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Hyperbolic 3-manifolds and hyperbolic knots.

Let H3 be a hyperbolic 3-space modelled in R3
+ with 𝑑𝑠2 =

𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑡2

𝑡2
.

Recall that Isom+
(︀
H3
)︀ ∼= PSL(2,C).

An element 𝑔 =

(︂
𝑎 𝑏
𝑐 𝑑

)︂
∈ PSL(2,C) acts in H3 = {(𝑧, 𝑡) | 𝑧 ∈ C, 𝑡 ∈ R+} by the rule:

𝑔(𝑧, 𝑡) =

(︃
(𝑎𝑧 + 𝑏)(𝑐𝑧 + 𝑑) + 𝑎𝑐𝑡2

|𝑐𝑧 + 𝑑|2 + |𝑐|2𝑡2
,

𝑡

|𝑐𝑧 + 𝑑|2 + |𝑐|2𝑡2

)︃
.

An orientable 3-manifold 𝑀 is said to be hyperbolic if 𝑀 = H3/Γ,
where Γ is a discrete torsion-free subgroup of Isom+

(︀
H3
)︀
.

A knot 𝐾 ⊂ 𝑆3 is said to be hyperbolic if 𝑆3 ∖𝐾 is a hyperbolic manifold.
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Discrete subgroups of PSL(2,C).

Problem: Find discreteness criteria. (Necessary conditions? or Sufficient conditions?)

A group 𝐺 < PSL(2,C) is said to be elementary if these is a finite 𝐺-orbit in H3 ∪ 𝜕H3.
Otherwise it is non-elementary.

[Jørgensen, 1976] Non-elementary group 𝐺 < PSL(2,C) is discrete if and only if any its
2-generated subgroup is discrete.

Matrix 𝐴 ∈ SL(2,C) ∖ {± I} is said to be
– elliptic if tr2(𝐴) ∈ [0; 4);
– parabolic if tr2(𝐴) = 4;
– loxodromic if tr2(𝐴) ∈ C ∖ [0; 4].

An element of PSL(2,C) = SL(2,C)/{± I} is said to be elliiptic, parabolic, or
loxodromic if its preimage in SL(2,C) is of such type.
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Jørgensen numbers.
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Jørgensen numbers. Extreme subgroups of PSL(2,C)

[Jørgensen, 1976] Let ⟨𝑓, 𝑔⟩ ⊂ PSL(2,C) be non-elementary and discrete.
Then |tr2(𝑓)− 4|+ |tr[𝑓, 𝑔]− 2| ≥ 1. This low bound is sharp.

For 𝑓, 𝑔 ∈ PSL(2,C) denote

𝒥 (𝑓, 𝑔) = |tr2(𝑓)− 4|+ |tr[𝑓, 𝑔]− 2|.

Let 𝐺 < PSL(2,C) be a 2-generated non-elementary group. The value

𝒥 (𝐺) = inf
⟨𝑓,𝑔⟩=𝐺

𝒥 (𝑓, 𝑔)

is said to be Jørgensen number of 𝐺.

Two-generated non-elementary discrete group 𝐺 < PSL(2,C) is said to be extreme
(also, Jørgensen group) if it can be generated by 𝑓 and 𝑔 such that 𝒥 (𝑓, 𝑔) = 1.
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Example

[Jørgensen, 1976] PSL(2,Z) is extreme (Jørgensen group).

Obviously, PSL(2,Z) is non-elementary and discrete. It is known that
PSL(2,Z) = ⟨𝑓, 𝑔 | 𝑔2 = (𝑔𝑓)3 = 1⟩, where

𝑓 =

(︂
1 1
0 1

)︂
and 𝑔 =

(︂
0 −1
1 0

)︂
.

Since tr2(𝑓) = 4 and tr2(𝑔) = 0, 𝑓 is parabolic and 𝑔 is elliptic of order two.

It is easy to check that [𝑓, 𝑔] =

(︂
2 1
1 1

)︂
. Hence 𝒥 (𝑓, 𝑔) = |4− 4|+ |3− 2| = 1.
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Elliptic and parabolic type extreme groups.

Problem: Find all Jørgensen groups.

[Jørgensen – Kiikka, 1975]
Let ⟨𝑓, 𝑔⟩ < PSL(2,C) be extreme group and 𝒥 (𝑓, 𝑔) = 1. Then 3 < tr2(𝑓) ≤ 4.
Thus, either 𝑓 is elliptic of order 𝑛 ≥ 7 or 𝑓 is parabolic.

[Gehring – Martin, 1989]
Every Jørgensen group of elliptic type contains a (2, 3, 𝑛)-triangle group with 𝑛 ≥ 7.

[Jørgensen – Kiikka, 1975] The only extreme subgroups of PSL(2,R) are
(2, 3, 𝑛)-triangle groups with 𝑛 ≥ 7 or 𝑛 = ∞.
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Parabolic type extreme groups.

Observation.

Suppose 𝑓, 𝑔 ∈ PSL(2,C) and 𝑓 is parabolic. Up to a conjugation in PSL(2,C) we can
assume that

𝑓 =

(︂
1 1
0 1

)︂
and 𝑔 =

(︂
𝑎 𝑏
𝑐 𝑑

)︂
,

Then

tr[𝑓, 𝑔] = tr

(︂
1 + 𝑎𝑐+ 𝑐2 *

* 1− 𝑎𝑐

)︂
= 2 + 𝑐2.

Therefore,
𝒥 (𝑓, 𝑔) = |4− 4|+ |𝑐2 + 2− 2| = |𝑐|2.

Hence 𝒥 (𝑓, 𝑔) = 1 if and only if |𝑐| = 1.
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Parabolic type extreme groups.

Suppose ⟨𝑓, 𝑔⟩ is non-elementary and 𝑓 be parabolic. Up to a conjugation in PSL(2,C)
we can assume that

𝑓 =

(︂
1 1
0 1

)︂
and 𝑔 = 𝑔𝜎,𝜇 =

(︂
𝜇𝜎 𝜇2𝜎 − 1/𝜎
𝜎 𝜇𝜎

)︂
,

where 𝜎 ∈ C ∖ {0} and 𝜇 ∈ C. Denote 𝐺𝜎,𝜇 = ⟨𝑓, 𝑔𝜎,𝜇⟩.

By the above observation 𝒥 (𝑓, 𝑔𝜎,𝜇) = 1 if and only if |𝜎| = 1.

Suppose that 𝜎 = −𝑖𝑒𝑖𝜃, 𝜃 ∈ [0, 2𝜋).

Conjecture. [Li – Oichi – Sato, 2005]
Every parabolic type extreme group is conjugated to 𝐺−𝑖𝑒𝑖𝜃,𝑖𝑘, where 𝑘 ∈ R.
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we can assume that

𝑓 =

(︂
1 1
0 1

)︂
and 𝑔 = 𝑔𝜎,𝜇 =

(︂
𝜇𝜎 𝜇2𝜎 − 1/𝜎
𝜎 𝜇𝜎

)︂
,

where 𝜎 ∈ C ∖ {0} and 𝜇 ∈ C. Denote 𝐺𝜎,𝜇 = ⟨𝑓, 𝑔𝜎,𝜇⟩.

By the above observation 𝒥 (𝑓, 𝑔𝜎,𝜇) = 1 if and only if |𝜎| = 1.

Suppose that 𝜎 = −𝑖𝑒𝑖𝜃, 𝜃 ∈ [0, 2𝜋).

Conjecture. [Li – Oichi – Sato, 2005]
Every parabolic type extreme group is conjugated to 𝐺−𝑖𝑒𝑖𝜃,𝑖𝑘, where 𝑘 ∈ R.
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Parabolic type extreme groups.

[Li – Oichi – Sato in a series of papers]
All discrete groups of type 𝐺−𝑖𝑒𝑖𝜃,𝑖𝑘, where 𝑘 ∈ R, are classified.

[Callahan, 2009]
There are extreme groups which are not of the above type: PGL(2, 𝑂3), PSL(2, 𝑂3),
PSL(2, 𝑂7) and PSL(2, 𝑂11).
All non-compact arithmetic groups extreme groups are classified (there are 14).

Here 𝑂𝑑 is a ring of integers of Q[
√
−𝑑]. Recall that 𝑂𝑑 = Z[𝜔],

where 𝜔 =
√
−𝑑 if 𝑑 ≡ 0, 1, 2 mod 4 and 𝜔 = (1 +

√
−𝑑)/2 if 𝑑 ≡ 3 mod 4.
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Jørgensen subgroups of the Picard group.

[Sato, 2001]
The Picard group PSL(2,Z[

√
−1]) is extreme.

[F. Conzalez – Acuna, A. Romirez, 2007]
All subgroups 𝐺 of PSL(2,Z[

√
−1]) with 𝒥 (𝐺) = 1 are listed.
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The Whitehead link group.

Consider the Whitehead link 521.

𝜋1(𝑆
3 ∖ 521) = ⟨𝑓, 𝑔|(𝑓−1𝑔𝑓𝑔−1)(𝑓𝑔𝑓−1𝑔−1)(𝑓𝑔−1𝑓−1𝑔)(𝑓−1𝑔−1𝑓𝑔) = 1⟩.

The faithful representation in PSL(2,C) is given by 𝑓 →
(︂
1 1
0 1

)︂
, 𝑔 →

(︂
1 0

1− 𝑖 1

)︂
.

Thus, 𝜋1(𝑆
3 ∖ 521) < PSL(2,Z[

√
−1]).

[Sato, 2001] 𝒥 (𝜋1(𝑆
3 ∖ 521)) = 2.
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The figure-eight knot group is extreme and exceptional.

[Sato, 2000] The figure-eight knot group 𝜋1(𝑆
3 ∖ 41) is extreme.

𝜋1(𝑆
3 ∖ 41) = ⟨ 𝑓, 𝑔 | [𝑓−1, 𝑔] 𝑓 = 𝑔 [𝑓−1, 𝑔] ⟩.

The faithful representation in PSL(2,C) is given by 𝑓 →
(︂
1 1
0 1

)︂
, 𝑔 →

(︂
1 0
−𝜔 1

)︂
,

where 𝜔 = −1+
√
−3

2
. Then 𝒥 (𝑓, 𝑔) = |𝜔|2 = 1.

[Callahan, 2009] The figure-eight knot group is the only torsion-free Jørgensen group.
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Two-bridge knots and links.

[Callahan, 2009] If 𝑓 =

(︂
1 1
0 1

)︂
and 𝑔𝑧 =

(︂
1 0
−𝑧 1

)︂
generate a group of 2-bridge knot

or link, then in the case of a knot:

1 < 𝒥 (⟨𝑓, 𝑔𝑧⟩) ≤ |𝑧| < 4,

and in the case of a link:
1 < 𝒥 (⟨𝑓, 𝑔𝑧⟩) ≤ |𝑧|2 < 16.

[Hoste, Shanahan, 2001] Polynomials for 𝑧 in the case of 2-bridge twisted knots.
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The initial table of knots.
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Jørgensen number as hyperbolic knot invariant.

If 𝐺 = 𝜋1(𝑆
3 ∖𝐾) is 2-generated then

𝒥 (𝐾) := inf
⟨𝑓,𝑔⟩=𝐺

𝒥 (𝑓, 𝑔)

[Callahan, 2009] For few 2-bridge knots:

|𝑧| polynomial
𝒥 (52) = 1.32471796 . . . 1− 2𝑧 + 𝑧2 − 𝑧3

𝒥 (61) = 1.55603019 . . . 1− 2𝑧 + 3𝑧2 − 𝑧3 + 𝑧4

𝒥 (74) = 2.20556943 . . . 1 + 4𝑧 − 4𝑧2 + 𝑧3

𝒥 (77) = 1.55603019 . . . 1− 𝑧 + 3𝑧2 − 2𝑧3 + 𝑧4

If 𝐺 = 𝜋1(𝑆
3 ∖𝐾) is not 2-generated then take all 2-generated non-elementary

subgroups:
𝒥 (𝐾) := inf

⟨𝑓,𝑔⟩<𝐺
𝒥 (𝑓, 𝑔)
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Behavior of Jørgensen numbers: from orbifold groups to a knot group.
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Figure-eight orbifolds.

Let 41(𝑛), 𝑛 ≥ 4, be a 3-orbifold with singular set the figure-eight knot 41 and singular
group Z𝑛. It is known that 41(𝑛) is hyperbolic.

The figure-eight orbifold group:

𝜋orb41(𝑛) = ⟨ 𝑓𝑛, 𝑔𝑛 | 𝑓𝑛
𝑛 = 𝑔𝑛𝑛 = 1, 𝑓𝑛 [𝑔𝑛, 𝑓𝑛] 𝑔𝑛 [𝑔𝑛, 𝑓𝑛]

−1 = 1 ⟩.

These is a faithful representation in PSL(2,C) given by

𝑓𝑛 →
(︂

cos 𝜋
𝑛

𝑖𝑒𝜌𝑛/2 sin 𝜋
𝑛

𝑖𝑒−𝜌𝑛/2 sin 𝜋
𝑛

cos 𝜋
𝑛

)︂
, 𝑔𝑛 →

(︂
cos 𝜋

𝑛
𝑖𝑒−𝜌𝑛/2 sin 𝜋

𝑛

𝑖𝑒𝜌𝑛/2 sin 𝜋
𝑛

cos 𝜋
𝑛

)︂
where 𝜌𝑛 is complex distance between axes of 𝑓𝑛 and 𝑔𝑛,

cosh 𝜌𝑛 =
1

4

(︂
1 + ctg2(𝜋/𝑛)− 𝑖

√︁
3 ctg4(𝜋/𝑛) + 14 ctg2(𝜋/𝑛)− 5

)︂
.

For above generators we have:

𝒥 (𝑓𝑛, 𝑔𝑛) = 4 sin2(𝜋/𝑛) +
√︁

1 + 4 sin2(𝜋/𝑛).
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Convergence of Jørgensen numbers. The figure-eight knot case.

Thm. Let 𝑛 ≥ 4. Then the following inequalities hold:

1 ≤ 𝒥 (𝜋orb41(𝑛)) ≤ 4 sin2(𝜋/𝑛) +
√︁

1 + 4 sin2(𝜋/𝑛).

Corollary.
The following convergence holds:

lim
𝑛→∞

𝒥 (𝜋orb41(𝑛)) = 𝒥 (𝜋1(𝑆
3 ∖ 41)).
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The initial table of knots.
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The knot 52 and related orbifolds.

Consider the knot 52. Recall that

𝜋1(𝑆
3 ∖ 52) = ⟨𝑓, 𝑔 |(𝑓−1𝑔−1𝑓𝑔𝑓−1𝑔−1) · 𝑓 = 𝑔 · (𝑓−1𝑔−1𝑓𝑔𝑓−1𝑔−1)⟩.

There is a faithful representation in PSL(2,C) given by 𝑓 →
(︂
1 1
0 1

)︂
, 𝑔 →

(︂
1 0
−𝑧 1

)︂
,

where

𝑧 =
1

3
− (1− 𝑖

√
3) · 3

√︀
11 + 3

√
69

6 3
√
2

+
5 · (1 + 𝑖

√
3)

3 3
√
4

3
√︀

11 + 3
√
69

= 0.21508...+ 𝑖 · 1.30714...

is a root of 1− 2𝑧 + 𝑧2 − 𝑧3.

[Callahan, 2009] 𝒥 (𝜋1(𝑆
3 ∖ 52)) = 𝒥 (𝑓, 𝑓−1𝑔−1𝑓𝑔𝑓−1𝑔−1) =| 𝑧 |= 1.324717957 . . .
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√︀
11 + 3

√
69

6 3
√
2

+
5 · (1 + 𝑖

√
3)

3 3
√
4

3
√︀

11 + 3
√
69

= 0.21508...+ 𝑖 · 1.30714...

is a root of 1− 2𝑧 + 𝑧2 − 𝑧3.

[Callahan, 2009] 𝒥 (𝜋1(𝑆
3 ∖ 52)) = 𝒥 (𝑓, 𝑓−1𝑔−1𝑓𝑔𝑓−1𝑔−1) =| 𝑧 |= 1.324717957 . . .
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The knot 52 and related orbifolds.

Let 52(𝑛), 𝑛 ≥ 3, be a 3-orbifold with singular set the knot 52 and singular group Z𝑛.
It is known that 52(𝑛) is hyperbolic.

The group

𝜋orb52(𝑛) = ⟨𝑓𝑛, 𝑔𝑛 | 𝑓𝑛
𝑛 = 𝑔𝑛𝑛 = 𝑓𝑛·(𝑔𝑛𝑓𝑛𝑔−1

𝑛 𝑓−1
𝑛 𝑔𝑛𝑓𝑛)·𝑔−1

𝑛 ·(𝑔𝑛𝑓𝑛𝑔−1
𝑛 𝑓−1

𝑛 𝑔𝑛𝑓𝑛)
−1 = 1⟩

has a faithful representation in PSL(2,C) given by

𝑓𝑛 =

(︂
cos(𝜋/𝑛) 𝑖𝑒𝜌𝑛/2 sin(𝜋/𝑛)

𝑖𝑒−𝜌𝑛/2 sin(𝜋/𝑛) cos(𝜋/𝑛)

)︂
and

𝑔𝑛 =

(︂
cos(𝜋/𝑛) 𝑖𝑒−𝜌𝑛/2 sin(𝜋/𝑛)

𝑖𝑒𝜌𝑛/2 sin(𝜋/𝑛) cos(𝜋/𝑛)

)︂
,

where 𝜌𝑛 is complex distance between axes of 𝑓𝑛 and 𝑔𝑛. Thus, cosh(𝜌𝑛) satisfies the
equation

8 · 𝑥3 − 4 · (𝑁2 − 1) · 𝑥2 + (4𝑁4 + 8𝑁2 − 4) · 𝑥−𝑁6 +𝑁4 + 9𝑁2 − 1 = 0

with 𝑁 = ctg(𝜋/𝑛).
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Convergence of Jørgensen numbers. The knot 52 case.

Prop.
The following convergence of the upper bound of 𝒥 (𝜋orb52(𝑛)) holds:
𝒥 (𝑔−1

𝑛 , 𝑔𝑛𝑓𝑛𝑔
−1
𝑛 𝑓−1

𝑛 𝑔𝑛𝑓𝑛) → 𝒥
(︀
𝜋1(𝑆

3 ∖ 52)
)︀

for 𝑛 → ∞.
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Necessary discreteness conditions analogues to Jørgensen’s.

Tan numbers.
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Further directions.

[Tan, 1989] Suppose that 𝑓, 𝑔 ∈ PSL(2,C) generate a discrete group. If tr2(𝑓) ̸= 1,
then the following inequality holds: |tr2(𝑓)− 1|+ |tr[𝑓, 𝑔]| ≥ 1.

For 𝑓, 𝑔 ∈ PSL(2,C) such that tr[𝑓, 𝑔] ̸= 0 define

𝒯 (𝑓, 𝑔) = |tr2(𝑓)− 1|+ |tr[𝑓, 𝑔]|.

Let 𝐺 < PSL(2,C) be a two-generated group. The value

𝒯 (𝐺) = inf
⟨𝑓,𝑔⟩=𝐺

𝒢(𝑓, 𝑔)

is referred to as the Tan number of 𝐺.

Two-generated discrete group 𝐺 < PSL(2,C) is said to be Tan group if it can be
generated by 𝑓 and 𝑔 such that 𝒯 (𝑓, 𝑔) = 1.
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Parabolic and elliptic cases.

Prop. Let 41 be the figure-eight knot. Then

1 +
√
3 ≤ 𝒯 (𝜋1(𝑆

3 ∖ 41)) ≤
√
7 +

√
3.

Suppose that 𝑓 is parabolic, so tr2(𝑓) = 4.
Then 𝒯 (𝑓, 𝑔) = |4− 1|+ | tr[𝑓, 𝑔]| ≥ 3 and this way doesn’t lead to exreme groups.

Suppose that 𝑓 is elliptic of order 𝑛, so tr2(𝑓) = 4 cos2(𝑘𝜋/𝑛).
If 𝑛 = 6 then 𝒯 (𝑓, 𝑔) ≥ 2.

Prop. Let 41(𝑛) be the figure-eight orbifold, 𝑛 ≥ 4. Then

1 ≤ 𝒯 (𝜋orb41(𝑛)) ≤

⎧⎪⎨⎪⎩
3− 4 sin2(𝜋/𝑛) +

√︀
3− 4 sin2(𝜋/𝑛), 𝑛 ≤ 7,

1 +
√
2 +

√︀
1 +

√
2, 𝑛 = 8,√︀

7− 8 sin2(𝜋/𝑛) +
√︀

3− 4 sin2(𝜋/𝑛), 𝑛 ≥ 9.
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Tan numbers.

Problem: Find Tan numbers for knot groups.

Problem: Find all Tan groups.
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Gehring – Martin – Tan numbers.
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Gehring – Martin – Tan numbers.

[Gehring – Martin, 1989; Tan, 1989]
Suppose that 𝑓, 𝑔 ∈ PSL(2,C) generate a discrete group. If tr[𝑓, 𝑔] ̸= 1 then the
following inequality holds: |tr2(𝑓)− 2|+ |tr[𝑓, 𝑔]− 1| ≥ 1.

For 𝑓, 𝑔 ∈ PSL(2,C) such that tr[𝑓, 𝑔] ̸= 1 define

𝒢(𝑓, 𝑔) = |tr2(𝑓)− 2|+ |tr[𝑓, 𝑔]− 1|.

Let 𝐺 < PSL(2,C) be a two-generated group. The value

𝒢(𝐺) = inf
⟨𝑓,𝑔⟩=𝐺

𝒢(𝑓, 𝑔)

is referred to as the Gehring – Martin – Tan number (or, GMT-number) of 𝐺.

Two-generated discrete group 𝐺 < PSL(2,C) is said to be GMT-extreme if it can be
generated by 𝑓 and 𝑔 such that 𝒢(𝑓, 𝑔) = 1.
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GMT-number of the figure-eight knot group.

Thm. For the figure-eight knot group we have 𝒢
(︀
𝜋1(𝑆

3 ∖ 41)
)︀
= 3. Thus, it is not

GMT-extreme.

What about other knots and 3-manifolds with cusps?

Suppose that 𝑓 is parabolic, so tr2(𝑓) = 4.
Then 𝒢(𝑓, 𝑔) = |4− 2|+ | tr[𝑓, 𝑔]− 1| > 2 and this case doesn’t lead to exreme groups.

Suppose that 𝑓 is elliptic of order 𝑛, so tr2(𝑓) = 4 cos2(𝑘𝜋/𝑛).
If 𝑛 = 2 then 𝒢(𝑓, 𝑔) > 2,
if 𝑛 = 3 then 𝒢(𝑓, 𝑔) > 1,
if 𝑛 = 6 then 𝒢(𝑓, 𝑔) > 1,
and these cases don’t lead to exreme groups.
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if 𝑛 = 6 then 𝒢(𝑓, 𝑔) > 1,
and these cases don’t lead to exreme groups.
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GMT-number of the figure-eight knot group.

Thm. For the figure-eight knot group we have 𝒢
(︀
𝜋1(𝑆

3 ∖ 41)
)︀
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The figure-eight ofbifold group which is GMT-extreme.

Thm. Let 𝑛 ≥ 4. Then for the figure-eight orbifold groups the following inequalities
hold:

1 ≤ 𝒢(𝜋orb41(𝑛)) ≤ 3− 4 sin2(𝜋/𝑛).

Corollary. For 𝑛 ≥ 4 the following inequality holds: 𝒢(𝜋orb41(𝑛)) ≤ 𝒢(𝜋1

(︀
𝑆3 ∖ 41)

)︀
.

Corollary. The figure-eight orbifold group 𝜋orb41(4) is GMT-extreme.

Problem: Find all Gehring — Martin — Tan (GMT-extreme) groups.
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Thank you!
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