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CJIOBO O 1O.T. PEITETHAKE IIO CJIVHAIO EI'O 90-JIETUA

CEMEH KYTATEJIA/I3E

26 centsiopst 2019 r. — nmensb pesaocTosnerus Opus I'puropresuua Pemernska. Cephé3nast
o0uIeiinas jjata pacmnojaraeT K MoBe/IeHUI0 HEKOTOPBIX UTOTOB MEePEeKUTOTO U CJIeJIAHHOTO.

Pemerngak — npodeccunoHaJ bHbIE MaTeMaTHK, IPEJCTaBUTEIb CaMOU YHUBEPCAJIBHONR U T'y-
MaHHOM TeXHOJIOTHH 4ejioBedecTBa. MaTreMaTnka — HAyKa U HCKYCCTBO JOKAa3aTEIbHBIX HCUUC-
JIEHHH, pacKpbIBalomias 6€CKOHeYHbIe BO3MOKHOCTH KOHEUHOI'O Y€I0OBEKA.

Pemernsk BHeC 3HAYUTE/NBHBIA BKJIAJ B MaTeMAaTHKY, CTaB OJHUM H3 OCHOBOIOJIO:KHHUKOB
reOMEeTPUIECKOr0 aHA/N3a, HAXOMAIIEIOCHd HA CTBIKE aHAJIN3a, FeOMETPUN U Teopuu (PyHKIHUii.
Mmuorue ero JIocTuKeHUd BOILJIA B MaTeMaTUIeCKyI0 COKPOBHUIHHILY. Teopema Pereraska ob
M30TePMHUYECKUX KOOP/AMHATAX Ha JBYMEDHBIX MHOTOOODPA3HIX OTPDAHUYEHHON KPHUBU3HBI, BBE-
nennbix AL JI. AnekcaHapoBBIM, COEIMHMIA AHAIU3 C UAESIMU TeoMeTpuu B 1eaoM. Muposyto
U3BECTHOCTD HPHOOPESIO OKOHYATeIbHOE pelenue mpobaeMbl M. A. JlaBpentbeBa 06 ycToiiauBo-
cTH KOHMOPMHBIX oToOpazkenuii. Bomwin B apcenas Teopun (pyHKIHH U ONITHMAJILHOTO YIIPAB-
JIEHHSI TeopeMbl PelreTHsika 0 ¢1a00# CXOZUMOCTH sIKOOMAHOB, O MOJYHEHPEPBIBHOCTH CHU3Y
GYHKIIMOHAIOB BapUAIMOHHOIO HCUYHUCAEHUS U O JuddepeHnupyeMOcTd TOYTH BCIOAy (DYyHK-
muii ¢ 0000IeHHBIMI Tpou3BoAHEIMEI B cMbIcae C. JI. Cobosena.

[MTkos1a Pemernsika u ee JoCTUKEHUs OOIICIIPU3HAHBI U 3HAKOMBI crenuauctam. Her neoo-
XOAUMOCTH WM3/IaraTh TEXHUIECKHE JIeTau IMUPOKOil ayanropuu. J[0CTaTOYHO 3aMEeTUTH, UTO
marTemMaTuka PereTHsika OTBeYaeT BBICOKHM TPHHIUIIAM COBEPIIEHCTBA, CHOPMYTHPOBAHHBIM
C. Maxuneitnom: "Excellent mathematics should be inevitable, illuminating, deep, relevant,
responsive, and timely."

MareMaTHKOM OBITH HE CTBIIHO, HO CTBIIHO OBITH TOJBKO MaTeMaTHKOM. PelleTHsK Bcera
OBLI U OCTAETCs YUYEHBIM 10 yOEXKJIEHUSM, TO €CTh YeJOBEKOM, s KOTOPOTO HPUHIMIILI Ha-
VKU UMIIEPATUBHBI. Y YeHBIH 10 YOEKIeHUIM U YUE€HUK W YUUTETh OJTHOBDEMEHHO. PerreTHsaK
— yuenuk A. J[. AjekcanapoBa u y4unuTesb THICSY MATEMATUKOB, BoIyCKHUKOB HI'Y, KOTOpBIX
OH 3HAKOMHJI C HAYaJIJaMH MaTeMaTHYeCKOro aHa/m3a. ro Kypc ocraercss 6a30BbIM yzke OoJiee
HOJTYBEKA. Y 9eHBIH 110 yOeXKIeHnsAM BCera CTPEMUTCS MIPUBECTH CBOUX YUYEHUKOB K TPAHUIAM
nenozunannoro. Kypc Permernsika 3namenyer nepexo oT KJIaCCHKHU TpenogaBanus jauddepen-
UAJIBHOI0 ¥ UHTErpajbHOro ucyucjaenud B ctuie 1. M. PuxTeHrosbia K COBpeMEeHHOMY aHa-
JIN3Y HA OCHOBE TEOPUU MHOYKECTB, METPUUYCCKHX M OAHAXOBBLIX HMPOCTPAHCTB, BHENIHUX (HOPM
U TEOPUHU MEPHI.

Yuenbrit mo yOexKaeHUsIM TIHpe Y3KAX PAMOK CIEIUAJIU3aIni, TPOTUBHUK JTIOOBIX HapyIe-
HUl aKaIeMUYECKIX TPUHIUIIOB CBOOO/IbI U HEIPEAB3ITOCTH, HEHPUMUPUMbBIH BPATl' JIKEHAYKH,
Hopert ¢ OKOJIOydeHbIMU. PerreTHsaK BCeria 3alluiiaer CBOUX YIYeHUKOB U COTPY/IHUKOB OT IIpe-
CJIeIOBAHUIA, /TaeT OTIOP KJAEBETHUKAM HA MPEJIIECTBEHHNKOB HEB3UPAas HU HA KAKUEe BHEITHUE
obcrositeibeTBa. KadecTBa coBceM HedacThle B Hay4IHOI cpejie.

Bce, k1o 3nakom ¢ FOpuem ['puropbepudem, kemaT eMy u €ro OJU3KUM CIACThs U PAJIOCTH.

MHCTUTYT MATEMATUKHU UM. C. JI. CopoJIEBA CO PAH, np. AkaJ. KonTiora 4, 630090 HoBocu-
BUPCK, Poccusa
Email address: sskut@math.nsc.ru



ON POLYNOMIAL FIRST INTEGRALS OF MAGNETIC GEODESIC
FLOWS ON THE 2-TORUS

SERGEI AGAPOV

Searching for Riemannian metrics on 2-surfaces with integrable geodesic flows is a classical
problem which has been studied for a long time. We will discuss some questions related to
polynomial integrability of such flows on the 2-torus in presence of a magnetic field.

This talk is based on joint results with M. Bialy, A. E. Mironov, A. A. Valyuzhenich.

REFERENCES

[1] S.V.Agapov, M. Bialy, A.E.Mironov, Integrable magnetic geodesic flows on 2-torus: New examples via
quasi-linear system of PDEs // Comm. Math. Phys., 351:3 (2017), 993-1007.

[2] S.Agapov, A. Valyuzhenich, Polynomial integrals of magnetic geodesic flows on the 2-torus on several energy
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A SUFFICIENT CONDITION FOR A POLYHEDRON TO BE RIGID

VICTOR ALEXANDROV

We study oriented connected closed polyhedral surfaces with non-degenerate triangular faces
in three-dimensional Euclidean space, calling them polyhedra for short. A polyhedron is called
flexible if its spatial shape can be changed continuously by changing its dihedral angles only.

We prove that for every flexible polyhedron some integer combination of its dihedral angles
remains constant during the flex. The proof is based on a recent result of A. A. Gaifullin and
L. S. Ignashchenko [1].

The talk is based on the author’s paper [2].

REFERENCES

[1] A.A.Gaifullin, L.S.Ignashchenko, Dehn invariant and scissors congruence of flexible polyhedra // Proc.
Steklov Inst. Math., 302 (2018), 130-145.

[2] V. Alexandrov, A sufficient condition for a polyhedron to be rigid // Journal of Geometry, 110:38 (2019),
11 p.
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ON MULTIVALUED QUSIMOBIUS MAPPINGS

VLADISLAV V. ASEEV

Using the Ptolemaic characteristic for a tetrad we introduce the concept of general angle in
Ptolemaic Mébius spaces (X, M), (Y, M3) and study the class BAD of multivalued mappings
F : X — 2Y with controlled distortion of general angles. Since a single-valued mapping with
this property is quasimobius, we may consider the BAD property as a direct generalization
of quasimobius property to multivalued mappings in Ptolemaic Mobius spaces. In our paper
[1] we show that single-valued branches of multivalued mappings with BAD property are also
quasimobius. We study the upper semicontinuous property of such mappings and obtain the
upper bounds for possible leaks.

REFERENCES

[1] V.V.Aseev, Multivalued mappings with quasimobius property // Siberian Mathematical Journal, (2019), in
print.

SOBOLEV INSTITUTE OF MATHEMATICS, 4 KOPTYUGA AVE., NOVOSIBIRSK, 630090, Russia
Email address: btp@math.nsc.ru

The author was supported by Program of Basic Scientific Reseach of the Siberian Branch of the Russian
Academy of Sciences (Grant No. 1.1.2, Project 0314-2016-0007).
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THE PONTRYAGIN MAXIMUM PRINCIPLE, (CO)ADJOINT
REPRESENTATION, AND NORMAL GEODESICS OF LEFT-INVARIANT
(SUB-)FINSLER METRICS ON LIE GROUPS

VALERII BERESTOVSKII', IRINA ZUBAREVA?

Every left-invariant (sub-)Finsler metric d = dp on a connected Lie group G with Lie algebra
(g,[,]) is defined by a subspace p C g, generating g, and some norm F on p. A distance

d(g,h) for g,h € G is defined as the infimum of lengths fo |g(t)|dt of piecewise smooth paths
g = g(t), 0 <t < T, such that dlyy-1g(t) € p and g(0) = g, g(T) = h; T is not fixed,
19(t)| = F(dlywy-1g(t)). If p = g then d is a left-invariant Finsler metric on G} if F'(v) = 1/ (v, v),
v € p, where (-, ) is some scalar product on p, then d is a left-invariant sub-Riemannian metric
on GG, and d is a left-invariant Riemannian metric, if additionally p = g.

Theorem 1.[1] Every shortest arc g = g(t), 0 <t < T = d(go, q1), In (G,d) with g(0) = go,
g(T) = g1, is a solution of the time-optimal problem for the control system g = (dl,)(u), u € p,
with compact control region U = {u € p : F(u) < 1} and indicated endpoints.

On the ground of Theorem 1, using the Potryagin Maximum Principle for the corresponding
time-optimal problem [2], we prove the following results below.

Theorem 2. 1. Any normal extremal g = g(t) : R — G (parameterized by arc length and
with origin e € G), of left-invariant (sub-)Finsler metric d on a Lie group G, defined by a norm
F on the subspace p C g with closed unit ball U, is a Lipschitz integral curve of the following
vector field

v(g) = dlg(ulg)), ulg) = Po(Ad(g)(w(g))w(g), wlg) €U,
to(Ad(g)(w(g))) = max i (Ad(g)(w)) = max Ad(g)" (o) (w),

where 1)y € g* is some fixed covector with max,ey o(v) =

2. (Conservation law) In addition, (t)(g(t)tq'(t)) = 1 for all t € R, where (t) =
(Ad(g()))" (o).

Remark 1. Similar results are proved in book [3] by Velimir Jurdjevich.

Remark 2. Every extremal with origin gy is obtained by the left shift l,, from some extremal
with origin e.

Remark 3. In (sub-)Riemannian case, the vector u(g) is characterized by condition (u(g),v) =
Yo(Ad(g)(v)) for all v € p. In Riemannian case, every extremal is a normal geodesic, and we
can assume that 1y is an unit vector in (p = g, (-, -)), setting 1o(v) = (g, v), v € g. Moreover,
9(0) = .

Corollary 1. Every geodesic of a biinvariant Riemannian metric on a Lie group with the
unit origin is its 1-parameter subgroup.

Theorem 3. Ifv(gg) # 0, go € G, then an integral curve of the vector field v(g), g € G, with
origin go is a normal extremal parametrized proportionally to arc length with the proportionality
factor |dlg61(v(go))|.

Remark 4. Theorem 2 holds for left-invariant Riemannian metrics on (connected) Lie
groups. In this case, v(gy) # 0 for all gy € G.

Let us choose a basis {e,...,e,} in g, assuming that {ey,...,e,} is an orthonormal basis for
the scalar product (-,-) on p in case of left-invariant (sub)-Riemannian metric. Define a scalar
product (-, -) on g, considering {ey, ..., e,} as its orthonormal basis. Then each covector i € g*
can be considered as a vector in g, setting ¢ (v) = (¢,v) for every v € g. If ¢ = > " | e,
v =Y, Ugek, then ¥(v) = 1 - v, where ¥ and v are corresponding vector-row and vector-

column, - is the matrix multiplication.
9



If g(t), t € R, is a normal geodesic of a left-invariant (sub-)Riemannian metric d on a Lie
group G, then u(g(t)) is the orthogonal projection onto p of the vector (Ad(g(t)))*(¢o) in the
notation of Theorem 2 for the scalar product (-, ) introduced above on g. This fact implies

Theorem 4. Every normal parameterized by arclength geodesic of left-invariant (sub-
)Riemannian metric on a Lie group G issued from the unit is a solution of the following system
of differential equations

g(t) = dlgeu( Zwl ei, [u(0)] =1, 9;(t) ZZ ki ()Y (t), 1(0) = 1y,
k=1 1=1

where j =1,...,n, cfj are structure constants of Lie algebra g in its basis {e1, ..., e, }.

Corollary 2. |§(t)| = |u(t)| =1, teR.

The only Lie groups which do not admit left-invariant sub-Finsler metrics are commutative
Lie groups and Lie groups G,,, n > 2, which can be described as connected Lie groups every
whose left-invariant Riemannian metric has constant negative sectional curvature [4]. The
group operations for G, = R} = {(y,x) € R" : x > 0}, n > 2, have a form

(Y1, 21) - (Y2, 2) = 21(y2, 22) + (1,0),  (y,2)7 =27 (~y, 1).
Then it is clear that e = (0,1) is the unit in G, and the group G, is a simply transitive
isometry group of the famous Poincare’s model of the Lobachevsky space L™ in R’} with metric

ds® = ( "_1 L dy? + dz*)/x? of constant sectional curvature —1 and corresponding coordinate
orthonormal basis {61, ...,en} in g, = (Gp)e. All nonzero structure constants in {ey,...,e,}
are equal to ¢}, = —c, =1, @ =1,...,n — 1. Using independently Theorems 2 and 4, we

obtain the same results: Every geodesic ¢(t) = (y(t),z(t)), t € R, in (G, d), parameterized by
arclength, with origin e are well-known semicircles passing through e and orthogonal to R~

z(t) = 1/(cosht—y, sinht), y;(t) = ¢;sinht/(cosht—p, sinht),1;(0) = ¢;, i =1,... ,mngf =1
i=1

The Lie group SE(2) is isomorphic to the group of matrices of a form

)
A w cosp —singp x 2
. A= . , U= e R".
0 1 singp  cosp Y
The Lie group SH(2) is obtained from S E(2) by changing cos ¢ and sin ¢ respectively by cosh ¢
and sinh ¢. Using Theorem 4 for SO(3) and Theorem 2 for Lie groups SE(2) and SH(2), we
proved that for left-invariant sub-Riemannian metrics, arbitrary on SO(3) and some natural
on SE(2) and SH(2), every parameterized by arclength geodesic ¢(t), t € R, g(0) = e, has
correspondingly the following form:
9(t) = g(t)u(t), u(t) = cos(w(t)/2)er +sin(w(t)/2)e, O(t) = (0 — b*) sinw(t), a® < b
p(t) = cos(w(t)/2),&(t) = sin(w(t)/2) cos p(t), y(t) = sin(w(t)/2) sin p(t);
p(t) = sin(w(t)/2), &(t) = cos(w(t)/2) coshp(t), §(t) = cos(w(t)/2) sinh p(t); &(t) = —sinw(t).

REFERENCES

[1] V.Berestovskii, Homogeneous spaces with intrinsic metric // Soviet Math. Dokl., 38:1 (1989), 60-63.

[2] L.Pontryagin, V. Boltyanskii, R. Gamkrelidze, E. Mishchenko, The mathematical theory of optimal processes
// N.Y.-London: John Wiley & Sons, 1962.

[3] V.Jurdjevich, Geometric control theory // Cambridge: Cambridge University Press, 1997.

[4] J.Milnor, Curvatures of left invariant metrics on Lie groups // Adv. Math., 21 (1976), 293-329.

'SOBOLEV INSTITUTE OF MATHEMATICS, 4 KOPTYUGA AVE., NOVOSIBIRSK, 630090, RUSSIA;
NOVOSIBIRSK STATE UNIVERSITY, 1 PIROGOVA ST., NOVOSIBIRSK, 630090, RUSSIA
Email address: vberestov@inbox.ru

2SOBOLEV INSTITUTE OF MATHEMATICS (OMSK BRANCH), 13 PEVTSOVA ST., OMSK, 644099, RUSSIA
Email address: igribanova@mail.ru

10



ON FAMILIES OF SUBARCS IN NON-PCF DENDRITES

MARINA CHANCHIEVA!, NIKOLAT ABROSIMOV?, AND ANDREI TETENOV?

Post-critically finite (PCF) self-similar sets occupy significant position in the theory of self-
similar sets. They have a very clear structure which allows to build productive models of analysis
and differential equations. Such sets can also have very attractive geometric features: as it was
proved by C. Bandt in [1], the set of dimensions of minimal subarcs of a PCF set is finite. This
is also true for any postcritically finite self-similar dendrite K, and the set of cut points of such
dendrite may be represented as a countable union of images of arcs v,k = 1,...,n which are
the components of attractor of some graph-directed IFS [2].

In this connection, much less is known about non-postcritically finite self-similar dendrites.
Nevertheless, it turns out that in non-PCF dendrites which satisfy one-point intersection prop-
erty the set of dimensions of subarcs may be also finite.

We construct a sufficiently wide family of non-postcritically finite systems of contraction
similarities S = {Sy, S1, S2, S3}, whose attractors K are dendrites, lying in a triangle A C R?
with the vertices (0,0), (1,0),(1/2,v/3/2) and for which the following properties hold:

(1) All subarcs v,, C K,z # y and the set of cut points of the dendrite K have the same
Hausdorff dimension s.

(2) The set of s-dimensional measures o, of paths connecting the point O = Fix(S5,) with
the points z € K N [0,1] lying on the base of the triangle A is a self-similar Cantor
discontinuum.

Since none of the arcs in the family can be represented as the attractor of a finite graph-
directed IFS, the main difficulty is to show that these arcs have finite positive s-dimensional
measure. We propose a method allowing to prove these positivity and finiteness properties for
a wide class of infinitely generated self-similar arcs.
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CR SUBMANIFOLDS

MIRJANA DJORIC

Let M be a complex manifold, J its natural almost complex structure and g its Hermitian
metric. Following the Erlangen program of Klein: geometry is the investigation of properties
which remain invariant under the action of a group, it is a natural question to investigate
submanifolds which have a special behavior with respect to the almost complex structure. For
that reason, the first classes of submanifolds investigated were the almost complex submanifolds
(in which case J maps the tangent space into the tangent space) and totally real submanifolds
(in which case J maps the tangent space in the normal space).

A natural generalization of the above classes of submanifolds are the so-called C' R-submanifolds.
A submanifold M of M is called a C'R submanifold if there exist distributions H and H* of
constant dimension such that

e HOH =TM,

o JH="H,

o JH+ CT+M.
Note that totally real submanifolds (% = {0}) and almost complex submanifolds (H = T'M)
are trivial examples of C'R-submanifolds.

In [1] we introduced the reader to the study of CR submanifolds of complex manifolds,
especially of CR submanifolds of maximal CR dimension of complex projective space and we
presented the original results on this topic by the authors. On this occasion, we present some
new results.

We have also studied CR submanifolds of the nearly Kéhler six sphere, see for example [2],
and now we show some of our acchievements.

Furthermore, the odd-dimensional analogue of C'R-submanifolds in (almost) Kéhlerian man-
ifolds is the concept of contact C'R-submanifolds in Sasakian manifolds. Namely, a submanifold

M in the Sasakian manifold (M, p,&,n, §) carrying a g-invariant distribution D, such that the
orthogonal complement of D in T'M is p-anti-invariant, is called a contact C'R-submanifold.
Here we reveal our study of four and five dimensional contact C' R-submanifolds in S7(1), see

[3].
REFERENCES
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R-MATRIX, LAX PAIR AND MULTIPARAMETER DECOMPOSITIONS OF
LIE ALGEBRAS

ALINA DOBROGOWSKA

We construct R operators on the Lie algebra gl(n, R) or more generally Hilbert—Schmidt op-
erators £2 in Hilbert space. These operators are related to a multiparameter deformation given
by a sequence of parameters o = {ay, as,...}. We determine for which choices of parameters
R operators are R-matrices. We also construct the Lax pair for the corresponding Hamilton
equations.
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ON GAUGED LINEAR SIGMA MODEL

HUIJUN FAN

Gauged linear sigma model was a physical model proposed by E. Witten in the early of 90’s,
which was used by him to explain the mirror symmetry phenomenon. Only up to recent years
has this model been seriously considered by mathematicians with the development of Gromov-

Witten theory and quantum singularity theory (FJRW theory). In this talk, T will report our
progress on this topic.
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EXISTENCE OF QUEER POISSON BRACKETS ON BANACH SPACES

TOMASZ GOLINSKI

There are many pitfalls in the differential geometry of infinite dimensional manifolds. Even in
the most regular Banach (or even Hilbert) case many results from finite dimensions do not hold.
For example not every symplectic form defines an isomorphism between tangent and cotangent
bundle and it leads to difficulties in definition of Poisson structures. Another problem comes
from the fact that twice dual of a Banach space is not in general canonically isomorphic to the
original space. In this talk I will discuss two other kinds of problems — one originating from
the lack of bump functions and the other from inequivalence of various method of defining a
tangent vector. It will lead to the existence of Poisson brackets which do not come from Poisson
tensors.
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A LINK IN PHASE PORTRAIT OF ONE PIECEWISE LINEAR
DYNAMICAL SYSTEM

VLADIMIR GOLUBYATNIKOV

We study geometry of phase portrait of dynamical system constructed in [1]:

dz dz dz dz

d—tl d—; d—; d—t‘* =Ty(zs) —aq (1)
Here, T'; are increasing step-functions: T';(z;_1) = A; > 1 for z;.4 > 1; Ty(x;—1) = 0 for
0 <z <1,i=2,34, and step-function L; is decreasing: Li(z4) = A3 > 1 for 0 < x4y <1,
Li(z4) =0 for x4 > 1. All variables are assumed to be non-negative.

Denote by @ the parallelepiped [0, A;] x [0, As] x [0, A3] x [0, A4] C RY. It follows from [1]
that trajectories of all points of ) remain there as t — +o00, i.e., ) is a positively invariant
domain of the system (1).

The hyperplanes z; = 1 subdivide @) to 16 blocks which we enumerate by binary multi-indices
{e169e384}, where ¢; = 0, if z; < 1, and ¢; = 1, if ; > 1. We do not consider trajectories of
points of intersections of different hyperplanes x; = 1. Let E = (1,1,1,1) be their common
point. Here 1 = 1,2, 3, 4.

It was shown in [1] that the system (1) has a stable cycle C; which passes through the blocks
{1111}, {0111}, {0011}, {0001}, {0000}, {1000}, {1100}, {1110}, one after another, and then
returns to {1111}. Let W; be the interior of the union of the blocks listed there. This is also
positively invariant domain of the system (1).

Following approach described in [2, 3], we construct in the interior of @\ W; an invariant 2-
dimensional piecewise linear surface S with one vertex F, eight edges on the hyperplanes x; = 1
(two edges on each hyperplane), and eight faces S;, 7 = 1,...,8, contained in corresponding
eight blocks which were not listed above.

In contrast with Wi, the union of these remaining eight blocks is not an invariant domain
of the system (1). Trajectories of some of their points can pass to the positively invariant
domain Wj.

= Li(z4) — 21; =Ty(x1) — xo; = T5(x2) — x3;

Proposition 1. Trajectories of all points of S\ E intersect each face S; infinitely many
times and tend to E in a spiral way as t — 00.

Proposition 2. Trajectories of all points of () \ S are attracted by the cycle C}.

Proposition 3. The cycle C; C Wi has a nontrivial link in () with the surface S. Actually,
it is reduced to the Hopf link.

Phase portraits of higher-dimensional analogues of the system (1) can contain several cycles.
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LAME’S STRESS POTENTIAL METHOD FOR PLANE NON-EUCLIDEAN
PROBLEM

MIKHAIL A. GUZEV

The method of Lame’s stress potential for solving analytically a certain class of problems of
classical elasticity is extended to plane non-Euclidean elasticity (incompatible elasticity). Non-
Euclidean elasticity demands one constant (internal length) in addition to the two classical
elastic moduli. According to Lame’s stress potential, the stresses are expressed as second-order
derivatives of the stress potential. Lame’s stress potential satisfies inhomogeneous biharmonic
equation instead of the homogeneous one for the classical case. It means that incompatibility
condition is took into consideration. It follows that general solutions are formed from the field
of stresses generated by incompatible term and the elastic-stress field that compensates for the
surface nonequilibrity of incompatibility. The joint action of these stresses enables the solid to
hold the given shape, and their variation leads automatically to a change in the shape of the
sample. Example of the proposed method in polar coordinates is presented to illustrate that
the inhomogeneous stress field hasnt singularities in the center of a cylindrical sample.
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SELF-INTERSECTIONS OF SELF-SIMILAR SETS UNDER
TRANSLATIONS AND EXTENSIONS OF COPIES

KIRILL KAMALUTDINOV

The talk is based on the work [1].
Let S = {S1,...,Sn} be a system of contraction similarities in R”. A nonempty compact

set K = K(S) such that K = |J S;(K), is called an attractor of the system S, or a self-similar

=1
set, generated by the system S; sets S;(K) are called copies of the self-similar set K. The
system S is said to satisfy the strong separation condition (SSC), iff S;(K) N S;(K) = @ for
all distinct 4,7 € I = {1,...,m}. It is well-known that if SSC is satisfied, Hausdorff dimension
d = dimpy K of self-similar set K is a solution of the following equation:

(1) > (Lip S =1.
i=1
Suppose the system S; = {S%, ..., S’ } of contraction similarities in R” depends on parameter

t € D. Let K; be an attractor of the system S;. Fix some j € [ = {1,...,m}. Suppose S! = S;
do not depend on ¢ for all i # j. We study the problem of intersection between copies S;(K;)
and S}(Ky), i # j of the set K, for two cases:
1) Sj(v) = G(x) +t,t € D=R"Y
2) Si(x) =tG(x) + h,t € D =[a,b] C (0,1), G is isometry.

Under some constraints on Lip Sf, i € I we prove, using our General Position Theorem [2],
that if the solution d of the equation (1) for the system S; does not exceed some s for all ¢ € D,
then in both the above cases we have:

dimp{t € D: Si(Ky) N Sj(Ky) # @} <2s,i€1,i#].

In particular, this means that if s < dimy D/2 then the copies S;(K;) and S5(K;), i # j have
empty intersection for Lebesgue-almost all t € D.

We apply those results to obtain conditions under which system S, . ¢,.) = {Sy, ..., St} of
contraction similarities in R", where t4,...,%,, € D are either translation vectors or similarity
coefficients of the corresponding mappings, satisfy SSC and therefore its attractor’s K Hausdorft
dimension d = dimy K satisfy the equation (1).
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ON THE L, ,-COHOMOLOGY OF TWISTED CYLINDERS

YAROSLAV KOPYLOV

We establish a vanishing result for the L, ,-cohomology (¢ > p) of a twisted cylinder, which
is a generalization of a warped cylinder. The result is new even for warped cylinders. We use
the methods for proving the (p, q) Sobolev—Poincaré inequality developed by L. Shartser. This
is a joint work with Prof. V. Gol’dshtein.
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GENERALIZED BERGMAN KERNELS ON SYMPLECTIC MANIFOLDS
OF BOUNDED GEOMETRY

YURI A. KORDYUKOV

We will discuss generalized Bergman kernels associated with the renormalized Bochner-
Laplacian on high tensor powers of a uniformly positive line bundle on a symplectic manifold
of bounded geometry.

Let (X,w) be a smooth symplectic manifold and (L, h*) be a Hermitian line bundle on X
with a Hermitian connection VI : C®(X, L) — C®(X,T*X ® L). We assume that L satisfies
the prequantization condition:

! pL

27TR
where RE = (V)% is the curvature of the connection V. Let (E,h¥) be a Hermitian vector
bundle on X with Hermitian connection V¥ and its curvature R¥.

Let g7* be a Riemannian metric on X. Consider a skew-adjoint operator Jy : TX — TX,
satisfying

:UJ7

w(u,v) = g™ (Jou,v), wu,ve€TX,
and define the operator J : T X — TX by
J = Jo(=J3) 2.

The operator .J is an almost complex structure on X compatible with w and g7*.
For any p € N, denote LP = L®P, the pth tensor power of L. Denote by A¥®F the induced

Bochner-Laplacian acting on C*°(X, L? ® E) by
ALPOE _ (VLP®E)* vLreE

Y

where VI'®E . C(X | [P ® F) — C®(X,T*X ® [P ® E) is the connection on L? ® E induced
by VE and V¥ and (VI"9F) : C=(X, T*X @ LP® E) — C*=(X, [?® E) is the formal adjoint of
the operator VL"®E. The renormalized Bochner-Laplacian is a differential operator A, acting
on C™(X,LP ® E) by
A, = AYOF _pr
where 7 € C*°(X) is given by
7(x) = —n Tr[Jo(z)J(z)], =€ X.

When (X,w) is a Kéhler manifold, the operator A, is twice the corresponding Kodaira-
Laplacian on functions O = 9¥"*9*".

We will suppose that the Riemannian manifold (X, g7%) is complete and RF, R¥ J, ¢7¥
have bounded geometry (i.e., they and their derivatives of any order are uniformly bounded on
X in the norm induced by ¢g'*, h¥ and h¥, and the injectivity radius of (X, g7¥X) is positive).
We will also assume that

bo = inf iRE (u, J(z)u)

2
ueﬁGXX\{o} |u|gTX

> 0.

This is a condition of uniform positivity of R with respect to g7*.

Since (X, g7%) is complete, the Bochner-Laplacian and the renormalized Bochner-Laplacian
A, are essentially self-adjoint in L*(X,LP ® F). First, we state the following spectral gap
property for the operator A,,.

Supported by the Russian Science Foundation, project no. 17-11-01004.
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Theorem 1. There exists a constant Cf, > 0 such that for any p € N the spectrum o(A,)
of the renormalized Bochner-Laplacian A, in L*(X, [P ® F) satisfies

O'(Ap) C [— CL,CL] U [2p,u0 — CL,+OO).

Define the operator Py, in L*(X,L” ® E) to be the spectral projection of the operator A,
corresponding to [—Cp, Cr], given by Spectral Theorem. Its image H, C L*(X, [P ® E) is the
spectral subspace of A, corresponding to [-Cp,Cr]. If X is compact, the spectrum of A, is
discrete and H,, is the subspace spanned by the eigensections of A, corresponding to eigenvalues
in [-Cp,Cy]. The Schwartz kernel of the operator P, with respect to the Riemannian volume
form dvy is a smooth section P,(-,-) € C®(X x X, 77 (L’ ® F) ® m3(LP ® E)*), where m and
my are the projections of X x X on the first and second factor. It is called the generalized
Bergman kernel of A, since it generalizes the Bergman kernel on complex manifolds.

The main result is the following off-diagonal estimate for the generalized Bergman kernel.

Theorem 2. There exists ¢ > 0 such that for any k € N, there exists ¢, > 0 such that for
anyp € N, x,2’ € X, we have

’Pp(x,x’)|ck < Ckanrge*C\/ﬁd(m’)’
where d denotes the geodesic distance on X.

As an application, we prove the relation between the generalized Bergman kernel on a Galois
covering of a compact symplectic manifold and the generalized Bergman kernel on the base.
We also describe an asymptotic expansion of the generalized Bergman kernel near the diagonal.

This is joint work with Xiaonan Ma and George Marinescu [1].
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MORSE-SARD THEOREM AND LUZIN N-PROPERTY: A NEW
SYNTHESIS RESULT FOR SMOOTH AND SOBOLEV MAPPINGS

MIKHAIL KOROBKOV

For regular mappings of Euclidean spaces we study the distortion of the Hausdorff dimension
of the given set under restrictions on the rank of the gradient on this set.

For the classical cases of k-smooth and Holder mappings this problem was solved in the
papers by Dubovitskii, Bates and Moreira. We solve the problem for Sobolev and fractional
Sobolev classes as well. Note that we study the Sobolev case under minimal integrability
assumptions, i.e., they guarantee in general only the continuity (not everywhere differentiability)
of a mapping. In particular we found also some new facts for the classical smooth case as well.

The proofs of the most theorems are based on our previous joint papers with J. Bourgain
and J. Kristensen (2013, 2015).
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HYPERBOLIC KNOTS ARE NOT GENERIC

ANDREI MALYUTIN

We show that if K is a nontrivial knot then the proportion of satellites of K among all of
the prime knots of n or fewer crossings does not converge to 0 as n approaches infinity. This
implies in particular that the proportion of hyperbolic knots among all of the prime knots of n
or fewer crossings does not converge to 1 as n approaches infinity.

This is joint research with Yury Belousov.
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METRICS OF DIAGONAL CURVATURE

OLEG MOKHOV

We study metrics of diagonal curvature arising in the theory of integrable systems of hy-
drodynamic type. The semi-Hamiltonian systems were discovered by S.P.Tsarev. This special
class of diagonalizable systems of hydrodynamic type possesses the richest infinite-dimensional
set of conservation laws and symmetries (commuting flows) of hydrodynamic type among all
systems of hydrodynamic type. The semi-Hamiltonian systems are integrable, they are inte-
grated (linearized) by the generalized hodograph method. Many the most important systems
of hydrodynamic type belong namely to this class of systems. The geometry of the semi-
Hamiltonian systems is just exactly the geometry of metrics of diagonal curvature (or, in other
words, semi-Hamiltonian metrics). A metric of diagonal curvature is connected to each such
system and vice versa. The metrics of diagonal curvature are diagonalizable and, moreover,
they possess orthogonal coordinates with some additional conditions on the components of the
Riemann curvature tensor in the orthogonal coordinates (the conditions of diagonal curvature).
Locally, the metrics of diagonal curvature are described by an integrable system of nonlinear
equations (the Darboux equations).

An efficient necessary condition for metrics of diagonal curvature, namely, the vanishing of
the Haantjes tensor for the Ricci affinor, is obtained and the theory of metrics of diagonal
curvature is developed.

LoMonosov Moscow STATE UNIVERSITY, 1 LENINSKIE GORY, Moscow, 119991, Russia
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HOMOTHETY CURVATURE HOMOGENEITY

STANA NIKCEVIC

We examine the difference between several notions of curvature homogeneity and show that
the notions introduced by Kowalski and Vanzurova are genuine generalizations of the ordinary
notion of k-curvature homogeneity. The homothety group plays an essential role in the anal-
ysis. We give a complete classification of homothety homogeneous manifolds which are not
homogeneous and which are not VSI (i.e., which have some scalar curvature invariant which
is non-zero) and show that such manifolds are cohomogeneity one. We also give a complete
description of the local geometry, if the homothety character defines a split extension.

This is a joint work with Eduardo Garcia-Rio and Peter Gilkey.
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RECIPROCITY LAWS ON ALGEBRAIC VARIETIES AND
CONTOU-CARRERE SYMBOLS

DENIS OSIPOV

Reciprocity laws connect local and global invariants of algebraic varieties.

For example, consider one-dimensional algebraic varieties, i.e. algebraic curves. There is
the well-known reciprocity law that the sum of residues of meromorphic differential form on
a compact Riemann surface equals to zero. Another reciprocity law on a compact Riemann
surface is the so-called Weil reciprocity law which is the multiplicative analog of the previous
reciprocity law. This reciprocity law states that the product of tame symbols over all points
equals to one.

Reciprocity laws can be generalized to algebraic varieties of arbitrary dimension and to any
ground field (instead of the field C). This was was done by A.N. Parshin and K. Kato. When the
ground field is finite, these reciprocity laws are important in description of arithmetic properties
of corresponding algebraic varieties.

The Contou-Carrere symbol generalizes both the residue and the tame symbol for the point
on an algebraic curve. It is known the reciprocity law for the Contou-Carrere symbol (due to
G. Anderson, F. Pablos Romo, A. Beilinson, S. Bloch, H. Esnault).

I will speak on the generalization of the Contou-Carrere symbol to higher dimensions.

The talk is based on joint papers with X. Zhu and S. Gorchinskiy.
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ON NEW COSMOLOGICAL SOLUTIONS IN NON-LOCAL MODIFIED
GRAVITY

ZORAN RAKIC

Despite to all significant gravitational phenomena discovered and predicted by general theory
of relativity, it is not a complete theory. One of actual approaches towards more complete theory
of gravity is its non-local modification. We consider non-local modification of the Einstein
theory of gravity in framework of the pseudo-Riemannian geometry, with the non-local term of
the form H(R)F(O)G(R), where H and G are differentiable functions of the scalar curvature
R, and F(O) = > 7, f,0" where f, are is an analytic function of the dAlambert operator
[J. Using calculus of variations of the action induced by the metric tensor g,,, we derived the
corresponding equations of motion. Firstly, we consider several models of the above mentioned
type, as well as the case when the scalar curvature is constant. Specially, we are paid our
attention to the case where H(R) = G(R) = VR —2A, and find some new cosmological
solutions and we test validity of obtained solutions with experimental data. Moreover, we
consider space-time perturbations of the de Sitter space. It was shown that gravitational waves
are described in the class of nonlocal models H(R)F(O)G(R), with respect to Minkowski metric
by the same equations as in general relativity.

This is joint work with I. Dimitrijevi¢, B. Dragovi¢, A. Koshelev and Jelena Stankovic.
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LAGRANGIAN MANIFOLDS AND QUANTIZATION RULES,
CORRESPONDING TO SEMI-CLASSICAL EIGENVALUES OF THE
SCHROEDINGER EQUATION ON A SURFACE WITH CONIC
SINGULARITY

ANDREI SHAFAREVICH

We study semi-classical spectrum for the Scroedinger equation on a 2D surface with conic
singularity. We obtain Lagrangian surfaces and quantization rules, corresponding to such eigen-
values. We sjow that the quantization rules are not standard; however, they have natural
geomatric interpretation.
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TYPES OF GROWTH POINTS OF A DENDRITE

PRABHJOT SINGH

Let S = {51, S5, ...S,} be a self-similar linear zipper [1] in R, whose attractor K is [0, 1].

We consider the question: Can we add a similarity map S, of the complex plane C to the
system S in such a way, that the attractor K’ of the resulting system S’ would be a dendrite?

A point ¢ € [0,1] is called a dendrite growth point, if there is such h > 0, that the attractor
K’ of a system 8" = {S1, S, ...Sm, S«}, where S,(z) = ihz + ¢, is a dendrite.

We prove that there are 3 types of dendrite growth points, depending on their address
legzn in K:

(1). The point ¢ has a periodic address ¢ = 7(i14s . . . 1y).
Then c is a growth point if ¢ # 0,1 and &;,;, 4, = S*SIES’;1 where S4 is some element of the
semigroup generated by S which fixes the point 0. In this case K’ is a p.c.f. dendrite [2].

(2). ¢ has a preperiodic address ¢ = 7w(j1J2 ... jri1t1ia - .. 1,) then for sufficiently small h,
depending on j1js ... ji only, K’ is a p.c.f. dendrite.

(3). ¢ has aperiodic address such that there is initial word iyis . . .4, such that for any k£ > 0,
Th1ht2 - - Uk 7 G102 .
Then there is h > 0 depending on 414y . . .14, only for which K’ is a non-p.c.f. dendrite.
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THE SAMPSON LAPLASIAN

SERGEY STEPANOV

In our report we consider the little-known Sampson operator that is strongly elliptic and self-
adjoint second order differential operator acting on covariant symmetric tensors on Riemannian
manifolds (see [1]). This operator was an analogue of the well known Hodge Laplacian which
acts on exterior differential forms. First of all, we review the results on this operator. Then
we consider the properties of the Sampson operator acting on one-forms and symmetric two-
forms. Further we estimate operator’s lowest eigenvalue. We study this operator using the
analytical method, due Bochner, of proving vanishing theorems for the null space of a Laplace
operator admitting a Weitzenbck decomposition and further of estimating its lowest eigenvalue.
Theorems and corollaries of the present report complement our results from the papers [2] - [6].
Moreover, applications of Sampson Laplacian can be find in our paper [3].
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DEFORMATIONS OF POLYGASKETS IN THE PLANE

ANDREI TETENOV!, DMITRY DROZDOV?, AND MARY SAMUEL?

Let P C R? be a finite polygon homeomorphic to a disk, Vp = {A;,..., A4,,} be the set of
its vertices. We consider a system of similarities S = {S1,...,S,,} in R? such that:
(D1) for any i € I set P, = S;(P) C P;
(D2) for any i # j,i,j € I, Pi(\P; = Vp, (| Vp, and #(Vp, (1 Vp,) < 2;
(D3) Vp C UISz(Vp),

e

Following R. Strichartz [1], the system S will be called a P-polygasket, if it satisfies the con-
ditions (D1 —D3), and a generalized P-polygasket, if it satisfies the conditions (D2, D3) only.

Let S be a generalized P-polygasket. The vertex A C Vp is called a cyclic vertex, if there is
such multiindex i = 44y . .. ig, that S;(A) = A. Let A be a cyclic vertex and 45 be its invariant
arc and S;j(A) = A. Let B’ = S;(B). We denote by « the total change of argument of z— A when
2 travels along y4p from B to B’. This gives unique representation Sj(z) = ge'(z — A) + A.

The number Ay = @ is called the parameter of the cyclic vertex A. Generalized P-polygasket

n
S satisfies the parameter matching condition, if for any B € U",Vp, and for any cyclic vertices
A, A’ such that for some i,j € I*, Sj(A) = Sj(A’) = B, the equality Ay = A4 holds.

A generalized P’-polygasket S = {57,...,.5/ } is called a d-deformation of a P-polygasket
S = {81, ..., S}, if there is a bijection f: (J Vp, — J Ve, such that
k=1 k=1

a) fly, extends to a homeomorphism f : P — P’;

b) |f(z) — x| < § for any x € |J Vp,
k=1
c) f(Sk(x)) = S.(f(x)) for any k € I and = € Vp.
Our main result is the following
Theorem. Let S be a P-polygasket. There is such § > 0 that for any §-deformation S’ of
the system S, satisfying parameter matching condition, the attractor K(S') is homeomorphic
to K(S).
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THE MODULI SPACE OF D- EXACT BOHR - SOMMERFELD
LAGRANGIAN SUBMANIFOLDS

NIKOLAY A. TYURIN

The talk is based on the papers [1] and [2].

Each compact algebriac variety X over the field of complex numbers can be regarded as a
real symplectic manifold. Indeed, X can be embedded to projective space CPY of a suitable
dimension by the very definition, and then the restriction of the stadard Kahler form of the
Fubini - Study metric gives a symplectic form on X. By the construction this symplectic form is
integer, so its cohomology class lies in the lattice H(X,Z). This symplectic form is not unique
- it depends on the choice of a class of ample divisors, therefore the choice of an appropriate
class makes it possible to study lagrangian geometry of X. We consider the case of smooth
simply connected algrebraic varieties.

The realization can be done as follows: for pair (X, D) take the corresponding line bundle L —
X and fix an appropriate hermitian structure on it. Then for the corresponding holomorphic
section ap with zeroset D take real function ¢p = —In|ap|s; then this function is a Kahler
potential on X'\ D so the form wp = drmlIde¢p is a Kahler form which can be considered as a
symplectic form on the complement. The ampleness condition ensures that wp has a natural
exntesion on whole X.

Special Bohr - Sommerfeld geometry can be applied in our situation: the prequantization
data (L,a) can be fixed, and then a natural incidence cycle Usps C PI'(X, L) x Bg can be
constructed. Here Bg is the moduli space of Bohr - Sommmerfeld lagrangian cycles of a fixed
topological type. Our dream is to derive a finitie dimensional component from Usps — it
would be a finite dimensional moduli space, derived from the lagrangian geometry of X. So,
the first step in this way arises when we take a natural finite dimensional projective subspace
in PI'(X, L) consists of holomorphic sections of L.

Thesis: Take the total preimage p; ' (PH®(M;, L)) C Usps - it is finite dimensional discrete
covering of the finite dimensional projective space formed by pairs (S,p) where S are SBS
submanifolds.

But unfortunately this does not lead to a good answer: in general for a holomorphic section no
smooth Special Bohr - Sommerfeld cycles. Therefore we must either desingularize the singular
components or find another way. The possible way is in the usage of D - exact lagrangian
submanifolds instead of Special Bohr - Sommerfeld. In the situation above we call a lagrangian
submanifold S D - exact with respect to a divisor D C X if SN D = () and for each loop v C S
and a common disk By C X bounded by 7 one has ind(By N D) = fBz wp. The space of D -
exact lagrangian submanifolds of a fixed topological type is infinite, but it is a natural action
of the group HamlIso(X\D) of Hamiltonain isotopies, and we can factorize the space by the
action. The main claim here is that for fixed D the quotient set is discrete. This leads to

Antithesis: Attach to a very ample divisor D, the space of smooth compact homologically
non trivial exact lagrangian submanifolds on the complement X\ D, modulo Hamiltonian iso-
topies on X\ D,,, and then globalizing the attachment over the projective space |Lp| get modified
moduli space MSBS.

Here our main result is that this moduli space if a finite dimensional object. But we introduce
this new moduli space just to resolve the problem in the definition of a moduli space in the
framework of Special Bohr - Sommerfeld geometry. Therefore

The author was supported by the Laboratory of Mirror Symmetry of the Higher School of Economics and
the Government of the Russian Federation (Grant 14.641.31.0001).
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Synthesis: Cut from the modified moduli space Mggps a stable component M g consists
of the classes < S; >€ H(D,) which present Hamiltonian desingularizations of the compact
closed components of the Weinstein skeleta W (X\D,).

And for this last stable component we have

Main Conjecture. For arbitrary compact smooth simply connected algebraic variety X and
a very ample line bundle Lp — X the stable component of the modified moduli space is algebraic:

Y s 2 Y\D where D is a compact algebraic variety and D CY is an ample divisor.

We supply the discussion by a number of examples illustrating the conjecture.
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ON STANDARD PATHS WITH CONSTANT INTERNAL CURVATURES
ON SPHERES OF PSEUDO-EUCLIDEAN SPACE

IRINA ZUBAREVA

Pseudo-Euclidean space E} of arbitrary index [, where n, [ are integers, n >3, 0 <[ < n/2,
is n—dimensional vector space together with the pseudoscalar product

{(931, ce ,In)7 (yla e ayn)} =Ty — s — Y T Tl o TpYne

The number ||z|| := /| {x,x} | is called the modulus of the vector x.

A continuous mapping r : R — E} is called the standart path if for every s € R, there exists
r'(s) and ||7(s)]| = 1.

A system of vectors e, ..., e, in E} is called orthonormal if ||e;|| = 1, {e;,e;} = 0 for i # j,
i,7 =1,...,m. A system of functions ey,...,e, : R — E} is orthonormal if for every s € R,
the system of the vectors e;(s), ..., en(s) is orthonormal in E}.

Let M™! be a sphere in E]" with center the origin, a is the square of radius of M™!.

Definition 1. Functions ¢, ...,%¢,_5 : R — R are called the internal curvatures of a standart
path r : R — M™ ! if there exists an orthonormal system of differentiable functions ¢; : R —
M™ 1 i=1,...,n— 2, satisfying the conditions: for every s € R

1) ex(s) = 1'(s);

2) t(s) = ||lgm(s)|| form =1,...,n—2, where

fm(s) = €5, (s) = {e,(s),7(s)} r(s) fa,

Gm(s ) =Y €ils) {Fm(s), ei(s) b eils),  ei(s) =el(s), i=1,....m;
3) tn(s) >0 form =1,. .Z._, - 3;

4) epi1(8) = gm(s)/tn(s) form=1,...,n— 3.

The author proved the following results below.

Theorem. Let r : R — M" ! be a standart path with constant internal curvatures
t,...,¢, o and the function e, ; from the Definition 1 is differentiable. Then r = r(s) is
an orbit of some one-parameter isometry group of M1,

Let us recall a well-known Poincare’s model of the Lobachevsky space L™ ! on the upper
hemisphere of the pseudo-Euclidean space [E}:

L' ={z=(x1,...,2,) €E : {z,2} = —1, 2, > 0}
Corollary. Let r : R — L™ ! be a standart path in the Lobachevsky space L"™!, n >
3, with constant internal curvatures €;,...,¢,_o and the function ¢,_; from the Definition 1

is differentiable. Then r = r(s) is an orbit of some one-parameter isometry group of the
Lobachevsky space L™ 1.
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TPVIIIIA IBUYKEHUI OCOBOI'O YETHLIPEXMEPHOT'O PACIIINPEHUS
EBKJINJA0OBOM TPEXMEPHOU I'EOMETPUU

PAJTA BOTTAHOBA!, BJIAJUMUP KBIPOB?2

B pab6ore [1] B.A. KelpoBbiM B paMKax pelleHHs 3aa9l BJOXKEHHUs €BKJIHJIOBOI reoMer-
pUH HaiiieHo 0coboe YeThIpeXMepHOe pACIIMPeHne €BKJIHJIOBOU TPEXMEPHOH reoMeTpuu. JTa
reoMeTpus 3aJIaeTcs caeayionieit (byHknuei mapbl TOYeK:

F@,7) = (0 = 23)? + (g = y5)* + (20 — 2) )20, (1)

e (z;, Yi, 2, w;) 1 (24,95, 24, Wj) — KOODAUHATHI COOTBETCTBEHHO TOYEK i u j B RY.

[Hesibio pabOTHI ABALETCSH HAXOXKJIEHUE SBHBIX BBIPAYKEHUN JUId TPYIN JBHYKEHHiT 0cOOOro
YeTBIPEXMEPHOTO PACITUPEHN €BKJANJ0BON TPeXMEpPHON reOMeTpHuN.

Pacemorpum sdbdextusnoe u auddepennupyemoe geiicreue rpyuns Jlu G 5 U € R* [2, 3],
TO ecTh JupdepeHnupyeMoe oTodbpazkeHue

AN:UxG—U,

rne U' C R* JleiictBue \,, onpejesisgeMoe MPOH3BOJILHBIM 3jeMeHToM a € (G, HasbiBaeTcs
deustcenuem mpoctpancrsa R ¢ dpyuxumeii maps Touex f, ecam ajis 0OOHIX 4, j € U Takmnx,
aro (i,7) € Sf, (Aa(i), Aa(j)) € Sy, BBIIOIHSETCS PABEHCTBO

FRa(@), Xa(d)) = f(i, ),

npuuem Sy C R* X R* — obnacts onpenenenus GyHkmun f.
MHO>xKecTBO BCeX TaK OIpe/IeJIeHHbIX JBHKEHUI obpas3yer jecsaTuMepHyto rpyiiy Jlu mpeod-
pazoBanuii. basucubie oneparopsl aaredpsl JIn 3Toro npeodpaszoBaHus UMEIOT CJIELY IO BU/T

[1]:
Oy, Oy, 0, 0y — Y0y, 10, — 20,, Y0, — 20y, 200, — 2y0, — 220, + Oy,
(v* + 2% — 20, — 22y0, — 2220, + 10y, (2 + 22 — y*)0y — 2yx0, — 2y20, + YOy,  (2)
(22 +y? — 220, — 2220, — 22y0, + 20y,

MeTo/1 HAXOXKIeHHUsI COCTOUT B IIPUMEHEHUN SKCIOHEHIUATHLHOTO 0Tobpazkenus |4, 5):

~

x xr

/

Yo =) | Y| (3)
w' w

rjie t — BEIeCTBEHHBIN napaMerp, a X — MPOU3BOJILHBIN orepaTop ajaredpnl JIu rpymmbsl 1BuU-
JKeHUil,

2 y2
Exp(tX)=1+tX +
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Teopema. ['pynna gBu>keHmii 0co60ro 4eTbIpexXMepPHOro PaCUIHPeHHs eBKJIHI0BOI TpexMep-
HOIf reoMeTpuu ¢ ¢yHKIHed napbl To4eK (1) B SBHOM BHJE HMEET BHI:
, (2% + y* + 2%)(an1a + ai2b + a13¢) + annx + apy + &132)6726

T (a® + 0% + @) (2?2 + y? + 22) + 2ax + 2by + 2cz + 1 T

J = (2% + 92 + 22)(ag1a + agb + asc) + a1 ® + any + agzz)e™? y
(a® 402+ 2)(2? + y? + 22) + 2ax + 2by + 2cz + 1 ’ (4)

o= ((£E2 + y2 + 22)(a31a + &32[) + (1336) + a1 + asay + 61332)672(s X
B (a® + b2 + @) (2?2 + y? + 22) + 2ax + 2by + 2cz + 1 7

w' =w+ 3In((a® +0* + ) (2? + y* + 2%) + 20z + 2by + 2cz + 1) + 6,

aj; a2 dais
e | as as axs | € SO(3).

az1 G32 0asz3

JI0Ka3aTe/ILCTBO TEOPeMbl, COCTOUT B HAXOXKJIECHHH ¢ IIOMOILLI0 3KCIIOHEHIMAILHOIO OTOD-

parkeHHs OJHONAPAMETPUYECKUX IOACPYII, COOTBETCTBYIONIMX OA3MCHLIM OHepaTopaM aiarebp
Jlu rpyun npeobpasoBanuii (2), KOMIO3UIHMSA KOTOPBIX TTO3BOJSET HAHTH SIBHBIE BbIPAKEHUS
JIOKATBHBIX JeiicTBuil rpynm JIu (4) 0cob0ro 4eThpexMepHOro pacIinpeHns eBKInI0BO Tpex-
MepHO# reomerpuu ¢ dbyHKIMeH napsl Touex (1).
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YCJIOBUE cc-BHYTPEHHEI'O KOHYCA U T'ITEPIIPOCTPAHCTBA
KAHOHUYECKOI I'PYIIIIBI SHI'EJIA

AJIEKCAH/JIP TPEHIHOB!, POMAH 2KYKOB?

Kanonnveckas rpynna Jurend [E, 3 onpesendgerca B cTanJapTHOM €BKJINJIOBOM IIPOCTPAH-
cree R* ¢ cucremoit koopaunar (z,y, t, 2), MHAYIEPOBAHHON KoopauHaTHBEIM peniepoM (O, ey, €o, €3, €4)
(31ech €1, €9, €3, €4 — cTangapTHBIE OpTH R?Y), Ipy mOMOMmIM TabJIMIBI KOMMYTATOPOB

(1) [e1, €9] = cves, a >0,
1, e3] = Bey, B> 0;

BCE OCTAJbHBIE BO3MOYKHBIE KOMMYTATODBI €1, €3, €3, €4 pashbl 0. [lycrs v = (z,y,t,2), W' =
(', y',t', 2"). Torma, ncnoansyst popmyay Kamnbesra — Xaycaopda, mpu momorum (1) Mbl mosty-
JaeM MBI TOJIy9aeM aHATUTHYECKYIO 3alUCh ONMEePALNH JIEBOTO CIBATA MPOU3BOJBLHOTO 3JIeMeHTa
w' = (2, y, ', 2') € E, p Ha mpou3BOIBHLIN teMenT w = (x,y,t,2) € E, g

a
(2) Lo =w-uw = <x+:p’,y+y’7t+t’+ §(xy'—a:’y),

z+ 2+ g(ajt/ —2't) + %(x —2')(xy — x'y)).

Ucnonb3ys (2), Mbl TOJTydaeM BbIpaKeHUs JiJist OA3UCHBIX JIEBOMHBAPHAHTHBIX BEKTOPHBIX MO~
aeit rpynmet Durens E, g B moboit rouke (z,y,t, 2):

Q@ bt afxy ay bt aBxy
X=(1,0——y, —— — — e — -7 e — (2 .
Lo —gn—5 - )=a-5 e (G+H )
ar afx? ax afB?
Y: 1 —_— —_— p— —_— .
(Ou ) 9 ) 12 ) e + 2 €3 + 12 €4,
T:(O70717%):63+62_x'64a Z:€4.

Paccrosinue Kapuo — Kapareogopu de.(u,v) Mexy aByMsi HPOU3BOJLHBIMU TOYKAMU U, U €
E, g, onpeaensercs Kak TOYHas HUXKHsAS Ipaib JinH [(7) Bcex abCOMIOTHO HEHPEPBIBHBIX IO-
PHBOHTATBHBIX IyTell 7 = (S), OnpeneseHHBIX HA HEKOTOpOoM oTpeske [0, Sgl, coeTuHSIOmmx
TOYKH U, v, T. €. TakuX, 910 u = v(0), v = Y(so),

Y(s) = als)X(v(s)) + B(s)Y (7(s)) 1. B. s €0, 50,
rae «(s), 5(s) — HekoTopble mHTerpupyembie dbyHKImU. [auHa KPUBOH 37€Ch OMpeIeIaeTcs
IIPU HOMOIIU CTAHAAPTHOH (DOPMBI CKAJAPHOIO HPOU3BEJICHMs, MHIYIUPOBAHHOIO GA3MCHbBI-
ME JIEBOMHBAPDUAHTHBIME BEKTOPHBIME IOJISMU PAcCMATPUBAEMON KAHOHMYECKOH I'pymnbl. B
JasbHeHeM cuMBOJIOM Be.(z, 1) Mbl 6yJeM 0603HAYATH OTKPHITHIA map B MeTpuke KapHo —
Kapareomopn ¢ TeHTPOM B TOUKE T PATHYCa 7.
Ha E, 3 oupenesena ofHomapaMeTpudecKas MOArPYIIa PACTAKEHU] (JHIaTaluii)

Sc(m,y,t,2) = (ex, ey, e%t,€2).

N3zBectro, uro merpuka Kapuo — Kapareogopu mHBapmanTHa OTHOCHTE/HHO JeHCTBHil 0. U
JIEBBIX CJBHTOB, T. €.

dee(0:1, 0:0) = €dee(u, V), dee(Lyv, Lyw) = dee(v, w).

Touka O (HAYATO KOOPJAMHAT) ABIAETCH €MHUIHBIM JIEMEHTOM JTI000 KAHOHUIECKON TPYIIIIbI
Surens: Lou = u. OTMeTHM, 4TO KAHOHUYECKAd IPYIIIA JHIe/IS 9BJALeTCS YACTHBIM CIydaeM
rpynn Kapho, cM., Hanmpumep, [1].
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Onpeaenenne 1. MHOX)ecTBO

Koo(M,X,7) = | JM - 6.Beo( X, 1), dee(O, X) =1 >,
e>0
KaHOHNYeCKOI Ipynnbl SHFGJIH 6y,ZLGM Ha3bIBATHh CC-OAHOPOJIHBIM KOHYCOM C BepH_[I/IHOfl B TOYKeE
M, ocvro M - 6. X u pacrBopoMm 1. MHOKECTBO

K,(M,X,r)= | M-6.Bu(X,7), dee(O,X)=1>r,
€€[0,e0]

Oy/ieM Ha3BIBATH YCEUECHHBIM CC-OTHOPOIHBIM KOHYCOM ¢ BepruHoit B Touke M, ocbio M - 6. X
U PaCTBOPOM 7.

Onpenenenne 2. [oBopuMm, 9T0 HEOrpaHWIeHHAS 00,1aCTh D KAHOHWYECKON IPYIIITBI JHTEIS
VIOBJIETBOPSIET YCJIOBUK) BHYTPEHHETO CC-OJIHOPOIHOTO KOHYCA, €CJAU CYIIECTBYET ' TAKOe, 9TO
11t Kaok 1oit Toukn M € 0D waiigercs cc-ompopoanbiii Kouye Koo (M, X, r), X = X (M), takoi,
aro (Ko(M,X,r)\ M) C D, rae r ue 3aucur ot BriGopa M.

Onpegenenune 3. ['opopum, 4T0 007acTh D KAHOHUYECKOH T'PYIIILI DHIEJA ABISETCS CC-
PaBHOMEPHOM, ecu s KaxKJIoi Mmapbl To4Yek X,y € D Haiijgercd aOCOJIOTHO HEIPePbIBHBIH
rOPU3OHTANBHBIN myTh v = 7(s) C D, onpegesnennsiii Ha [0, S|, COEIUHAIONMA TOUKYU X, Y,
TaKOI, 9TO

l(7> < adcc(‘rv y>7
i {1(7.2), (3y.)} < bilee(2, 0D),

e z € 7 — TeKyIas TOUKA, 7Yy, , — YIACTOK KPHUBOI 7y OT TOUKH Y /10 TOUKH 2, Yy, — YIACTOK
KPHBOIi y OT TOYKH & JI0 TOUYKH Z, U KOHCTAHTHI a,b He 3aBuCAT OT BbiOOpa x,y € D.

Bee neob6xouMble KOMMEHTAPHA M CCHLIKH, CBSI3AHHBIE ¢ ONPEIeJeHUsIMA 1-3, duTareib Mo-
xKeT Haiitu B [2].

Teopema 1. 1° Tmnepnpocrpancrsa {(z,y,t,2) € Eap | © > 0}, {(x,9,t,2) € Eap | y > 0}
VAOBJIETBOPSIIOT YCJIOBHIO BHYTPEHHEI'O CC-OQHOPOJHOIO KOHYCa U SBJISIOTCS CC-PABHOMEDHBIMHI
obaacravn, 2° rumepnpocrpanctsa {(x,y,t,z) € o5 | Ax+ By+Ct > 0, C # 0}, yaosrerso-
PSIIOT YCIOBHIO BHYTPEHHEI'O CC-OJHOPOJHOIO KOHYCa H ABJISAIOTCS CC-PaBHOMEPHBIMH 00IACTS-
ma, 3° runeprpocrpanctso {(x,y,t,2) € By 5 | 2 > 0} He yaoBgeTBOPSIET YCIOBHIO BHY TDEHHETO
CC-OTHOPOTHOTO KOHYCa H He SBJISCTCS CC-PABHOMEDHOI 00J1ACTEIO.

IT. 1 Teopemsr 1 nokazan B [1]; Tor daxt, aro runepupocrpancrso {(x,y,t,2) € E, 5| 2 > 0}
HE YJIOBJIETBOPSAET YCJIOBHIO BHYTPEHHETO CC-OJHOPOHOIO KOHYCA, YCTAHOBJIEH B padore [3], HO
MBI IPUBOJIUM aJIbTEPHATHBHOE JI0KA3aTEILCTBO.
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PEIIIEHUE 3AJAYN BJIOXKEHUA IOJISI IBYMEPHBIX TEOMETPUI
JIOKAJIbHOU MAKCVMAJIbBHOUN IIOABN2KHOCTU

BJIAIVMUP KBIPOB

PacemorpuM TpexmepHoe aHaJUTHYECKOe MHOroobpasme M, KoTopoe JIOKaIbHO Juddeo-
MOP(MHO IPIMOMY ITPOHU3BEICHUAIO IBYMEPHOIO aHAJUTHIECKOTO MHOTO0Opasus N U OIHOMEP-
HOTO aHAJUTHIecKOoro Muoroobpasust L. IToctpoum dbyukmmo mapsl Touek f : M x M — R c
OTKPBITOIl 1 TI0THOH 06JacThio oupeaetenus Sy C M? no caemyioneit bopmye:

f=x(g(mi(h), m(h)), ma(h), m2(h)), (1)
rae h : M — N x L — nokanbubiit nuddeomopdusm, mp : N X L — Numy: N x L — L — npo-
ekiuu, g : N X N — R — dyHKIus napbl TO4YeK ¢ OTKPBITON U ILJIOTHON 00/1aCThIO OLIPE IeJIeHU s
S, B N?, x: RX L x L — R — nesbipoxkennas GyHKIus (OTJIMYHBI OT HyJIsl IPOU3BOJIHbIE
IEPBOTO MOPSIJIKA MO BCeM mepeMeHHbIM). Bee npuBesennbie 31ech DYHKIHN aHATHTHYIECKHE.

MeTogoM BJIOKEHUS MOCTPOEHA KIACCH(DUKAIINS TPEXMEPHBIX NeOMETPHIT JTOKATIbHOW MaKCH-
MAaJIbHOI MOJBUKHOCTH, 33/1aBaeMbIX (hyHKIUAME napbl To9ek (1) mo panee W3BECTHBIM JIBY-
MEPHBIM eOMETPHSIM MaKCHMAaJIbHON HMOABUKHOCTH, 33JaBaeMbIX (DYHKIUSIMHI Iapbl TOUEK (.
OcHOBHBIE Pe3yIbTATH OIyOJIUKOBaHbI B paborax [1-4]|.

Crucox GpyHKIUN mapbl TOYEK JABYMEPHBIX T'€OMETPHil JIOKAJILHONH MaKCHMAJIbHON MTOIBUHZK-
nocrn [5]:

g(A, B) = sinyasinyp cos(xs — xp) + COS Y4 COSYp;
9(A, B) = shyashygcos(zs —xp) — chyachyg;
g(A, B) = shyashygch(zs — xp) — chya chyg;
9(A,B) = (x4 —x5)* + (ya — ys)*;
9(A,B) = (x4 — a5)’ — (ya — yB)*;
9(A, B) = xayp — TpYa;
Ya — YB
9(A,B) = ——;
Ta—TRB
YA — YB
9 9 27arctgf
9(A,B) = ((xa —2p)" + (ya —yp))e  Ta~ By
9(A, B) = BIn(ya — yg) + eln(za — Xp);
,JA T YB
9(A,B) = (x4 —xp)’e T4 = TB,
rae (Ta,ya) — JOKadbHBIE KOOpAMHATH Touku A muoroobpasuss N, ,7 = const, v # 0,
B#0,£1, e =+1.

Chucox GyHKIUNE Hapbl TOYEK TPEXMEPHBIX eOMeTPHil JIOKATbHON MaKCUMAJIbLHOM ITOIBUZK-

nocru [1]-]4]:
f(A, B) =sinz4 sin zg[siny4 sin yp cos(xa — ) + cosya cosyp] + oS 24 COS 25;
f(A,B) =chzachzp[shyashygcos(za — xp) — chyachyp| + shz,sh zp;
f(A,B) =shzashzg[shyashygcos(za —xp) — chyachyg| 4+ chzqchzp;
f(A,B) =shzashzg[shyashygch(zs —xp) — chyachyg] + ch z4 ch zp;
f(A,B) = (za —x8)* + (ya — yB)* + (24 — 28)%;
f(A,B) = (x4 —2p)* + (ya — yn)* — (24 — 28)%;

f(A,B) = xayp — Tpya + 24 — 2B;
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f(AyB):w‘f‘zA‘f‘ZB;

A — IR
f(A, B) = LA 2B csatan,
TA—TB
f(A,B) = arctgw + 24 + 2B;
A — TR

f(A,B) = (x4 — xp)* + (ya — yp)*)e %,
J(A,B) = ((za — zp)* = (ya — yp)*)e* 2,

2fyarctgu+2z,4+223
f(A,B) = ((xa — x5)* + (ya — yp)*)e Ta—Tp ;
f(A,B) =BIn(ya —yp) + eln(zs — zp) + 24 + 25;
Q?JA —YB
f(A,B) = (x4 — xp)% TA—TB
rie (Ta,Ya,24) — JOKAIbHBIE KOODIUHATH TOUKH A mMHOroob6pasus M, 5,y = const, v # 0,
B#0,41, e = 1.

st opopmiienust gureparTypbl, MoxKaayicra, uCio/b3yiiTe ciaeaytomnuii odpas3err:

+224+22p

Y
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CIIEIINAJILHBIE TIOJINSIPHI C MAKCUMAJIBHBIM PAHTOM
TOMOJIOTUIL H,y(P; Z)

JAHUNT JAMUPOBUY HUTOME/IbAHOB

Ilycts P — cuermuanbueiii moaudap ¢ d 2-kiaerkamu. Torma panr romosoruit Ho(P; Zy) He
npesocxomut d — 1. Byaem roBoputhb, uto panr romosoruit Hs(P; Zs) MakCHMATIBHBIN, ecJiu
JIOCTUTAETCST PABEHCTBO.

B jrannoit pabore 1ojiy 4eHo MOJTHOE OIMCAHKE KJIACCA CIIEIUAJIbLHbBIX TTOJIMIPOM C MAKCUMAJIb-
HBIM PAHTOM I'OMOJIOTHH. YCTaHABJIMBAETCs CJA0XKHOCTH BUPTYAJbHBIX MHOT'000pa3uii, 3a/1aBae-
MBIX pacCMaTPHUBAEMbIMH CIIEINAIbHBIME TTOJHYIpamMu. PaccMarpuBaeTcst BOIIPOC 00 yToJIIIae-
MOCTH TTOJIUSAPOB.
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COJIMTOHBI PNNYYUM N KNJIJIMHTI'OBHBI I10JI{ HA OBOBIIEHHBIX
ITPOCTPAHCTBAX KAXEHA-YOJIJIAXA

JIMUTPUI OCKOPBUH!, EBTEHII POJIIOHOB?

B pabore nccienytorcsa comntonbl Puaun u nosist Knsinara vHa 06001eHHBIX MHOTO00Pa3MsIX
Kaxena - Yosmaxa, KOTOpbIe ABJSIOTCS CAMMETPHIECKUMHE MOPAIKa k. YpaBHEHHE COJTUTOHA
Puaun sBastoTCst 06001IeHIeM ypaBHeHus DiHIITeliHa Ha (TICeBI0) PUMAHOBBIX MHOT000PA3HSIX
U TECHO CBSI3aHO C IMOTOKaMu Puaan.

Teosesndecku mosiHOE (TICEBI0) pUMAHOBO MHOTOOOpasue (M, g) Ha3bIBAETCS COMUTOHOM Pud-
4y, ecju TeH30p Puuum r yjoBjieTBopseT ypaBHEHUIO coJuToHa Puuun:

r=A-g+ Lxyg,

rne A € R, Lyg — npousBogHas JIu MeTpuKy ¢ B HaIIpaBJIeHUNM BEKTOPHOTO moJs X .

O6o6mennoe npocrpanctso Kaxena - Yommaxa (CW5H2, g) pasmepnoctn n + 2 > 4 nopsjika
d onpepesercsa kak R ¢ merpuxoii g = 2dvdu+ Y1 (de')* + 377 ) ai(u)a'a? (du)?, A=
(a;;(u)) = ZZ:O HyuF, tne H), — cuvmMerpudecKie HOCTOSHHBIE MATPHILL 1 X 1, Hy — HeBbI-
POXKIeHHAS AMATrOHAJbHAS MATPUIA.

O6o6rennbie mpocTpancTBa Kaxena - YoJsgaxa BO3HHUKAIOT HPU pasjoxkeHuu 1-, 2- u 3-
CUMMETPUICCKHX JOPEHIEBLIX IPOCTPAHCTE B MIPSAMOE MpOou3Beaenne. VI3BecTHO, 9TO JTOKATLHO
CUMMETPHYECKOE PUMAHOBO MHOTOOOpa3ue JIOKAJLHO M30METPUYHO HPSAMOMY IIPOU3BEICHUIO
KOHCUHOTO YHC/18 HEIPHBOAUMBIX JOKAJLHO CHMMETPUYECKUX IIPOCTPAHCTB U eBKJIMI0BA MPO-
CTPAHCTBA, 4 HEIPHBOAUMOE JOKAILHO CUMMETPHYIECKOe HPOCTPAHCTBO ABJISACTCA SIHINTEHRHO-
BBIM.

Teopema.
Obobmennoe npocrpancrso Kaxena-Yoiiiaxa (CWS*Q, g) sABsteTcst conuronoM Puwan, npu-
yeM ypaBHeHHe couToHa Puaan r = A - g+ Lx g JIOKaJIbHO pa3penraMo I JT000H KOHCTAHTH

A.

B cucreme koopaunar Bpurnkmana nzydenn noJisgt Kuinara na o000IeHHbIX MHOT00OPa3nsix
Kaxena-Yonnaxa, ykazanbl OrpaHIYeHAs HA PA3MEPHOCTH MPOCTPAHCTBA KUJIJIUHIOBBIX TOJIEH,
a JUTd 2-CHMMeTPUYIeCKHX JIOPEHIIEBBIX MHOr00Opas3uil HaiiJeHbl BCce BO3MOXKHBIE PDA3MEPHOCTH
9TOTO MPOCTPAHCTBA.
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O HEIIPEPHLIBHOCTU ®VYHKIINN COBOJIEBCKOI'O TUIIA

AJIEKCAH/IP C. POMAHOB

Coryacuo pa6ore [1], eciu B - map B R", Gyuknus v € W (B) u ee rpajuent npuHaiieKuT
npoctpanctsy Jlopeuna L, 1(B), To dbynknus u sBasercst n-abCogoTHO HempepsiBHO. DyHK-
muio v : B — R HazpiBaloT n-abCoOIOTHO HEIPEPBIBHOMN, ecyi s Jiioboro € > 0 cymiecTByer
takoe 0 > 0, 4TO JIsi TPOU3BOJILHOIO CeMelcTBa Hemepecekaromuxcsi mapos {By C B} u3
YCIOBHSA

Zmn(Bk) <4 cnemyer Z(oschu)” <e.
k k

[TockoabKy mpw Beex p > n BeimosHsaoTcs siaoxenus L,(B) C L, 1(B) C L,(B), T0 pe-
3yJbTaT paboThl [1| MO3BOJISET YyTOUYHUTH YTBEPKJEHUE KJIACCHYECKOH COBOTEBCKOI TeopeMbl
BJIOXKEHHUS B POCTPAHCTBO HEIIPEPBIBHBIX (DYHKIIUIA.

B pabore [2| moka3aHo, 9T0 B paMKax IIKaJIbl TPOCTPAHCTB JlopeHia pe3yibrar paborst [1]
SIBJISETCS TOYHBIM, T.€. IIPU JII000M ¢ > 1 CyIIecTByeT Takasd HMEoIasd HEyCTPAHUMBIA pa3phbiB
B Touke z = 0 dbyukimus v : B — R, aro u € W} (B), Vu € L, ,(B).

AHaﬂOFI/IqHaH Ccuryanusa mu C beHKHI/IHMI/I CO6OJI€BCKOFO THUIIa Ha METPUYCCKHX IIPOCTPaH-
CTBaXx.

PaceMoTpuM s-perysisipHoe MeTpraeckoe pocTpatcTBo (X, d) ¢ Mepoii i, yIoBIeTBOPSIONIei
OIEHKE

Cir® < p(B(z,r)) <Cyr®, s> 1.
Heorpunarenbayo (bDyHKIUIO ¢ HA3BLIBAIOT JOIMYCTUMOR 11s u3Mepumoii dbynkuun u : X — R,
eCJI HePaBeHCTBO
[u(z) —u(y)) | < d(z,y) (9(x) + g(y))
BBITIOJTHSIETCS JJI TOYTH BeeX T,y € X.

Coruacuo pabore [3], ecu qus dyukinun v € Ly (X, p) cymecryer gonycrumast GyHKIuUS g,
npuHajieskamast mpoctpanctBy Jlopenna L (X, 1), 10 GyHKIms v gBagercs s-abCOTIOTHO
HENPEPBIBHON.

Kak 1 B eBK/IMIOBOM CJIydae yaaeTcs MOKa3aTh, YTO B paMKaX IIKaJbl IIPOCTPaHcTB JlopeHna
ITOT PE3YJILTAT SBJSIETCS TOYHBIM, T.e. TIPH ¢ > 1 cymiecTByer paspbisHas u € Ly(X, p), y
KOTOpO#t pomycrumas Gyukmus € Lg (X, p).

CBoiicTBO a0COMIOTHON HENPEePLIBHOCTH ABJIACTCS 00JIee CUIBHBIM 10 CPABHCHHIO ¢ OOBLIYHBIM
CBOMCTBOM HEIPEPBIBHOCTHU, TMOITOMY JOJIZKHBI CYIIECTBOBATEL DoJiee ciadbie yCJIOBHSA, obecre-
YUBAIOIINE HEIPEPBIBHOCTH (DYHKIMH cODOIEBCKOrO THIA. BO3MOXKHO Takue YCJIOBUSA MOYKHO
IOJIYYUTh B paMKaX HIKaJbl IpocTpancTs Opinya.
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KATEI'OPHAZ4 TOIIOJIOTUA 1 MOP®U3MbI OB BEKTOB TOIIOCOB
I'POTEHINKA

EBI'EHNI CKYPUXITH

Tomoc I'porerauka - 370 KaTeropws, SKBUBAJTEHTHASI KATETOPUHU TTYIKOB MHOYKECTB HA HEKO-
TopoMm caiite I'porenauka. Takum obpaszom, 00beKT Tomoca I'poTeH1mKa MOKHO, ¢ TOUYHOCTHIO
J10 m30MOopdu3Ma, OIMUCHIBATD, KaK MPEIINYY0K MHOXKECTB Ha HEKOTOPOU KaTeropun. MHOXKeCTBO
MOPGU3MOB MexK Iy 2 00beKTaMu Toroca ['poTeH uKa coBIagaeT ¢ MHOKECTBOM BCEX TOMOMOP-
bu3MoB (ecTeCTBEHHBIX TPEOOPA3OBAHUIT) COOTBETCTBYIOMIUX TPEJIIYIKOB MHOXKECTB.

[Iycrs (K, 7) caiir I'porenguka, 1o ectb K xareropust, 7 Tonojorust ['porenjiuka na K,
D - 7-nmyuok mmoxects Ha K. Kuace Kp . Bcex moamydkos [ obpasyer moimnyio 6payspoBy
PENéTKyY U TeM CaMbiM 331aéT Ha [ cTPYKTYpY, OJU3KYI0 K TOMOJIOrudeckoil. Pob OTKPBITHIX
MHOYKECTB MPU 3TOM urpaior nojanydku D. Eciu E npous3Bo/ibHBII NpeJIIyd0K MHOYXKeCTB Ha K,
D nopoka¢HHbII UM T-IYY0K, TO Kjace K ; BceX T-3aMKHYTBIX HOJIPEIIYIKOB ) ecTecTBeHHO
uzomopden Kp , Kak HoaHag OpayspoBa peméTka.

Badukcupyem o0bekT k Kareropuu K. Ouucannas BbIIIe KOHCTPYKIIHS 3aJa6T Ha MPEJIIIYIKe
muozkects i (k), mpeacrapiasiomem o6bekT k, cTpyKTypy, OJIM3KyI0 K Tomosoraueckoit. Tax
kak coorsercrsue k — i (k) samaér nommpiit crporuit pynkTop, To a0bas crpykrypa na i (k)
OTIpe/ieJisieTCsi CBOCTBaMu 00beKTa k.

B paGore [1| paccMoTpenbl HOpMabHBIE CTPYKTYPHI Ha MHOXKECTBAX W IIOCTPOEHA TEOPHs
Ny9YKOB HA MHOYKECTBAX, CHAOKEHHBIX HOPMAaJbHBIMEU CTpPyKTypamu. B mokmage Oyaer pac-
CKa3aHO O HOPMAJIBHBIX CTPYKTYPAX Ha MPEAINYyYIKaX MHOYKECTB, 33/ [aBAE€MbIX UMU TOTOJOTHSIX
['porenyiuka u cBoficTBax IYyYKOBBIX KOIOMOJOrHi. /lokaspiBaeTcd, 4To KoromoJoruu Yexa u
['porenuka msomopdusl. Kak u B ciydae MHOXKECTB, HOPMAJIbHBIE CTPYKTYPBI MTO3BOJSIOT
OIIPeIeTUTh TOHATHE OJIM30CTH U PABHOMEDHOCTH Ha IIPEAIydYKaX MHOXKECTB, & 3HAYUT U HA
00'beKTaX MPOU3BOJILHON KATETOPUH, U U3yYaTh UX KOTOMOJOTHIECKHIMU METOIAMHU.

B paborax [2| u [3] onucansl romoMopdusMbl, a TaKzKe HOJTYTPYIIIBL SHIOMOPMUIMOB PE/I-
Iy 9KOB MHOZKECTB, €C/IU 3a(pUKCAPOBAHBI UX CEMEHCTBA MOPOK AA0IuX. /1 My YKOB MHOXKECTB
HOHATHE CeMefCTBA MOPOXK TAIOTINX MEHSIeTCS: cemMeiicTBO a C [ MOpOoXK/1aeT T-Ty 90K MHOYKECTB
D, ecou ipe Ay 90K, MOPOXKIEHHBIN ceMeicTBOM «, sBJsieTcs T-mIoTHBIM B D. B 1okmaze onn-
CBIBAIOTCA TOMOMOP(MU3MBI, & TaKzKe MOJYTIPYIILI SHI0MOP(MU3MOB, SHUMOPGU3MOB, MOHOMOD-
¢GbU3MOB U IpyHIIBI ABTOMOP(MHU3MOB IIYUKOB MHOYKECTB, TO €CTh 00bEKTOB TOIOCOB I 'pOoTeH KA.
Fomomopdu3MBI TPEIIYyIKOB COXPAHSIOT TOMOJOTHYECKHE CTPYKTYPHI B MO3BOJISIOT COCTABHTD
CHEKTPAJIbHBIE MOCTAET0BATEILHOCTH MOPGMU3MOB 00BEKTOB TOIIOCOB, & 3HAYMUT, B CHJIY BBIIIE-
CKa3aHHOTO, MOPGPU3MOB 00bEKTOB MPOU3BOJILHON KATErOPHH.

YacTHbIME CJIyYasiMU NPUBOIUMBIX B JIOKJIAJI€ PE3YJIBTATOB SIBJISIIOTCS TEOPEMBI O MTPABBIX
H-vmoxectBax, rje H mogyrpynna ¢ e uHuei.
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NMHBAPVMAHTHBIE TEH3OPHBIE IIOJISA HA JIOKAJIBHO
OAJHOPO/IHBIX ITPOCTPAHCTBAX C BEKTOPHBIM KPYYEHUWUEM

IMABEJI KJIEIINKOB!, EBTEHII POAMOHOB?2, OJIECSA XPOMOBAS3

[Iycrs (M, g) — (mcesmo)pnmanoso muoroodpasue. OmpemesnM Ha JAHHOM MHOTO0Opa3nn
METPHYIECKYIO CBSI3HOCTH V ¢ HOMOIIBIO (DOPMYJIBI

VxY = V%Y + g(X,Y)V — g(V,Y)X,

rjie V' — HekoTopoe (pUKCHPOBAHHOE BeKTOpHOE 1oJjie, X 1 Y — IPOU3BOJIbHBIE BEKTOPHDIE TI0JI,
V9 — cBasnocth Jlepu-Hupura. CBs3HoCTh V SBJIAETCA OJHONR U3 TPEX OCHOBHBIX CBA3ZHOCTEH,
onucanubix D. Kapranom B pabore [1], n Ha3BIBAETCS METPHIECKOH CBA3HOCTHIO ¢ BEKTOPHBIM
KPYYEHHEeM UM MOJYCUMMETPUIECKON CBA3HOCTHIO (¢ TOYHOCTHIO JI0 HAIIPABJIEHUS ).

JlaHHasT CBA3HOCTH UI'PAET BaXKHYIO POJIb s JABYMEPHBIX ITOBEPXHOCTEH, TaK KaK B ITOM
ciaydae JiI00ask METPHUYECKasi CBS3HOCTD SIBJISIETCS] CBSI3HOCTBIO ¢ BEKTODHBIM KpydenueMm |1].
Kpome Toro, MHOroo6pasusi ¢ IJI0CKOH METPHYECKON CBSI3HOCTHIO ¢ BEKTOPHBIM KPYUYEHHEM
CBSI3aHBI ¢ KOH(GOPMHO IUIOCKHMHE (IICEBI0) PEMAHOBLIME MHOr000pasusamu |2].

B cayuae cessnoctn JIeu-UuBuTa XOpoIo W3BECTHHI MaTeMaTHYECKNE MOJIEH, TTO3BOJISIO-
Iie BBIYUCISITH KOMIOHEHTHI PA3JIMYHBIX WHBAPHAHTHBIX TeH30pHBIX moJeil (Pumana, Puuun,
Beiiist u Apyrux) Ha JIOKAJIbHO OJHOPOJIHBIX ([ICEBJI0)PUMAHOBBIX MHOIOOGPA3UAX (CM., HAIIPHU-
Mep, [3]). Leabto ganHoi paboThl SIBJISIETCS MTOCTPOCHUE MOI0OHOM MaTeMATHIECKOR MOJIEITH JIJIs
BBIYHCJICHNs] MHBAPUAHTHBIX TEH30PHBIX T0JIel Ha JIOKATBHO OJHOPOJHBIX (TICEBIIO0)PUMAHOBBIX
MHOI00OPA3UsIX ¢ METPHIECKON CBA3HOCTBHIO ¢ BEKTOPHBIM KPYUYEHHEM, a TAaKrKe pPean3aliist
JAHHON MOJE/N B Cpe/ie CHCTEM KOMIBIOTEPHONH MaTeMaTHKH.
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OB OTHOM CBOIICTBE ITPOCTPAHCTBA MOJEJIEN

ITABEJI B. YHEPHUKOB

Jloka3biBaeTcs, 9To ecjan | — K/AACCHYecKas JBY3HAYHAS JIOTHKA CO CIETHBIM KOJUIECTBOM
BBICKA3bIBAHUI, TO MPOCTPAHCTBO BCEX €€ MOJEaeH, HaAeJeHHOE JIEMEHTAPHON TOTOJIOTHENH 1
1pohaKTOPU30BAHHOE 110 €CTECTBEHHOMY OTHOIIEHUIO IKBUBaIeHTHOCTH R, saBistercs e— AN R—
HPOCTPAHCTBOM.

B [1, 2| onpenensiercst moHsTHE a0COTIOTHOIO OKPECTHOCTHOIO £-PETPAKTA B KJIACCE METDH-
YeCKUX KOMIAKTOB. [TpuBesem 31o omnpenenenne (¢ HeOOJbIIUME U3MEHEHHSIMH ).

BaMKHYTOE HOMHOXKECTBO A KOMIIAKTHOI'O METPHIECKOIO IPOCTPAHCTBA X HA3BIBAETCH OKPECT-
HOCTHBIM £-PeTpakToM X, ecjiu Jjist BCsikoro 0 > 0 cymecTByoT okpecTHOCTh Us MHOXKecTBa A
B X 1 Takoe HenpepbiBHOE oToOpakenue rs5: Us — A, aro p(x,rs(z)) < 0 nas Beex x € A.

KommakTaoe merpudeckoe mpoCcTPaHCTBO Y HA3BIBAETCH AOCOJIOTHBIM OKPECTHOCTHBIM &-
PETPAKTOM, €CJH BCAKOE 3aMKHYTOe IIOJIMHOXKeCTBO A Jjifo60ro KOMIIAKTHOIO METPHIECKOIO
npocTpancTBa X, romeoMopdHoe Y, SABIgeTCId OKPECTHOCTHBIM E-peTpakToM X .

COBOKYITHOCTB BCeX abCOMOTHBIX OKPECTHOCTHBIX E-PeTPAKTOB 0603HAYHM, c1eys [1], uepe3
e — ANR.

Jlemma 1. Pempakxm a06coaommo20 okpecmmocmmoz0 -pempakmae AGAAEMCA AOCOMMOMHBIM
OKPECTIHOCTHBIM. € -PEMPAKIMOM.

oo
JIemma 2. Jlexapmoso npoussedenue X = [] X, aeasemca abcosommuvim oxpecmmocm-

n=1
HUM E-PEMParIMOom mozada u moavko moeda, K020a KAHCOBTL COMHOHCUNEAD eCTD GOCOAOTIHBLT

0KPECTNHOCTHYLT E-PETNPAKIT.

Hamnee GyieM UCHOIB30BATH TEPMUHOJOIHIO U 0003HaYeHus u3 [3)].

[Iycth M; — MHOXKeCTBO Bcex Mofesaeil KIacCHYecKoil IBY3HAUYHOM JIOTUKH [, HaJeJTeHHOe
sjieMeHTapHoil Tonosorueit. O6o3HAYMM Yepe3 Y MHOZXKECTBO BCEX BbICKa3biBaHUil Jioruku [.
Onpenenum Ha MHOXKeCTBe M, OTHOIIEHNE SKBUBAJECHTHOCTH R CaeayionmM obpa3oM: ecsu
mogenn A, B npunamiexar kiaaccy M;, to A = B(modR) Torga m TOABKO TOIJA, KOIJIA
[A] = [B] [3]. Momuocrs muO)ecTBa W 0603HaunM |W|.

Teopema. [Iycms |X)| = w. Toeda M;/R € e — ANR.

Hamerum nokasarenbcTpo. Ilo Teopeme o komnakTaoctu A. M. MaJbnesa npoctpancTso M,
ompejiesisieMoe JeMeHTapHoil Tomoaorueil Ha M, komnakTHo [3|. IIpocTpancTBo M, He xay-
c1opOBO; OHO CTAHOBHTCS XayCAOPMOBBIM, €CJIH OTOXKIECTBUTH JIEMEHTAPHO YKBUBAJIEHTHBIE
mogiesin, T.e. pakrop-upocrpancrso M;/ R — xaycaopdosbiii komnakt. [Tpocrpancrso M;/R
romeoMopdHO HeKoTOopoMy TtomHoKecTBY Th(M;/R) npocrpancrsa {0, 1} [3]. Tak kak MHO-
kecTBO M, /R komnaxTuo, 0 Th(M;/R) 3amknyro B {0,1}*. Cornacuo [4, c. 431| MaoxecrBo
Th(M;/R) asasercsa perpakrom npocrpancrsa {0, 1}*. ITo remme 2 kommakr {0, 1}* npuma-
aexut € — ANR. Torna o gemmve 1 M;/R € ¢ — ANR.
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YETBIPEXMEPHBIE ITOJIVOJHOPOHBIE MHOT'OI'PAHHUNKN

AHTOH BAYECJ/IABOBUY HNIEPCTOBUTOB

YeTbIpexMepHbIe TTOJTYOHOPOIHBIE MHOTOTPAHHNKH H 3a/1a10TCs CIeLY IOINMEI CBOCTBAMMY:
(1) Bce pebpa paBHBI 1O JJIHHE;
(2) CymecrByer onucannas runepcdepa.

Teopema 1. CymecTByer 6ecKOHEIHOE 9HCI0 MHOIOIPAHHAKOB H,, OTIMYHBIX OT 0JHOPOI-
HEIX.

Teopema 2. IIycres y mHOTOrpanunka H, ectw staeiika W, nmeromniast n—yroJabHYIO JBYMeEp-
HYIO I'DaHb W, 9TOOBI IIPH 1I0BOpoTe stdeiiku W B cooTBeTCTBYIONEM €if TPDEXMEPHOM HPOCTPaH-
cre oraocuresbho ocu O'F | e F - nenrp rpann w, a O' - nenrp staeiikn W, Ha yrou 360° /n,
staetika Wome mepexomuia cama B cebst. Iloctponm muororpannnk H), momydaronimiics 3 Hy
¢ moMoIpio noBopota orHocureabHo mwirockoctu OO'F (O - nenrp muororpanauka Hy), npu
KOTOPOM: MHOI'OVI'OJIbHUK W HepexoauT caM B cebsi, siuetika W ne nepexonur cama B cebst. To-
114 ecJim AByMEpHBIE I'DaHH, KOTOPbIE IIPHHAICKAT cpas3y AByM Muororpannnkam, Hy mw H),
YAAJISIOTCS, TO /1B MHOTOTDAHHAKA TIPEBPAIaioTcs B oqud HY .

AaroputM mocTpoeHus MHOTOTDAHHUKA, ABOWCTBEHHOTO H,j:

(1) B ka0l ABYMEPHOH I'pPaHH MHOTOIpAHHUKA Hjy CTPOSITCS THATOHAJH, COETUHSIIONINE
KayKJIyI0 BEPIIUHY TPAHU C BEpPIIUHON, WIyIieli oT Hee uepe3 OjHY (B TPEyTOJBHBIX TDAHIX
JHaroHaau oTcyTeTBYIOT). TOYKN X nepecedenust - TOYKH (B TPEYTOJIBHBIX IPAHAX 33 TOYKH
npuanMaeM BeprmHbl). Kazxmoe pebpo JByMepHOH rpanu 3ajaer oJHy TOUKy A.

(2) B AByMepHBIX TpaHAX s9eiiKh, CMEKHBIX 10 pebpy, TOIKNH A, COOTBETCTBYIOIHE 3TOMY
pebpy, coeauHsIOTCS TpsiMoit (mpsivble a). Karkaoe pebpo staeiiku 3a1aer OJHY MPIMYIO d.

(3) TlpsiMble , MPOXOIIHE Yepe3 TOYKH OJHON IBYMEDHON IpaHu sveifiku, HepecekarTcs B
onHoit Touke (Toukn ). Kaxkaast 1ByMepHasi IpaHb si9eiiku 3a/1aeT OJHy TOUKY B.

(4) B sideiikax, cMexKHBIX 110 JBYMEPHOW TPaHU, TOUYKH B, COOTBETCTBYIONIME ITOH JIBYMep-
HOU TpaHu, COeIUHSIOTCS TpsiMoil (mpsivbie b). Kaxknas nByMepHast TpaHb MHOTOIpaHHUKA H 4
3aJ1aeT OJHY HPSAMYIO b.

(5) Bce npsivbie b, cOOTBETCTBYIOIIHE BYMEDHBIM TDAHIM OJHO sTYEiiKH, MEPeceKalTcs B
onuoit Touke C'. Kaxxnas sueiika 3amgaer oany Touky C.

(6) Touku C sBasIFOTCS BepIiinHaMu MHOTOrpanHnka Uy, TBOHCTBEHHOTO HCXOTHOMY, a pebpa
9TOI'0 MHOT'OTPAHHUKA JIeXKAT Ha IIPAMBIX b.

CaenctBue 1. B muororpannuke H, Bce Touku C, COOTBETCTBYIOIIHME dUeHKaM ¢ OOIIHM
pebpoM, Bcerma JiexKaT B OJHOM IJIOCKOCTH.

CaenctBue 2. B muororpannuke H, Bce Touku (', COOTBETCTBYIOIIHE sdeiikaMm ¢ oOIeit
BEPIWHOMN, BCErIa JieXKaT B OJHOM TPEXMEPHOM MPOCTPAHCTBE.
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