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The curve shortening flow

The 1-dim. mean curvature flow is called the curve shortening
flow (CSF). It is the negative L2-gradient flow of the length of
the interface, used in modeling the dynamics of melting solids.
The CSF deals with a family of closed curves « in the plane R?
with a Euclidean metric g = (-,-) and the Levi-Civita
connection V, satisfying the initial value problem (for t > 0):

v/t = kN, 7| t=0 = 7o (1)

Here, k is the curvature of v with respect the unit inner normal
vector NV, and 7o is an embedded plane curve, see [1, 2, 3, 4].

Recall that the curvature of @

a convex plane curve is positive. ’,/ h
The CSF given by (1) is invariant lm }
under translations and rotations. o 7
Prehistory: W.W. Mullins (1956). el S

0 1/R. T el
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Prehistory: CSF
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To represent ideal grain boundary motion in two dimensions, a rule of motion of plane curves is con-
sidered whereby any given point of a curve moves toward its center of curvature with a speed that is pro-
portional to the curvature. A general theorem is deduced concerning the change of area enclosed by such
a curve, Three families of curves are fmmd that obey :he curvature rule of motion while undergoing the

shape preserving

and rotation respectively. Pieces

form.
of these curves represent the steady shapes of idealized grain boundaries under certain symmetrical con-

ditions,

1. INTRODUCTION

IT has been shown by Beck! that the grain boundaries
of a recrystallized metal, when annealed, migrate
toward their centers of curvature. The concomitant
reduction in the area of the boundaries, all having
positive free energies when referred to an equivalent
amount of crystal, provides the driving force for this
motion. Thus, it is easily shown® that a boundary of
mean curvature K and free energy per unit area o is
urged toward its nearest center of curvature with a
pressure given by p=Ko. Such pressures and the
motions they produce are now recognized to be re-
sponsible for normal grain growth.?

Smoluchowski' and Turnbull® have shown that a
pressure p, of the type discussed, produces an unbalance
in the fluxes of atoms crossing a boundary. This, in
turn, causes the boundary to move in the direction
favored by the pressure with a speed S given by S= pM
=KoM, where M=A4e¢+'*" is the speed per unit
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of a curved film. This drives gas through the film
causing it to move toward its center of curvature in a
manner similar to that of grain boundaries. There is,
however, this important difference between the two
cases: within each cell of a soap froth, the possibility
of a rapid mass flow of air maintains a uniform pressure
which in turn causes each film to have a constant mean
curvature; within a metal grain there is no possibility
of a rapid mass flow and its associated uniformity of
pressure so that the motion of any portion of a boundary
is governed by local conditions only. Thus the problem
of grain boundary motion, according to the curvature
rule, is a problem in differential geometry. We will
confine the discussion to the two-dimensional case of
plane curves which correspond to grain boundaries in
sheets.

II. THE CURVATURE RULE AND THE AREA THEOREM
Consider an arbitrary curve” given by r(6,f) where r
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The curve shortening flow

The next theorem describes this flow of convex curves.

Theorem 1 (M. Gage and R.S. Hamilton [2])

a) Under the CSF (1), a convex closed curve in the Euclidean
plane smoothly shrinks to a point in finite time (i.e., t < w < 00).
b) Rescaling in order to keep the length constant, the flow
converges exponentially fast to a circle in C*°.

This theorem and further result by M.A. Grayson, [3] (that the
flow moves any closed embedded in the Euclidean plane curve in
a finite time to a convex curve) have many generalizations and
applications in natural and computer sciences.

52 ¢ (-0
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The anisotropic curvature flow

The anisotropic curvature flow, K.-S. Chou and Xi-P. Zhu [1],
for closed convex curves in a Euclidean plane generalizes the CSF:

Ov/0t = (®(O)k + V() N,  7lt=0 =0 (2)

Here ® > 0 and V¥ are 27-periodic functions of the normal to

v(+, t) and normal angle 6.

Anisotropy of the flow (2), studied when W > 0, is indispensable in
dealing with phase transition, crystal growth, frame propagation,
chemical reaction, and mathematical biology. On the other hand,
(2) is a particular case of the flow in a Euclidean plane R?(xy, x2),

0v/0t = F(v,0, k)N, 7|t=0 = 70,

where v = (v},72) and F = F(x1,x2, X3, x4) is a given function in
R*, 27-periodic in 6 = x3.
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The contorsion tensor

Many results have appeared in the differential geometry of a
manifold with an affine connection V (the parallel transport).

The difference ¥ =V — V () /
/ \uV

is a (1,2)-tensor,
called contorsion tensor.
Two interesting particular cases of V (and ) are as follows.

1) Metric compatible connection: Vg =0, i.e.,

(T(X,Y),Z) = —(%(X,Z),Y). Einstein-Cartan relativity.
2) Statistical connection: V is torsionless and the rank 3 tensor
Vg is symmetric in all its entries, i.e., (T(X,Y), Z) is symmetric.
Probability and statistics as well as information geometry.

There are no results about the CSF in the metric-affine geometry. )
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The metric-affine plane

The metric-affine plane is a two-dimensional real vector space R?
endowed with a Euclidean metric g and an affine connection V.

To study the CSF for convex curves in the metric-affine plane
(R2, g, V), we replace (1) by the following initial value problem:

87/8t =k N, 7| t=0 = 70, (3)

where k is the V-curvature of v and ~q is a closed convex curve.

Put
ko := min{k(x) : x € v} > 0.

Let {e1, &2} be the orthonormal frame in (R?, g, V).
We assume the following

Condition 1: T is V-parallel, i.e., has constant components
Tf-l‘- = (Z(ej, &), k), and its norm ||T|| = ¢ > 0. J
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The curvature of a curve ~y

Let v: S — R? be a closed curve in the metric-affine plane with
the arclength parameter s. Then T = 07/Js is the unit vector
tangent to . In this case,

k=(VrT,N)
is the curvature of 4 with respect to V, and we obtain
k=k+V, (4)
where W is the following function on ~:
V= (3(T,T),N). (5)

Thus, our flow (3) is the particular case of (2) when ®(0) =1, but
W(#) may change its sign. By Condition 1, we find

|V <c. (6)
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Convergence of CSF in a finite time to a point

Our result generalizes Theorem 1(a) and states that a “sufficiently
convex” closed curve shrinks to a point under new flow (2), and is
asymptotic to a shrinking circle solution of the classical CSF.

Theorem 2 ([5])

Let o be a closed convex curve in the metric-affine plane with the
following condition:
ko > 2c.

Then (3) has a unique solution (-, t), it exists at a finite time
interval [0,w), and (-, t) converges as t T w to a point.
Moreover, if ky > 3 ¢ then

A(’)/()) ; ko — 2c

<
Y= "Tor Tk —3c

where A(7o) is the area enclosed by .
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Convergence of normalized CSF to the unit circle

The method of [1] to the normalized flow of (2) in the contracting
case still works without the positivity of W. Using this and
Theorem 2, we obtain the result, generalizing Theorem 1(b).

Theorem 3 ([5])

Consider the normalized curves

(1) = (2w — £)2y(, 1),

see (-, t) in Theorem 2, and introduce a new time variable

7 =—(1/2)log(1 — t/w) € [0, 50).

Then #(-,T) converge to the unit circle smoothly as T — cc.
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The auxiliary function W

Let 0 be the normal angle for a convex curve v : St — R2(x1, x?),
i.e., cos@ = —(N,ep) and sinf = —(N, ez). Hence,

N = —[cos@, sinf], T =][—sin6, cosb)].

The function V given in (5) has the following view:

W = a3y sin’ 0 4 ag3 cos® 0 + a1osin O + apy cos b, (7)
where
ap =T + %5 — Ty, an = T + Ty — Too,

_ 2 1 1 1 _ ol 2 2 2
a3 = 5 — X5 — %o — %51, az0 = T3; — %1 — T — 351
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Example: the Frenet—Serret formulas

The Frenet—Serret formulas V+ T = kN and V7 N = —k T:
VrT=kN+%(T,T), VrN=—kT+%(T,N). (8)

hold for any curve « if and only if

(X(T, T),N) =—(Z(T,N), T), (Z(T,N),Ny=0=(3(T,T),T).

In this case, the following symmetries are valid:

‘I%Z = _‘I%b zél =0= ‘3527 z%l = _Téb 152 =0= z%17

1 2 2 1
app = —%5, a1 =—%7;, a3 = —az = T — T,
and the formula

W = azg(sin 30 — cos 36) + ajasin O + a1 cos 6.
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The support function

The support function S of a convex curve 7y is given by
S(0) = (v(0), =N) = ~*(0) cos 6 +~%(0) sin 6.
A circle of radius p has S(0) = p. £
Since (0v/06,N) = 0, then
So(0) = —71(8) sin 6 + v2(0) cos 0,
and 7y can be represented by S and 6,
!t = Scosf — Spsinh, ~* = Ssinf + Spcosb. 9)
This yields the following known formula for the curvature of v(6):
k = (Sgg + 5)_1. (10)
Then, according to (4) and (10),

k = (599 + S)_l + V.
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Local existence and uniqueness of a solution to CSF

Let A(u, t) : ST x [0, t1) — R? be a family of closed curves
satisfying (3). We will use the normal angle 6 to parameterize each
curve: (0, t) =~(u(0,t),t).

Proposition 1

The support function S(-,t) = (y(-,t), —N) of y(-, t) satisfies the
following PDE:

0S)ot = —(Spy +S) L — v, (11)

By the theory of parabolic equations we have the following.

Proposition 2 (Local existence and uniqueness)

Let o be a convex closed curve in the metric-affine plane. Then
there exists a unique family of convex closed curves
v(-,t), t €[0,t) with tog > 0, and ~(-,0) = 7o satisfying (3).
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Preserving convexity

Let [0,w) be the maximal time interval for the solution 7(-, t) of
(3) in the metric-affine plane.

Proposition 3

Let the curvature of vy obey condition
ko>2c. (12)

Then the solution (-, t) of (3) remains convex on [0,w) and its
curvature has a positive lower bound kg — 2c for all t € [0,w).

Proof. Apply the maximum principle to a parabolic equation
Ok /ot = K2(KL, + k).

Maximum principle. Let u(x,t) be continuous on S* x [0, T].

Assume u < 0 on S x {0}. If uis C?in x, Cl in t and satisfies
du/ot < Ul + b(x,t)u, +cu

with b bounded and ¢ € R, then u < 0.
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The containment principle

Proposition 4

Let convex closed curves 1 and 72 : S x [0,ty) — R? in the
metric-affine plane be solutions of (3) and ~»(-,0) lie in the
domain enclosed by v1(-,0). Then (-, t) lies in the domain
enclosed by v1(, t) for all t € [0, tp).

Proof. Set S = S; — S, for two solutions and apply the maximum
principle to a parabolic equation S; = ki ka(Sgpg + S).

% 4
¥
i 9 > -
A%

A »

Flowing inside curve vanishes before the outside curve vanishes.
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Simplifying of the function W

Let v+ be a solution of (3) in the metric-affine plane with W given
in (5). Then 4 = ¢ + t[ap1, a12] is a solutlon of (3) with the
V curvature k = k + W and W = azq sin® 0 + ag3 cos? 6.

From Lemma 5 we conclude the following.

Proposition 5

If a3p = ag3 = 0, see (7), then the problem (3) in the metric-affine
plane reduces to the classical problem (1) in the Euclidean plane for
modified by parallel translation of v, curves 5; = v + t[ao1, a12]-
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Solution with azg = ag3 = 0

One may show that
5(0,t) = p(t) — e1(t)sin@ — ex(t) cos b

with 0 < t < 1 p?(0) and

(t) =5 ( ) — 2t 61(t) = aip t, 62(1‘) = an t, (13)

is the support function of a solution of (3) with asp = ag3 = 0.
By (9), S(0, t) corresponds to a family of circles

vt = [p(t) cos @ — ex(t), p(t)sinb — e1(t)] — {point}
with centers C; = —(ex(t), e1(t)) : ‘
_ 1
and curvature k = 7. m 'NO)
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Solutions with specific connections

(a) Projective connections V = V + T are defined by
ITxY =(U, )X+ (U,X)Y,

where U is a given vector field, Then ¥ = (¥+ T, N) = 0, see (5).
Thus, (3) in the metric-affine plane with a projective connection is
equal to (1) in the Euclidean plane.

(b) Semi-symmetric connections V = V + T are defined by

TY = (U, V)X — (X, Y) U,

where U is a given vector field (K. Yano). Such connections are
metric compatible, and for them Frenet—Serret formulas (8) are
valid. The definition (5) reads

V=—(UN)=—(U,er1)cos0 — (U, e)sinb.

Then a3p = (U, e, — e1) = —ap3. Let U be a constant vector field
on R2, then take an orthonormal frame {er, e} in (R?, g, V) such
that U L e; — ex. The problem (3) with a semi-symmetric V and
constant U reduces to the problem (1) in the Euclidean plane.
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Finite time existence

Proposition 6

Let a convex closed curve g in the metric-affine plane with
condition ky > 2 ¢, see (12), be evolved by (3). Then, the solution
v¢ must be singular at some time w > 0.

Proof. We can put az;=a1»=0. Hence, ¥V = a3 sin® 64ag3 cos® 6.
Using the rotation § — 6 — 6y and Lemma 5, this reduces to

W = 3sin®6  (for some 3 < 0).

Let 7 lie in the circle g of radius p(0) > maxycst 1f(2£)ko and

centered at the origin. Evolving 'y by (3), we get a solution I'(+, t)
with support function S". By Proposition 4, ~; lies in the domain
enclosed in (-, t), thus S < ST. Consider 2 families of circles

= [p(t)cos b, p(t)sinh & t3], p(t) = +/p2(0) — 21t,

being solutions of (3), hence, their support functions satisfy (11),
dSE ot = ((ST)gg + ST) L F tasing = p(t) F tasind.

Vladimir Rovenski University of Haifa 21/26



Finite time existence

By Proposition 4, 9S/0t < ST /ot. Since |sin® 6| < |sin 0] we get

t/ot, 0<0<m
I <{ 85 / ) = > 7,

057 /0t <\ a5-/or <6< om

Thus, T'; lies (in R?) below tangent lines to upper semicircle of '}

and above tangent lines to lower semicircle of ', ; thus,

[+ C conv([f UTY).

The solution (-, t) exists at a finite t-interval [0, 7], 7 = p%(0),
and converges, as t — 7, to a point rf = [0,+547]. Hence, the

convex hull of I UT; shrinks to the line segment with endpoints
(0,4547). Thus, the solution v; must be singular at some w < 7. [
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Enclosed area

Let a convex closed curve g in the metric-affine plane with
condition ky > 2 ¢, see (12), be evolved by (3). Then the area
enclosed by ~y(-,w) must be zero, i.e., y(-,w) is either a point or a
line segment.

To complete the proof of Theorem 2, we note that if the flow (3)

does not converge to a point as the enclosed by (-, t) area tends

to zero (see Lemma 6), then m|5n1 k(0,t) tends to zero as t T w.
S

But, by Proposition 3, the curvature of (-, t) has a uniform
positive lower bound. So the flow converges to a point.
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Estimation of the maximal time w

The area enclosed by the convex curve (-, t) C R? is calculated by

27
At) = —EA(.’t)(’y(-,t),N> b= %/O %d@. (14)

We will estimate the maximal time w under rather stronger
condition to control convexity.

Proposition 7

Let a convex closed curve g in the metric-affine plane be evolved
by (3). If kg > 3c then the maximal time w is estimated by

A(O) k0—2C
<28 . 1
Y= "or ko —3c (15)
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Estimation of the maximal time w

Proof. Using the identity [-" S(klt, + k) d8 = [Z™(Sy, + S) k df,

we get
iA(t)— = ZWMdH —1/27r (14 W/k+ S(kgy + k)] db
dt A k2 A 90
1 2 2w ‘U(Q)
__5/0 [1+W/k+(Spy+S)k]d ——27r—/0 k(0. 1) do.

Using k(0,t) > ko — 2c (Lemma 3) and | V| < ¢, see (6), we get

d 27C
— A(t) < =2 .
()_ 7T+k0—2c

dt

By this, A(0) > 27w io 3¢ Hence, (15) is valid when kg > 3c. O

Question: can one estimate w when 2¢c < kg < 3c¢? )
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Conclusion

One may study these questions and several related problems on
flows in metric-affine geometry:

e The flow (3) for non-constant contorsion tensor ¥ of “small”
C'-norm and for not just convex o (or for k > 0).

e Behavior of solutions for (3) and numerical experiments
when 7g is immersed (as in [4]).

e The mean curvature flow in R” (n > 2) with V.

~
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