûõ äâóõ ñòðîãî ïåðñïåêòèâíûõ äðóãó äðóãó ðåïåðîâ R è R′ îïðåäåëåíî ìèíè-
ìàëüíîå (ïî âêëþ÷åíèþ) ïîäïðîñòðàíñòâî L(R,R′) ⊂ Pn, ñîäåðæàùåå ñîâîêóïíîñòü òî÷åê
Bij, Bi, ãäå

Bij = AiAj ∩ A′iA′j, Bi = AiE ∩ A′iE ′, 1 ≤ i < j ≤ n.

Òåîðåìà 2. L(R,R′) ⊂ Pn ÿâëÿåòñÿ ãèïåðïëîñêîñòüþ äëÿ ëþáûõ ñòðîãî ïåðñïåêòèâíûõ
äðóã äðóãó ðåïåðîâ R è R′.
Äîêàçàòåëüñòâî òåîðåìû 2 îïèðàåòñÿ íà ðåçóëüòàòû ðàáîòû [1]. Çàìåòèì, ÷òî îíà ÿâëÿ-

åòñÿ îäíèì èç n-ìåðíûõ îáîáùåíèé êëàññè÷åñêîé òåîðåìû Äåçàðãà.

Òåîðåìà 3.Ïóñòü ðåïåðûR èR′ ñòðîãî ïåðñïåêòèâíû. Â ýòîì ñëó÷àå îíè ýêâèâàëåíòíû
òîãäà è òîëüêî òîãäà, êîãäà ãèïåðïëîñêîñòü L(R,R′) ⊂ Pn ïðîõîäèò ÷åðåç òî÷êó A.

Äîêàçàòåëüñòâî òåîðåìû 3 ñì. â [2].
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ÂÛÏÓÊËÛÉ ÀÍÀËÈÇ È ÀÍÀËÎÃ ÍÅÐÀÂÅÍÑÒÂÀ ÞÍÃÀ-ÔÅÍÕÅËß
ÄËß ÊÎÍÔÎÐÌÍÎ-ÏËÎÑÊÈÕ ÌÅÒÐÈÊ

ÌÀÐÈß ÊÓÐÊÈÍÀ1, ÅÂÃÅÍÈÉ ÐÎÄÈÎÍÎÂ2, ÂÈÊÒÎÐ ÑËÀÂÑÊÈÉ3

Ðàññìàòðèâàåòñÿ êëàññ êîíôîðìíî-ïëîñêèõ ìåòðèê, îïðåäåëåííûõ íà åäèíè÷íîé ñôåðå
Sn ⊂ Rn+1, âèäà: ds = |dx|

h2(x)
, ãäå h(x) ñòðîãî ïîëîæèòåëüíàÿ ôóíêöèÿ òàêàÿ, ÷òî äëÿ ëþáîé

òðîéêè òî÷åê x1, x, x2 ∈ Sn âûïîëíåíî íåðàâåíñòâî:

h(x) ≤ h(x1)
‖x2 − x‖
‖x2 − x1‖

+ h(x2)
‖x− x1‖
‖x2 − x1‖

,

ãäå ‖x− y‖ � õîðäîâîå ðàññòîÿíèå ìåæäó òî÷êàìè ñôåðû, ò. å. h(x) êîíôîðìíî-âûïóêëàÿ
â ñìûñëå ðàáîòû [1].
Òåîðåìà 1. Ïóñòü ôóíêöèÿ h∗(y) îïðåäåëåíà ðàâåíñòâîì:

h∗(y) = max
x∈Sn

‖x− y‖√
2h(x)

,

òîãäà ìåòðèêà ds∗ = |dy|
h∗2(y)

áóäåò äâîéñòâåííîé (ïîëÿðíîé â ñìûñëå ðàáîòû [2]) ê èñõîäíîé
ìåòðèêå.
Òåîðåìà 2. Ôóíêöèÿ h∗(y) � êîíôîðìíî-âûïóêëàÿ, è h∗∗ = h êðîìå òîãî âûïîëíÿåòñÿ

íåðàâåíñòâî:
‖x− y‖ ≤

√
2h(x)h∗(y),

ãäå x, y ∈ Sn ïðîèçâîëüíûå òî÷êè åäèíè÷íîé ñôåðû, ‖x− y‖ � õîðäîâîå ðàññòîÿíèå.
Çàìå÷àíèå.Íåðàâåíñòâî ìîæíî ðàññìàòðèâàòü, êàê àíàëîã íåðàâåíñòâàÞíãà-Ôåíõåëÿ

â âûïóêëîì àíàëèçå

Ñïèñîê ëèòåðàòóðû

[1] Ì.Êóðêèíà, Å. Ðîäèîíîâ, Â.Ñëàâñêèé. Êîíôîðìíî-âûïóêëûå ôóíêöèè è êîíôîðìíî-ïëîñêèå ìåòðèêè

íåîòðèöàòåëüíîé êðèâèçíû // Äîêëàäû Àêàäåìèè Íàóê, 462:2, 141�144 (2015).
[2] Å. Ðîäèîíîâ, Â.Ñëàâñêèé. Ïîëÿðíîå ïðåîáðàçîâàíèå êîíôîðìíî-ïëîñêèõ ìåòðèê // Ìàòåìàòè÷åñêèå

òðóäû, 20:2, 1�19 (2017).

1Þãîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, óë. ×åõîâà, 15, Õàíòû-Ìàíñèéñê, 628011, Ðîñ-

ñèÿ

Email address: m_kurkina@ugrasu.ru

2Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ïð. Ëåíèíà, 61, Áàðíàóë, 656049, Ðîññèÿ

Email address: edr2002@mail.ru

3Þãîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, óë. ×åõîâà, 15, Õàíòû-Ìàíñèéñê, 628011, Ðîñ-

ñèÿ

Email address: slavsky2004@mail.ru

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (êîä
ïðîåêòîâ 18-47-860016, 18-01-00620), ïðè ïîääåðæêå Íàó÷íîãî Ôîíäà ÞÃÓ � 13-01-20/10.

58



ÐÅØÅÍÈÅ ÇÀÄÀ×È ÂËÎÆÅÍÈß ÄËß ÅÂÊËÈÄÎÂÛÕ
ÌÍÎÃÎÌÅÐÍÛÕ ÃÅÎÌÅÒÐÈÉ

ÂËÀÄÈÌÈÐ ÊÛÐÎÂ

Ðàññìîòðèì (n+ 1)-ìåðíîå àíàëèòè÷åñêîå ìíîãîîáðàçèå M , êîòîðîå ëîêàëüíî äèôôåî-
ìîðôíî ïðÿìîìó ïðîèçâåäåíèþ n-ìåðíîãî àíàëèòè÷åñêîãî ìíîãîîáðàçèÿ N è îäíîìåðíîãî
àíàëèòè÷åñêîãî ìíîãîîáðàçèÿ L, n ≥ 2. Ëîêàëüíûé äèôôåîìîðôèçì îñóùåñòâëÿåò àíàëè-
òè÷åñêîå îòîáðàæåíèå h :M → N×L. Ïóñòü π1 : N×L→ N è π2 : N×L→ L � ïðîåêöèè.
Ðàññìîòðèì ôóíêöèè g : N × N → R, ñ îòêðûòîé è ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ Sg â
N2, è χ : R× L× L→ R. Ïîñòðîèì ôóíêöèþ f :M ×M → R ïî ñëåäóþùåé ôîðìóëå:

f = χ(g(π1(h), π1(h)), π2(h), π2(h)),

îáëàñòü îïðåäåëåíèÿ Sf êîòîðîé îòêðûòà è ïëîòíà â M2. Íèæå îíà íàçûâàåòñÿ ìåòðè-
÷åñêîé, ïðè÷åì ìåòðè÷åñêèå àêñèîìû ìîãóò è íå âûïîëíÿòüñÿ. Íà òî÷êàõ ýòà ôóíêöèÿ
âûãëÿäèò òàê:

f(i, j) = χ(g(π1(h(i)), π1(h(j))), π2(h(i)), π2(h(j))), (1)

ãäå i, j � ïðîèçâîëüíûå äâå òî÷êè èç M , ïðè÷åì 〈i, j〉 ∈ Sf .
Äëÿ ïðîèçâîëüíîé òî÷êè èç M ðàññìîòðèì êîîðäèíàòíóþ îêðåñòíîñòü U ⊂ M , â êîòî-

ðîé h ÿâëÿåòñÿ äèôôåîìîðôèçìîì è äëÿ ëþáûõ òî÷åê i, j ∈ U , 〈i, j〉 ∈ Sf , ñóùåñòâóþò
îêðåñòíîñòè U(i) ⊂ U , U(j) ⊂ U òàêèå, ÷òî 〈i′, j′〉 ∈ Sf , ∀i′ ∈ U(i), ∀j′ ∈ U(j). Èç âûøå
ñêàçàííîãî èìååì äèôôåîìîðôèçì îêðåñòíîñòåé h : U → V ×W , ãäå V , W � íåêîòîðûå
êîîðäèíàòíûå îêðåñòíîñòè â N è L ñîîòâåòñòâåííî. Êîîðäèíàòû â îêðåñòíîñòè V îáîçíà-
÷èì (x1, . . . , xn), à êîîðäèíàòó â îêðåñòíîñòè W � (w). Òîãäà â ëîêàëüíûõ êîîðäèíàòàõ
ôóíêöèÿ (1) ïðèíèìàåò ñëåäóþùèé âèä:

f = f(i, j) = χ(θ, wi, wj), (2)

ãäå g(π1(h(i)), π1(h(j))) = θ = θ(x1i , . . . , x
n
i , x

1
j , . . . , x

n
j ) � ìåòðè÷åñêàÿ ôóíêöèÿ ïñåâäîåâ-

êëèäîâîé ãåîìåòðèé ñèãíàòóðû (ε1, . . . , εn), ε1, . . . , εn = ±1:

θ = ε1(x
1
i − x1j)2 + · · ·+ εn(x

n
i − xnj )2,

ïðè÷åì äëÿ åâêëèäîâîé ãåîìåòðèè ε1 = · · · = εn, à äëÿ ïñåâäîåâêëèäîâîé ãåîìåòðèè çíàêè
ðàçëè÷íûå. π2(h(i)) = wi, π2(h(j)) = wj. Âûïîëíÿþòñÿ àêñèîìû.
Àêñèîìà àíàëèòè÷íîñòè. Ôóíêöèÿ χ : R×L×L→ R àíàëèòè÷åñêàÿ âî âñåõ òî÷êàõ

îáëàñòè îïðåäåëåíèÿ.
Àêñèîìà íåâûðîæäåííîñòè. Äëÿ ìåòðè÷åñêîé ôóíêöèè (2) â ïðîèçâîëüíîé òî÷êå

îêðåñòíîñòè U(i)× U(j) ⊂M2 ñïðàâåäëèâû íåðàâåíñòâà

∂χ

∂θ
6= 0,

∂χ

∂wi

6= 0,
∂χ

∂wj

6= 0.

Ïóñòü ãðóïïà Ëè G äåéñòâóåò ýôôåêòèâíî è àíàëèòè÷íî â U ⊂ M . Ýòî îçíà÷àåò, ÷òî
çàäàíî àíàëèòè÷åñêîå èíúåêòèâíîå îòîáðàæåíèå (ýôôåêòèâíîå äåéñòâèå)

λ : U ×G→ U ′,

ãäå U ′ ⊂M � îòêðûòàÿ îáëàñòü, ïðè÷åì âûïîëíÿþòñÿ ñâîéñòâà:
1). λ(i, e) = i, e ∈ G � åäèíèöà, i ∈ U ;
2). λ(λ(i, a), b) = λ(i, ab), äëÿ ëþáûõ a, b ∈ G è i ∈ U ;
3). Äëÿ ëþáîãî i ∈ U λ(i, a) = i, òîëüêî åñëè a = e.
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Äåéñòâèå λa, îïðåäåëÿåìîå ïðîèçâîëüíûì ýëåìåíòîì a ∈ G, íàçûâàåòñÿ äâèæåíèåì,
åñëè äëÿ ëþáûõ òî÷åê i, j ∈ U òàêèõ, ÷òî 〈i, j〉 ∈ Sf , 〈λa(i), λa(j)〉 ∈ Sf , âûïîëíÿåòñÿ
ðàâåíñòâî

f(λa(i), λa(j)) = f(i, j).

Äåéñòâèÿ ãðóïïû G ìîæíî îïðåäåëèòü â îêðåñòíîñòÿõ U(i) è U(j) òî÷åê i è j, ïðè÷åì åñëè
ýòè îêðåñòíîñòè ïåðåñåêàþòñÿ, òî äåéñòâèÿ â ïåðåñå÷åíèè ñîâïàäàþò ([1], �1). Ìíîæåñòâî
âñåõ òàê îïðåäåëåííûõ äâèæåíèé îáðàçóåò àíàëèòè÷åñêóþ ãðóïïó Ëè äâèæåíèé.
Àêñèîìà ìàêñèìàëüíîé ïîäâèæíîñòè. dimG = (n+ 1)(n+ 2)/2.
Îñíîâíàÿ çàäà÷à ýòîé ðàáîòû � ïîèñê âñåõ ôóíêöèé âèäà (2), ÿâëÿþùèõñÿ äâóõòî÷å÷-

íûìè èíâàðèàíòàìè (n+ 1)(n+ 2)/2-ìåðíîé ãðóïïû äâèæåíèé.
Òåîðåìà. Ðàññìîòðèì ïðîèçâîëüíóþ òî÷êó k ∈M è åå êîîðäèíàòíóþ îêðåñòíîñòü U(k).

Âîçüìåì òàê æå äâå òî÷êè i, j ∈ U(k) ñ îêðåñòíîñòÿìè U(i) è U(j) òàêèå, ÷òî
U(i) ∪ U(j) ⊂ U(k), ïðè÷åì 〈i, j〉, 〈i′, j′〉 ∈ Sf ∀i′ ∈ U(i), ∀j′ ∈ U(j).

Òîãäà ìåòðè÷åñêàÿ ôóíêöèÿ f(i, j), â àíàëèòè÷åñêîì ìíîãîîáðàçèè M çàäàþùàÿ (n+ 1)-
ìåðíóþ ãåîìåòðèþ ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè, â îêðåñòíîñòè U(i) × U(j) â
ïîäõîäÿùèõ ëîêàëüíûõ êîîðäèíàòàõ è ìàñøòàáíîì ïðåîáðàçîâàíèè (àíàëèòè÷åñêàÿ ôóíê-
öèÿ îò ìåòðè÷åñêîé ôóíêöèè ϕ(f)→ f) èìååò âèä:

f(i, j) = ε1(x
1
i − x1j)2 + · · ·+ εn(x

n
i − xnj )2 + ε(wi − wj)

2,

f(i, j) = [ε1(x
1
i − x1j)2 + · · ·+ εn(x

n
i − xnj )2]e2wi+2wj ,

f(i, j) = [ε1(x
1
i − x1j)2 + · · ·+ εn(x

n
i − xnj )2]e2wi+2wj + εe2wi−2wj + εe2wj−2wi .

ãäå ε1, . . . , εn, ε = ±1.
Ïîñòàâëåííàÿ çàäà÷à ïðè n = 2 ðåøàåòñÿ â ðàáîòå [2]. Àíàëîãè÷íàÿ çàäà÷à äëÿ ñèì-

ïëåêòè÷åñêîé ãåîìåòðèè ðàññìàòðèâàåòñÿ â ñòàòüå [3].
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ÌÈÍÈÌÀËÜÍÀß U(3)-ÖÅËÎ×ÈÑËÅÍÍÎÑÒÜ È ÇÀÐßÄÛ ÊÂÀÐÊÎÂ

ÀËÅÊÑÀÍÄÐ ËÅÂÈ×ÅÂ1, ÀÍÄÐÅÉ ÏÀËÜßÍÎÂ2

Â ìíîãîóðîâíåâîé ìîäåëè êâàðê-ãëþîííîé ñðåäû (ñì. [1, 2]) êâàðêè ñîîòâåòñòâóþò U(2)-
ïîäãðóïïàì â U(3), â U(4), è ò.ä.. Ýòè ãðóïïû íàçâàíû óðîâíÿìè ìàòåðèè: U(2) � íóëåâîé
(ò.å., íàø îáû÷íûé), U(3) - ïåðâûé, U(4) - âòîðîé è ò.ä. (óðîâíè ñîîòâåòñòâóþò ïîêîëå-
íèÿì êâàðêîâ). Èñõîäèì èç èçâåñòíûõ (ýëåêòðè÷åñêèõ) çàðÿäîâ u-êâàðêà (2/3) è d-êâàðêà
(-1/3). Ïîñòóëèðóåì óñëîâèå ò.í. ìèíèìàëüíîé öåëî÷èñëåííîñòè (0, 1, 2, è ò.ä.) âñåõ êàíî-
íè÷åñêèõ U(3)-âëîæåíèé (â U(4), â U(5) è ò.ä.). Äîêàçàíî, ÷òî âûïîëíåíèå ýòîãî óñëîâèÿ
ãàðàíòèðóåò (�ïðàâèëüíûå�) çàðÿäû âñåõ îñòàëüíûõ èçâåñòíûõ êâàðêîâ è (îäíîçíà÷íî �
â ðàìêàõ ìíîãîóðîâíåâîé ìîäåëè) ïðåäñêàçûâàåò çàðÿäû ÒÐ�Õ (ïîêà åù¼ íå îáíàðó-
æåííûõ) êâàðêîâ ÷åòâ¼ðòîãî ïîêîëåíèÿ. Îòìåòèì, ÷òî â ðàìêàõ Ñòàíäàðòíîé Ìîäåëè (ñ
áîçîíîì Õèããñà) âåä¼òñÿ ïîèñê ÄÂÓÕ êâàðêîâ (b′ è t′, ñì. [3, 4]) ÷åòâ¼ðòîãî ïîêîëåíèÿ.
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Ê ÏÅÐÅ×ÈÑËÅÍÈÞ ÃËÎÁÀËÜÍÛÕ ÓÇËÎÂ È ÇÀÖÅÏËÅÍÈÉ

ÂËÀÄÈÌÈÐ ÌÎÐÎÇÎÂ

Ãëîáàëüíûì çàöåïëåíèåì íàçûâàåòñÿ ïàðà (M,L), ãäå M � òðåõìåðíîå ìíîãîîáðàçèå,
L � êîíå÷íûé íàáîð îêðóæíîñòåé â M . Åñëè îêðóæíîñòü îäíà, òî ãëîáàëüíîå çàöåïëåíèå
íàçûâàåòñÿ ãëîáàëüíûì óçëîì.
Ìíîãîîáðàçèå M ïðåäïîëàãàåòñÿ êîìïàêòíûì, ñâÿçíûì, çàìêíóòûì è îðèåíòèðóåìûì.

Ãëîáàëüíîå çàöåïëåíèå çàäàåòñÿ ñ ïîìîùüþ äèàãðàììû îñíàùåííîãî çàöåïëåíèÿ D îáû÷-
íîãî âèäà (òî åñòü äèàãðàììû çàöåïëåíèÿ, ëåæàùåãî â S3), ó êîòîðîãî íå âñå êîìïîíåíòû
îñíàùåíû.
Ïåðå÷èñëåíèå ãëîáàëüíûõ óçëîâ è çàöåïëåíèé ìîæíî îñóùåñòâëÿòü ïåðå÷èñëåíèåì òà-

êèõ äèàãðàìì â ïîðÿäêå âîçðàñòàíèÿ ñëîæíîñòè äèàãðàìì. Ôóíêöèþ ñëîæíîñòè c(D)
ìîæíî çàäàâàòü ïî ðàçíîìó. Íàïðèìåð, åå ìîæíî îïðåäåëèòü êàê âåêòîð-ôóíêöèþ èëè
êàê ñêàëÿðíóþ ôóíêöèþ. Ôóíêöèÿ ñëîæíîñòè ìîæåò êîíñòðóèðîâàòüñÿ èç òàêèõ õàðàêòå-
ðèñòèê äèàãðàììû D êàê ÷èñëî êîìïîíåíò, ÷èñëî îñíàùåííûõ êîìïîíåíò, ÷èñëî íåîñíà-
ùåííûõ êîìïîíåíò, îñíàùåíèÿ êîìïîíåíò, ÷èñëà òî÷åê ñàìîïîðåñå÷åíèÿ îñíàùåííûõ êîì-
ïîíåíò, ÷èñëà òî÷åê ñàìîïîðåñå÷åíèÿ íåîñíàùåííûõ êîìïîíåíò è ò.ï.
Â ðàáîòå ðàññìàòðèâàþòñÿ è ñðàâíèâàþòñÿ íåêîòîðûå âàðèàíòû îïðåäåëåíèÿ ôóíêöèè

ñëîæíîñòè c(D). Ââîäÿòñÿ ïîíÿòèÿ ñâÿçíîé ñóììû ãëîáàëüíûõ çàöåïëåíèé è ïðèìàðíîãî
ãëîáàëüíîãî çàöåïëåíèÿ.
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ÎÁÎÁÙÅÍÈÅ ÃËÎÁÀËÜÍÛÕ ÓÇËÎÂ ÌÈßÄÇÀÊÈ R È U È ÈÕ
ÑÂÎÉÑÒÂÀ

ÌÈÕÀÈË ÎÂ×ÈÍÍÈÊÎÂ

Ïîíÿòèå ãëîáàëüíîãî óçëà ÿâëÿåòñÿ îáîáùåíèåì ïîíÿòèÿ óçëà â òðåõìåðíîé ñôåðå ïóòåì
çàìåíû òðåõìåðíîé ñôåðû íà ïðîèçâîëüíîå çàìêíóòîå êîìïàêòíîå îðèåíòèðóåìîå òðåõ-
ìåðíîå ìíîãîîáðàçèå. Ãëîáàëüíûé óçåë òðèâèàëüíûé, åñëè îêðóæíîñòü óçëà îãðàíè÷èâàåò
äèñê â ìíîãîîáðàçèè. Ãëîáàëüíûé óçåë (M,k) íàçûâàåòñÿ ñâÿçíîé ñóììîé ãëîáàëüíûõ óç-
ëîâ (M1, k1) è (M2, k2) (îáîçíà÷àåòñÿ (M1, k1)#(M2, k2)), åñëè âM åñòü ðàçáèâàþùàÿ ñôåðà
S, äîïîëíåíèå ê êîòîðîé ãîìåîìîðôíî íåñâÿçíîìó îáúåäèíåíèþ ïðîêîëîòûõ ïàð (M1, k1)
è (M2, k2) â òî÷êàõ p1 è p2 íà óçëàõ k1 è k2 ñîîòâåòñòâåííî. Ãëîáàëüíûé óçåë ïðèìàð-
íûé, åñëè â ëþáîì åãî ïðåäñòàâëåíèè â âèäå ñâÿçíîé ñóììû äâóõ ãëîáàëüíûõ óçëîâ îäíî
èç ñëàãàåìûõ ÿâëÿåòñÿ òðèâèàëüíûì ãëîáàëüíûì óçëîì. Ê.Ìèÿäçàêè ïîêàçàë äëÿ íåêî-
òîðûõ ïðèìàðíûõ ãëîáàëüíûõ óçëîâ ñïåöèàëüíîãî âèäà R è U ãîìåîìîðôíîñòü ñâÿçíûõ
ñóìì R#R#R = R#U , è òåì ñàìûì ñóùåñòâîâàíèå ãëîáàëüíûõ óçëîâ ñ íåîäíîçíà÷íûì
ðàçëîæåíèåì íà ïðèìàðíûå ñëàãàåìûå ([1]).
Â ðàáîòå îïðåäåëÿþòñÿ ãëîáàëüíûå óçëû K(F ), ãäå F ñâÿçíàÿ êîìïàêòíàÿ äâóìåðíàÿ

ïîâåðõíîñòü, ñëåäóþùèì îáðàçîì. Îáîçíà÷èì F ′ ïîâåðõíîñòü F ñ óäàëåííûì äèñêîì. Îðè-
åíòèðóåìîå ïðîèçâåäåíèå (êîñîå, åñëè F íåîðèåíòèðóåìàÿ) ïîâåðõíîñòè F ′ íà îêðóæíîñòü
çàêëåèì ïîëíûì òîðîì ñ ñîâìåùåíèåì êðàåâ ìåðèäèîíàëüíûõ äèñêîâ ñ îêðóæíîñòÿìè
ïðîèçâåäåíèÿ. Óçëîì â ïîëó÷åííîì ìíîãîîáðàçèè ÿâëÿåòñÿ îñü ïîëíîãî òîðà. Äëÿ ãëî-
áàëüíûõ óçëîâ K(F ) îêàçûâàþòñÿ ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà.

Òåîðåìà 1. K(F#H) = K(F )#K(H).

Òåîðåìà 2. K(RP 2) = R, K(T 2) = U .

Êàê ñëåäñòâèå, ïðèìåð Ìèÿäçàêè îáúÿñíÿåòñÿ íåîäíîçíà÷íîñòüþ ðàçëîæåíèÿ â ñâÿçíóþ
ñóììó ïîâåðõíîñòè RP 2#RP 2#RP 2 = RP 2#T 2. Èññëåäóþòñÿ ñâÿçè êîíñòðóêöèè ãëîáàëü-
íûõ óçëîâ K(F ) ñ êîíñòðóêöèåé ¾ðàñêðûòàÿ êíèãà¿ ([2]).
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ÏÎËß ÊÈËËÈÍÃÀ È ÑÎËÈÒÎÍÛ ÐÈ××È ÍÀ Ê �
ÑÈÌÌÅÒÐÈ×ÅÑÊÈÕ ËÎÐÅÍÖÅÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈßÕ ÌÀËÎÉ

ÐÀÇÌÅÐÍÎÑÒÈ

Ä. Í. ÎÑÊÎÐÁÈÍ1, Å. Ä. ÐÎÄÈÎÍÎÂ2, È. Â. ÝÐÍÑÒ3

Ïîëÿ Êèëëèíãà èãðàþò âàæíóþ ðîëü â èññëåäîâàíèè ñîëèòîíîâ Ðè÷÷è, êîòîðûå ÿâëÿ-
þòñÿ îáîáùåíèåì ýéíøòåéíîâûõ ìåòðèê íà (ïñåâäî)ðèìàíîâûõ ìíîãîîáðàçèÿõ. Óðàâíåíèå
ñîëèòîíà Ðè÷÷è èçó÷àëîñü íà ðàçëè÷íûõ êëàññàõ ìíîãîîáðàçèé ìíîãèìè ìàòåìàòèêàìè.
Êëàññ 2- è 3-ñèììåòðè÷åñêèõ ëîðåíöåâûõ ìíîãîîáðàçèé áûë èññëåäîâàí Ä.Â. Àëåêñååâ-
ñêèì, À.Ñ. Ãàëàåâûì. Ê. Îíäà è Â. Áàòàò èññëåäîâàëè ñîëèòîíû Ðè÷÷è íà ÷åòûð¼õìåð-
íûõ 2-ñèììåòðè÷åñêèõ ëîðåíöåâûõ ìíîãîîáðàçèÿõ è äîêàçàëè ëîêàëüíóþ ðàçðåøèìîñòü
óðàâíåíèÿ ñîëèòîíà Ðè÷÷è íà òàêèõ ìíîãîîáðàçèÿõ. Ïîçäíåå àâòîðàìè áûëà äîêàçàíà ðàç-
ðåøèìîñòü óðàâíåíèÿ ñîëèòîíà Ðè÷÷è íà 2- è 3- ñèììåòðè÷åñêèõ ëîðåíöåâûõ ìíîãîîáðà-
çèÿõ ïðîèçâîëüíîé ðàçìåðíîñòè. Äëÿ ïîëó÷åíèÿ îáùåãî ðåøåíèÿ òðåáîâàëîñü îïðåäåëèòü
ïîëÿ Êèëëèíãà íà òàêèõ ìíîãîîáðàçèÿõ. Ïðè ïîìîùè íîðìàëüíûõ êîîðäèíàò Áðèíêìà-
íà, ñóùåñòâóþùèõ íà pp-âîëíàõ � ëîðåíöåâûõ ìíîãîîáðàçèÿõ áîëåå îáùåãî êëàññà, áûëî
ïîëó÷åíî îïèñàíèå ïîëåé Êèëëèíãà, íàéäåíà ðàçìåðíîñòü ïðîñòðàíñòâà êèëëèíãîâûõ ïî-
ëåé è ïîñòðîåíî îáùåå ðåøåíèå óðàâíåíèÿ ñîëèòîíà Ðè÷÷è íà 2- è 3- ñèììåòðè÷åñêèõ
ëîðåíöåâûõ ìíîãîîáðàçèÿõ.
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ÊÂÀÇÈÌÅÒÐÈÊÈ È ÌÅÐÀ, ÏÐÎÑÒÐÀÍÑÒÂÀ ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

ÀËÅÊÑÀÍÄÐ ÐÎÌÀÍÎÂ

Ôóíêöèþ �ðàññòîÿíèÿ� íàçûâàþò êâàçèìåòðèêîé, åñëè íåêîòîðûå ñòàíäàðòíûå ñâîéñòâà
ìåòðèêè (ñèììåòðè÷íîñòü, íåðàâåíñòâî òðåóãîëüíèêà) ëèáî âîîáùå íå âûïîëíÿþòñÿ ëèáî
âûïîëíÿþòñÿ â íåñêîëüêî îñëàáëåííîì âèäå.
Â ñëó÷àå, êîãäà íåðàâåíñòâî òðåóãîëüíèêà èìååò âèä ρ(x, y) ≤ q1ρ(x, z) + q2ρ(z, y), ïðî-

ñòðàíñòâî (X, ρ) íàçûâàþò (q1, q2) êâàçèìåòðè÷åñêèì [1]. Ïðè âûïîëíåíèè íåðàâåíñòâà
ρ(y, x) ≤ Cρ(x, y) ìåòðèêó íàçûâàþò C-ñèììåòðè÷åñêîé.
Ïðåäïîëîæèì, ÷òî íà X çàäàíà ìåðà µ. Ó÷èòûâàÿ íàëè÷èå â åâêëèäîâîì ñëó÷àå ðàç-

ëè÷íûõ (íå èñïîëüçóþùèõ ïîíÿòèÿ äèôôåðåíöèàëà) îïèñàíèé ïðîñòðàíñòâ Ñîáîëåâà, ìû
ìîæåì îïðåäåëèòü íà êâàçèìåòðè÷åñêîì ïðîñòðàíñòâå ñ ìåðîé àíàëîãè ñîáîëåâñêèõ êëàñ-
ñîâ ôóíêöèé S1

p(X, ρ, µ). Òàêèå êëàññû ïðåäñòàâëÿþò èíòåðåñ â ïåðâóþ î÷åðåäü ñ òî÷êè
çðåíèÿ âîçìîæíîñòè ïîëó÷åíèÿ íåêîòîðûõ äîâîëüíî óíèâåðñàëüíûõ òåîðåì âëîæåíèÿ.
Íà (q1, q2)-êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâàõ ñ C-ñèììåòðè÷åñêîé êâàçèìåòðèêîé è ìå-

ðîé, óäîâëåòâîðÿþùåé óñëîâèþ óäâîåíèÿ îòíîñèòåëüíî êâàçèìåòðèêè, óäàåòñÿ ïîêàçàòü,
÷òî òåîðåìû âëîæåíèÿ â ïðîñòðàíñòâà Ëåáåãà óñòðîåíû òàêèì æå îáðàçîì êàê è â äîñòà-
òî÷íî õîðîøî èçó÷åííîì ìåòðè÷åñêîì ñëó÷àå: I : S1

p(X, ρ, µ) → Lq(µ) ïðè 1 < p < s, ãäå
q = sp/(s− p), à ïîêàçàòåëü s, èãðàþùèé ðîëü �ðàçìåðíîñòè� ïðîñòðàíñòâà, îïðåäåëÿåòñÿ
èç óñëîâèÿ óäâîåíèÿ äëÿ ìåðû [2].
Íà ìåòðè÷åñêîì ïðîñòðàíñòâå (X, d) ñ ìåðîé µ, óäîâëåòâîðÿþùåé óñëîâèþ óäâîåíèÿ,

ìîæíî ââåñòè ñåìåéñòâî äîâîëüíî ñïåöèôè÷åñêèõ êâàçèìåòðèê, ïîëàãàÿ

ρα(x, y) = [µ(B(x, d(x, y)))]α

è ïîëó÷èòü òåîðåìû âëîæåíèÿ äëÿ ïðîñòðàíñòâ S1
p(X, ρα, µ), îòëè÷àþùèõñÿ îò òðàäèöè-

îííî ðàññìàòðèâàâøèõñÿ ðàíåå êëàññîâ ôóíêöèé ñîáîëåâñêîãî òèïà.
Â ïåðâîîñíîâå äîêàçàòåëüñòâ òåîðåì âëîæåíèÿ íà êâàçèìåòðè÷åñêèõ ïðîñòðàíñòâàõ ëå-

æèò âûïîëíåíèå àíàëîãà ëåììû Âèòàëè î ïîêðûòèè, èç êîòîðîé ñëåäóåò îãðàíè÷åííîñòü
ìàêñèìàëüíîãî îïåðàòîðà â ïðîñòðàíñòâàõ Ëåáåãà Lp ïðè p > 1. Ïðè äîêàçàòåëüñòâå àíà-
ëîãà ëåììû Âèòàëè íå óäàåòñÿ ïîëíîñòüþ îòêàçàòüñÿ îò óñëîâèÿ C-ñèììåòðè÷íîñòè, íå
õâàòàåò è óñëîâèÿ �ñëàáîé ñèììåòðè÷íîñòè�, èñïîëüçóåìîãî â [3]. Îäíàêî äëÿ íàøèõ öåëåé
îêàçûâàåòñÿ äîñòàòî÷íûì âûïîëíåíèå óñëîâèÿ ñèììåòðè÷íîñòè â �ïðåäåëüíîì ñëó÷àå�: èç
óñëîâèÿ ρ(x, yk)→ 0 ñëåäóåò ρ(yk, x)→ 0 è lim sup(ρ(yk, x)/ρ(x, yk)) ≤ L <∞.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß ÍÀ ÌÅÒÐÈ×ÅÑÊÈÕ

ÏÐÎÑÒÐÀÍÑÒÂÀÕ

ÍÈÊÎËÀÉ ÐÎÌÀÍÎÂÑÊÈÉ

Ïóñòü (X, ρ, µ) � ïðîñòðàíñòâî ñ ìåòðèêîé ρ è áîðåëåâñêîé ìåðîé µ. V ⊂ X � âïîëíå
îãðàíè÷åííîå ìíîæåñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü diam(V ) ≤ 1, µ(V ) ≤ 1.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü ðàçáèåíèé Ξ = {σ0, σ1, σ2,
. . . , σj, . . . } ìíîæåñòâà V íà íåïåðåñåêàþùèåñÿ µ-èçìåðèìûå ìíîæåñòâà Ej

i , i = 1, . . . , n(j),
óäîâëåòâîðÿåò d-óñëîâèþ, åñëè, âî-ïåðâûõ, êàæäîå ïîñëåäóþùåå ðàçáèåíèå ÿâëÿåòñÿ èç-

ìåëü÷åíèåì ïðåäûäóùåãî è, âî-âòîðûõ, âûïîëíÿþòñÿ íåðàâåíñòâà diam(Ej
i ) ≤ C110−j,

µ(Ej
i ) ≥ C210−jd. Áóäåì ïðåäïîëàãàòü, ÷òî ðàçáèåíèå σ0 ñîñòîèò èç åäèíñòâåííîãî ìíîæå-

ñòâà, ò. å. σ0 = {V }.
Îïðåäåëåíèå 2. Ôèêñèðóåì ñåìåéñòâî ôóíêöèé Ak

i , çàäàííûõ íà ìíîæåñòâå Ek
i , òà-

êèõ, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé C3 äëÿ ëþáîé ôóíêöèè A ∈ Ak
i è ìíîæåñòâà Ek

i ∈ σk
âûïîëíÿåòñÿ íåðàâåíñòâî supx∈Ek

i
|A(x)| ≤ C3

µ(Ek
i )

∫
Ek

i
|A(x)| dµ(x). Ïðåäïîëîæèì òàêæå, ÷òî

äëÿ ëþáûõ i, k, ìíîæåñòâî Ak
i çàìêíóòî îòíîñèòåëüíî ëèíåéíûõ êîìáèíàöèé è äëÿ j ≤ k

îãðàíè÷åíèå ëþáîé ôóíêöèè èç Aj
i1
íà Ek

i2
ïðèíàäëåæèò Ak

i2
. Îáîçíà÷èì ÷åðåç Gσk ìíîæå-

ñòâî, ñîñòîÿùåå èç âñåõ ôóíêöèé ñîâïàäàþùèõ íà êàæäîì ìíîæåñòâå Ek
i ðàçáèåíèÿ σk ñ

íåêîòîðîé ôóíêöèåé èç ñåìåéñòâà Aki ∈ Ak
i .

Çàìå÷àíèå 1. Ïåðå÷èñëèì íåêîòîðûå ïîäõîäÿùèå äëÿ îïðåäåëåíèÿ 2 ñåìåéñòâà ôóíê-

öèé Ak
i , ñíà÷àëà â òîì ñëó÷àå, êîãäà Ak

i îäíî è òîæå äëÿ âñåõ i, k.

Ñåìåéñòâî êîíñòàíò óäîâëåòâîðÿåò óñëîâèÿì îïðåäåëåíèÿ 2, ïðè ýòîì â êà÷åñòâå C3

ìîæíî âçÿòü 1.
Ñåìåéñòâî ïîëèíîìîâ, ñòåïåíè íå âûøå ÷åì n òàêæå óäîâëåòâîðÿåò óñëîâèÿì îïðåäåëå-

íèÿ 2. Ïðè ýòîì â êà÷åñòâå C3 ìîæíî âçÿòü n+1. Òàêæå ìû ïðåäïîëàãàåì, ÷òî ìíîæåñòâà

Ek
i âûïóêëû.

Ëþáîå êîíå÷íîìåðíîå ëèíåéíîå ïîäïðîñòðàíñòâî ñåìåéñòâà ïîëèíîìîâ óäîâëåòâîðÿåò

óñëîâèÿì îïðåäåëåíèÿ 2, ïðè ýòîì â êà÷åñòâå C3 ìîæíî âçÿòü íàèáîëüøóþ ñòåïåíü ïî-

ëèíîìà, âõîäÿùåãî â ýòî ñåìåéñòâî ïëþñ îäèí. Òàêæå ìû ïðåäïîëàåì, ÷òî ìíîæåñòâà Ek
i

âûïóêëû.

Çàìå÷àíèå 2. Â êà÷åñòâå ïðèìåðà ïîäõîäÿùèõ äëÿ îïðåäåëåíèÿ 2 ñåìåéñòâ ôóíêöèé

Ak
i ìîæíî ðàññìîòðåòü ôóíêöèè, ãàðìîíè÷åñêèå íà ìíîæåñòâå 2Ek

i .

Îïðåäåëåíèå 3. Ïóñòü îòêðûòîå ìíîæåñòâî V ⊂ X, (X, d, µ) � ìåòðè÷åñêîå ïðî-

ñòðàíñòâî ñ áîðåëåâñêîé ìåðîé, p ∈ [1,∞), r ∈ (0,∞), ïîñëåäîâàòåëüíîñòü ðàçáèåíèé

Ξ = (σ0, σ1, . . . , σj, . . . ) óäîâëåòâîðÿåò d-ñâîéñòâó, u ∈ Lp(V ). Îáîçíà÷èì ìíîæåñòâà èç

êîòîðûõ ñîñòîèò ðàçáèåíèå σj ÷åðåç Ej
i , i = 1, . . . ,m(j). Ïóñòü Aji � ôóíêöèÿ èç Ak

i ,

íàèëó÷øèì îáðàçîì ïðèáëèæàþùàÿ ôóíêöèþ u íà ìíîæåñòâå Ej
i ïî íîðìå ïðîñòðàíñòâà

Lp(V ). Ïðåäïîëîæèì, ÷òî íàéäåòñÿ ôóíêöèÿ hr ∈ Lp(V ) òàêàÿ, ÷òî äëÿ ëþáîãî ìíîæåñòâà

Ek
l ∈ σk, Ek

l ⊂ Ej
i , k ≥ j, âûïîëíÿåòñÿ ðàâåíñòâî

10jrp
∫
Ek

l

|u(x)− Aji (x)|p dµ(x) ≤
∫
Ek

l

(hr(x))p dµ(x). (1)

Òîãäà áóäåì ïèñàòü, ÷òî u ∈ W r,p
Ξ,A,d(V ). Ëþáóþ ôóíêöèþ hr(x), óäîâëåòâîðÿþùóþ íåðà-

âåíñòâó (1), áóäåì íàçûâàòü âåðõíèì ãðàäèåíòîì ïîðÿäêà r ôóíêöèè u. Ïîëóíîðìîé â

Ðàáîòà âûïîëíåíà ïîääåðæêå ãðàíòà ÐÔÔÈ 17-01-00801.
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ïðîñòðàíñòâåW r,p
Ξ,A,d(V ) áóäåì íàçûâàòü ìèíèìóì ‖hr‖Lp(U) ñðåäè âñåõ ôóíêöèé h

r(x), óäî-
âëåòâîðÿþùèõ íåðàâåíñòâó (1), ò. å. ñðåäè âñåõ âåðõíèõ ãðàäèåíòîâ ïîðÿäêà r ôóíêöèè u
è îáîçíà÷àòü [u]W r,p

Ξ,A,d(V ) èëè äëÿ êðàòêîñòè [u]r,pΞ,A,d. Íîðìà â ïðîñòðàíñòâå W
r,p
Ξ,A,d(V ) îïðå-

äåëÿåòñÿ ôîðìóëîé ‖u‖W r,p
Ξ,A,d(V ) := ‖u‖Lp(V ) + [u]W r,p

Ξ,A,d(V ).

Îáîçíà÷èì ÷åðåç Gσk ìíîæåñòâî ôóíêöèé, ñîâïàäàþùèõ íà ìíîæåñòâàõ Ek
i ñ ôóíê-

öèÿìè èç ñåìåéñòâà Ak
i . Òàêóþ ôóíêöèþ ìîæíî îòîæäåñòâèòü ñ âåêòîðîì, êîìïîíåíòû

êîòîðîãî ñóòü çàäàííûå íà Ek
i ôóíêöèè èç Ak

i .
Ðàññìîòðèì ëèíåéíûé îïåðàòîð Lk, ñîïîñòàâëÿþùèé ôóíêöèè gk èç Gσk , êîòîðîé ñîîò-

âåòñòâóåò âåêòîð vk ñ êîìïîíåíòàìè èç Ak
i , ôóíêöèþ Lkgk èç Gσk , êîòîðîé ñîîòâåòñòâóåò

âåêòîð Akvk, ãäå Ak � ìàòðèöà ñ ïîñòîÿííûìè êîìïîíåíòàìè.
Ïðîñòðàíñòâà Ñîáîëåâà ìû îïðåäåëèëè ÷åðåç àïïðîêñèìàöèè ðàññìàòðèâàåìîé ôóíê-

öèè u ôóíêöèÿìè gk èç Gσk .
Íåòðóäíî âèäåòü, ÷òî â åâêëèäîâîì ñëó÷àå ëèíåéíûå äèôôåðåíöèàëüíûé îïåðàòîð Lu

ìîæíî àïïðîêñèìèðîâàòü îïåðàòîðàìè Lkgk. Ýòî ïîçâîëÿåò ñâîäèòü ðåøåíèå íåêîòîðûõ
êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ê ðåøåíèþ ïîñëåäîâàòåëüíîñòè ëèíåé-
íûõ óðàâíåíèé è èçó÷åíèþ ñõîäèìîñòè ñîîòâåòñòâóþùèõ ôóíêöèé ïî íîðìå ïîäõîäÿùåãî
ïðîñòðàíñòâà Ñîáîëåâà.
Èñïîëüçîâàííîå íàìè îïèñàíèå ïðîñòðàíñòâ Ñîáîëåâà îêàçàëîñü óäîáíûì, ñì. [1], äëÿ

äîêàçàòåëüñòâà ðàçëè÷íûõ òåîðåì âëîæåíèÿ.
Îïèñàííûé âûøå ïîäõîä ê ðåøåíèþ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíå-

íèé óäîáåí äëÿ èññëåäîâàíèÿ ðåãóëÿðíîñòè ðåøåíèé ëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé,
âêëþ÷àÿ ñëó÷àé íåãëàäêèõ êîýôôèöèåíòîâ. Ýòîò ïîäõîä ïðèìåíèì òàêæå ê íååâêëèäî-
âîìó ñëó÷àþ, íàïðèìåð ê ñëó÷àþ ãðóïï Êàðíî è ìîæåò áûòü èñïîëüçîâàí äëÿ èçó÷åíèÿ
ñâîéñòâ ðåøåíèé ñóáýëëèïòè÷åñêèõ óðàâíåíèé. Òàêæå îí ïðèìåíèì ê îáùåìó ìåòðè÷åñêî-
ìó ñëó÷àþ ïðè óñëîâèè íåêîãî ñàìîïîäîáèÿ ïîñëåäîâàòåëüíîñòè ðàçáèåíèé σk.
Ïîìèìî ýëëèïòè÷åñêèõ óðàâíåíèé è èõ îáîáùåíèé ìû ðàññìàòðèâàåì ïàðàáîëè÷åñêèå

óðàâíåíèÿ è èõ îáùåíèÿ. Äëÿ ýòîãî ìû ðàññìàòðèâàåò âìåñòî ôóíêöèé, çàäàííûõ íà
ïðîèçâîëüíîì ìåòðè÷åñêîì ïðîñòðàíñòâå ñ ìåðîé X, ôóíêöèè çàäàííûå íà ïðîèçâåäåíèè
R × X, è ïðîâîäèì äèñêðåòèçàöèþ òîëüêî ïî âòîðîé ïåðåìåííîé (ïðèíàäëåæàùåé ìåò-
ðè÷åñêîìó ïðîñòðàíñòâó X). Â ðåçóëüòàòå ìû ïîëó÷àåì âìåñòî ñèñòåì ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé ñèñòåìû îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
Ðåøàÿ ýòè ñèñòåìû, ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ è ïåðåõîäÿ ê ïðåäåëó â ïîäõîäÿùåì
ïðîñòðàíñòâå Ñîáîëåâà ìû ïîëó÷àåì ðåøåíèå èññëåäóåìîé çàäà÷è. Òàêèì îáðàçîì ìîæíî
äîñòàòî÷íî ïðîñòî è åäèíîîáðàçíûì ñïîñîáîì èçó÷àòü ñâîéñòâà ðåøåíèé óëüòðàïàðàáî-
ëè÷åñêèõ óðàâíåíèé, âêëþ÷àÿ óðàâíåíèÿ, îïèñûâàþùèå âàæíûå â ïðèëîæåíèÿõ ìîäåëè,
íàïðèìåð óðàâíåíèÿ Êîëìîãîðîâà.
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Â ðàáîòå [1] ñðåäè ìíîãèõ îòêðûòûõ ïðîáëåì â çàäà÷å ïîä íîìåðîì 6 áûëî âûñêàçàíî
ïðåäïîëîæåíèå, ÷òî âåðíà ñëåäóþùàÿ
Òåîðåìà. Àëãåáðàè÷åñêèé îáúåì íåæåñòêîãî îðèåíòèðóåìîãî ñèìïëèöèàëüíîãî ìíî-

ãîãðàííèêà ÿâëÿåòñÿ êðàòíûì êîðíåì åãî ìíîãî÷ëåíà îáúåìà.
Íàïîìíèì, ÷òî ìíîãî÷ëåíîì îáúåìà ñèìïëèöèàëüíîãî îðèåíòèðóåìîãî ìíîãîãðàííèêà

ñ êîìáèíàòîðíûì ñòðîåíèåì K è ñ èçâåñòíûìè äëèíàìè ðåáåð íàçûâàåòñÿ ìíîãî÷ëåí âèäà

(1) Q(V, l) = V 2N +
N∑
i=1

ai(l)V
2N−2i,

ãäå êîýôôèöèåíòû ai(l) òîæå íåêîòîðûå ìíîãî÷ëåíû îò ñîâîêóïíîñòè l êâàäðàòîâ äëèí
ðåáåð ðàññìàòðèâàåìîãî ìíîãîãðàííèêà, çàâèñÿùèå îò K; òî÷íîå îïðåäåëåíèå ñì. â [1].
Òàê êàê ëþáîé èçãèáàåìûé ìíîãîãðàííèê ÿâëÿåòñÿ íåæåñòêèì, òî âåðíî òàêæå òàêîå
Ñëåäñòâèå. Îáúåì ëþáîãî èçãèáàåìîãî ìíîãîãðàííèêà ÿâëÿåòñÿ êðàòíûì êîðíåì ñâî-

åãî ìíîãî÷ëåíà îáúåìà.

Êðàòêî èçëîæèì èäåþ äîêàçàòåëüñòâà òåîðåìû. Ïóñòü âR3 äàí îðèåíòèðîâàííûé íåæåñò-
êèé ñèìïëèöèàëüíûé ìíîãîãðàííèê P ïðîèçâîëüíîãî êîìáèíàòîðíîãî ñòðîåíèÿ ñ n âåð-
øèíàìè. Ïóñòü òî÷êè Mi(xi, yi, zi), 1 ≤ i ≤ n, ÿâëÿþòñÿ åãî âåðøèíàìè. Íåæåñòêîñòü

ìíîãîãðàííèêà îçíà÷àåò, ÷òî ñóùåñòâóþò âåêòîðû Zi = {ξi, ηi, ζi}, êîìïîíåíòû êîòîðûõ
óäîâëåòâîðÿþò ñèñòåìå ëèíåéíûõ óðàâíåíèé

(2) (xi − xj)(ξi − ξj) + (yi − yj)(ηi − ηj) + (zi − zj)(ζi − ζj) = 0,

âûïèñàííûõ ïî âñåì ðåáðàì (i, j) ∈ E ìíîãîãðàííèêà (ãäå ÷åðåç E îáîçíà÷åíî ìíîæåñòâî
âñåõ ðåáåð, à èíäåêñû i è j ñîîòâåòñòâóþò íîìåðàì êîíöåâûõ âåðøèí ðåáåð). Âåêòîðû
Zi ñîñòàâëÿþò ïîëå áåñêîíå÷íî ìàëîãî èçãèáàíèÿ (á.ì.è.) ìíîãîãðàííèêà, çàäàííîå ýòèìè
âåêòîðàìè â ñîîòâåòñòâóþùèõ âåðøèíàõ ìíîãîãðàííèêà. ×òîáû èñêëþ÷èòü òðèâèàëüíûå
á.ì.è. (ò.å.ïîðîæäåííûå íà÷àëüíûìè ñêîðîñòÿìè íåêîòîðîãî äâèæåíèÿ ìíîãîãðàííèêà êàê
òâåðäîãî òåëà), äîáàâëåíèåì òðèâèàëüíîãî á.ì.è. ìîæíî äîáèòüñÿ, ÷òîáû â âåðøèíàõ îä-
íîé ïðîèçâîëüíî âûáðàííîé íåâûðîæäåííîé ãðàíè ïîëå á.ì.è. áûëî ðàâíî íóëþ. Òîãäà
ïîëó÷àåì ñèñòåìó (2) èç 3n − 9 + 6g óðàâíåíèé ñ 3n − 9 íåèçâåñòíûìè, ãäå ÷åðåç g ≥ 0
îáîçíà÷åí ðîä ìíîãîãðàííèêà.
Ââåäåì â ðàññìîòðåíèå íîâûå ìíîãîãðàííèêè Pε ñ êîîðäèíàòàìè âåðøèí (xi + εξi, yi +

εηi, zi + εζi) ñ òåì æå êîìáèíàòîðíûì ñòðîåíèåì, ÷òî è ðàññìàòðèâàåìûé ìíîãîãðàííèê
P = P0. Àëãåáðàè÷åñêèé îáúåì ìíîãîãðàííèêà îïðåäåëÿåòñÿ êàê ñóììà îðèåíòèðîâàííûõ
îáúåìîâ òåòðàýäðîâ ñ ïðîèçâîëüíîé îáùåé âåðøèíîé è ñ îñíîâàíèÿìè íà ñîãëàñîâàííî
îðèåíòèðîâàííûõ ãðàíÿõ ìíîãîãðàííèêà.Ýòó îáùóþ âåðøèíó ìîæíî âçÿòü â îäíîé èç
âåðøèí ñàìîãî ìíîãîãðàííèêà è îáúÿâèòü ýòó âåðøèíó íà÷àëîì êîîðäèíàò O. Òîãäà îáúåì
òåòðàýäðà ñ îñíîâàíèåì íà ãðàíè ñ âåðøèíàìèMi,Mj,Mk ïðåäñòàâëÿåòñÿ êàê øåñòàÿ ÷àñòü
ñìåøàííîãî ïðîèçâåäåíèÿ âåêòîðîâ OMi, OMj, OMk. Ïðè ïåðåõîäå ê ìíîãîãðàííèêó Pε

îáúåì êàæäîãî ñîîòâåòñòâóþùåãî òåòðàýäðà èìååò âèä

Vijk(ε) =
1

6
det

 xi + εξi yi + εηi zi + εζi
xj + εξj yj + εηj zj + εζj
xk + εξk yk + εηk zk + εζk


Ðàñêðûâ ýòîò îïðåäåëèòåëü, äëÿ âñåãî îáúåìà V (Pε) ïîëó÷àåì ïðåäñòàâëåíèå

(3) V (Pε) = V0 + εV1 + ε2V2 + ε3V3,
68
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ãäå

(4) V1=
1

6

∑
i,j,k

[det

 ξi yi zi
ξj yj zj
ξk yk zk

+det

 xi ηi zi
xj ηj zj
xk ηk zk

+det

 xi yi ζi
xj yj ζj
xk yk ζk

]

(5) V3 =
1

6

∑
i,j,k

det

 ξi ηi ζi
ξj ηj ζj
ξk ηk ζk

 .

ñ ñóììèðîâàíèåì ïî âñåì ñîãëàñîâàííî îðèåíòèðîâàííûì ãðàíÿì.
Êâàäðàòû äëèí ðåáåð ìíîãîãðàííèêà Pε ñ ó÷åòîì óðàâíåíèé (2) ðàâíû l2ij(ε) = l2ij +

ε2L2
ij, ãäå L

2
ij = (ξi − ξj)2 + (ηi − ηj)2 + (ζi − ζj)2, ñëåäîâàòåëüíî, ìíîãîãðàííèêè Pε è P−ε

èçîìåòðè÷íû. Ïåðåíóìåðóåì, äëÿ óäîáñòâà çàïèñè, âñå ðåáðà íîìåðàìè k, 1 ≤ k ≤ |E|.
Îáîçíà÷èì ñîâîêóïíîñòü êâàäðàòîâ äëèí l2ij(ε) êàê lε. Òàê êàê ìíîãîãðàííèêè P±ε èìåþò
òî æå êîìáèíàòîðíîå ñòðîåíèå, ÷òî è P , òî äëÿ íèõ ìíîãî÷ëåí îáúåìà èìååò òîò æå âèä:

(6) Q(V, l, ε) = V 2N(ε) +
N∑
i=1

ai(lε)V
2N−2i(ε) = 0,∀ε.

Ýòîò ìíîãî÷ëåí ïðè ε = 0 ïðåâðàùàåòñÿ â ìíîãî÷ëåí äëÿ îáúåìà V0 = V (0) èñõîäíîãî
ìíîãîãðàííèêà. Åñëè â ïðåäñòàâëåíèè (3) õîòÿ áû îäèí èç êîýôôèöèåíòîâ V1 èëè V3 íå
ðàâåí íóëþ (íàïðèìåð, òàê áóäåò, åñëè åñòü õîòÿ áû îäíà âåðøèíà, çâåçäà êîòîðîé âñÿ
ëåæèò íà îäíîé ïëîñêîñòè), òîãäà ìíîãî÷ëåí Q(V, l, ε) â (6) áóäåò èìåòü äâà ðàçíûõ êîðíÿ,
êîòîðûå ïðè ε→ 0 ïðåâðàòÿòñÿ â äâîéíîé êîðåíü ìíîãî÷ëåíà Q(V, l), è òåì ñàìûì â ýòîì
ñëó÷àå òåîðåìà äîêàçàíà.
Îñòàåòñÿ ðàññìîòðåòü ñëó÷àé, êîãäà V1 = V3 = 0. Ïëàí òàêîé - áóäåì èñêàòü â ïðîèç-

âîëüíî ìàëîé îêðåñòíîñòè íåæåñòêîãî ìíîãîãðàííèêà P äðóãèå íåæåñòêèå ìíîãîãðàííèêè,
÷òîáû äëÿ íèõ îäèí èç ýòèõ êîýôôèöèåíòîâ â ôîðìóëå âèäà (3) áûë îòëè÷åí îò íóëÿ; òî-
ãäà èõ ìíîãî÷ëåí îáúåìà áóäåò èìåòü êðàòíûé êîðåíü, è â ïðåäåëå ìíîãî÷ëåí îáúåìà äëÿ
P òîæå áóäåò ñ êðàòíûì êîðíåì.
Èñïîëüçóÿ àôôèíóþ èíâàðèàíòíîñòü ñâîéñòâà íåæåñòêîñòè, ìîæíî ïîêàçàòü, ÷òî â

ïðåäïîëîæåíèè ðàâåíñòâà íóëþ ïåðâîé âàðèàöèè îáúåìà äëÿ âñåõ àôôèíî áëèçêèõ ê P
ìíîãîãðàííèêîâ ïîëó÷àåì, ÷òî ðàññìàòðèâàåìîå ïîëå á.ì.è. ìíîãîãðàííèêà P äîëæíî óäî-
âëåòâîðÿòü ðàâåíñòâàì

(7)
∑
i,j,k

det

 xi yi ζi
xj yj ζj
xk yk ζk

=0,
∑
i,j,k

det

 xi ηi zi
xj ηj zj
xk ηk zk

=0,
∑
i,j,k

det

 ξi yi zi
ξj yj zj
ξk yk zk

=0.

Òðåáîâàíèå âûïîëíåíèÿ òàêèõ æå ðàâåíñòâ äëÿ àôôèííî áëèçêèõ ìíîãîãðàííèêîâ äàåò
åùå òðè óñëîâèÿ íà ïîëå á.ì.è. Ñ äîáàâëåíèåì ýòèõ øåñòè óðàâíåíèé ê ñèñòåìå (2) ïîëó÷à-
åì, ÷òî ðàíã ñèñòåìû óâåëè÷èâàåòñÿ, ÷òî è ïîçâîëÿåò ïîëó÷èòü íåîáõîäèìîå óòâåðæäåíèå.
Äðóãîé ïîäõîä: åñëè Q′V 6= 0, òîãäà âñå ìàëûå äèàãîíàëè èìåþò íóëåâóþ âàðèàöèþ, ÷òî

ïðèâîäèò ê ñóùåñòâîâàíèþ âåðøèí ñ ïëîñêîé çâåçäîé, à çíà÷èò, ê âåðíîñòè òåîðåìû.
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ÏÎËÓÃÐÓÏÏÛ ÝÍÄÎÌÎÐÔÈÇÌÎÂ ÊÀÒÅÃÎÐÍÛÕ

ÒÎÏÎËÎÃÈ×ÅÑÊÈÕ ÏÐÎÑÒÐÀÍÑÒÂ

Å. Å. ÑÊÓÐÈÕÈÍ

Ïóñòü K êàòåãîðèÿ, k = {ki ∈ Ob(K) | i ∈ I}, l = {lj ∈ Ob(K) | j ∈ J} ñåìåéñòâà îáúåêòîâ
êàòåãîðèè K. Áóäåì íàçûâàòü p-ñõåìîé âïèñûâàíèÿ k â l ëþáóþ ïàðó (p,p), ãäå p : I → J
îòîáðàæåíèå ìíîæåñòâ, p = {pi : ki → lp(i) | i ∈ I} � ñåìåéñòâî ìîðôèçìîâ êàòåãîðèè K.
Åñëè m = {mk | k ∈ K}, (p′,p′) � p′-ñõåìà âïèñûâàíèÿ l â m, p′ : J → K, p′ = {p′j : lj →

mp′(j) | j ∈ J}, òî îïðåäåëèì p′ ◦ p-ñõåìó âïèñûâàíèÿ k â m, ïîëàãàÿ (p′,p′) ◦ (p,p)=(p′ ◦
p,p′ ◦ p), ãäå p′ ◦ p = {p′p(i) ◦ pi : ki → mp′(p(i)) | i ∈ I}.
Áóäåì íàçûâàòü (p′ ◦ p,p′ ◦ p) ñóïåðïîçèöèåé ñõåì âïèñûâàíèÿ (p′,p′) è (p,p).
Òîæäåñòâåííóþ 1I-ñõåìó âïèñûâàíèÿ {1ki : ki → ki | i ∈ I} k â k áóäåì îáîçíà÷àòü 1k.
Êàê ïðàâèëî, îáîçíà÷åíèå (p,p) áóäåì ñîêðàùàòü äî p è p-ñõåìó âïèñûâàíèÿ íàçûâàòü

ñõåìîé âïèñûâàíèÿ.
Òàêèì îáðàçîì, îïðåäåëåíà êàòåãîðèÿ S(K), îáúåêòû êîòîðîé � ýòî âñå ñåìåéñòâà k =
{ki ∈ Ob(K) | i ∈ I} îáúåêòîâ êàòåãîðèè K, HomS(K)(k, l) ìíîæåñòâî âñåõ ñõåì âïèñûâà-
íèÿ k â l, à ñóïåðïîçèöèåé ÿâëÿåòñÿ p′ ◦ p. Ïðè ýòîì åäèíèöåé, òî åñòü òîæäåñòâåííûì
ìîðôèçìîì k→ k ÿâëÿåòñÿ òîæäåñòâåííàÿ ñõåìà âïèñûâàíèÿ 1k.
Ïóñòü D : Ko → Set ïðåäïó÷îê ìíîæåñòâ íà êàòåãîðèè K, òî åñòü êîíòðàâàðèàíòíûé

ôóíêòîð íà K íà êàòåãîðèè ìíîæåñòâ. Åñëè f : l → k ìîðôèçì, s ∈ D(k), òî ÷åðåç
sf áóäåì îáîçíà÷àòü D(f)(s) ∈ D(l). Êàòåãîðèÿ ïðåäïó÷êîâ ìíîæåñòâ ñ åñòåñòâåííûìè
ïðåîáðàçîâàíèÿìè â êà÷åñòâå ìîðôèçìîâ, êîòîðûå ìû áóäåì íàçûâàòü ãîìîìîðôèçìàìè
ïðåäïó÷êîâ, îáîçíà÷àåòñÿ K̂. Òàêèì îáðàçîì, HomK̂(D,E) � ýòî ìíîæåñòâî âñåõ ãîìîìîð-
ôèçìîâ ïðåäïó÷êà D â ïðåäïó÷îê E.
Ïóñòü α = {si ∈ D(ki) | i ∈ I} ∈

∏
i∈I D(ki). ×åðåç Dα îáîçíà÷àåòñÿ ìèíèìàëüíûé

ïðåäïó÷îê, ñîäåðæàùèé α. Åñëè E ïðåäïó÷îê ìíîæåñòâ, òî H0(α,E) ⊂
∏

i∈I E(ki) îïðå-
äåëÿåòñÿ òàê:
γ = {ri ∈ E(ki) | i ∈ I} ∈ H0(α,E) ⇔ ∀i, i′ ∈ I,∀k ∈ Ob(K),∀g : k → ki, h : k → ki′ , èç

òîãî, ÷òî sig = si′h ñëåäóåò rig = ri′h.
Åñëè u : D → E ãîìîìîðôèçì ïðåäïó÷êîâ ìíîæåñòâ, òî u(α) = {u(si) ≡ u(ki)(si) ∈

E(ki) | i ∈ I} ∈
∏

i∈I E(ki).
Ïóñòü β = {tj ∈ D(lj) | j ∈ J} ∈

∏
j∈J D(lj). Îáîçíà÷èì p∗(β) = {tp(i)pi ≡ D(pi)(tp(i)) ∈

D(ki) | i ∈ I} ∈
∏

i∈I D(ki)
Íàçîâ¼ì ñòàáèëèçàòîðîì β è áóäåì îáîçíà÷àòü stDβ êëàññ âñåõ ïàð (p1,p2) ñõåì âïèñû-

âàíèÿ, òàêèõ, ÷òî p1
∗β = p2

∗β.
Îïðåäåëèì òàêæå îòîáðàæåíèå p̂ íà ìíîæåñòâå ïàð ñõåì âïèñûâàíèÿ, çàäàâàåìîå ðà-

âåíñòâîì p̂(p1,p2) = (p ◦ p1,p ◦ p2).

Òåîðåìà. Ïóñòü K êàòåãîðèÿ, D,E, F ïðåäïó÷êè ìíîæåñòâ íà K, α = {si ∈ D(ki) | i ∈
I}, β = {tj ∈ D(lj) | j ∈ J}, γ = {ri ∈ E(ki) | i ∈ I}, δ = {vk ∈ E(mk) | k ∈ K}.
1). Ïóñòü D ïðåäïó÷îê ìíîæåñòâ íà êàòåãîðèè K, p : k → l ñõåìà âïèñûâàíèÿ. Òîãäà

stD(p
∗β) = p̂−1(stDβ).

2). Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
(1) Ñóùåñòâóåò ãîìîìîðôèçì ïðåäïó÷êîâ u : Dα → E, òàêîé, ÷òî u(α) = γ
(2) γ ∈ H0(α,E)
(3) stD(α) ⊂ stE(γ).
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3). Ïóñòü q : k → m ñõåìà âïèñûâàíèÿ. Îáîçíà÷èì ÷åðåç uq : Dα → Eδ òàêîé (åäèí-
ñòâåííûé) ãîìîìîðôèçì, ÷òî uq(α) = q∗(δ). ×åðåç H(α, δ) îáîçíà÷èì ìíîæåñòâî âñåõ ñõåì
âïèâûâàíèÿ q : k→m, äëÿ êîòîðûõ ñóùåñòâóåò uq.
a). Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
(1) q ∈ H(α, δ).
(2) q∗(δ) ∈ H0(α,E).
(3) stD(α) ⊂ q̂−1(stE(δ)
(3') q̂(stD(α) ⊂ stE(δ).
b). ∀q1,q2 ∈ H(α, δ), uq1 = uq2 ⇔ (q1,q2) ∈ stE(δ).
c). Ïóñòü n = {nl | l ∈ L}, h : m → n ñõåìà âïèñûâàíèÿ, ε = {vl ∈ F (nl) | l ∈ L}.

(q : k→m ∈ H(α, δ), h ∈ H(δ, ε).
Òîãäà (h ◦ q : k→ n) ∈ H(α, ε) è uh◦q = uh ◦ uq.
4). Ïóñòü H = HomS(K)(k,k) � ïîëóãðóïïà îòíîñèòåëüíî ñóïåðïîçèöèè ñõåì âïèñûâà-

íèÿ, R = (H × H) ∩ stD(α). Îïðåäåëèì N(R) ⊂ H, ïîëàãàÿ q ∈ N(R) ⇔ ∀(q1,q2) ∈
R, (q ◦ q1,q ◦ q2) ∈ R.
Òîãäà:
a). N(R) = H(α, α),
b). Q = (N(R) × N(R)) ∩ R ÿâëÿåòñÿ ïîëóãðóïïîâîé êîíãðóýíöèåé íà N(R) è èìååòñÿ

èçîìîðôèçì ïîëóãðóïï ñ åäèíèöåé N(R)/Q→ HomK̂(Dα, Dα).

Îòìåòèì, ÷òî ÷àñòíûìè ñëó÷àÿìè äàííîé òåîðåìû ÿâëÿþòñÿ òåîðåòèêî-êàòåãîðíàÿ ëåì-
ìà Èîíåäû, òåîðåìà îá îïèñàíèè ãðóïïû àâòîìîðôèçìîâ òîïîëîãè÷åñêîãî íàêðûòèÿ, à
òàêæå îïèñàíèå ïîëóãðóïïû ýíäîìîðôèçìîâ M -ìíîæåñòâà, òî åñòü ìíîæåñòâà, íà êîòî-
ðîì äåéñòâóåò ìîíîèä M .
Ïåðåõîä îò êàòåãîðèè K ê êàòåãîðèè S(K) ïîçâîëÿåò èçó÷àòü êîãîìîëîãèè ñåìåéñòâ, êàê

êîãîìîëîãèè îäíîãî îáúåêòà, î ÷¼ì òàêæå ïðåäïîëàãàåòñÿ ðàññêàçàòü â äîêëàäå.
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Â ðàáîòå ïîëó÷åíà îöåíêà ñâåðõó ðàçìåðíîñòåé ãðóïï àôôèííûõ è ïðîåêòèâíûõ ïðåîáðà-
çîâàíèé â ïðîñòðàíñòâàõ ñ ëèíåéíîé ñâÿçíîñòüþ áåç êðó÷åíèÿ.
Ïðèâåä¼ì íåîáõîäèìûå îïðåäåëåíèÿ è ôàêòû. Ïóñòü M � ñâÿçíîå n-ìåðíîå âåùåñòâåí-

íîå ìíîãîîáðàçèå êëàññà C∞, ∇ � ëèíåéíàÿ ñâÿçíîñòü áåç êðó÷åíèÿ, çàäàííàÿ íà M .
Äèôôåðåíöèðóåìîå îòîáðàæåíèå f : M → M íàçûâàåòñÿ àôôèííûì ïðåîáðàçîâàíèåì
ïðîñòðàíñòâà (M,∇), åñëè df(∇YZ) = ∇dfY dfZ äëÿ ëþáûõ âåêòîðíûõ ïîëåé Y, Z íà M .
Çäåñü df � äèôôåðåíöèàë îòîáðàæåíèÿ f . Ñîâîêóïíîñòü âñåõ àôôèííûõ ïðåîáðàçîâàíèé
ïðîñòðàíñòâà (M,∇) îáðàçóåò ãðóïïó, êîòîðàÿ îáîçíà÷àåòñÿ Aff(M). Èçâåñòíî, ÷òî ýòà
ãðóïïà ÿâëÿåòñÿ ãðóïïîé Ëè ïðåîáðàçîâàíèé îòíîñèòåëüíî êîìïàêòíî îòêðûòîé òîïîëî-
ãèè â ðàññëîåíèè ëèíåéíûõ ðåïåðîâ P (M,G) ñî ñòðóêòóðíîé ãðóïïîé G = GL(n;R) [1].
Âåêòîðíîå ïîëå X íà M íàçûâàåòñÿ èíôèíèòåçèìàëüíûì àôôèííûì ïðåîáðàçîâàíèåì
â M , åñëè äëÿ êàæäîé òî÷êè x ∈ M ëîêàëüíàÿ 1-ïàðàìåòðè÷åñêàÿ ãðóïïà ëîêàëüíûõ
ïðåîáðàçîâàíèé ϕt ñîñòîèò èç àôôèííûõ ïðåîáðàçîâàíèé. Íåîáõîäèìûì è äîñòàòî÷íûì
óñëîâèåì òîãî, ÷òî âåêòîðíîå ïîëå X ÿâëÿåòñÿ èíôèíèòåçèìàëüíûì àôôèííûì ïðåîáðà-
çîâàíèåì, ÿâëÿåòñÿ óñëîâèå LX∇ = 0, ãäå LX∇ � òåíçîðíîå ïîëå òèïà (1, 1), íàçûâàåìîå
ïðîèçâîäíîé Ëè ëèíåéíîé ñâÿçíîñòè ∇ îòíîñèòåëüíî âåêòîðíîãî ïîëÿ X.
Ìíîæåñòâî g(M) âñåõ èíôèíèòåçèìàëüíûõ àôôèííûõ ïðåîáðàçîâàíèé îáðàçóåò àëãåá-

ðó Ëè îòíîñèòåëüíî îïåðàöèè ñëîæåíèÿ, óìíîæåíèÿ íà äåéñòâèòåëüíûå ÷èñëà è îïåðàöèè
êîììóòèðîâàíèÿ âåêòîðíûõ ïîëåé, ïðè÷¼ì dimRg(M) = dimRAff(M).
Óðàâíåíèå LX∇ = 0 â ëîêàëüíûõ êîîðäèíàòàõ (xi) èìååò âèä:

(1) ∂j∂kX
i + Γi

mk∂jX
m + Γi

jm∂kX
m − Γm

jk∂mX
i +Xm∂mΓi

jk = 0.

Çäåñü X i � êîîðäèíàòû âåêòîðíîãî ïîëÿ X: X = X i∂i(∂i = ∂
∂xi ), Γi

jk � êîýôôèöèåíòû

ëèíåéíîé ñâÿçíîñòè∇:∇∂j∂k = Γi
jk∂i. Ââåäÿ íîâûå ôóíêöèè X

i
j = ∂jX

i, ñèñòåìó (1) ìîæíî
ïðåäñòàâèòü â âèäå ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà,

(2) ∂jX
i = X i

j, ∂jX
i
k = −Γi

mk∂jX
m − Γi

jm∂kX
m + Γm

jk∂mX
i −Xm∂mΓi

jk,

ðàçðåøåííîé îòíîñèòåëüíî âñåõ ïðîèçâîäíûõ.
Ïåðâóþ ñåðèþ óñëîâèé èíòåãðèðóåìîñòè ñèñòåìû (2) ìîæíî ïðåäñòàâèòü â âèäå

(3) Xm∂mR
i
jkl +R(ijkl|sm)Xm

s = 0,

ãäå

R(ijkl|sm) = δsjR
i
mkl + δskR

i
jml + δslR

i
jkm − δimRs

jkl.

Ñèñòåìó ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé (3), ñîäåðæàùóþ n2+n íåèçâåñòíûõ Xm, Xm
s ,

áóäåì èñïîëüçîâàòü äëÿ îöåíêè ñâåðõó ðàçìåðíîñòåé àëãåáðû Ëè g(M) â ñëó÷àå, êîãäà
òåíçîðíîå ïîëå R êðèâèçíû ñâÿçíîñòè ∇ óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
(1) êîìïîíåíòû âèäà Ri1

i2i2i3
ðàâíû íóëþ âî âñåõ êîîðäèíàòíûõ îêðåñòíîñòÿõ êàæäîé

òî÷êè p ∈M äëÿ ïîïàðíî ðàçëè÷íûõ èíäåêñîâ i1, i2, i3;
(2) ñóùåñòâóåò êîîðäèíàòíàÿ îêðåñòíîñòü òî÷êè q ∈ M , â êîòîðîé Ri1

i2i3i4
(q) 6= 0 äëÿ

ïîïàðíî ðàçëè÷íûõ èíäåêñîâ i1, i2, i3, i4;
(3) â òîæäåñòâå Áèàíêè ðàâåíñòâî, ñîäåðæàùåå ýòó êîìïîíåíòó, ÿâëÿåòñÿ íåïîëíûì

(òîëüêî äâà îòëè÷íûõ îò íóëÿ ñëàãàåìûõ). Èìååò ìåñòî
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Òåîðåìà 1. Ìàêñèìàëüíàÿ ðàçìåðíîñòü àëãåáð Ëè g(∇) ïðîñòðàíñòâ ñî ñâÿçíîñòüþ
∇ ðàçìåðíîñòè n, óäîâëåòâîðÿþùèõ ïåðå÷èñëåííûì óñëîâèÿì (1), (2) è (3), ðàâíà òî÷íî
n2 − 3n+ 6(n ≥ 4).

Òî÷íîñòü ýòîé îöåíêè óñòàíàâëèâàåòñÿ íà îñíîâàíèè ïðèìåðà ïðîñòðàíñòâà (R,∇), ãäå
ëèíåéíàÿ ñâÿçíîñòü ∇ çàäàåòñÿ êîìïîíåíòàìè Γ1

23 = x4, äðóãèå Γk
ij = 0, ïðåäëîæåííîãî Ã.

Âðàí÷àíó. È.Ï. Åãîðîâ óñòàíîâèë, ÷òî äëÿ ýòîé ñâÿçíîñòè dimRg(∇) = n2− 3n+ 6. Òàêèì
îáðàçîì, èìååò ìåñòî

Òåîðåìà 2.Ìàêñèìàëüíàÿ ðàçìåðíîñòü ãðóïï Aff(M) àôôèííûõ ïðåîáðàçîâàíèé ïðî-
ñòðàíñòâà (M,∇) ðàçìåðíîñòè n, ãäå ∇ óäîâëåòâîðÿåò óñëîâèÿì (1), (2) è (3), ðàâíà òî÷íî
n2 − 3n+ 6.

Ýòè ðåçóëüòàòû ïîçâîëÿþò äàòü îöåíêó ñâåðõó ðàçìåðíîñòåé àëãåáð Ëè èíôèíèòåçèìà-
ëüíûõ ïðîåêòèâíûõ ïðåîáðàçîâàíèé g̃(∇) è ãðóïï ïðîåêòèâíûõ ïðåîáðàçîâàíèé â (M,∇).
Èçâåñòíî, ÷òî âåêòîðíîå ïîëåX íàçûâàåòñÿ èíôèíèòåçèìàëüíûì ïðîåêòèâíûì ïðåîáðà-

çîâàíèåì ïðîñòðàíñòâà (M,∇), åñëè LX∇(Y, Z) = ω(Y )Z+ω(Z)Y äëÿ íåêîòîðîé 1-ôîðìû
ω [2]. È.Ï. Åãîðîâûì äîêàçàíî, ÷òî äëÿ íåïðîåêòèâíî-ïëîñêèõ ïðîñòðàíñòâ (M,∇) äëÿ
îöåíêè ðàçìåðíîñòè g̃(∇) ìîæíî èñïîëüçîâàòü ñèñòåìó, ïîëó÷åííóþ èç ñèñòåìû (3), çàìå-
íèâ êîìïîíåíòû Ri

jkl íà ñîîòâåòñòâóþùèå êîìïîíåíòû òåíçîðíîãî ïîëÿ Âåéëÿ W i
jkl. Òîãäà

â ðàññìàòðèâàåìîì ñëó÷àå èìåþò ìåñòî

Òåîðåìà 3.Ìàêñèìàëüíàÿ ðàçìåðíîñòü àëãåáð Ëè g̃(∇) èíôèíèòåçèìàëüíûõ ïðîåêòèâ-
íûõ ïðåîáðàçîâàíèé ïðîñòðàíñòâà (M,∇) ðàçìåðíîñòè n, ãäå ∇ óäîâëåòâîðÿåò óñëîâèÿì
(1), (2) è (3), ðàâíà òî÷íî n2 − 3n+ 6(n ≥ 4).

Òåîðåìà 4.Ìàêñèìàëüíàÿ ðàçìåðíîñòü ãðóïïû ïðîåêòèâíûõ ïðåîáðàçîâàíèé ïðîñòðàí-
ñòâà (M,∇) ðàçìåðíîñòè n, ãäå ∇ óäîâëåòâîðÿåò óñëîâèÿì (1), (2) è (3), ðàâíà òî÷íî
n2 − 3n+ 6(n ≥ 4).
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ÂÍÓÒÐÅÍÍßß ÃÅÎÌÅÒÐÈß ÏÎÂÅÐÕÍÎÑÒÈ Â ÃÐÓÏÏÅ
ÏÎËÓÀÔÔÈÍÍÛÕ ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ ÅÂÊËÈÄÎÂÎÉ ÏËÎÑÊÎÑÒÈ

ÌÀÊÑÈÌ ÒÐßÌÊÈÍ

Â ðèìàíîâîé ãåîìåòðèè ïîäðîáíî ðàçðàáîòàíû ñïîñîáû îïèñàíèÿ êðèâèçíû ìíîãîîáðà-
çèÿ (òåíçîð êðèâèçíû, ñåêöèîííàÿ êðèâèçíà è ò. ä.). Èíà÷å îáñòîèò äåëî â ñóáðèìàíîâîé
ãåîìåòðèè: ñðàâíèòåëüíî íåäàâíî ïîÿâèëèñü ðàáîòû, â êîòîðûõ ïðåäëàãàþòñÿ ðàçëè÷íûå
ïîäõîäû ê âûÿñíåíèþ ñîäåðæàíèÿ ïîíÿòèÿ êðèâèçíû äëÿ ñóáðèìàíîâîãî ìíîãîîáðàçèÿ.
Êàê ïðåäñòàâëÿåòñÿ, ñàìûå çàìåòíûå èç íèõ � ýòî âàðèàöèîííûé ïîäõîä ([1]) è ìåòîä
ðèìàíîâûõ ïðèáëèæåíèé. Ïîñëåäíèé îñíîâàí íà èçâåñòíîì ðåçóëüòàòå Ì. Ãðîìîâà ([2])
î òîì, ÷òî ñóáðèìàíîâî ìíîãîîáðàçèå ñ ìåòðèêîé Êàðíî�Êàðàòåîäîðè ÿâëÿåòñÿ ïîòî-
÷å÷íûì ïðåäåëîì â ñìûñëå Ãðîìîâà�Õàóñäîðôà íåêîòîðîãî ñåìåéñòâà ðèìàíîâûõ ïðî-
ñòðàíñòâ.
Òåõíèêà ðèìàíîâûõ ïðèáëèæåíèé îêàçàëàñü ïëîäîòâîðíîé: íà åå îñíîâå áûëî ââåäåíî

ïîíÿòèå ãîðèçîíòàëüíîé ñðåäíåé êðèâèçíû ïîâåðõíîñòè â ãðóïïå Ãåéçåíáåðãà H1 ([3],[4]),
ïîëó÷åíû îöåíêè ôóíäàìåíòàëüíîãî ðåøåíèÿ ñóáðèìàíîâà ëàïëàñèàíà ([5]), äîêàçàí àíà-
ëîã òåîðåìû Ãàóññà�Áîííå äëÿ ãðóïïû H1 ([6]) è äð. Â ñòàòüå [6], ïîìèìî ïðî÷åãî, îïðå-
äåëåíà ñóáðèìàíîâà êðèâèçíà åâêëèäîâîé C2-ãëàäêîé ðåãóëÿðíîé êðèâîé, ëåæàùåé â H1.
Öåëü íàñòîÿùåãî äîêëàäà � èçëîæèòü ðåçóëüòàòû, êàñàþùèåñÿ âíóòðåííåé ãåîìåòðèè

åâêëèäîâîé C2-ãëàäêîé ðåãóëÿðíîé ïîâåðõíîñòè, ëåæàùåé â ãðóïïå A+(R) × R ïîëóàô-
ôèííûõ ïðåîáðàçîâàíèé åâêëèäîâîé ïëîñêîñòè. Ýòà ãðóïïà âõîäèò â ñïèñîê òðåõìåðíûõ
ãðóïï Ëè, äîïóñêàþùèõ íàäåëåíèå íåòðèâèàëüíîé ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé ñòðóê-
òóðîé. Åå ýëåìåíòû � ýòî ïðåîáðàçîâàíèÿ åâêëèäîâîé ïëîñêîñòè, êîòîðûå âäîëü îäíîé
îñè äåéñòâóþò êàê ñäâèãè, à âäîëü äðóãîé � êàê àôôèííûå îòîáðàæåíèÿ, ñîõðàíÿþùèå
îðèåíòàöèþ. Ñëåäóÿ ðàáîòå [6], ìû áëàãîäàðÿ ìåòîäó ðèìàíîâûõ ïðèáëèæåíèé ïîëó÷àåì
ñóáðèìàíîâû àíàëîãè äëÿ ãåîäåçè÷åñêîé êðèâèçíû êðèâîé è äëÿ ãàóññîâîé êðèâèçíû ïî-
âåðõíîñòè. Ýòè ðåçóëüòàòû ïðèìåíÿþòñÿ ê ïîëó÷åíèþ âåðñèè òåîðåìû Ãàóññà�Áîííå íà
ãðóïïå A+(R)× R.
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ÎÁÎÁÙÅÍÈÅ ÍÅÊÎÒÎÐÛÕ ÃÅÎÌÅÒÐÈ×ÅÑÊÈÕ ÓÒÂÅÐÆÄÅÍÈÉ,
ÑÂßÇÀÍÍÛÕ Ñ ÑÅÍÑÎÐÍÛÌÈ ÑÅÒßÌÈ

Ï. Â. ×ÅÐÍÈÊÎÂ

Â ñòàòüå [1] ïðè ðàññìîòðåíèè ñåíñîðíûõ ñåòåé äîêàçàíû, â ÷àñòíîñòè, ñëåäóþùèå óòâåð-
æäåíèÿ.

Ïðåäëîæåíèå 1. Ïóñòü K3 ⊂ R2 � ïðàâèëüíûé òðåóãîëüíèê è òî÷êà M ïðèíàäëå-
æèò K3. Ñóììà ðàññòîÿíèé L(M) îò òî÷êè M äî âñåõ âåðøèí òðåóãîëüíèêà K3 ïðèíè-
ìàåò (ñòðîãî) ìèíèìàëüíîå çíà÷åíèå, åñëè òî÷êà M íàõîäèòñÿ â öåíòðå òðåóãîëüíèêà
K3.

Ïðåäëîæåíèå 2. Ïóñòü K3 ⊂ R2 � ïðàâèëüíûé òðåóãîëüíèê è òî÷êà M ïðèíàäëå-
æèò K3. Ñóììà êâàäðàòîâ ðàññòîÿíèé îò òî÷êè M äî âñåõ âåðøèí òðåóãîëüíèêà K3

ïðèíèìàåò (ñòðîãî) ìèíèìàëüíîå çíà÷åíèå, åñëè òî÷êà M íàõîäèòñÿ â öåíòðå òðå-
óãîëüíèêà K3.

Ñëåäóþùàÿ òåîðåìà îáîáùàåò ïðåäëîæåíèÿ 1, 2.

Òåîðåìà. Ïóñòü Kn ⊂ R2 � ïðàâèëüíûé n-óãîëüíèê (n ≥ 3) è M ∈ R2. Ïóñòü
ai(M), i = 1, 2, . . . , n, � ðàññòîÿíèÿ îò òî÷êè M äî âåðøèí ìíîãîóãîëüíèêà Kn. Ñóì-

ìà
n∑

i=1

ari (M), r ∈ {1, 2, . . .}, ïðèíèìàåò (ñòðîãî) ìèíèìàëüíîå çíà÷åíèå, åñëè òî÷êà M

íàõîäèòñÿ â öåíòðå ìíîãîóãîëüíèêà Kn.
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ÄÈÔÔÅÐÅÍÖÈÀËÛ ÏÐÈÌÀ ÒÐÅÒÜÅÃÎ ÐÎÄÀ ÍÀ ÐÈÌÀÍÎÂÎÉ
ÏÎÂÅÐÕÍÎÑÒÈ ÊÎÍÅ×ÍÎÃÎ ÒÈÏÀ

À. Â. ×ÓÅØÅÂ1, Â. Â. ×ÓÅØÅÂ2

Â ðàáîòå ïîñòðîåíû îñíîâíûå âèäû ýëåìåíòàðíûõ q−äèôôåðåíöèàëîâ Ïðèìà. Íàéäåíû
ÿâíûå áàçèñû, ëîêàëüíî ãîëîìîðôíî çàâèñÿùèå îò ìîäóëåé [µ] ðèìàíîâûõ ïîâåðõíîñòåé

F ′ = F\{P1, . . . , Pn} òèïà (g, n), n ≥ 1, g ≥ 2, è îò õàðàêòåðîâ, ñâÿçü ñ ïåðâîé ãîëîìîðôíîé
ãðóïïîé êîãîìîëîãèé äå Ðàìà äëÿ õàðàêòåðîâ. Ëþáàÿ êîìïëåêñíî-àíàëèòè÷åñêàÿ ñòðóê-

òóðà F ′
µ ìîæåò áûòü îòîæäåñòâëåíà ñ íåêîòîðûì äèôôåðåíöèàëîì Áåëüòðàìè µ.

Íàéäåì îáùèé âèä (ρ, q)-äèôôåðåíöèàëîâ òðåòüåãî ðîäà ñ åäèíñòâåííûìè ïðîñòûìè

ïîëþñàìè â ðàçëè÷íûõ òî÷êàõ Q1, Q2 íà F
′
µ, ãäå q ≥ 1.

Òåîðåìà 1.Äëÿ ëþáûõ ðàçëè÷íûõ òî÷åêQ1, Q2 íà ïîâåðõíîñòè F
′
µ òèïà (g, n), g ≥ 2, n ≥

1, q ≥ 1, è õàðàêòåðà ρ íà F ′
µ ñóùåñòâóåò ýëåìåíòàðíûé (ρ, q)−äèôôåðåíöèàë τρ,q;Q1Q2

òðåòüåãî ðîäà êëàññàM1(ρ), ó êîòîðîãî îáùèé âèä äèâèçîðà (τρ,q;Q1Q2) = R1...RN
Q1Q2

1

P
k1
1 ...Pknn

, ãäå

âåðíî ðàâåíñòâî ϕ(R1 . . . Rg) = −2K[µ]q+ϕ(Q1Q2)−ϕ(Rg+1 . . . RN)+ϕ(P k1
1 )+· · ·+ϕ(P kn

n )+
ψ(ρ), kj ≥ 0, j = 1, . . . , n, â ìíîãîîáðàçèè ßêîáè J(Fµ), è N = (2g− 2)q+ 2 + k1 + · · ·+ kn.
Ïðè ýòîì òî÷êè Rg+1, . . . , RN âûáèðàþòñÿ ïðîèçâîëüíî íà F ′

µ\{Q1, Q2}. Êðîìå òîãî, ýòè
äèôôåðåíöèàëû ëîêàëüíî ãîëîìîðôíî çàâèñÿò îò [µ] è ρ.

Îáîçíà÷èì ÷åðåç Ωρ(
1

Q1...Qs
;F ′

µ) ïðîñòðàíñòâî äèôôåðåíöèàëîâ êëàññà M1 äëÿ ρ, êðàò-

íûõ äèâèçîðó 1
Q1...Qs

íà F ′
µ, à ÷åðåç Ωe,ρ(1;F ′

µ) � ïîäïðîñòðàíñòâî ãîëîìîðôíûõ ìóëüòè-

ïëèêàòèâíî òî÷íûõ äèôôåðåíöèàëîâ äëÿ ρ íà F ′
µ.

Òåîðåìà 2. Âåêòîðíîå ðàññëîåíèå⋃
Ωρ(

1

Q1 . . . Qs

;F ′
µ)/Ωe,ρ(1;F ′

µ)

ÿâëÿåòñÿ ãîëîìîðôíûì âåêòîðíûì ðàññëîåíèåì ðàíãà 2g+n−2+s íàä áàçîé Tg,n×(Lg\{1})
ïðè g ≥ 2, n ≥ 2, s ≥ 1. Ïðè÷åì íàáîð êëàññîâ ñìåæíîñòè äèôôåðåíöèàëîâ

f0ζ1, . . . , f̂0ζk, . . . , f0ζg, f0τ
(n1+1)
P1

, . . . , f0τ
(ng+1)
P1

,

f0τP2P1 , . . . , f0τPnP1 , f0τQ1P1 , . . . , f0τQsP1 ,

áóäåò áàçèñ ëîêàëüíî ãîëîìîðôíûõ ñå÷åíèé ýòîãî ðàññëîåíèÿ, ãäå n1, ..., ng � ìóëüòèïëè-
êàòèâíûå ïðîáåëû Âåéåðøòðàññà â P1 äëÿ ρ íà Fµ, ρ(ak) 6= 1, Q1, . . . , Qs � ðàçëè÷íûå
òî÷êè íà F ′

µ, ãîëîìîðôíî çàâèñÿùèå îò [µ].

Ñëåäñòâèå 1. Ãîëîìîðôíîå âåêòîðíîå ðàññëîåíèå (ñî ñëîÿìè ñîñòîÿùèìè èç ïåðâûõ
ãîëîìîðôíûõ ãðóïï êîãîìîëîãèé äå Ðàìà äëÿ ρ íà F ′

µ)⋃
[µ],ρ 6=1

H1
hol,ρ(F

′
µ) =

⋃
Ωρ(1;F ′

µ)/Ωe,ρ(1;F ′
µ)

àíàëèòè÷åñêè ýêâèâàëåíòíî òðèâèàëüíîìó âåêòîðíîìó ðàññëîåíèþ ðàíãà 2g + n − 2 íàä
áàçîé Tg,n × (Lg\{1}) ïðè g ≥ 2, n ≥ 2.

Çàäàäèì îòîáðàæåíèå ïåðèîäîâ χ èç Ωρ(1;F ′
µ) íà H1(Γ′

µ, ρ), ñîïîñòàâëÿÿ ω åãî êëàññ

ïåðèîäîâ [ω], êîòîðûé îïðåäåëÿåòñÿ íàáîðîì êëàññè÷åñêèõ ïåðèîäîâ

(

∫
aµ1

ω, ...,

∫
aµg

ω,

∫
bµ1

ω, ...,

∫
bµg

ω,

∫
γµ1

ω, ...,

∫
γµn−1

ω).

Ãðàíò ÐÔÔÈ � 18-01-00420 (Íîâîñèáèðñê, ÈÌ ÑÎ ÐÀÍ) .
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Âûáèðàåì ïðåäñòàâèòåëü â [ω] îïðåäåëåííûé óñëîâèåì
∫
aµ1

ω = ω(Aµ1) = 0.

Îòîáðàæåíèå χ èìååò ÿäðî Kerχ = Ωe,ρ(1, F
′
µ). Ýòî ïðîñòðàíñòâî áóäåò áåñêîíå÷íîìåð-

íûì, òàê êàê ïîëþñà äèôôåðåíöèàëà íà F ′
µ ìîæíî âûáèðàòü â ïðîêîëàõ ïðîèçâîëüíûì

îáðàçîì. Ó÷èòûâàÿ ñëåäñòâèå 1 ïîëó÷àåì, ÷òî ôàêòîð ïðîñòðàíñòâî Ωρ(1;F ′
µ)/Ωe,ρ(1;F ′

µ)

èçîìîðôíî êîíå÷íîìåðíîìó ïðîñòðàíñòâó H1(Γ′
µ, ρ).

Ñëåäñòâèå 2. Íà ëþáîé ïîâåðõíîñòè F ′
µ òèïà (g, n), g ≥ 2, n ≥ 2 äëÿ íåñóùåñòâåííîãî

õàðàêòåðà ρ èìååò ìåñòî èçîìîðôèçì

Ωρ(1;F ′
µ) ∼= Kerχ⊕H1

hol,ρ(F
′
µ),

ãäå Kerχ = Ωe,ρ(1;F ′
µ) � áåñêîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî è dimCH

1
hol,ρ(F

′
µ) =

2g + n− 2.
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ÍÅÑÊÎËÜÊÎ ÏÐÈÌÅÐÎÂ ÍÅÅÄÈÍÑÒÂÅÍÍÎÑÒÈ ÐÅØÅÍÈÉ ÄËß
ÄÂÓÕ ÍÅËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÍÀÄÅÆÄÀ ×ÓÅØÅÂÀ

Â ðàáîòàõ [1], [2] ðàññìàòðèâàþòñÿ íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ òðåòüåãî
ïîðÿäêà

uxxxu
3
y − 3uxxyu

2
yux + 3uxyyuyu

2
x − uyyyu3

x = 0, (1)

uxxxu
3
y − 3uxxyu

2
yux + 3uxyyuyu

2
x − uyyyu3

x+

+3β
√(

u2
x + u2

y

) (
uxxuxuy + uxy

(
u2
y − u2

x

)
− uyyuxuy

)
= 0. (2)

Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî â îáëàñòè D ⊂ R2 ôóíêöèè

u(t) = u
(
ax2 + by2 + c

)
, u(t) = u (ax+ by + c) , u(t) ∈ C3

(
D
)
,

áóäóò ðåøåíèÿìè óðàâíåíèÿ (1) ïðè ëþáûõ âåùåñòâåííûõ èëè êîìïëåêñíûõ ïîñòîÿííûõ
a, b, c. Íî äëÿ óðàâíåíèÿ (2) äîëæíî âûïîëíÿòüñÿ åù¼ îäíî èç òð¼õ óñëîâèé

b = a, b = ia, b = −ia, a, b ∈ R.
Ïðè ýòîì: 1) u = u (ax+ by + c) � âåùåñòâåííàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ x, y , åñëè
b = a, a, b ∈ R;
2) u = u (ax+ by + c) � àíàëèòè÷åñêàÿ ôóíêöèÿ ïåðåìåííîé z, åñëè b = ia, a, b ∈ R;
3) u = u (ax+ by + c) � àíòèàíàëèòè÷åñêàÿ ôóíêöèÿ ïåðåìåííîé z, åñëè b = −ia, a, b ∈ R.
Ëåììà 1. Ïóñòü äàíà îáëàñòü D ⊂ R2 ñ ãðàíèöåé

Γ =
{

(x, y) ∈ R2 : ax2 + by2 + c = 0
}
, a > 0, b > 0, c < 0.

Ïóñòü ôóíêöèÿ u (ax2 + by2 + c) ∈ C3
(
D
)
è óäîâëåòâîðÿåò óñëîâèÿì íà ãðàíèöå:

u|Γ = ux|Γ = uy|Γ = 0. (3)

Òîãäà òàêàÿ ôóíêöèÿ áóäåò íååäèíñòâåííûì ðåøåíèåì êðàåâîé çàäà÷è (3) äëÿ óðàâíåíèÿ
(1). Ïðè óñëîâèè a = b ýòà ôóíêöèÿ áóäåò íååäèíñòâåííûì ðåøåíèåì êðàåâîé çàäà÷è (3)
äëÿ óðàâíåíèÿ (2).

Çàìå÷àíèå 1. Íàïðèìåð, óñëîâèÿ ëåììû âûïîëíÿþòñÿ äëÿ ôóíêöèè

u
(
x2 + y2 − ρ2

)
= e−(x2+y2−ρ2) +

√
2 sin

((
x2 + y2 − ρ2

)
− π

4

)
,

êðàåâûõ óñëîâèé (3) è îáëàñòè D ñ ãðàíèöåé Γ = {x2 + y2 = ρ2} .
Ðàññìîòðèì ó óðàâíåíèÿ

e−t +
√

2 sin
(
t− π

4

)
= 0, t = ax+ by,

äâà ðåøåíèÿ 0 è t0 = c, ãäå c ∈
(
π + π

4
, π + π

2

)
.

Ëåììà 2.Ïóñòü äàíà îáëàñòüD ⊂ R2 ñ ãðàíèöàìè Γ1 = {(x, y) ∈ R2 : ax+ by = 0, ax+ by = c, }
è Γ2 = {(x, y) ∈ R2 : ax+ by = 0, ax+ by = π, } . Ïóñòü ôóíêöèÿ u (ax+ by) ∈ C3

(
D
)
,

u|Γ1
= ux|Γ′

1
= uy|Γ′

1
= 0, Γ′1 =

{
(x, y) ∈ R2 : ax+ by = 0,

}
. (4)

u|Γ2
= uxx|Γ2

= uyy|Γ2
= 0. (5)

Òîãäà òàêàÿ ôóíêöèÿ áóäåò íååäèíñòâåííûì ðåøåíèåì êðàåâûõ çàäà÷ (4) è (5) äëÿ óðàâ-
íåíèÿ (1). Ïðè óñëîâèè a = b ýòà ôóíêöèÿ áóäåò íååäèíñòâåííûì ðåøåíèåì êðàåâûõ çàäà÷
(4) è (5) äëÿ óðàâíåíèÿ (2).
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Çàìå÷àíèå 2. Íàïðèìåð, 1) óñëîâèÿì çàäà÷ (4), (1) è (4), (2) óäîâëåòâîðÿåò ôóíêöèÿ

u (x+ y) = e−(x+y) +
√

2 sin
(

(x+ y)− π

4

)
.

2) óñëîâèÿì çàäà÷ (5), (1) è (5), (2) óäîâëåòâîðÿåò ôóíêöèÿ

u (x+ y) = sin(x+ y).

Â ðàáîòå [3] ðàññìàòðèâàëîñü óðàâíåíèå Êîðòåâåãà-äå Ôðèçà ïÿòîãî ïîðÿäêà

ut − uxxxxx + c1 (u3)x + c2

(
(ux)

2)
x

+ c3 (u uxx)x = 0. (6)

Çàäà÷à. Ïóñòü äàí ïðÿìîóãîëüíèê Π = {(x, t) ∈ R2 : x ∈ (0, a), t ∈ (0, b)}, â êîòîðîì
çàäàíî óðàâíåíèå (6), Γ � ãðàíèöà ïðÿìîóãîëüíèêà, n = (nx, nt) � âåêòîð âíóòðåííåé
íîðìàëè ê ãëàäêèì ó÷àñòêàì ãðàíèöû Γ. Ïóñòü ðåøåíèå óðàâíåíèÿ (6) óäîâëåòâîðÿåò
ãðàíè÷íûì óñëîâèÿì

u|x=0,x=a = ux|x=0,x=a = uxx|x=0 = u|t=0 = 0. (7)

Òåîðåìà. Ïóñòü êîýôôèöèåíòû äèôôåðåíöèàëüíîãî óðàâíåíèÿ (6) c1, c2, b áóäóò êîì-
ïëåêñíûìè èëè âåùåñòâåííûìè ïîñòîÿííûìè. Òîãäà ðåøåíèå ãðàíè÷íîé çàäà÷è (7) äëÿ
óðàâíåíèÿ (6) ïî÷òè âñþäó â ïðÿìîóãîëüíèêå Π áóäåò ðàâíî íóëþ.
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