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ÑËÎÂÎ Î Þ.Ã. ÐÅØÅÒÍßÊÅ ÏÎ ÑËÓ×ÀÞ ÅÃÎ 90�ËÅÒÈß

ÑÅÌ�Í ÊÓÒÀÒÅËÀÄÇÅ

26 ñåíòÿáðÿ 2019 ã. � äåíü äåâÿíîñòîëåòèÿ Þðèÿ Ãðèãîðüåâè÷à Ðåøåòíÿêà. Ñåðü¼çíàÿ

þáèëåéíàÿ äàòà ðàñïîëàãàåò ê ïîäâåäåíèþ íåêîòîðûõ èòîãîâ ïåðåæèòîãî è ñäåëàííîãî.

Ðåøåòíÿê � ïðîôåññèîíàëüíûé ìàòåìàòèê, ïðåäñòàâèòåëü ñàìîé óíèâåðñàëüíîé è ãó-

ìàííîé òåõíîëîãèè ÷åëîâå÷åñòâà. Ìàòåìàòèêà � íàóêà è èñêóññòâî äîêàçàòåëüíûõ èñ÷èñ-

ëåíèé, ðàñêðûâàþùàÿ áåñêîíå÷íûå âîçìîæíîñòè êîíå÷íîãî ÷åëîâåêà.

Ðåøåòíÿê âíåñ çíà÷èòåëüíûé âêëàä â ìàòåìàòèêó, ñòàâ îäíèì èç îñíîâîïîëîæíèêîâ

ãåîìåòðè÷åñêîãî àíàëèçà, íàõîäÿùåãîñÿ íà ñòûêå àíàëèçà, ãåîìåòðèè è òåîðèè ôóíêöèé.

Ìíîãèå åãî äîñòèæåíèÿ âîøëè â ìàòåìàòè÷åñêóþ ñîêðîâèùíèöó. Òåîðåìà Ðåøåòíÿêà îá

èçîòåðìè÷åñêèõ êîîðäèíàòàõ íà äâóìåðíûõ ìíîãîîáðàçèÿõ îãðàíè÷åííîé êðèâèçíû, ââå-

äåííûõ À.Ä. Àëåêñàíäðîâûì, ñîåäèíèëà àíàëèç ñ èäåÿìè ãåîìåòðèè â öåëîì. Ìèðîâóþ

èçâåñòíîñòü ïðèîáðåëî îêîí÷àòåëüíîå ðåøåíèå ïðîáëåìû Ì.À. Ëàâðåíòüåâà îá óñòîé÷èâî-

ñòè êîíôîðìíûõ îòîáðàæåíèé. Âîøëè â àðñåíàë òåîðèè ôóíêöèé è îïòèìàëüíîãî óïðàâ-

ëåíèÿ òåîðåìû Ðåøåòíÿêà î ñëàáîé ñõîäèìîñòè ÿêîáèàíîâ, î ïîëóíåïðåðûâíîñòè ñíèçó

ôóíêöèîíàëîâ âàðèàöèîííîãî èñ÷èñëåíèÿ è î äèôôåðåíöèðóåìîñòè ïî÷òè âñþäó ôóíê-

öèé ñ îáîáùåííûìè ïðîèçâîäíûìè â ñìûñëå Ñ.Ë. Ñîáîëåâà.

Øêîëà Ðåøåòíÿêà è åå äîñòèæåíèÿ îáøåïðèçíàíû è çíàêîìû ñïåöèàëèñòàì. Íåò íåîá-

õîäèìîñòè èçëàãàòü òåõíè÷åñêèå äåòàëè øèðîêîé àóäèòîðèè. Äîñòàòî÷íî çàìåòèòü, ÷òî

ìàòåìàòèêà Ðåøåòíÿêà îòâå÷àåò âûñîêèì ïðèíöèïàì ñîâåðøåíñòâà, ñôîðìóëèðîâàííûì

Ñ. Ìàêëåéíîì: "Excellent mathematics should be inevitable, illuminating, deep, relevant,

responsive, and timely."

Ìàòåìàòèêîì áûòü íå ñòûäíî, íî ñòûäíî áûòü òîëüêî ìàòåìàòèêîì. Ðåøåòíÿê âñåãäà

áûë è îñòàåòñÿ ó÷åíûì ïî óáåæäåíèÿì, òî åñòü ÷åëîâåêîì, äëÿ êîòîðîãî ïðèíöèïû íà-

óêè èìïåðàòèâíû. Ó÷åíûé ïî óáåæäåíèÿì è ó÷åíèê è ó÷èòåëü îäíîâðåìåííî. Ðåøåòíÿê

� ó÷åíèê À.Ä. Àëåêñàíäðîâà è ó÷èòåëü òûñÿ÷ ìàòåìàòèêîâ, âûïóñêíèêîâ ÍÃÓ, êîòîðûõ

îí çíàêîìèë ñ íà÷àëàìè ìàòåìàòè÷åñêîãî àíàëèçà. Åãî êóðñ îñòàåòñÿ áàçîâûì óæå áîëåå

ïîëóâåêà. Ó÷åíûé ïî óáåæäåíèÿì âñåãäà ñòðåìèòñÿ ïðèâåñòè ñâîèõ ó÷åíèêîâ ê ãðàíèöàì

íåïîçíàííîãî. Êóðñ Ðåøåòíÿêà çíàìåíóåò ïåðåõîä îò êëàññèêè ïðåïîäàâàíèÿ äèôôåðåí-

öèàëüíîãî è èíòåãðàëüíîãî èñ÷èñëåíèÿ â ñòèëå Ã.Ì. Ôèõòåíãîëüöà ê ñîâðåìåííîìó àíà-

ëèçó íà îñíîâå òåîðèè ìíîæåñòâ, ìåòðè÷åñêèõ è áàíàõîâûõ ïðîñòðàíñòâ, âíåøíèõ ôîðì

è òåîðèè ìåðû.

Ó÷åíûé ïî óáåæäåíèÿì øèðå óçêèõ ðàìîê ñïåöèàëèçàöèè, ïðîòèâíèê ëþáûõ íàðóøå-

íèé àêàäåìè÷åñêèõ ïðèíöèïîâ ñâîáîäû è íåïðåäâçÿòîñòè, íåïðèìèðèìûé âðàã ëæåíàóêè,

áîðåö ñ îêîëîó÷åíûìè. Ðåøåòíÿê âñåãäà çàùèùàåò ñâîèõ ó÷åíèêîâ è ñîòðóäíèêîâ îò ïðå-

ñëåäîâàíèé, äàåò îòïîð êëåâåòíèêàì íà ïðåäøåñòâåííèêîâ íåâçèðàÿ íè íà êàêèå âíåøíèå

îáñòîÿòåëüñòâà. Êà÷åñòâà ñîâñåì íå÷àñòûå â íàó÷íîé ñðåäå.

Âñå, êòî çíàêîì ñ Þðèåì Ãðèãîðüåâè÷åì, æåëàþò åìó è åãî áëèçêèì ñ÷àñòüÿ è ðàäîñòè.

Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, ïð. Àêàä. Êîïòþãà 4, 630090 Íîâîñè-

áèðñê, Ðîññèÿ

Email address: sskut@math.nsc.ru
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ON POLYNOMIAL FIRST INTEGRALS OF MAGNETIC GEODESIC
FLOWS ON THE 2-TORUS

SERGEI AGAPOV

Searching for Riemannian metrics on 2-surfaces with integrable geodesic flows is a classical
problem which has been studied for a long time. We will discuss some questions related to
polynomial integrability of such flows on the 2-torus in presence of a magnetic field.

This talk is based on joint results with M. Bialy, A. E. Mironov, A. A. Valyuzhenich.
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A SUFFICIENT CONDITION FOR A POLYHEDRON TO BE RIGID

VICTOR ALEXANDROV

We study oriented connected closed polyhedral surfaces with non-degenerate triangular faces
in three-dimensional Euclidean space, calling them polyhedra for short. A polyhedron is called
flexible if its spatial shape can be changed continuously by changing its dihedral angles only.

We prove that for every flexible polyhedron some integer combination of its dihedral angles
remains constant during the flex. The proof is based on a recent result of A. A. Gaifullin and
L. S. Ignashchenko [1].

The talk is based on the author’s paper [2].

References

[1] A.A.Gaifullin, L. S. Ignashchenko, Dehn invariant and scissors congruence of flexible polyhedra // Proc.
Steklov Inst. Math., 302 (2018), 130–145.
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ON MULTIVALUED QUSIMÖBIUS MAPPINGS

VLADISLAV V. ASEEV

Using the Ptolemaic characteristic for a tetrad we introduce the concept of general angle in
Ptolemaic Möbius spaces (X,M1), (Y,M2) and study the class BAD of multivalued mappings
F : X → 2Y with controlled distortion of general angles. Since a single-valued mapping with
this property is quasimöbius, we may consider the BAD property as a direct generalization
of quasimöbius property to multivalued mappings in Ptolemaic Möbius spaces. In our paper
[1] we show that single-valued branches of multivalued mappings with BAD property are also
quasimöbius. We study the upper semicontinuous property of such mappings and obtain the
upper bounds for possible leaks.
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THE PONTRYAGIN MAXIMUM PRINCIPLE, (CO)ADJOINT
REPRESENTATION, AND NORMAL GEODESICS OF LEFT-INVARIANT

(SUB-)FINSLER METRICS ON LIE GROUPS

VALERII BERESTOVSKII1, IRINA ZUBAREVA2

Every left-invariant (sub-)Finsler metric d = dF on a connected Lie group G with Lie algebra
(g, [·, ·]) is defined by a subspace p ⊂ g, generating g, and some norm F on p. A distance

d(g, h) for g, h ∈ G is defined as the infimum of lengths
∫ T

0
|ġ(t)|dt of piecewise smooth paths

g = g(t), 0 ≤ t ≤ T, such that dlg(t)−1 ġ(t) ∈ p and g(0) = g, g(T ) = h; T is not fixed,

|ġ(t)| = F (dlg(t)−1 ġ(t)). If p = g then d is a left-invariant Finsler metric on G; if F (v) =
√
〈v, v〉,

v ∈ p, where 〈·, ·〉 is some scalar product on p, then d is a left-invariant sub-Riemannian metric
on G, and d is a left-invariant Riemannian metric, if additionally p = g.
Theorem 1.[1] Every shortest arc g = g(t), 0 ≤ t ≤ T = d(g0, g1), in (G, d) with g(0) = g0,

g(T ) = g1, is a solution of the time-optimal problem for the control system ġ = (dlg)(u), u ∈ p,
with compact control region U = {u ∈ p : F (u) ≤ 1} and indicated endpoints.

On the ground of Theorem 1, using the Potryagin Maximum Principle for the corresponding
time-optimal problem [2], we prove the following results below.
Theorem 2. 1. Any normal extremal g = g(t) : R → G (parameterized by arc length and

with origin e ∈ G), of left-invariant (sub-)Finsler metric d on a Lie group G, defined by a norm
F on the subspace p ⊂ g with closed unit ball U , is a Lipschitz integral curve of the following
vector field

v(g) = dlg(u(g)), u(g) = ψ0(Ad(g)(w(g)))w(g), w(g) ∈ U,

ψ0(Ad(g)(w(g))) = max
w∈U

ψ0(Ad(g)(w)) = max
w∈U

Ad(g)∗(ψ0)(w),

where ψ0 ∈ g∗ is some fixed covector with maxv∈U ψ0(v) = 1.
2. (Conservation law) In addition, ψ(t)(g(t)−1g′(t)) ≡ 1 for all t ∈ R, where ψ(t) :=

(Ad(g(t)))∗(ψ0).
Remark 1. Similar results are proved in book [3] by Velimir Jurdjevich.
Remark 2. Every extremal with origin g0 is obtained by the left shift lg0 from some extremal

with origin e.
Remark 3. In (sub-)Riemannian case, the vector u(g) is characterized by condition 〈u(g), v〉 =

ψ0(Ad(g)(v)) for all v ∈ p. In Riemannian case, every extremal is a normal geodesic, and we
can assume that ψ0 is an unit vector in (p = g, (·, ·)), setting ψ0(v) = (ψ0, v), v ∈ g. Moreover,
ġ(0) = ψ0.
Corollary 1. Every geodesic of a biinvariant Riemannian metric on a Lie group with the

unit origin is its 1-parameter subgroup.
Theorem 3. If v(g0) 6= 0, g0 ∈ G, then an integral curve of the vector field v(g), g ∈ G, with

origin g0 is a normal extremal parametrized proportionally to arc length with the proportionality
factor |dlg−1

0
(v(g0))|.

Remark 4. Theorem 2 holds for left-invariant Riemannian metrics on (connected) Lie
groups. In this case, v(g0) 6= 0 for all g0 ∈ G.

Let us choose a basis {e1, . . . , en} in g, assuming that {e1, . . . , er} is an orthonormal basis for
the scalar product 〈·, ·〉 on p in case of left-invariant (sub)-Riemannian metric. Define a scalar
product 〈·, ·〉 on g, considering {e1, . . . , en} as its orthonormal basis. Then each covector ψ ∈ g∗

can be considered as a vector in g, setting ψ(v) = 〈ψ, v〉 for every v ∈ g. If ψ =
∑n

i=1 ψiei,
v =

∑n
k=1 vkek, then ψ(v) = ψ · v, where ψ and v are corresponding vector-row and vector-

column, · is the matrix multiplication.
9



If g(t), t ∈ R, is a normal geodesic of a left-invariant (sub-)Riemannian metric d on a Lie
group G, then u(g(t)) is the orthogonal projection onto p of the vector (Ad(g(t)))∗(ψ0) in the
notation of Theorem 2 for the scalar product 〈·, ·〉 introduced above on g. This fact implies
Theorem 4. Every normal parameterized by arclength geodesic of left-invariant (sub-

)Riemannian metric on a Lie group G issued from the unit is a solution of the following system
of differential equations

ġ(t) = dlg(t)u(t), u(t) =
r∑

i=1

ψi(t)ei, |u(0)| = 1, ψ̇j(t) =
n∑

k=1

r∑

i=1

ckijψi(t)ψk(t), ψ(0) = ψ0,

where j = 1, . . . , n, ckij are structure constants of Lie algebra g in its basis {e1, ..., en}.
Corollary 2. |ġ(t)| = |u(t)| ≡ 1, t ∈ R.
The only Lie groups which do not admit left-invariant sub-Finsler metrics are commutative

Lie groups and Lie groups Gn, n ≥ 2, which can be described as connected Lie groups every
whose left-invariant Riemannian metric has constant negative sectional curvature [4]. The
group operations for Gn = Rn

+ = {(y, x) ∈ Rn : x > 0}, n ≥ 2, have a form

(y1, x1) · (y2, x2) = x1(y2, x2) + (y1, 0), (y, x)−1 = x−1(−y, 1).

Then it is clear that e = (0, 1) is the unit in Gn and the group Gn is a simply transitive
isometry group of the famous Poincare’s model of the Lobachevsky space Ln in Rn

+ with metric

ds2 = (
∑n−1

k=1 dy
2
k + dx2)/x2 of constant sectional curvature −1 and corresponding coordinate

orthonormal basis {e1, . . . , en} in gn = (Gn)e. All nonzero structure constants in {e1, . . . , en}
are equal to cini = −ciin = 1, i = 1, . . . , n − 1. Using independently Theorems 2 and 4, we
obtain the same results: Every geodesic g(t) = (y(t), x(t)), t ∈ R, in (Gn, d), parameterized by
arclength, with origin e are well-known semicircles passing through e and orthogonal to Rn−1:

x(t) = 1/(cosh t−ϕn sinh t), yi(t) = ϕi sinh t/(cosh t−ϕn sinh t), ψi(0) = ϕi, i = 1, . . . , n,
n∑

i=1

ϕ2
i = 1.

The Lie group SE(2) is isomorphic to the group of matrices of a form
(
A v
0 1

)
; A =

(
cosϕ − sinϕ
sinϕ cosϕ

)
, v =

(
x
y

)
∈ R2.

The Lie group SH(2) is obtained from SE(2) by changing cosϕ and sinϕ respectively by coshϕ
and sinhϕ. Using Theorem 4 for SO(3) and Theorem 2 for Lie groups SE(2) and SH(2), we
proved that for left-invariant sub-Riemannian metrics, arbitrary on SO(3) and some natural
on SE(2) and SH(2), every parameterized by arclength geodesic g(t), t ∈ R, g(0) = e, has
correspondingly the following form:
ġ(t) = g(t)u(t), u(t) = cos(ω(t)/2)e1 + sin(ω(t)/2)e2, ω̈(t) = (a2 − b2) sinω(t), a2 ≤ b2;
ϕ̇(t) = cos(ω(t)/2), ẋ(t) = sin(ω(t)/2) cosϕ(t), ẏ(t) = sin(ω(t)/2) sinϕ(t);
ϕ̇(t) = sin(ω(t)/2), ẋ(t) = cos(ω(t)/2) coshϕ(t), ẏ(t) = cos(ω(t)/2) sinhϕ(t); ω̈(t) = − sinω(t).

References

[1] V.Berestovskii, Homogeneous spaces with intrinsic metric // Soviet Math. Dokl., 38:1 (1989), 60–63.
[2] L. Pontryagin, V.Boltyanskii, R.Gamkrelidze, E.Mishchenko, The mathematical theory of optimal processes

// N.Y.-London: John Wiley & Sons, 1962.
[3] V. Jurdjevich, Geometric control theory // Cambridge: Cambridge University Press, 1997.
[4] J.Milnor, Curvatures of left invariant metrics on Lie groups // Adv. Math., 21 (1976), 293–329.

1Sobolev Institute of Mathematics, 4 Koptyuga ave., Novosibirsk, 630090, Russia;
Novosibirsk State University, 1 Pirogova st., Novosibirsk, 630090, Russia
Email address: vberestov@inbox.ru

2Sobolev Institute of Mathematics (Omsk Branch), 13 Pevtsova st., Omsk, 644099, Russia
Email address: igribanova@mail.ru

10



ON FAMILIES OF SUBARCS IN NON-PCF DENDRITES

MARINA CHANCHIEVA1, NIKOLAI ABROSIMOV2, AND ANDREI TETENOV3

Post-critically finite (PCF) self-similar sets occupy significant position in the theory of self-
similar sets. They have a very clear structure which allows to build productive models of analysis
and differential equations. Such sets can also have very attractive geometric features: as it was
proved by C. Bandt in [1], the set of dimensions of minimal subarcs of a PCF set is finite. This
is also true for any postcritically finite self-similar dendrite K, and the set of cut points of such
dendrite may be represented as a countable union of images of arcs γk, k = 1, . . . , n which are
the components of attractor of some graph-directed IFS [2].

In this connection, much less is known about non-postcritically finite self-similar dendrites.
Nevertheless, it turns out that in non-PCF dendrites which satisfy one-point intersection prop-
erty the set of dimensions of subarcs may be also finite.

We construct a sufficiently wide family of non-postcritically finite systems of contraction
similarities S = {S0, S1, S2, S3}, whose attractors K are dendrites, lying in a triangle ∆ ⊂ R2

with the vertices (0, 0), (1, 0), (1/2,
√

3/2) and for which the following properties hold:

(1) All subarcs γxy ⊂ K, x 6= y and the set of cut points of the dendrite K have the same
Hausdorff dimension s.

(2) The set of s-dimensional measures `Ox of paths connecting the point O = Fix(S0) with
the points x ∈ K ∩ [0, 1] lying on the base of the triangle ∆ is a self-similar Cantor
discontinuum.

Since none of the arcs in the family can be represented as the attractor of a finite graph-
directed IFS, the main difficulty is to show that these arcs have finite positive s-dimensional
measure. We propose a method allowing to prove these positivity and finiteness properties for
a wide class of infinitely generated self-similar arcs.
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CR SUBMANIFOLDS

MIRJANA DJORIĆ

Let M be a complex manifold, J its natural almost complex structure and g its Hermitian
metric. Following the Erlangen program of Klein: geometry is the investigation of properties
which remain invariant under the action of a group, it is a natural question to investigate
submanifolds which have a special behavior with respect to the almost complex structure. For
that reason, the first classes of submanifolds investigated were the almost complex submanifolds
(in which case J maps the tangent space into the tangent space) and totally real submanifolds
(in which case J maps the tangent space in the normal space).

A natural generalization of the above classes of submanifolds are the so-called CR-submanifolds.
A submanifold M of M is called a CR submanifold if there exist distributions H and H⊥ of
constant dimension such that

• H ⊕H⊥ = TM ,
• JH = H,
• JH⊥ ⊂ T⊥M .

Note that totally real submanifolds (H = {0}) and almost complex submanifolds (H = TM)
are trivial examples of CR-submanifolds.

In [1] we introduced the reader to the study of CR submanifolds of complex manifolds,
especially of CR submanifolds of maximal CR dimension of complex projective space and we
presented the original results on this topic by the authors. On this occasion, we present some
new results.

We have also studied CR submanifolds of the nearly Kähler six sphere, see for example [2],
and now we show some of our acchievements.

Furthermore, the odd-dimensional analogue of CR-submanifolds in (almost) Kählerian man-
ifolds is the concept of contact CR-submanifolds in Sasakian manifolds. Namely, a submanifold

M in the Sasakian manifold (M̃, ϕ, ξ, η, g̃) carrying a ϕ-invariant distribution D, such that the
orthogonal complement of D in TM is ϕ-anti-invariant, is called a contact CR-submanifold.
Here we reveal our study of four and five dimensional contact CR-submanifolds in S7(1), see
[3].
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R-MATRIX, LAX PAIR AND MULTIPARAMETER DECOMPOSITIONS OF
LIE ALGEBRAS

ALINA DOBROGOWSKA

We construct R operators on the Lie algebra gl(n,R) or more generally Hilbert–Schmidt op-
erators L2 in Hilbert space. These operators are related to a multiparameter deformation given
by a sequence of parameters α = {a1, a2, . . . }. We determine for which choices of parameters
R operators are R-matrices. We also construct the Lax pair for the corresponding Hamilton
equations.
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ON GAUGED LINEAR SIGMA MODEL

HUIJUN FAN

Gauged linear sigma model was a physical model proposed by E. Witten in the early of 90’s,
which was used by him to explain the mirror symmetry phenomenon. Only up to recent years
has this model been seriously considered by mathematicians with the development of Gromov-
Witten theory and quantum singularity theory (FJRW theory). In this talk, I will report our
progress on this topic.
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EXISTENCE OF QUEER POISSON BRACKETS ON BANACH SPACES

TOMASZ GOLINSKI

There are many pitfalls in the differential geometry of infinite dimensional manifolds. Even in
the most regular Banach (or even Hilbert) case many results from finite dimensions do not hold.
For example not every symplectic form defines an isomorphism between tangent and cotangent
bundle and it leads to difficulties in definition of Poisson structures. Another problem comes
from the fact that twice dual of a Banach space is not in general canonically isomorphic to the
original space. In this talk I will discuss two other kinds of problems – one originating from
the lack of bump functions and the other from inequivalence of various method of defining a
tangent vector. It will lead to the existence of Poisson brackets which do not come from Poisson
tensors.
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A LINK IN PHASE PORTRAIT OF ONE PIECEWISE LINEAR
DYNAMICAL SYSTEM

VLADIMIR GOLUBYATNIKOV

We study geometry of phase portrait of dynamical system constructed in [1]:

dx1
dt

= L1(x4)− x1;
dx2
dt

= Γ2(x1)− x2;
dx3
dt

= Γ3(x2)− x3;
dx4
dt

= Γ4(x3)− x4. (1)

Here, Γi are increasing step-functions: Γi(xi−1) = Ai > 1 for xi−1 > 1; Γi(xi−1) = 0 for
0 ≤ xi−1 ≤ 1, i = 2, 3, 4, and step-function L1 is decreasing: L1(x4) = A1 > 1 for 0 ≤ x4 ≤ 1,
L1(x4) = 0 for x4 > 1. All variables are assumed to be non-negative.

Denote by Q the parallelepiped [0, A1] × [0, A2] × [0, A3] × [0, A4] ⊂ R4
+. It follows from [1]

that trajectories of all points of Q remain there as t → +∞, i.e., Q is a positively invariant
domain of the system (1).

The hyperplanes xi = 1 subdivide Q to 16 blocks which we enumerate by binary multi-indices
{ε1ε2ε3ε4}, where εi = 0, if xi ≤ 1, and εi = 1, if xi > 1. We do not consider trajectories of
points of intersections of different hyperplanes xi = 1. Let E = (1, 1, 1, 1) be their common
point. Here i = 1, 2, 3, 4.

It was shown in [1] that the system (1) has a stable cycle C1 which passes through the blocks
{1111}, {0111}, {0011}, {0001}, {0000}, {1000}, {1100}, {1110}, one after another, and then
returns to {1111}. Let W1 be the interior of the union of the blocks listed there. This is also
positively invariant domain of the system (1).

Following approach described in [2, 3], we construct in the interior of Q \W1 an invariant 2-
dimensional piecewise linear surface S with one vertex E, eight edges on the hyperplanes xi = 1
(two edges on each hyperplane), and eight faces Sj, j = 1, . . . , 8, contained in corresponding
eight blocks which were not listed above.

In contrast with W1, the union of these remaining eight blocks is not an invariant domain
of the system (1). Trajectories of some of their points can pass to the positively invariant
domain W1.

Proposition 1. Trajectories of all points of S \ E intersect each face Sj infinitely many
times and tend to E in a spiral way as t→∞.

Proposition 2. Trajectories of all points of Q \ S are attracted by the cycle C1.

Proposition 3. The cycle C1 ⊂ W1 has a nontrivial link in Q with the surface S. Actually,
it is reduced to the Hopf link.

Phase portraits of higher-dimensional analogues of the system (1) can contain several cycles.
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LAME’S STRESS POTENTIAL METHOD FOR PLANE NON-EUCLIDEAN
PROBLEM

MIKHAIL A. GUZEV

The method of Lame’s stress potential for solving analytically a certain class of problems of
classical elasticity is extended to plane non-Euclidean elasticity (incompatible elasticity). Non-
Euclidean elasticity demands one constant (internal length) in addition to the two classical
elastic moduli. According to Lame’s stress potential, the stresses are expressed as second-order
derivatives of the stress potential. Lame’s stress potential satisfies inhomogeneous biharmonic
equation instead of the homogeneous one for the classical case. It means that incompatibility
condition is took into consideration. It follows that general solutions are formed from the field
of stresses generated by incompatible term and the elastic-stress field that compensates for the
surface nonequilibrity of incompatibility. The joint action of these stresses enables the solid to
hold the given shape, and their variation leads automatically to a change in the shape of the
sample. Example of the proposed method in polar coordinates is presented to illustrate that
the inhomogeneous stress field hasnt singularities in the center of a cylindrical sample.
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SELF-INTERSECTIONS OF SELF-SIMILAR SETS UNDER
TRANSLATIONS AND EXTENSIONS OF COPIES

KIRILL KAMALUTDINOV

The talk is based on the work [1].
Let S = {S1, . . . , Sm} be a system of contraction similarities in Rn. A nonempty compact

set K = K(S) such that K =
m⋃
i=1

Si(K), is called an attractor of the system S, or a self-similar

set, generated by the system S; sets Si(K) are called copies of the self-similar set K. The
system S is said to satisfy the strong separation condition (SSC), iff Si(K) ∩ Sj(K) = ∅ for
all distinct i, j ∈ I = {1, . . . ,m}. It is well-known that if SSC is satisfied, Hausdorff dimension
d = dimH K of self-similar set K is a solution of the following equation:

(1)
m∑

i=1

(Lip Si)
d = 1.

Suppose the system St = {St
1, . . . , S

t
m} of contraction similarities in Rn depends on parameter

t ∈ D. Let Kt be an attractor of the system St. Fix some j ∈ I = {1, . . . ,m}. Suppose St
i = Si

do not depend on t for all i 6= j. We study the problem of intersection between copies Si(Kt)
and St

j(Kt), i 6= j of the set Kt for two cases:
1) St

j(x) = G(x) + t, t ∈ D = Rn;
2) St

j(x) = tG(x) + h, t ∈ D = [a, b] ⊂ (0, 1), G is isometry.
Under some constraints on Lip St

i , i ∈ I we prove, using our General Position Theorem [2],
that if the solution d of the equation (1) for the system St does not exceed some s for all t ∈ D,
then in both the above cases we have:

dimH{t ∈ D : Si(Kt) ∩ St
j(Kt) 6= ∅} ≤ 2s, i ∈ I, i 6= j.

In particular, this means that if s < dimH D/2 then the copies Si(Kt) and St
j(Kt), i 6= j have

empty intersection for Lebesgue-almost all t ∈ D.
We apply those results to obtain conditions under which system S(t1,...,tm) = {St1

1 , . . . , S
tm
m } of

contraction similarities in Rn, where t1, . . . , tm ∈ D are either translation vectors or similarity
coefficients of the corresponding mappings, satisfy SSC and therefore its attractor’s K Hausdorff
dimension d = dimH K satisfy the equation (1).
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ON THE Lqp-COHOMOLOGY OF TWISTED CYLINDERS

YAROSLAV KOPYLOV

We establish a vanishing result for the Lq,p-cohomology (q ≥ p) of a twisted cylinder, which
is a generalization of a warped cylinder. The result is new even for warped cylinders. We use
the methods for proving the (p, q) Sobolev–Poincaré inequality developed by L. Shartser. This
is a joint work with Prof. V. Gol′dshtein.
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GENERALIZED BERGMAN KERNELS ON SYMPLECTIC MANIFOLDS
OF BOUNDED GEOMETRY

YURI A. KORDYUKOV

We will discuss generalized Bergman kernels associated with the renormalized Bochner-
Laplacian on high tensor powers of a uniformly positive line bundle on a symplectic manifold
of bounded geometry.

Let (X,ω) be a smooth symplectic manifold and (L, hL) be a Hermitian line bundle on X
with a Hermitian connection ∇L : C∞(X,L)→ C∞(X,T ∗X ⊗ L). We assume that L satisfies
the prequantization condition:

i

2π
RL = ω,

where RL = (∇L)2 is the curvature of the connection ∇L. Let (E, hE) be a Hermitian vector
bundle on X with Hermitian connection ∇E and its curvature RE.

Let gTX be a Riemannian metric on X. Consider a skew-adjoint operator J0 : TX → TX,
satisfying

ω(u, v) = gTX(J0u, v), u, v ∈ TX,
and define the operator J : TX → TX by

J = J0(−J2
0 )−1/2.

The operator J is an almost complex structure on X compatible with ω and gTX .
For any p ∈ N, denote Lp = L⊗p, the pth tensor power of L. Denote by ∆Lp⊗E the induced

Bochner-Laplacian acting on C∞(X,Lp ⊗ E) by

∆Lp⊗E =
(
∇Lp⊗E)∗∇Lp⊗E,

where ∇Lp⊗E : C∞(X,Lp ⊗E)→ C∞(X,T ∗X ⊗ Lp ⊗E) is the connection on Lp ⊗E induced
by ∇L and ∇E and

(
∇Lp⊗E)∗ : C∞(X,T ∗X⊗Lp⊗E)→ C∞(X,Lp⊗E) is the formal adjoint of

the operator ∇Lp⊗E. The renormalized Bochner-Laplacian is a differential operator ∆p acting
on C∞(X,Lp ⊗ E) by

∆p = ∆Lp⊗E − pτ,
where τ ∈ C∞(X) is given by

τ(x) = −πTr[J0(x)J(x)], x ∈ X.
When (X,ω) is a Kähler manifold, the operator ∆p is twice the corresponding Kodaira-
Laplacian on functions �Lp

= ∂̄L
p∗∂̄L

p
.

We will suppose that the Riemannian manifold (X, gTX) is complete and RL, RE, J , gTX

have bounded geometry (i.e., they and their derivatives of any order are uniformly bounded on
X in the norm induced by gTX , hL and hE, and the injectivity radius of (X, gTX) is positive).
We will also assume that

µ0 = inf
x∈X

u∈TxX\{0}

iRL
x (u, J(x)u)

|u|2
gTX

> 0.

This is a condition of uniform positivity of RL with respect to gTX .
Since (X, gTX) is complete, the Bochner-Laplacian and the renormalized Bochner-Laplacian

∆p are essentially self-adjoint in L2(X,Lp ⊗ E). First, we state the following spectral gap
property for the operator ∆p.

Supported by the Russian Science Foundation, project no. 17-11-01004.
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Theorem 1. There exists a constant CL > 0 such that for any p ∈ N the spectrum σ(∆p)
of the renormalized Bochner-Laplacian ∆p in L2(X,Lp ⊗ E) satisfies

σ(∆p) ⊂
[
− CL, CL

]
∪
[
2pµ0 − CL,+∞

)
.

Define the operator PHp in L2(X,Lp ⊗ E) to be the spectral projection of the operator ∆p,
corresponding to [−CL, CL], given by Spectral Theorem. Its image Hp ⊂ L2(X,Lp ⊗ E) is the
spectral subspace of ∆p corresponding to [−CL, CL]. If X is compact, the spectrum of ∆p is
discrete andHp is the subspace spanned by the eigensections of ∆p corresponding to eigenvalues
in [−CL, CL]. The Schwartz kernel of the operator PHp with respect to the Riemannian volume
form dvX is a smooth section Pp(·, ·) ∈ C∞(X ×X, π∗1(Lp ⊗ E)⊗ π∗2(Lp ⊗ E)∗), where π1 and
π2 are the projections of X × X on the first and second factor. It is called the generalized
Bergman kernel of ∆p, since it generalizes the Bergman kernel on complex manifolds.

The main result is the following off-diagonal estimate for the generalized Bergman kernel.

Theorem 2. There exists c > 0 such that for any k ∈ N, there exists ck > 0 such that for
any p ∈ N, x, x′ ∈ X, we have

∣∣Pp(x, x
′)
∣∣
Ck ≤ ckp

n+ k
2 e−c

√
p d(x,x′),

where d denotes the geodesic distance on X.

As an application, we prove the relation between the generalized Bergman kernel on a Galois
covering of a compact symplectic manifold and the generalized Bergman kernel on the base.
We also describe an asymptotic expansion of the generalized Bergman kernel near the diagonal.

This is joint work with Xiaonan Ma and George Marinescu [1].
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MORSE–SARD THEOREM AND LUZIN N-PROPERTY: A NEW
SYNTHESIS RESULT FOR SMOOTH AND SOBOLEV MAPPINGS

MIKHAIL KOROBKOV

For regular mappings of Euclidean spaces we study the distortion of the Hausdorff dimension
of the given set under restrictions on the rank of the gradient on this set.

For the classical cases of k-smooth and Holder mappings this problem was solved in the
papers by Dubovitskii, Bates and Moreira. We solve the problem for Sobolev and fractional
Sobolev classes as well. Note that we study the Sobolev case under minimal integrability
assumptions, i.e., they guarantee in general only the continuity (not everywhere differentiability)
of a mapping. In particular we found also some new facts for the classical smooth case as well.

The proofs of the most theorems are based on our previous joint papers with J. Bourgain
and J. Kristensen (2013, 2015).

School of Mathematical Sciences, Fudan University, 220 Handan Road, Shanghai, 200433,
China
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HYPERBOLIC KNOTS ARE NOT GENERIC

ANDREI MALYUTIN

We show that if K is a nontrivial knot then the proportion of satellites of K among all of
the prime knots of n or fewer crossings does not converge to 0 as n approaches infinity. This
implies in particular that the proportion of hyperbolic knots among all of the prime knots of n
or fewer crossings does not converge to 1 as n approaches infinity.

This is joint research with Yury Belousov.

St. Petersburg Department of Steklov Institute of Mathematics, 27 Fontanka, St. Petersburg,
191023, Russia

Email address: malyutin@pdmi.ras.ru
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METRICS OF DIAGONAL CURVATURE

OLEG MOKHOV

We study metrics of diagonal curvature arising in the theory of integrable systems of hy-
drodynamic type. The semi-Hamiltonian systems were discovered by S.P.Tsarev. This special
class of diagonalizable systems of hydrodynamic type possesses the richest infinite-dimensional
set of conservation laws and symmetries (commuting flows) of hydrodynamic type among all
systems of hydrodynamic type. The semi-Hamiltonian systems are integrable, they are inte-
grated (linearized) by the generalized hodograph method. Many the most important systems
of hydrodynamic type belong namely to this class of systems. The geometry of the semi-
Hamiltonian systems is just exactly the geometry of metrics of diagonal curvature (or, in other
words, semi-Hamiltonian metrics). A metric of diagonal curvature is connected to each such
system and vice versa. The metrics of diagonal curvature are diagonalizable and, moreover,
they possess orthogonal coordinates with some additional conditions on the components of the
Riemann curvature tensor in the orthogonal coordinates (the conditions of diagonal curvature).
Locally, the metrics of diagonal curvature are described by an integrable system of nonlinear
equations (the Darboux equations).

An efficient necessary condition for metrics of diagonal curvature, namely, the vanishing of
the Haantjes tensor for the Ricci affinor, is obtained and the theory of metrics of diagonal
curvature is developed.

Lomonosov Moscow State University, 1 Leninskie Gory, Moscow, 119991, Russia
Email address: mokhov@mi-ras.ru
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HOMOTHETY CURVATURE HOMOGENEITY

STANA NIKČEVIĆ

We examine the difference between several notions of curvature homogeneity and show that
the notions introduced by Kowalski and Vanzurova are genuine generalizations of the ordinary
notion of k-curvature homogeneity. The homothety group plays an essential role in the anal-
ysis. We give a complete classification of homothety homogeneous manifolds which are not
homogeneous and which are not VSI (i.e., which have some scalar curvature invariant which
is non-zero) and show that such manifolds are cohomogeneity one. We also give a complete
description of the local geometry, if the homothety character defines a split extension.

This is a joint work with Eduardo Garcia-Rio and Peter Gilkey.
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RECIPROCITY LAWS ON ALGEBRAIC VARIETIES AND
CONTOU-CARRÈRE SYMBOLS

DENIS OSIPOV

Reciprocity laws connect local and global invariants of algebraic varieties.
For example, consider one-dimensional algebraic varieties, i.e. algebraic curves. There is

the well-known reciprocity law that the sum of residues of meromorphic differential form on
a compact Riemann surface equals to zero. Another reciprocity law on a compact Riemann
surface is the so-called Weil reciprocity law which is the multiplicative analog of the previous
reciprocity law. This reciprocity law states that the product of tame symbols over all points
equals to one.

Reciprocity laws can be generalized to algebraic varieties of arbitrary dimension and to any
ground field (instead of the field C). This was was done by A.N. Parshin and K. Kato. When the
ground field is finite, these reciprocity laws are important in description of arithmetic properties
of corresponding algebraic varieties.

The Contou-Carrère symbol generalizes both the residue and the tame symbol for the point
on an algebraic curve. It is known the reciprocity law for the Contou-Carrère symbol (due to
G. Anderson, F. Pablos Romo, A. Beilinson, S. Bloch, H. Esnault).

I will speak on the generalization of the Contou-Carrère symbol to higher dimensions.
The talk is based on joint papers with X. Zhu and S. Gorchinskiy.
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ON NEW COSMOLOGICAL SOLUTIONS IN NON-LOCAL MODIFIED
GRAVITY

ZORAN RAKIĆ

Despite to all significant gravitational phenomena discovered and predicted by general theory
of relativity, it is not a complete theory. One of actual approaches towards more complete theory
of gravity is its non-local modification. We consider non-local modification of the Einstein
theory of gravity in framework of the pseudo-Riemannian geometry, with the non-local term of
the form H(R)F(�)G(R), where H and G are differentiable functions of the scalar curvature
R, and F(�) =

∑∞
n=0 fn�n where fn are is an analytic function of the dAlambert operator

�. Using calculus of variations of the action induced by the metric tensor gµν , we derived the
corresponding equations of motion. Firstly, we consider several models of the above mentioned
type, as well as the case when the scalar curvature is constant. Specially, we are paid our
attention to the case where H(R) = G(R) =

√
R− 2 Λ, and find some new cosmological

solutions and we test validity of obtained solutions with experimental data. Moreover, we
consider space-time perturbations of the de Sitter space. It was shown that gravitational waves
are described in the class of nonlocal models H(R)F(�)G(R), with respect to Minkowski metric
by the same equations as in general relativity.

This is joint work with I. Dimitrijević, B. Dragović, A. Koshelev and Jelena Stanković.

University of Belgrade, 16 Studentski trg, Belgrade, 11000, Serbia
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LAGRANGIAN MANIFOLDS AND QUANTIZATION RULES,
CORRESPONDING TO SEMI-CLASSICAL EIGENVALUES OF THE

SCHROEDINGER EQUATION ON A SURFACE WITH CONIC
SINGULARITY

ANDREI SHAFAREVICH

We study semi-classical spectrum for the Scroedinger equation on a 2D surface with conic
singularity. We obtain Lagrangian surfaces and quantization rules, corresponding to such eigen-
values. We sjow that the quantization rules are not standard; however, they have natural
geomatric interpretation.

Moscow State University, 1 Leninskie Gory, Moscow, 119992, Russia
Email address: shafarev@yahoo.com
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TYPES OF GROWTH POINTS OF A DENDRITE

PRABHJOT SINGH

Let S = {S1, S2, . . . Sm} be a self-similar linear zipper [1] in R, whose attractor K is [0, 1].
We consider the question: Can we add a similarity map S∗ of the complex plane C to the

system S in such a way, that the attractor K ′ of the resulting system S ′ would be a dendrite?
A point c ∈ [0, 1] is called a dendrite growth point, if there is such h > 0, that the attractor

K ′ of a system S ′ = {S1, S2, . . . Sm, S∗}, where S∗(z) = ihz + c, is a dendrite.
We prove that there are 3 types of dendrite growth points, depending on their address

i1i2 . . . in . . . in K:

(1). The point c has a periodic address c = π(i1i2 . . . in).
Then c is a growth point if c 6= 0, 1 and Si1i2...in = S∗Sk

AS
−1
∗ where SA is some element of the

semigroup generated by S which fixes the point 0. In this case K ′ is a p.c.f. dendrite [2].

(2). c has a preperiodic address c = π(j1j2 . . . jki1i1i2 . . . in) then for sufficiently small h,
depending on j1j2 . . . jk only, K ′ is a p.c.f. dendrite.

(3). c has aperiodic address such that there is initial word i1i2 . . . in such that for any k > 0,

ik+1ik+2 . . . ik+n 6= i1i2 . . . in.

Then there is h > 0 depending on i1i2 . . . in only for which K ′ is a non-p.c.f. dendrite.
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THE SAMPSON LAPLASIAN

SERGEY STEPANOV

In our report we consider the little-known Sampson operator that is strongly elliptic and self-
adjoint second order differential operator acting on covariant symmetric tensors on Riemannian
manifolds (see [1]). This operator was an analogue of the well known Hodge Laplacian which
acts on exterior differential forms. First of all, we review the results on this operator. Then
we consider the properties of the Sampson operator acting on one-forms and symmetric two-
forms. Further we estimate operator’s lowest eigenvalue. We study this operator using the
analytical method, due Bochner, of proving vanishing theorems for the null space of a Laplace
operator admitting a Weitzenbck decomposition and further of estimating its lowest eigenvalue.
Theorems and corollaries of the present report complement our results from the papers [2] - [6].
Moreover, applications of Sampson Laplacian can be find in our paper [3].
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DEFORMATIONS OF POLYGASKETS IN THE PLANE

ANDREI TETENOV1, DMITRY DROZDOV2, AND MARY SAMUEL3

Let P ⊂ R2 be a finite polygon homeomorphic to a disk, VP = {A1, . . . , AnP
} be the set of

its vertices. We consider a system of similarities S = {S1, . . . , Sm} in R2 such that:
(D1) for any i ∈ I set Pi = Si(P ) ⊂ P ;
(D2) for any i 6= j, i, j ∈ I, Pi

⋂
Pj = VPi

⋂VPj
and #(VPi

⋂VPj
) < 2;

(D3) VP ⊂
⋃
i∈I
Si(VP );

Following R. Strichartz [1], the system S will be called a P -polygasket, if it satisfies the con-
ditions (D1−D3), and a generalized P -polygasket, if it satisfies the conditions (D2, D3) only.

Let S be a generalized P -polygasket. The vertex A ⊂ VP is called a cyclic vertex, if there is
such multiindex i = i1i2 . . . ik, that Si(A) = A. Let A be a cyclic vertex and γAB be its invariant
arc and Si(A) = A. Let B′ = Si(B). We denote by α the total change of argument of z−A when
z travels along γAB from B to B′. This gives unique representation Si(z) = qie

iα(z − A) + A.

The number λA =
α

ln r
is called the parameter of the cyclic vertex A. Generalized P -polygasket

S satisfies the parameter matching condition, if for any B ∈ ∪mi=1VPi
and for any cyclic vertices

A,A′ such that for some i, j ∈ I∗, Si(A) = Sj(A
′) = B, the equality λA = λA′ holds.

A generalized P ′-polygasket S ′ = {S ′1, ..., S ′m} is called a δ-deformation of a P -polygasket

S = {S1, ..., Sm}, if there is a bijection f :
m⋃
k=1

VPk
→

m⋃
k=1

VP ′
k
, such that

a) f |VP extends to a homeomorphism f̃ : P → P ′;

b) |f(x)− x| < δ for any x ∈
m⋃
k=1

VPk

c) f(Sk(x)) = S ′k(f(x)) for any k ∈ I and x ∈ VP .
Our main result is the following
Theorem. Let S be a P -polygasket. There is such δ > 0 that for any δ-deformation S ′ of

the system S, satisfying parameter matching condition, the attractor K(S ′) is homeomorphic
to K(S).
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THE MODULI SPACE OF D- EXACT BOHR - SOMMERFELD
LAGRANGIAN SUBMANIFOLDS

NIKOLAY A. TYURIN

The talk is based on the papers [1] and [2].
Each compact algebriac variety X over the field of complex numbers can be regarded as a

real symplectic manifold. Indeed, X can be embedded to projective space CPN of a suitable
dimension by the very definition, and then the restriction of the stadard Kahler form of the
Fubini - Study metric gives a symplectic form on X. By the construction this symplectic form is
integer, so its cohomology class lies in the lattice H2(X,Z). This symplectic form is not unique
- it depends on the choice of a class of ample divisors, therefore the choice of an appropriate
class makes it possible to study lagrangian geometry of X. We consider the case of smooth
simply connected algrebraic varieties.

The realization can be done as follows: for pair (X,D) take the corresponding line bundle L→
X and fix an appropriate hermitian structure on it. Then for the corresponding holomorphic
section αD with zeroset D take real function φD = −ln|αD|h; then this function is a Kahler
potential on X\D so the form ωD = drmIdφD is a Kahler form which can be considered as a
symplectic form on the complement. The ampleness condition ensures that ωD has a natural
exntesion on whole X.

Special Bohr - Sommerfeld geometry can be applied in our situation: the prequantization
data (L, a) can be fixed, and then a natural incidence cycle USBS ⊂ PΓ(X,L) × BS can be
constructed. Here BS is the moduli space of Bohr - Sommmerfeld lagrangian cycles of a fixed
topological type. Our dream is to derive a finitie dimensional component from USBS — it
would be a finite dimensional moduli space, derived from the lagrangian geometry of X. So,
the first step in this way arises when we take a natural finite dimensional projective subspace
in PΓ(X,L) consists of holomorphic sections of L.
Thesis: Take the total preimage p−1

1 (PH0(MI , L)) ⊂ USBS - it is finite dimensional discrete
covering of the finite dimensional projective space formed by pairs (S, p) where S are SBS
submanifolds.

But unfortunately this does not lead to a good answer: in general for a holomorphic section no
smooth Special Bohr - Sommerfeld cycles. Therefore we must either desingularize the singular
components or find another way. The possible way is in the usage of D - exact lagrangian
submanifolds instead of Special Bohr - Sommerfeld. In the situation above we call a lagrangian
submanifold S D - exact with respect to a divisor D ⊂ X if S ∩D = ∅ and for each loop γ ⊂ S
and a common disk B2 ⊂ X bounded by γ one has ind(B2 ∩ D) =

∫
B2
ωD. The space of D -

exact lagrangian submanifolds of a fixed topological type is infinite, but it is a natural action
of the group HamIso(X\D) of Hamiltonain isotopies, and we can factorize the space by the
action. The main claim here is that for fixed D the quotient set is discrete. This leads to
Antithesis: Attach to a very ample divisor Dα the space of smooth compact homologically

non trivial exact lagrangian submanifolds on the complement X\Dα modulo Hamiltonian iso-
topies on X\Dα, and then globalizing the attachment over the projective space |LD| get modified
moduli space M̃SBS.

Here our main result is that this moduli space if a finite dimensional object. But we introduce
this new moduli space just to resolve the problem in the definition of a moduli space in the
framework of Special Bohr - Sommerfeld geometry. Therefore

The author was supported by the Laboratory of Mirror Symmetry of the Higher School of Economics and
the Government of the Russian Federation (Grant 14.641.31.0001).
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Synthesis: Cut from the modified moduli space M̃SBS a stable component M̃st
SBS consists

of the classes < Si >∈ H(Dα) which present Hamiltonian desingularizations of the compact
closed components of the Weinstein skeleta W (X\Dα).

And for this last stable component we have
Main Conjecture. For arbitrary compact smooth simply connected algebraic variety X and

a very ample line bundle LD → X the stable component of the modified moduli space is algebraic:
M̃st

SBS
∼= Y \D where D is a compact algebraic variety and D ⊂ Y is an ample divisor.

We supply the discussion by a number of examples illustrating the conjecture.
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ON STANDARD PATHS WITH CONSTANT INTERNAL CURVATURES
ON SPHERES OF PSEUDO-EUCLIDEAN SPACE

IRINA ZUBAREVA

Pseudo-Euclidean space En
l of arbitrary index l, where n, l are integers, n ≥ 3, 0 ≤ l ≤ n/2,

is n–dimensional vector space together with the pseudoscalar product

{(x1, . . . , xn), (y1, . . . , yn)} := −x1y1 − · · · − xlyl + xl+1yl+1 + . . . xnyn.

The number ‖x‖ :=
√
| {x, x} | is called the modulus of the vector x.

A continuous mapping r : R→ En
l is called the standart path if for every s ∈ R, there exists

r′(s) and ‖r′(s)‖ = 1.
A system of vectors e1, . . . , em in En

l is called orthonormal if ‖ei‖ = 1, {ei, ej} = 0 for i 6= j,
i, j = 1, . . . ,m. A system of functions e1, . . . , em : R → En

l is orthonormal if for every s ∈ R,
the system of the vectors e1(s), . . . , em(s) is orthonormal in En

l .
Let Mn−1 be a sphere in En

l with center the origin, a is the square of radius of Mn−1.

Definition 1. Functions k1, . . . , kn−2 : R→ R are called the internal curvatures of a standart
path r : R → Mn−1 if there exists an orthonormal system of differentiable functions ei : R →
Mn−1, i = 1, . . . , n− 2, satisfying the conditions: for every s ∈ R

1) e1(s) = r′(s);
2) km(s) = ‖gm(s)‖ for m = 1, . . . , n− 2, where

fm(s) = e′m(s)− {e′m(s), r(s)} r(s)/a,

gm(s) = fm(s)−
m∑

i=1

εi(s) {fm(s), ei(s)} ei(s), εi(s) = e2i (s), i = 1, . . . , n;

3) km(s) > 0 for m = 1, . . . , n− 3;
4) em+1(s) = gm(s)/km(s) for m = 1, . . . , n− 3.

The author proved the following results below.

Theorem. Let r : R → Mn−1 be a standart path with constant internal curvatures
k1, . . . , kn−2 and the function en−1 from the Definition 1 is differentiable. Then r = r(s) is
an orbit of some one-parameter isometry group of Mn−1.

Let us recall a well–known Poincare’s model of the Lobachevsky space Ln−1 on the upper
hemisphere of the pseudo-Euclidean space En

1 :

Ln−1 = {x = (x1, . . . , xn) ∈ En
l : {x, x} = −1, x1 > 0}.

Corollary. Let r : R → Ln−1 be a standart path in the Lobachevsky space Ln−1, n ≥
3, with constant internal curvatures k1, . . . , kn−2 and the function en−1 from the Definition 1
is differentiable. Then r = r(s) is an orbit of some one-parameter isometry group of the
Lobachevsky space Ln−1.
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ÃÐÓÏÏÀ ÄÂÈÆÅÍÈÉ ÎÑÎÁÎÃÎ ×ÅÒÛÐÅÕÌÅÐÍÎÃÎ ÐÀÑØÈÐÅÍÈß
ÅÂÊËÈÄÎÂÎÉ ÒÐÅÕÌÅÐÍÎÉ ÃÅÎÌÅÒÐÈÈ

ÐÀÄÀ ÁÎÃÄÀÍÎÂÀ1, ÂËÀÄÈÌÈÐ ÊÛÐÎÂ2

Â ðàáîòå [1] Â.À. Êûðîâûì â ðàìêàõ ðåøåíèÿ çàäà÷è âëîæåíèÿ åâêëèäîâîé ãåîìåò-
ðèè íàéäåíî îñîáîå ÷åòûðåõìåðíîå ðàñøèðåíèå åâêëèäîâîé òðåõìåðíîé ãåîìåòðèè. Ýòà
ãåîìåòðèÿ çàäàåòñÿ ñëåäóþùåé ôóíêöèåé ïàðû òî÷åê:

f(i, j) = ((xi − xj)2 + (yi − yj)2 + (zi − zj)2)e2wi+2wj , (1)

ãäå (xi, yi, zi, wi) è (xj, yj, zj, wj) � êîîðäèíàòû ñîîòâåòñòâåííî òî÷åê i è j â R4.
Öåëüþ ðàáîòû ÿâëÿåòñÿ íàõîæäåíèå ÿâíûõ âûðàæåíèé äëÿ ãðóïï äâèæåíèé îñîáîãî

÷åòûðåõìåðíîãî ðàñøèðåíèÿ åâêëèäîâîé òðåõìåðíîé ãåîìåòðèè.
Ðàññìîòðèì ýôôåêòèâíîå è äèôôåðåíöèðóåìîå äåéñòâèå ãðóïïû Ëè G â U ⊂ R4 [2, 3],

òî åñòü äèôôåðåíöèðóåìîå îòîáðàæåíèå

λ : U ×G→ U ′,

ãäå U ′ ⊂ R4. Äåéñòâèå λa, îïðåäåëÿåìîå ïðîèçâîëüíûì ýëåìåíòîì a ∈ G, íàçûâàåòñÿ
äâèæåíèåì ïðîñòðàíñòâà R4 ñ ôóíêöèåé ïàðû òî÷åê f , åñëè äëÿ ëþáûõ i, j ∈ U òàêèõ,
÷òî 〈i, j〉 ∈ Sf , 〈λa(i), λa(j)〉 ∈ Sf , âûïîëíÿåòñÿ ðàâåíñòâî

f
(
λa(i), λa(j)

)
= f(i, j),

ïðè÷åì Sf ⊆ R4 ×R4 � îáëàñòü îïðåäåëåíèÿ ôóíêöèè f .
Ìíîæåñòâî âñåõ òàê îïðåäåëåííûõ äâèæåíèé îáðàçóåò äåñÿòèìåðíóþ ãðóïïó Ëè ïðåîá-

ðàçîâàíèé. Áàçèñíûå îïåðàòîðû àëãåáðû Ëè ýòîãî ïðåîáðàçîâàíèÿ èìåþò ñëåäóþùèé âèä
[1]:

∂x, ∂y, ∂z, x∂y − y∂x, x∂z − z∂x, y∂z − z∂y, 2x∂x − 2y∂y − 2z∂z + ∂w,
(y2 + z2 − x2)∂x − 2xy∂y − 2xz∂z + x∂w, (x

2 + z2 − y2)∂y − 2yx∂x − 2yz∂z + y∂w,
(x2 + y2 − z2)∂z − 2zx∂x − 2zy∂y + z∂w,

(2)

Ìåòîä íàõîæäåíèÿ ñîñòîèò â ïðèìåíåíèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ [4, 5]:




x′

y′

z′

w′


 = Exp(tX)




x
y
z
w


 , (3)

ãäå t � âåùåñòâåííûé ïàðàìåòð, à X � ïðîèçâîëüíûé îïåðàòîð àëãåáðû Ëè ãðóïïû äâè-
æåíèé,

Exp(tX) = 1 + tX +
t2X2

2!
+ · · · .
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Òåîðåìà. Ãðóïïà äâèæåíèé îñîáîãî ÷åòûðåõìåðíîãî ðàñøèðåíèÿ åâêëèäîâîé òðåõìåð-
íîé ãåîìåòðèè ñ ôóíêöèåé ïàðû òî÷åê (1) â ÿâíîì âèäå èìååò âèä:

x′ =
((x2 + y2 + z2)(a11a+ a12b+ a13c) + a11x+ a12y + a13z)e

−2δ

(a2 + b2 + c2)(x2 + y2 + z2) + 2ax+ 2by + 2cz + 1
+ α,

y′ =
((x2 + y2 + z2)(a21a+ a22b+ a23c) + a21x+ a22y + a23z)e

−2δ

(a2 + b2 + c2)(x2 + y2 + z2) + 2ax+ 2by + 2cz + 1
+ β,

z′ =
((x2 + y2 + z2)(a31a+ a32b+ a33c) + a31x+ a32y + a33z)e

−2δ

(a2 + b2 + c2)(x2 + y2 + z2) + 2ax+ 2by + 2cz + 1
+ γ,

w′ = w + 1
2
ln((a2 + b2 + c2)(x2 + y2 + z2) + 2ax+ 2by + 2cz + 1) + δ,

(4)

ãäå




a11 a12 a13
a21 a22 a23
a31 a32 a33


 ∈ SO(3).

Äîêàçàòåëüñòâî òåîðåìû, ñîñòîèò â íàõîæäåíèè ñ ïîìîùüþ ýêñïîíåíöèàëüíîãî îòîá-
ðàæåíèÿ îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï, ñîîòâåòñòâóþùèõ áàçèñíûì îïåðàòîðàì àëãåáð
Ëè ãðóïï ïðåîáðàçîâàíèé (2), êîìïîçèöèÿ êîòîðûõ ïîçâîëÿåò íàéòè ÿâíûå âûðàæåíèÿ
ëîêàëüíûõ äåéñòâèé ãðóïï Ëè (4) îñîáîãî ÷åòûðåõìåðíîãî ðàñøèðåíèÿ åâêëèäîâîé òðåõ-
ìåðíîé ãåîìåòðèè ñ ôóíêöèåé ïàðû òî÷åê (1).
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ÓÑËÎÂÈÅ cc-ÂÍÓÒÐÅÍÍÅÃÎ ÊÎÍÓÑÀ È ÃÈÏÅÐÏÐÎÑÒÐÀÍÑÒÂÀ
ÊÀÍÎÍÈ×ÅÑÊÎÉ ÃÐÓÏÏÛ ÝÍÃÅËß

ÀËÅÊÑÀÍÄÐ ÃÐÅØÍÎÂ1, ÐÎÌÀÍ ÆÓÊÎÂ2

Êàíîíè÷åñêàÿ ãðóïïà Ýíãåëÿ Eα,β îïðåäåëÿåòñÿ â ñòàíäàðòíîì åâêëèäîâîì ïðîñòðàí-
ñòâå R4 ñ ñèñòåìîé êîîðäèíàò (x, y, t, z), èíäóöèðîâàííîé êîîðäèíàòíûì ðåïåðîì (O, e1, e2, e3, e4)
(çäåñü e1, e2, e3, e4 � ñòàíäàðòíûå îðòû R4), ïðè ïîìîùè òàáëèöû êîììóòàòîðîâ

(1)

{
[e1, e2] = αe3, α > 0,

[e1, e3] = βe4, β > 0;

âñå îñòàëüíûå âîçìîæíûå êîììóòàòîðû e1, e2, e3, e4 ðàâíû 0. Ïóñòü v = (x, y, t, z), w′ =
(x′, y′, t′, z′). Òîãäà, èñïîëüçóÿ ôîðìóëó Êýìïáåëëà � Õàóñäîðôà, ïðè ïîìîùè (1) ìû ïîëó-
÷àåì ìû ïîëó÷àåì àíàëèòè÷åñêóþ çàïèñü îïåðàöèè ëåâîãî ñäâèãà ïðîèçâîëüíîãî ýëåìåíòà
w′ = (x′, y′, t′, z′) ∈ Eα,β íà ïðîèçâîëüíûé ýëåìåíò w = (x, y, t, z) ∈ Eα,β:

(2) Lww
′ = w · w′ =

(
x+ x′, y + y′, t+ t′ +

α

2
(xy′ − x′y),

z + z′ +
β

2
(xt′ − x′t) + αβ

12
(x− x′)(xy′ − x′y)

)
.

Èñïîëüçóÿ (2), ìû ïîëó÷àåì âûðàæåíèÿ äëÿ áàçèñíûõ ëåâîèíâàðèàíòíûõ âåêòîðíûõ ïî-
ëåé ãðóïïû Ýíãåëÿ Eα,β â ëþáîé òî÷êå (x, y, t, z):

X = (1, 0,−α
2
y,−βt

2
− αβxy

12
) = e1 −

αy

2
· e3 −

(βt
2

+
αβxy

12

)
· e4,

Y = (0, 1,
αx

2
,
αβx2

12
) = e2 +

αx

2
· e3 +

αβx2

12
· e4,

T = (0, 0, 1,
βx

2
) = e3 +

βx

2
· e4, Z = e4.

Ðàññòîÿíèå Êàðíî � Êàðàòåîäîðè dcc(u, v) ìåæäó äâóìÿ ïðîèçâîëüíûìè òî÷êàìè u, v ∈
Eα,β, îïðåäåëÿåòñÿ êàê òî÷íàÿ íèæíÿÿ ãðàíü äëèí l(γ) âñåõ àáñîëþòíî íåïðåðûâíûõ ãî-
ðèçîíòàëüíûõ ïóòåé γ = γ(s), îïðåäåëåííûõ íà íåêîòîðîì îòðåçêå [0, s0], ñîåäèíÿþùèõ
òî÷êè u, v, ò. å. òàêèõ, ÷òî u = γ(0), v = γ(s0),

γ̇(s) = α(s)X(γ(s)) + β(s)Y (γ(s)) ï. â. s ∈ [0, s0],

ãäå α(s), β(s) � íåêîòîðûå èíòåãðèðóåìûå ôóíêöèè. Äëèíà êðèâîé çäåñü îïðåäåëÿåòñÿ
ïðè ïîìîùè ñòàíäàðòíîé ôîðìû ñêàëÿðíîãî ïðîèçâåäåíèÿ, èíäóöèðîâàííîãî áàçèñíû-
ìè ëåâîèíâàðèàíòíûìè âåêòîðíûìè ïîëÿìè ðàññìàòðèâàåìîé êàíîíè÷åñêîé ãðóïïû. Â
äàëüíåéøåì ñèìâîëîì Bcc(x, r) ìû áóäåì îáîçíà÷àòü îòêðûòûé øàð â ìåòðèêå Êàðíî �
Êàðàòåîäîðè ñ öåíòðîì â òî÷êå x ðàäèóñà r.
Íà Eα,β îïðåäåëåíà îäíîïàðàìåòðè÷åñêàÿ ïîäãðóïïà ðàñòÿæåíèé (äèëàòàöèé)

δε(x, y, t, z) = (εx, εy, ε2t, ε3z).

Èçâåñòíî, ÷òî ìåòðèêà Êàðíî � Êàðàòåîäîðè èíâàðèàíòíà îòíîñèòåëüíî äåéñòâèé δε è
ëåâûõ ñäâèãîâ, ò. å.

dcc(δεu, δεv) = εdcc(u, v), dcc(Luv, Luw) = dcc(v, w).

Òî÷êà O (íà÷àëî êîîðäèíàò) ÿâëÿåòñÿ åäèíè÷íûì ýëåìåíòîì ëþáîé êàíîíè÷åñêîé ãðóïïû
Ýíãåëÿ: LOu = u. Îòìåòèì, ÷òî êàíîíè÷åñêàÿ ãðóïïà Ýíãåëÿ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì
ãðóïï Êàðíî, ñì., íàïðèìåð, [1].
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Îïðåäåëåíèå 1. Ìíîæåñòâî

K∞(M,X, r) =
⋃

ε≥0
M · δεBcc(X, r), dcc(O,X) = 1 > r,

êàíîíè÷åñêîé ãðóïïû Ýíãåëÿ áóäåì íàçûâàòü cc-îäíîðîäíûì êîíóñîì ñ âåðøèíîé â òî÷êå
M , îñüþ M · δεX è ðàñòâîðîì r. Ìíîæåñòâî

Kε0(M,X, r) =
⋃

ε∈[0,ε0]
M · δεBcc(X, r), dcc(O,X) = 1 > r,

áóäåì íàçûâàòü óñå÷åííûì cc-îäíîðîäíûì êîíóñîì ñ âåðøèíîé â òî÷êå M , îñüþ M · δεX
è ðàñòâîðîì r.
Îïðåäåëåíèå 2. Ãîâîðèì, ÷òî íåîãðàíè÷åííàÿ îáëàñòü D êàíîíè÷åñêîé ãðóïïû Ýíãåëÿ

óäîâëåòâîðÿåò óñëîâèþ âíóòðåííåãî cc-îäíîðîäíîãî êîíóñà, åñëè ñóùåñòâóåò r òàêîå, ÷òî
äëÿ êàæäîé òî÷êèM ∈ ∂D íàéäåòñÿ cc-îäíîðîäíûé êîíóñ K∞(M,X, r), X = X(M), òàêîé,
÷òî

(
K∞(M,X, r) \M

)
⊂ D, ãäå r íå çàâèñèò îò âûáîðà M .

Îïðåäåëåíèå 3. Ãîâîðèì, ÷òî îáëàñòü D êàíîíè÷åñêîé ãðóïïû Ýíãåëÿ ÿâëÿåòñÿ cc-
ðàâíîìåðíîé, åñëè äëÿ êàæäîé ïàðû òî÷åê x, y ∈ D íàéäåòñÿ àáñîëþòíî íåïðåðûâíûé
ãîðèçîíòàëüíûé ïóòü γ = γ(s) ⊂ D, îïðåäåëåííûé íà [0, s0], ñîåäèíÿþùèé òî÷êè x, y,
òàêîé, ÷òî {

l(γ) ≤ adcc(x, y),

min{l(γx,z), l(γy,z)} ≤ bdcc(z, ∂D),
ãäå z ∈ γ � òåêóùàÿ òî÷êà, γy,z � ó÷àñòîê êðèâîé γ îò òî÷êè y äî òî÷êè z, γx,z � ó÷àñòîê
êðèâîé γ îò òî÷êè x äî òî÷êè z, è êîíñòàíòû a, b íå çàâèñÿò îò âûáîðà x, y ∈ D.
Âñå íåîáõîäèìûå êîììåíòàðèè è ññûëêè, ñâÿçàííûå ñ îïðåäåëåíèÿìè 1�3, ÷èòàòåëü ìî-

æåò íàéòè â [2].

Òåîðåìà 1. 10 Ãèïåðïðîñòðàíñòâà {(x, y, t, z) ∈ Eα,β | x > 0}, {(x, y, t, z) ∈ Eα,β | y > 0}
óäîâëåòâîðÿþò óñëîâèþ âíóòðåííåãî cc-îäíîðîäíîãî êîíóñà è ÿâëÿþòñÿ cc-ðàâíîìåðíûìè
îáëàñòÿìè, 20 ãèïåðïðîñòðàíñòâà {(x, y, t, z) ∈ Eα,β | Ax+By+Ct > 0, C 6= 0}, óäîâëåòâî-
ðÿþò óñëîâèþ âíóòðåííåãî cc-îäíîðîäíîãî êîíóñà è ÿâëÿþòñÿ cc-ðàâíîìåðíûìè îáëàñòÿ-

ìè, 30 ãèïåðïðîñòðàíñòâî {(x, y, t, z) ∈ Eα,β | z > 0} íå óäîâëåòâîðÿåò óñëîâèþ âíóòðåííåãî

cc-îäíîðîäíîãî êîíóñà è íå ÿâëÿåòñÿ cc-ðàâíîìåðíîé îáëàñòüþ.

Ï. 1 òåîðåìû 1 äîêàçàí â [1]; òîò ôàêò, ÷òî ãèïåðïðîñòðàíñòâî {(x, y, t, z) ∈ Eα,β | z > 0}
íå óäîâëåòâîðÿåò óñëîâèþ âíóòðåííåãî cc-îäíîðîäíîãî êîíóñà, óñòàíîâëåí â ðàáîòå [3], íî
ìû ïðèâîäèì àëüòåðíàòèâíîå äîêàçàòåëüñòâî.
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ÐÅØÅÍÈÅ ÇÀÄÀ×È ÂËÎÆÅÍÈß ÄËß ÄÂÓÌÅÐÍÛÕ ÃÅÎÌÅÒÐÈÉ
ËÎÊÀËÜÍÎÉ ÌÀÊÑÈÌÀËÜÍÎÉ ÏÎÄÂÈÆÍÎÑÒÈ

ÂËÀÄÈÌÈÐ ÊÛÐÎÂ

Ðàññìîòðèì òðåõìåðíîå àíàëèòè÷åñêîå ìíîãîîáðàçèå M , êîòîðîå ëîêàëüíî äèôôåî-
ìîðôíî ïðÿìîìó ïðîèçâåäåíèþ äâóìåðíîãî àíàëèòè÷åñêîãî ìíîãîîáðàçèÿ N è îäíîìåð-
íîãî àíàëèòè÷åñêîãî ìíîãîîáðàçèÿ L. Ïîñòðîèì ôóíêöèþ ïàðû òî÷åê f : M ×M → R ñ
îòêðûòîé è ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ Sf ⊂M2 ïî ñëåäóþùåé ôîðìóëå:

f = χ(g(π1(h), π1(h)), π2(h), π2(h)), (1)

ãäå h :M → N×L � ëîêàëüíûé äèôôåîìîðôèçì, π1 : N×L→ N è π2 : N×L→ L � ïðî-
åêöèè, g : N×N → R � ôóíêöèÿ ïàðû òî÷åê ñ îòêðûòîé è ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ
Sg â N

2, χ : R × L × L → R � íåâûðîæäåííàÿ ôóíêöèÿ (îòëè÷íû îò íóëÿ ïðîèçâîäíûå
ïåðâîãî ïîðÿäêà ïî âñåì ïåðåìåííûì). Âñå ïðèâåäåííûå çäåñü ôóíêöèè àíàëèòè÷åñêèå.
Ìåòîäîì âëîæåíèÿ ïîñòðîåíà êëàññèôèêàöèÿ òðåõìåðíûõ ãåîìåòðèé ëîêàëüíîé ìàêñè-

ìàëüíîé ïîäâèæíîñòè, çàäàâàåìûõ ôóíêöèÿìè ïàðû òî÷åê (1) ïî ðàíåå èçâåñòíûì äâó-
ìåðíûì ãåîìåòðèÿì ìàêñèìàëüíîé ïîäâèæíîñòè, çàäàâàåìûõ ôóíêöèÿìè ïàðû òî÷åê g.
Îñíîâíûå ðåçóëüòàòû îïóáëèêîâàíû â ðàáîòàõ [1�4].
Ñïèñîê ôóíêöèé ïàðû òî÷åê äâóìåðíûõ ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæ-

íîñòè [5]:
g(A,B) = sin yA sin yB cos(xA − xB) + cos yA cos yB;

g(A,B) = sh yA sh yB cos(xA − xB)− ch yA ch yB;

g(A,B) = sh yA sh yB ch(xA − xB)− ch yA ch yB;

g(A,B) = (xA − xB)2 + (yA − yB)2;
g(A,B) = (xA − xB)2 − (yA − yB)2;

g(A,B) = xAyB − xByA;
g(A,B) =

yA − yB
xA − xB

;

g(A,B) = ((xA − xB)2 + (yA − yB)2)e
2γarctg

yA − yB
xA − xB ;

g(A,B) = β ln(yA − yB) + ε ln(xA −XB);

g(A,B) = (xA − xB)2e
2
yA − yB
xA − xB ,

ãäå (xA, yA) � ëîêàëüíûå êîîðäèíàòû òî÷êè A ìíîãîîáðàçèÿ N , β, γ = const, γ 6= 0,
β 6= 0,±1, ε = ±1.
Ñïèñîê ôóíêöèé ïàðû òî÷åê òðåõìåðíûõ ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæ-

íîñòè [1]�[4]:

f(A,B) = sin zA sin zB[sin yA sin yB cos(xA − xB) + cos yA cos yB] + cos zA cos zB;

f(A,B) = ch zA ch zB[sh yA sh yB cos(xA − xB)− ch yA ch yB] + sh zA sh zB;

f(A,B) = sh zA sh zB[sh yA sh yB cos(xA − xB)− ch yA ch yB] + ch zA ch zB;

f(A,B) = sh zA sh zB[sh yA sh yB ch(xA − xB)− ch yA ch yB] + ch zA ch zB;

f(A,B) = (xA − xB)2 + (yA − yB)2 + (zA − zB)2;
f(A,B) = (xA − xB)2 + (yA − yB)2 − (zA − zB)2;

f(A,B) = xAyB − xByA + zA − zB;
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f(A,B) =
yA − yB
xA − xB

+ zA + zB;

f(A,B) =
yA − yB
xA − xB

ezA+zB ;

f(A,B) = arctg
yA − yB
xA − xB

+ zA + zB;

f(A,B) = ((xA − xB)2 + (yA − yB)2)e2zA+2zB ;

f(A,B) = ((xA − xB)2 − (yA − yB)2)e2zA+2zB ;

f(A,B) = ((xA − xB)2 + (yA − yB)2)e
2γarctg

yA − yB
xA − xB

+2zA+2zB
;

f(A,B) = β ln(yA − yB) + ε ln(xA − xB) + zA + zB;

f(A,B) = (xA − xB)2e
2
yA − yB
xA − xB

+2zA+2zB
,

ãäå (xA, yA, zA) � ëîêàëüíûå êîîðäèíàòû òî÷êè A ìíîãîîáðàçèÿ M , β, γ = const, γ 6= 0,
β 6= 0,±1, ε = ±1.
Äëÿ îôîðìëåíèÿ ëèòåðàòóðû, ïîæàëóéñòà, èñïîëüçóéòå ñëåäóþùèé îáðàçåö:
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ÑÏÅÖÈÀËÜÍÛÅ ÏÎËÈÝÄÐÛ Ñ ÌÀÊÑÈÌÀËÜÍÛÌ ÐÀÍÃÎÌ
ÃÎÌÎËÎÃÈÉ H2(P ;Z2)

ÄÀÍÈÈË ÄÀÌÈÐÎÂÈ× ÍÈÃÎÌÅÄÜßÍÎÂ

Ïóñòü P � ñïåöèàëüíûé ïîëèýäð ñ d 2-êëåòêàìè. Òîãäà ðàíã ãîìîëîãèé H2(P ;Z2) íå
ïðåâîñõîäèò d − 1. Áóäåì ãîâîðèòü, ÷òî ðàíã ãîìîëîãèé H2(P ;Z2) ìàêñèìàëüíûé, åñëè
äîñòèãàåòñÿ ðàâåíñòâî.

Â äàííîé ðàáîòå ïîëó÷åíî ïîëíîå îïèñàíèå êëàññà ñïåöèàëüíûõ ïîëèýäðîì ñ ìàêñèìàëü-

íûì ðàíãîì ãîìîëîãèé. Óñòàíàâëèâàåòñÿ ñëîæíîñòü âèðòóàëüíûõ ìíîãîîáðàçèé, çàäàâàå-

ìûõ ðàññìàòðèâàåìûìè ñïåöèàëüíûìè ïîëèýäðàìè. Ðàññìàòðèâàåòñÿ âîïðîñ îá óòîëùàå-

ìîñòè ïîëèýäðîâ.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ñ.Â. Èâàíîâûì è Å.À. Ôîìèíûõ.

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, 14 ëèíèÿ Âàñèëüåâñêîãî îñòðîâà 29,

Ñàíêò-Ïåòåðáóðã, 199178, Ðîññèÿ
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ÑÎËÈÒÎÍÛ ÐÈ××È È ÊÈËËÈÍÃÎÂÛ ÏÎËß ÍÀ ÎÁÎÁÙÅÍÍÛÕ

ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÊÀÕÅÍÀ-ÓÎËËÀÕÀ

ÄÌÈÒÐÈÉ ÎÑÊÎÐÁÈÍ1, ÅÂÃÅÍÈÉ ÐÎÄÈÎÍÎÂ2

Â ðàáîòå èññëåäóþòñÿ ñîëèòîíû Ðè÷÷è è ïîëÿ Êèëëèíãà íà îáîáùåííûõ ìíîãîîáðàçèÿõ
Êàõåíà - Óîëëàõà, êîòîðûå ÿâëÿþòñÿ ñèììåòðè÷åñêèìè ïîðÿäêà k. Óðàâíåíèå ñîëèòîíà
Ðè÷÷è ÿâëÿþòñÿ îáîáùåíèåì óðàâíåíèÿ Ýéíøòåéíà íà (ïñåâäî)ðèìàíîâûõ ìíîãîîáðàçèÿõ
è òåñíî ñâÿçàíî ñ ïîòîêàìè Ðè÷÷è.
Ãåîäåçè÷åñêè ïîëíîå (ïñåâäî)ðèìàíîâî ìíîãîîáðàçèå (M, g) íàçûâàåòñÿ ñîëèòîíîì Ðè÷-

÷è, åñëè òåíçîð Ðè÷÷è r óäîâëåòâîðÿåò óðàâíåíèþ ñîëèòîíà Ðè÷÷è:

r = Λ · g + LXg,

ãäå Λ ∈ R, LXg � ïðîèçâîäíàÿ Ëè ìåòðèêè g â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X.
Îáîáùåííîå ïðîñòðàíñòâî Êàõåíà - Óîëëàõà (CWn+2

d , g) ðàçìåðíîñòè n+ 2 ≥ 4 ïîðÿäêà
d îïðåäåëÿåòñÿ êàê Rn+2 ñ ìåòðèêîé g = 2dvdu+

∑n
i=1(dx

i)2 +
∑n

i,j=1 aij(u)xixj(du)2, A =

(aij(u)) =
∑d

k=0Hku
k, ãäå Hk � ñèììåòðè÷åñêèå ïîñòîÿííûå ìàòðèöû n × n, Hd � íåâû-

ðîæäåííàÿ äèàãîíàëüíàÿ ìàòðèöà.
Îáîáùåííûå ïðîñòðàíñòâà Êàõåíà - Óîëëàõà âîçíèêàþò ïðè ðàçëîæåíèè 1-, 2- è 3-

ñèììåòðè÷åñêèõ ëîðåíöåâûõ ïðîñòðàíñòâ â ïðÿìîå ïðîèçâåäåíèå. Èçâåñòíî, ÷òî ëîêàëüíî
ñèììåòðè÷åñêîå ðèìàíîâî ìíîãîîáðàçèå ëîêàëüíî èçîìåòðè÷íî ïðÿìîìó ïðîèçâåäåíèþ
êîíå÷íîãî ÷èñëà íåïðèâîäèìûõ ëîêàëüíî ñèììåòðè÷åñêèõ ïðîñòðàíñòâ è åâêëèäîâà ïðî-
ñòðàíñòâà, à íåïðèâîäèìîå ëîêàëüíî ñèììåòðè÷åñêîå ïðîñòðàíñòâî ÿâëÿåòñÿ ýéíøòåéíî-
âûì.

Òåîðåìà.

Îáîáùåííîå ïðîñòðàíñòâî Êàõåíà-Óîëëàõà (CWn+2
d , g) ÿâëÿåòñÿ ñîëèòîíîì Ðè÷÷è, ïðè-

÷åì óðàâíåíèå ñîëèòîíà Ðè÷÷è r = Λ · g+LXg ëîêàëüíî ðàçðåøèìî äëÿ ëþáîé êîíñòàíòû

Λ.

Â ñèñòåìå êîîðäèíàò Áðèíêìàíà èçó÷åíû ïîëÿ Êèëëèíãà íà îáîáùåííûõ ìíîãîîáðàçèÿõ
Êàõåíà-Óîëëàõà, óêàçàíû îãðàíè÷åíèÿ íà ðàçìåðíîñòü ïðîñòðàíñòâà êèëëèíãîâûõ ïîëåé,
à äëÿ 2-ñèììåòðè÷åñêèõ ëîðåíöåâûõ ìíîãîîáðàçèé íàéäåíû âñå âîçìîæíûå ðàçìåðíîñòè
ýòîãî ïðîñòðàíñòâà.
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Î ÍÅÏÐÅÐÛÂÍÎÑÒÈ ÔÓÍÊÖÈÉ ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

ÀËÅÊÑÀÍÄÐ Ñ. ÐÎÌÀÍÎÂ

Ñîãëàñíî ðàáîòå [1], åñëè B - øàð â Rn, ôóíêöèÿ u ∈ W 1
1 (B) è åå ãðàäèåíò ïðèíàäëåæèò

ïðîñòðàíñòâó Ëîðåíöà Ln,1(B), òî ôóíêöèÿ u ÿâëÿåòñÿ n-àáñîëþòíî íåïðåðûâíîé. Ôóíê-
öèþ u : B → R íàçûâàþò n-àáñîëþòíî íåïðåðûâíîé, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
òàêîå δ > 0, ÷òî äëÿ ïðîèçâîëüíîãî ñåìåéñòâà íåïåðåñåêàþùèõñÿ øàðîâ {Bk ⊂ B} èç
óñëîâèÿ ∑

k

mn(Bk) < δ ñëåäóåò
∑

k

(oscBk
u)n < ε.

Ïîñêîëüêó ïðè âñåõ p > n âûïîëíÿþòñÿ âëîæåíèÿ Lp(B) ⊂ Ln,1(B) ⊂ Ln(B), òî ðå-
çóëüòàò ðàáîòû [1] ïîçâîëÿåò óòî÷íèòü óòâåðæäåíèå êëàññè÷åñêîé ñîáîëåâñêîé òåîðåìû
âëîæåíèÿ â ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé.
Â ðàáîòå [2] ïîêàçàíî, ÷òî â ðàìêàõ øêàëû ïðîñòðàíñòâ Ëîðåíöà ðåçóëüòàò ðàáîòû [1]

ÿâëÿåòñÿ òî÷íûì, ò.å. ïðè ëþáîì q > 1 ñóùåñòâóåò òàêàÿ èìåþùàÿ íåóñòðàíèìûé ðàçðûâ
â òî÷êå x = 0 ôóíêöèÿ u : B → R, ÷òî u ∈ W 1

1 (B), ∇u ∈ Ln,q(B).
Àíàëîãè÷íàÿ ñèòóàöèÿ è ñ ôóíêöèÿìè ñîáîëåâñêîãî òèïà íà ìåòðè÷åñêèõ ïðîñòðàí-

ñòâàõ.
Ðàññìîòðèì s-ðåãóëÿðíîå ìåòðè÷åñêîå ïðîñòðàíñòâî (X, d) ñ ìåðîé µ, óäîâëåòâîðÿþùåé

îöåíêå
C1 r

s ≤ µ (B(x, r)) ≤ C2 r
s, s > 1.

Íåîòðèöàòåëüíóþ ôóíêöèþ g íàçûâàþò äîïóñòèìîé äëÿ èçìåðèìîé ôóíêöèè u : X → R,
åñëè íåðàâåíñòâî

|u(x)− u(y)) | ≤ d(x, y) (g(x) + g(y))

âûïîëíÿåòñÿ äëÿ ïî÷òè âñåõ x, y ∈ X.
Ñîãëàñíî ðàáîòå [3], åñëè äëÿ ôóíêöèè u ∈ L1(X,µ) ñóùåñòâóåò äîïóñòèìàÿ ôóíêöèÿ g,

ïðèíàäëåæàùàÿ ïðîñòðàíñòâó Ëîðåíöà Ls,1(X,µ), òî ôóíêöèÿ u ÿâëÿåòñÿ s-àáñîëþòíî
íåïðåðûâíîé.
Êàê è â åâêëèäîâîì ñëó÷àå óäàåòñÿ ïîêàçàòü, ÷òî â ðàìêàõ øêàëû ïðîñòðàíñòâ Ëîðåíöà

ýòîò ðåçóëüòàò ÿâëÿåòñÿ òî÷íûì, ò.å. ïðè q > 1 ñóùåñòâóåò ðàçðûâíàÿ u ∈ L1(X,µ), ó
êîòîðîé äîïóñòèìàÿ ôóíêöèÿ ∈ Ls,q(X,µ).
Ñâîéñòâî àáñîëþòíîé íåïðåðûâíîñòè ÿâëÿåòñÿ áîëåå ñèëüíûì ïî ñðàâíåíèþ ñ îáû÷íûì

ñâîéñòâîì íåïðåðûâíîñòè, ïîýòîìó äîëæíû ñóùåñòâîâàòü áîëåå ñëàáûå óñëîâèÿ, îáåñïå-
÷èâàþùèå íåïðåðûâíîñòü ôóíêöèé ñîáîëåâñêîãî òèïà. Âîçìîæíî òàêèå óñëîâèÿ ìîæíî
ïîëó÷èòü â ðàìêàõ øêàëû ïðîñòðàíñòâ Îðëè÷à.
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ÊÀÒÅÃÎÐÍÀß ÒÎÏÎËÎÃÈß È ÌÎÐÔÈÇÌÛ ÎÁÚÅÊÒÎÂ ÒÎÏÎÑÎÂ

ÃÐÎÒÅÍÄÈÊÀ

ÅÂÃÅÍÈÉ ÑÊÓÐÈÕÈÍ

Òîïîñ Ãðîòåíäèêà - ýòî êàòåãîðèÿ, ýêâèâàëåíòíàÿ êàòåãîðèè ïó÷êîâ ìíîæåñòâ íà íåêî-
òîðîì ñàéòå Ãðîòåíäèêà. Òàêèì îáðàçîì, îáúåêò òîïîñà Ãðîòåíäèêà ìîæíî, ñ òî÷íîñòüþ
äî èçîìîðôèçìà, îïèñûâàòü, êàê ïðåäïó÷îê ìíîæåñòâ íà íåêîòîðîé êàòåãîðèè. Ìíîæåñòâî
ìîðôèçìîâ ìåæäó 2 îáúåêòàìè òîïîñà Ãðîòåíäèêà ñîâïàäàåò ñ ìíîæåñòâîì âñåõ ãîìîìîð-
ôèçìîâ (åñòåñòâåííûõ ïðåîáðàçîâàíèé) ñîîòâåòñòâóþùèõ ïðåäïó÷êîâ ìíîæåñòâ.
Ïóñòü (K, τ) ñàéò Ãðîòåíäèêà, òî åñòü K êàòåãîðèÿ, τ òîïîëîãèÿ Ãðîòåíäèêà íà K,

D - τ -ïó÷îê ìíîæåñòâ íà K. Êëàññ KD,τ âñåõ ïîäïó÷êîâ D îáðàçóåò ïîëíóþ áðàóýðîâó
ðåø¼òêó è òåì ñàìûì çàäà¼ò íà D ñòðóêòóðó, áëèçêóþ ê òîïîëîãè÷åñêîé. Ðîëü îòêðûòûõ
ìíîæåñòâ ïðè ýòîì èãðàþò ïîäïó÷êè D. Åñëè E ïðîèçâîëüíûé ïðåäïó÷îê ìíîæåñòâ íà K,
D ïîðîæä¼ííûé èì τ -ïó÷îê, òî êëàññKE,τ âñåõ τ -çàìêíóòûõ ïîäïðåäïó÷êîâ E åñòåñòâåííî
èçîìîðôåí KD,τ , êàê ïîëíàÿ áðàóýðîâà ðåø¼òêà.
Çàôèêñèðóåì îáúåêò k êàòåãîðèè K. Îïèñàííàÿ âûøå êîíñòðóêöèÿ çàäà¼ò íà ïðåäïó÷êå

ìíîæåñòâ iK(k), ïðåäñòàâëÿþùåì îáúåêò k, ñòðóêòóðó, áëèçêóþ ê òîïîëîãè÷åñêîé. Òàê
êàê ñîîòâåòñòâèå k 7→ iK(k) çàäà¼ò ïîëíûé ñòðîãèé ôóíêòîð, òî ëþáàÿ ñòðóêòóðà íà iK(k)
îïðåäåëÿåòñÿ ñâîéñòâàìè îáúåêòà k.
Â ðàáîòå [1] ðàññìîòðåíû íîðìàëüíûå ñòðóêòóðû íà ìíîæåñòâàõ è ïîñòðîåíà òåîðèÿ

ïó÷êîâ íà ìíîæåñòâàõ, ñíàáæ¼ííûõ íîðìàëüíûìè ñòðóêòóðàìè. Â äîêëàäå áóäåò ðàñ-
ñêàçàíî î íîðìàëüíûõ ñòðóêòóðàõ íà ïðåäïó÷êàõ ìíîæåñòâ, çàäàâàåìûõ èìè òîïîëîãèÿõ
Ãðîòåíäèêà è ñâîéñòâàõ ïó÷êîâûõ êîãîìîëîãèé. Äîêàçûâàåòñÿ, ÷òî êîãîìîëîãèè ×åõà è
Ãðîòåíäèêà èçîìîðôíû. Êàê è â ñëó÷àå ìíîæåñòâ, íîðìàëüíûå ñòðóêòóðû ïîçâîëÿþò
îïðåäåëèòü ïîíÿòèå áëèçîñòè è ðàâíîìåðíîñòè íà ïðåäïó÷êàõ ìíîæåñòâ, à çíà÷èò è íà
îáúåêòàõ ïðîèçâîëüíîé êàòåãîðèè, è èçó÷àòü èõ êîãîìîëîãè÷åñêèìè ìåòîäàìè.
Â ðàáîòàõ [2] è [3] îïèñàíû ãîìîìîðôèçìû, à òàêæå ïîëóãðóïïû ýíäîìîðôèçìîâ ïðåä-

ïó÷êîâ ìíîæåñòâ, åñëè çàôèêñèðîâàíû èõ ñåìåéñòâà ïîðîæäàþùèõ. Äëÿ ïó÷êîâ ìíîæåñòâ
ïîíÿòèå ñåìåéñòâà ïîðîæäàþùèõ ìåíÿåòñÿ: ñåìåéñòâî α ⊂ D ïîðîæäàåò τ -ïó÷îê ìíîæåñòâ
D, åñëè ïðåäïó÷îê, ïîðîæä¼ííûé ñåìåéñòâîì α, ÿâëÿåòñÿ τ -ïëîòíûì â D. Â äîêëàäå îïè-
ñûâàþòñÿ ãîìîìîðôèçìû, à òàêæå ïîëóãðóïïû ýíäîìîðôèçìîâ, ýïèìîðôèçìîâ, ìîíîìîð-
ôèçìîâ è ãðóïïû àâòîìîðôèçìîâ ïó÷êîâ ìíîæåñòâ, òî åñòü îáúåêòîâ òîïîñîâ Ãðîòåíäèêà.
Ãîìîìîðôèçìû ïðåäïó÷êîâ ñîõðàíÿþò òîïîëîãè÷åñêèå ñòðóêòóðû è ïîçâîëÿþò ñîñòàâèòü
ñïåêòðàëüíûå ïîñëåäîâàòåëüíîñòè ìîðôèçìîâ îáúåêòîâ òîïîñîâ, à çíà÷èò, â ñèëó âûøå-
ñêàçàííîãî, ìîðôèçìîâ îáúåêòîâ ïðîèçâîëüíîé êàòåãîðèè.
×àñòíûìè ñëó÷àÿìè ïðèâîäèìûõ â äîêëàäå ðåçóëüòàòîâ ÿâëÿþòñÿ òåîðåìû î ïðàâûõ

H-ìíîæåñòâàõ, ãäå H ïîëóãðóïïà ñ åäèíèöåé.
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ÈÍÂÀÐÈÀÍÒÍÛÅ ÒÅÍÇÎÐÍÛÅ ÏÎËß ÍÀ ËÎÊÀËÜÍÎ

ÎÄÍÎÐÎÄÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ Ñ ÂÅÊÒÎÐÍÛÌ ÊÐÓ×ÅÍÈÅÌ

ÏÀÂÅË ÊËÅÏÈÊÎÂ1, ÅÂÃÅÍÈÉ ÐÎÄÈÎÍÎÂ2, ÎËÅÑß ÕÐÎÌÎÂÀ3

Ïóñòü (M, g) � (ïñåâäî)ðèìàíîâî ìíîãîîáðàçèå. Îïðåäåëèì íà äàííîì ìíîãîîáðàçèè
ìåòðè÷åñêóþ ñâÿçíîñòü ∇ ñ ïîìîùüþ ôîðìóëû

∇XY = ∇g
XY + g(X, Y )V − g(V, Y )X,

ãäå V � íåêîòîðîå ôèêñèðîâàííîå âåêòîðíîå ïîëå,X è Y � ïðîèçâîëüíûå âåêòîðíûå ïîëÿ,
∇g � ñâÿçíîñòü Ëåâè-×èâèòà. Ñâÿçíîñòü ∇ ÿâëÿåòñÿ îäíîé èç òðåõ îñíîâíûõ ñâÿçíîñòåé,
îïèñàííûõ Ý. Êàðòàíîì â ðàáîòå [1], è íàçûâàåòñÿ ìåòðè÷åñêîé ñâÿçíîñòüþ ñ âåêòîðíûì
êðó÷åíèåì èëè ïîëóñèììåòðè÷åñêîé ñâÿçíîñòüþ (ñ òî÷íîñòüþ äî íàïðàâëåíèÿ).
Äàííàÿ ñâÿçíîñòü èãðàåò âàæíóþ ðîëü äëÿ äâóìåðíûõ ïîâåðõíîñòåé, òàê êàê â ýòîì

ñëó÷àå ëþáàÿ ìåòðè÷åñêàÿ ñâÿçíîñòü ÿâëÿåòñÿ ñâÿçíîñòüþ ñ âåêòîðíûì êðó÷åíèåì [1].
Êðîìå òîãî, ìíîãîîáðàçèÿ ñ ïëîñêîé ìåòðè÷åñêîé ñâÿçíîñòüþ ñ âåêòîðíûì êðó÷åíèåì
ñâÿçàíû ñ êîíôîðìíî ïëîñêèìè (ïñåâäî)ðèìàíîâûìè ìíîãîîáðàçèÿìè [2].
Â ñëó÷àå ñâÿçíîñòè Ëåâè-×èâèòà õîðîøî èçâåñòíû ìàòåìàòè÷åñêèå ìîäåëè, ïîçâîëÿþ-

ùèå âû÷èñëÿòü êîìïîíåíòû ðàçëè÷íûõ èíâàðèàíòíûõ òåíçîðíûõ ïîëåé (Ðèìàíà, Ðè÷÷è,
Âåéëÿ è äðóãèõ) íà ëîêàëüíî îäíîðîäíûõ (ïñåâäî)ðèìàíîâûõ ìíîãîîáðàçèÿõ (ñì., íàïðè-
ìåð, [3]). Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ïîäîáíîé ìàòåìàòè÷åñêîé ìîäåëè äëÿ
âû÷èñëåíèÿ èíâàðèàíòíûõ òåíçîðíûõ ïîëåé íà ëîêàëüíî îäíîðîäíûõ (ïñåâäî)ðèìàíîâûõ
ìíîãîîáðàçèÿõ ñ ìåòðè÷åñêîé ñâÿçíîñòüþ ñ âåêòîðíûì êðó÷åíèåì, à òàêæå ðåàëèçàöèÿ
äàííîé ìîäåëè â ñðåäå ñèñòåì êîìïüþòåðíîé ìàòåìàòèêè.
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ÎÁ ÎÄÍÎÌ ÑÂÎÉÑÒÂÅ ÏÐÎÑÒÐÀÍÑÒÂÀ ÌÎÄÅËÅÉ

ÏÀÂÅË Â. ×ÅÐÍÈÊÎÂ

Äîêàçûâàåòñÿ, ÷òî åñëè l � êëàññè÷åñêàÿ äâóçíà÷íàÿ ëîãèêà ñî ñ÷åòíûì êîëè÷åñòâîì
âûñêàçûâàíèé, òî ïðîñòðàíñòâî âñåõ åå ìîäåëåé, íàäåëåííîå ýëåìåíòàðíîé òîïîëîãèåé è
ïðîôàêòîðèçîâàííîå ïî åñòåñòâåííîìó îòíîøåíèþ ýêâèâàëåíòíîñòèR, ÿâëÿåòñÿ ε−ANR�
ïðîñòðàíñòâîì.
Â [1, 2] îïðåäåëÿåòñÿ ïîíÿòèå àáñîëþòíîãî îêðåñòíîñòíîãî ε-ðåòðàêòà â êëàññå ìåòðè-

÷åñêèõ êîìïàêòîâ. Ïðèâåäåì ýòî îïðåäåëåíèå (ñ íåáîëüøèìè èçìåíåíèÿìè).
Çàìêíóòîå ïîäìíîæåñòâîA êîìïàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâàX íàçûâàåòñÿ îêðåñò-

íîñòíûì ε-ðåòðàêòîì X, åñëè äëÿ âñÿêîãî δ > 0 ñóùåñòâóþò îêðåñòíîñòü Uδ ìíîæåñòâà A
â X è òàêîå íåïðåðûâíîå îòîáðàæåíèå rδ : Uδ → A, ÷òî ρ(x, rδ(x)) ≤ δ äëÿ âñåõ x ∈ A.
Êîìïàêòíîå ìåòðè÷åñêîå ïðîñòðàíñòâî Y íàçûâàåòñÿ àáñîëþòíûì îêðåñòíîñòíûì ε-

ðåòðàêòîì, åñëè âñÿêîå çàìêíóòîå ïîäìíîæåñòâî A ëþáîãî êîìïàêòíîãî ìåòðè÷åñêîãî
ïðîñòðàíñòâà X, ãîìåîìîðôíîå Y , ÿâëÿåòñÿ îêðåñòíîñòíûì ε-ðåòðàêòîì X.
Ñîâîêóïíîñòü âñåõ àáñîëþòíûõ îêðåñòíîñòíûõ ε-ðåòðàêòîâ îáîçíà÷èì, ñëåäóÿ [1], ÷åðåç

ε− ANR.
Ëåììà 1. Ðåòðàêò àáñîëþòíîãî îêðåñòíîñòíîãî ε-ðåòðàêòà ÿâëÿåòñÿ àáñîëþòíûì

îêðåñòíîñòíûì ε-ðåòðàêòîì.

Ëåììà 2. Äåêàðòîâî ïðîèçâåäåíèå X =
∞∏
n=1

Xn ÿâëÿåòñÿ àáñîëþòíûì îêðåñòíîñò-

íûì ε-ðåòðàêòîì òîãäà è òîëüêî òîãäà, êîãäà êàæäûé ñîìíîæèòåëü åñòü àáñîëþòíûé

îêðåñòíîñòíûé ε-ðåòðàêò.
Äàëåå áóäåì èñïîëüçîâàòü òåðìèíîëîãèþ è îáîçíà÷åíèÿ èç [3].
Ïóñòü Ml � ìíîæåñòâî âñåõ ìîäåëåé êëàññè÷åñêîé äâóçíà÷íîé ëîãèêè l, íàäåëåííîå

ýëåìåíòàðíîé òîïîëîãèåé. Îáîçíà÷èì ÷åðåç Σl ìíîæåñòâî âñåõ âûñêàçûâàíèé ëîãèêè l.
Îïðåäåëèì íà ìíîæåñòâå Ml îòíîøåíèå ýêâèâàëåíòíîñòè R ñëåäóþùèì îáðàçîì: åñëè
ìîäåëè A, B ïðèíàäëåæàò êëàññó Ml, òî A ≡ B(modR) òîãäà è òîëüêî òîãäà, êîãäà
[A] = [B] [3]. Ìîùíîñòü ìíîæåñòâà W îáîçíà÷èì |W |.
Òåîðåìà. Ïóñòü |Σl| = ω. ÒîãäàMl/R ∈ ε− ANR.
Íàìåòèì äîêàçàòåëüñòâî. Ïî òåîðåìå î êîìïàêòíîñòè À.È. Ìàëüöåâà ïðîñòðàíñòâîMl,

îïðåäåëÿåìîå ýëåìåíòàðíîé òîïîëîãèåé íà Ml, êîìïàêòíî [3]. Ïðîñòðàíñòâî Ml íå õàó-
ñäîðôîâî; îíî ñòàíîâèòñÿ õàóñäîðôîâûì, åñëè îòîæäåñòâèòü ýëåìåíòàðíî ýêâèâàëåíòíûå
ìîäåëè, ò.å. ôàêòîð-ïðîñòðàíñòâî Ml/R � õàóñäîðôîâûé êîìïàêò. Ïðîñòðàíñòâî Ml/R
ãîìåîìîðôíî íåêîòîðîìó ïîäìíîæåñòâó Th(Ml/R) ïðîñòðàíñòâà {0, 1}ω [3]. Òàê êàê ìíî-
æåñòâîMl/R êîìïàêòíî, òî Th(Ml/R) çàìêíóòî â {0, 1}ω. Ñîãëàñíî [4, ñ. 431] ìíîæåñòâî
Th(Ml/R) ÿâëÿåòñÿ ðåòðàêòîì ïðîñòðàíñòâà {0, 1}ω. Ïî ëåììå 2 êîìïàêò {0, 1}ω ïðèíàä-
ëåæèò ε− ANR. Òîãäà ïî ëåììå 1Ml/R ∈ ε− ANR.
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×ÅÒÛÐÅÕÌÅÐÍÛÅ ÏÎËÓÎÄÍÎÐÎÄÍÛÅ ÌÍÎÃÎÃÐÀÍÍÈÊÈ

ÀÍÒÎÍ Âß×ÅÑËÀÂÎÂÈ× ØÅÐÑÒÎÁÈÒÎÂ

×åòûðåõìåðíûå ïîëóîäíîðîäíûå ìíîãîãðàííèêè H4 çàäàþòñÿ ñëåäóþùèìè ñâîéñòâàìè:
(1) Âñå ðåáðà ðàâíû ïî äëèíå;
(2) Ñóùåñòâóåò îïèñàííàÿ ãèïåðñôåðà.

Òåîðåìà 1. Ñóùåñòâóåò áåñêîíå÷íîå ÷èñëî ìíîãîãðàííèêîâ H4, îòëè÷íûõ îò îäíîðîä-
íûõ.

Òåîðåìà 2. Ïóñòü ó ìíîãîãðàííèêà H4 åñòü ÿ÷åéêà W , èìåþùàÿ n−óãîëüíóþ äâóìåð-
íóþ ãðàíü w, ÷òîáû ïðè ïîâîðîòå ÿ÷åéêè W â ñîîòâåòñòâóþùåì åé òðåõìåðíîì ïðîñòðàí-
ñòâå îòíîñèòåëüíî îñè O′F , ãäå F - öåíòð ãðàíè w, à O′ - öåíòð ÿ÷åéêè W , íà óãîë 360◦/n,
ÿ÷åéêà W íå ïåðåõîäèëà ñàìà â ñåáÿ. Ïîñòðîèì ìíîãîãðàííèê H ′4, ïîëó÷àþùèéñÿ èç H4

ñ ïîìîùüþ ïîâîðîòà îòíîñèòåëüíî ïëîñêîñòè OO′F (O - öåíòð ìíîãîãðàííèêà H4), ïðè
êîòîðîì: ìíîãîóãîëüíèê w ïåðåõîäèò ñàì â ñåáÿ, ÿ÷åéêà W íå ïåðåõîäèò ñàìà â ñåáÿ. Òî-
ãäà åñëè äâóìåðíûå ãðàíè, êîòîðûå ïðèíàäëåæàò ñðàçó äâóì ìíîãîãðàííèêàì, H4 è H ′4,
óäàëÿþòñÿ, òî äâà ìíîãîãðàííèêà ïðåâðàùàþòñÿ â îäèí H ′′4 .

Àëãîðèòì ïîñòðîåíèÿ ìíîãîãðàííèêà, äâîéñòâåííîãî H4:

(1) Â êàæäîé äâóìåðíîé ãðàíè ìíîãîãðàííèêà H4 ñòðîÿòñÿ äèàãîíàëè, ñîåäèíÿþùèå
êàæäóþ âåðøèíó ãðàíè ñ âåðøèíîé, èäóùåé îò íåå ÷åðåç îäíó (â òðåóãîëüíûõ ãðàíÿõ
äèàãîíàëè îòñóòñòâóþò). Òî÷êè èõ ïåðåñå÷åíèÿ - òî÷êè (â òðåóãîëüíûõ ãðàíÿõ çà òî÷êè
ïðèíèìàåì âåðøèíû). Êàæäîå ðåáðî äâóìåðíîé ãðàíè çàäàåò îäíó òî÷êó A.
(2) Â äâóìåðíûõ ãðàíÿõ ÿ÷åéêè, ñìåæíûõ ïî ðåáðó, òî÷êè A, ñîîòâåòñòâóþùèå ýòîìó

ðåáðó, ñîåäèíÿþòñÿ ïðÿìîé (ïðÿìûå a). Êàæäîå ðåáðî ÿ÷åéêè çàäàåò îäíó ïðÿìóþ a.
(3) Ïðÿìûå , ïðîõîäÿùèå ÷åðåç òî÷êè îäíîé äâóìåðíîé ãðàíè ÿ÷åéêè, ïåðåñåêàþòñÿ â

îäíîé òî÷êå (òî÷êè ). Êàæäàÿ äâóìåðíàÿ ãðàíü ÿ÷åéêè çàäàåò îäíó òî÷êó B.
(4) Â ÿ÷åéêàõ, ñìåæíûõ ïî äâóìåðíîé ãðàíè, òî÷êè B, ñîîòâåòñòâóþùèå ýòîé äâóìåð-

íîé ãðàíè, ñîåäèíÿþòñÿ ïðÿìîé (ïðÿìûå b). Êàæäàÿ äâóìåðíàÿ ãðàíü ìíîãîãðàííèêà H4

çàäàåò îäíó ïðÿìóþ b.
(5) Âñå ïðÿìûå b, ñîîòâåòñòâóþùèå äâóìåðíûì ãðàíÿì îäíîé ÿ÷åéêè, ïåðåñåêàþòñÿ â

îäíîé òî÷êå C. Êàæäàÿ ÿ÷åéêà çàäàåò îäíó òî÷êó C.
(6) Òî÷êè Ñ ÿâëÿþòñÿ âåðøèíàìè ìíîãîãðàííèêà U4, äâîéñòâåííîãî èñõîäíîìó, à ðåáðà

ýòîãî ìíîãîãðàííèêà ëåæàò íà ïðÿìûõ b.

Ñëåäñòâèå 1. Â ìíîãîãðàííèêå H4 âñå òî÷êè C, ñîîòâåòñòâóþùèå ÿ÷åéêàì ñ îáùèì
ðåáðîì, âñåãäà ëåæàò â îäíîé ïëîñêîñòè.

Ñëåäñòâèå 2. Â ìíîãîãðàííèêå H4 âñå òî÷êè C, ñîîòâåòñòâóþùèå ÿ÷åéêàì ñ îáùåé
âåðøèíîé, âñåãäà ëåæàò â îäíîì òðåõìåðíîì ïðîñòðàíñòâå.
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