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Hyperbolic 3-manifolds and hyperbolic knots.

dz? + dy® + dt®
da” + dy” + dt”

Let H® be a hyperbolic 3-space modelled in RY with ds® = .
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Hyperbolic 3-manifolds and hyperbolic knots.

2 2 2
Let H® be a hyperbolic 3-space modelled in RY with ds® = d“f“i—%*dt

Recall that Isom™ (H?) = PSL(2, C).
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Hyperbolic 3-manifolds and hyperbolic knots.

dz? + dy® + dt®
ar Tady Tat

Let H® be a hyperbolic 3-space modelled in RY with ds® = .

Recall that Isom™ (H?) = PSL(2, C).

An element g = (Z b) € PSL(2,C) acts in H* = {(2,t) | z € C,t € R.} by the rule:

d

TN L 2
9(2,t) = (az+b)(czz+ g hiLiAy s
lez +d|” + ||t lez +d|” + ||t
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Hyperbolic 3-manifolds and hyperbolic knots.

dz? + dy® + dt®
ar Tady Tat

Let H® be a hyperbolic 3-space modelled in RY with ds® = .

Recall that Isom™ (H?) = PSL(2, C).

An element g = (Z d

b) € PSL(2,C) acts in H* = {(2,t) | z € C,t € R.} by the rule:

TN L 2
9(2,t) = (az+b)(czz+ g hiLiAy —
lez +d|” + ||t lez +d|” + ||t

An orientable 3-manifold M is said to be hyperbolic if M = H?/T,
where I is a discrete torsion-free subgroup of Isom™ (H?).
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Hyperbolic 3-manifolds and hyperbolic knots.

dz? + dy® + dt®
ar Tady Tat

Let H® be a hyperbolic 3-space modelled in RY with ds® = .

Recall that Isom™ (H?) = PSL(2, C).

An element g = (Z d

b) € PSL(2,C) acts in H* = {(2,t) | z € C,t € R.} by the rule:

TN L 2
9(2,t) = (az+b)(czz+ g hiLiAy —
lez +d|” + ||t lez +d|” + ||t

An orientable 3-manifold M is said to be hyperbolic if M = H?/T,
where I is a discrete torsion-free subgroup of Isom™ (H?).

A knot K C S? is said to be hyperbolic if $*\ K is a hyperbolic manifold.
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Discrete subgroups of PSL(2, C).

Problem: Find discreteness criteria. (Necessary conditions? or Sufficient conditions?) J
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Discrete subgroups of PSL(2, C).

Problem: Find discreteness criteria. (Necessary conditions? or Sufficient conditions?) J

A group G < PSL(2,C) is said to be elementary if these is a finite G-orbit in H® U OH?.
Otherwise it is non-elementary.

[Jgrgensen, 1976] Non-elementary group G < PSL(2,C) is discrete if and only if any its
2-generated subgroup is discrete. J
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Discrete subgroups of PSL(2, C).

Problem: Find discreteness criteria. (Necessary conditions? or Sufficient conditions?) J

A group G < PSL(2,C) is said to be elementary if these is a finite G-orbit in H® U OH?.
Otherwise it is non-elementary.

[Jgrgensen, 1976] Non-elementary group G < PSL(2,C) is discrete if and only if any its
2-generated subgroup is discrete. J

Matrix A € SL(2,C) \ {£1} is said to be
— elliptic if tr?(A) € [0;4);
— parabolic if tr?(A) = 4;
— loxodromic if tr?(A) € C \ [0;4].
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Discrete subgroups of PSL(2, C).

Problem: Find discreteness criteria. (Necessary conditions? or Sufficient conditions?) J

A group G < PSL(2,C) is said to be elementary if these is a finite G-orbit in H® U OH?.
Otherwise it is non-elementary.

[Jgrgensen, 1976] Non-elementary group G < PSL(2,C) is discrete if and only if any its
2-generated subgroup is discrete. J

Matrix A € SL(2,C) \ {£1} is said to be
— elliptic if tr?(A) € [0;4);
— parabolic if tr?(A) = 4;
— loxodromic if tr?(A) € C \ [0;4].

An element of PSL(2,C) = SL(2,C)/{£ 1} is said to be elliiptic, parabolic, or
loxodromic if its preimage in SL(2,C) is of such type.
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Jgrgensen numbers.
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Jgrgensen numbers. Extreme subgroups of PSL(2, C)

[Jgrgensen, 1976] Let (f, g) C PSL(2,C) be non-elementary and discrete.
Then |tr?(f) — 4| + [tr[f, g] — 2| > 1. This low bound is sharp. J
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Jgrgensen numbers. Extreme subgroups of PSL(2, C)

[Jgrgensen, 1976] Let (f, g) C PSL(2,C) be non-elementary and discrete.
Then |tr?(f) — 4| + [tr[f, g] — 2| > 1. This low bound is sharp. J

For f,g € PSL(2,C) denote

T (f,9) = [t (f) — 4 + [tx[f, ] — 2.
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Jgrgensen numbers. Extreme subgroups of PSL(2, C)

[Jgrgensen, 1976] Let (f, g) C PSL(2,C) be non-elementary and discrete.
Then |tr?(f) — 4| + [tr[f, g] — 2| > 1. This low bound is sharp.

For f,g € PSL(2,C) denote

T (f,9) = [t (f) — 4 + [tx[f, ] — 2.

Let G < PSL(2,C) be a 2-generated non-elementary group. The value

J(G) = <f,igl§f:G J(f.9)

is said to be Jargensen number of G.
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Jgrgensen numbers. Extreme subgroups of PSL(2, C)

[Jgrgensen, 1976] Let (f, g) C PSL(2,C) be non-elementary and discrete.
Then |tr?(f) — 4| + [tr[f, g] — 2| > 1. This low bound is sharp. J

For f,g € PSL(2,C) denote
J(f,9) = | (f) = 4 + |ex[f, 9] — 2.

Let G < PSL(2,C) be a 2-generated non-elementary group. The value

is said to be Jargensen number of G.

Two-generated non-elementary discrete group G < PSL(2,C) is said to be extreme
(also, Jgrgensen group) if it can be generated by f and g such that J(f,g) = 1.
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Example

[Jgrgensen, 1976] PSL(2,Z) is extreme (Jgrgensen group). )
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Example

[Jgrgensen, 1976] PSL(2,Z) is extreme (Jgrgensen group).

Obviously, PSL(2,Z) is non-elementary and discrete. It is known that
PSL(2,Z) = {f,g | 9°> = (gf)® = 1), where

11 0 -1
f:(o 1) and g:<1 0)'

Since tr?(f) = 4 and tr?(g) = 0, f is parabolic and g is elliptic of order two.

2 ?‘l) Hence J(f,g) = |4 — 4] + 3 — 2| = 1.

It is easy to check that [f,g] = (1
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Elliptic and parabolic type extreme groups.

Problem: Find all Jgrgensen groups. J
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Elliptic and parabolic type extreme groups.

Problem: Find all Jgrgensen groups. J

[Jgrgensen — Kiikka, 1975]
Let (f,g) < PSL(2,C) be extreme group and J(f,g) = 1. Then 3 < tr*(f) < 4.
Thus, either f is elliptic of order n > 7 or f is parabolic.
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Elliptic and parabolic type extreme groups.

Problem: Find all Jgrgensen groups. J

[Jgrgensen — Kiikka, 1975]
Let (f,g) < PSL(2,C) be extreme group and J(f,g) = 1. Then 3 < tr*(f) < 4.
Thus, either f is elliptic of order n > 7 or f is parabolic.

[Gehring — Martin, 1989]
Every Jgrgensen group of elliptic type contains a (2, 3, n)-triangle group with n > 7.
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Elliptic and parabolic type extreme groups.

Problem: Find all Jgrgensen groups. J

[Jgrgensen — Kiikka, 1975]
Let (f,g) < PSL(2,C) be extreme group and J(f,g) = 1. Then 3 < tr*(f) < 4.
Thus, either f is elliptic of order n > 7 or f is parabolic.

[Gehring — Martin, 1989]
Every Jgrgensen group of elliptic type contains a (2, 3, n)-triangle group with n > 7.

[Jgrgensen — Kiikka, 1975] The only extreme subgroups of PSL(2,R) are
(2,3, n)-triangle groups with n > 7 or n = co.
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Parabolic type extreme groups.

Observation.

Suppose f,g € PSL(2,C) and f is parabolic. Up to a conjugation in PSL(2,C) we can

assume that
1 1 a b
1=(o 1) o= (2 )

2
tr[fyg}:tr(lJraCJrc * ):2+02.

Then

* 1—ac
Therefore,

T(f9)=4—4+|+2—-2 =

snin (IM SB RAN)

Extreme groups 23/07/2014

9 /33



Parabolic type extreme groups.

Observation.

Suppose f,g € PSL(2,C) and f is parabolic. Up to a conjugation in PSL(2,C) we can

assume that
1 1 a b
1=(o 1) o= (2 )

2
tr[fyg]:tr(1+ac+c * ):2+02.

* 1—ac

Then

Therefore,
T(frg)=14—4+ | +2-2| =

Hence 7 (f,g) = 1 if and only if |c| = 1.
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Parabolic type extreme groups.

Suppose (f, g) is non-elementary and f be parabolic. Up to a conjugation in PSL(2,C)
we can assume that

(11 _ _(po pPfo—1/c
f - (0 1) and gfgo'vl/‘ - (U o )

where o € C\ {0} and i € C. Denote Go,. = (f, go,u)-
By the above observation 7(f, g»,.) = 1 if and only if |o]| = 1.
Suppose that o = —ic'?, 9 € [0,27).
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Parabolic type extreme groups.

Suppose (f, g) is non-elementary and f be parabolic. Up to a conjugation in PSL(2,C)
we can assume that

(11 _ _(po pPfo—1/c
f - (0 1) and gfgo',p, - (U o )

where o € C\ {0} and i € C. Denote Go,. = (f, go,u)-
By the above observation 7(f, g»,.) = 1 if and only if |o]| = 1.
Suppose that o = —ic'?, 9 € [0,27).

Conjecture. [Li — Oichi — Sato, 2005]
Every parabolic type extreme group is conjugated to G_,_i0 ;;., where k € R. J
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Parabolic type extreme groups.

[Li — Oichi — Sato in a series of papers]
All discrete groups of type G_;.i0 ;5, where k € R, are classified. J
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Parabolic type extreme groups.

[Li — Oichi — Sato in a series of papers]
All discrete groups of type G_;.i0 ;5, where k € R, are classified.

[Callahan, 2009]

There are extreme groups which are not of the above type: PGL(2, O3), PSL(2, O3),
PSL(Z, 07) and PSL(Q, 011).

All non-compact arithmetic groups extreme groups are classified (there are 14).

Here Oq is a ring of integers of Q[v/—d]. Recall that Oy = Z[w],
where w = v/—dif d=0,1,2 mod 4 andw = (1++v—d)/2ifd=3 mod 4.
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Jgrgensen subgroups of the Picard group.

[Sato, 2001]
The Picard group PSL(2, Z[/—1]) is extreme. J
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Jgrgensen subgroups of the Picard group.

[Sato, 2001]
The Picard group PSL(2, Z[v/—1]) is extreme.

[F. Conzalez — Acuna, A. Romirez, 2007]
All subgroups G of PSL(2,Z[v/—1]) with 7(G) =1 are listed.
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The Whitehead link group.

Consider the Whitehead link 57.

m(S°\57) = (f,9l(f afa  H(faf g (g f (g fg) = 1),

The faithful representation in PSL(2,C) is given by f — <(1) i) ,g — (1 iz (1)>
Thus, 71(S%\ 57) < PSL(2, Z[v—1]).
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The Whitehead link group.

Consider the Whitehead link 57.

m(S°\57) = (f,9l(f afa  H(faf g (g f (g fg) = 1),

The faithful representation in PSL(2,C) is given by f — <(1) i) ,g — (1 iz (1)>
Thus, 71(S%\ 57) < PSL(2, Z[v—1]).

[Sato, 2001] J(71(S%\ 53)) = 2. ]
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The figure-eight knot group is extreme and exceptional.

[Sato, 2000] The figure-eight knot group 71 (S® \ 41) is extreme. J

m(S\ ) = (fg | [f gl f=glf "))
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The figure-eight knot group is extreme and exceptional.

[Sato, 2000] The figure-eight knot group 71(S® \ 41) is extreme. J

m(S\ ) = (fg | [f gl f=glf "))

The faithful representation in PSL(2,C) is given by f — <(1) i) g— ( ! O),

where w = _1%‘/?3 Then J(f,9) = |w* = 1.
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The figure-eight knot group is extreme and exceptional.

[Sato, 2000] The figure-eight knot group 71 (S® \ 41) is extreme. J

m(S°\41) = (L9 | [ o f =9l a])
The faithful representation in PSL(2,C) is given by f — <(1) 1) g— ( L 0),
where w = _1%‘/?3 Then J(f,9) = |w|* = 1.

[Callahan, 2009] The figure-eight knot group is the only torsion-free Jgrgensen group. J
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Two-bridge knots and links.

[Callahan, 2009] If f = ((1) 1) and g, = (jz ?) generate a group of 2-bridge knot

or link, then in the case of a knot:

1< T((f,9:) < |2l <4,

and in the case of a link: ‘
1< J(f,92)) < 2> < 16.

[Hoste, Shanahan, 2001] Polynomials for z in the case of 2-bridge twisted knots. )
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The initial table of knots.

number of distinet knots
3 4 &

1 2 & 7
;
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w s
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Jgrgensen number as hyperbolic knot invariant.

If G =71(S®\ K) is 2-generated then

J(K):= inf J(f 9)

(f.9)=G
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Jgrgensen number as hyperbolic knot invariant.

If G =71(S®\ K) is 2-generated then

J(K):= inf J(fg)

(f,9)=G
[Callahan, 2009] For few 2-bridge knots:
|z| polynomial

J(52) = 1.32471796 ... | 1 — 2z + 27 — 2°

J(61) = 1.55603019 ... | 1 —2z+ 327 — 2% + 27
J(74) = 2.20556943 ... | 1 +4z — 427 +2°

J(77) = 1.55603019... | 1 — 24327 =225 + 27
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Jgrgensen number as hyperbolic knot invariant.

If G =71(S®\ K) is 2-generated then

J(K):= inf J(f,9)

(f,9)=G
[Callahan, 2009] For few 2-bridge knots:
El polynomial
J(52) = 1.32471796 ... | 1 — 2z + 27 — 2°
J(61) = 1.55603019 ... | 1 —2z+ 327 — 2% + 27
J(74) = 2.20556943 ... | 1 +4z — 427 +2°
J(77) = 1.55603019... | 1 — 24327 =225 + 27

If G = m(S®\ K) is not 2-generated then take all 2-generated non-elementary
subgroups:

J(K) = ([111f J(f,9)
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Behavior of Jgrgensen numbers: from orbifold groups to a knot group.
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Figure-eight orbifolds.

Let 41(n), n > 4, be a 3-orbifold with singular set the figure-eight knot 4; and singular
group Zy,. It is known that 4;(n) is hyperbolic.
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Figure-eight orbifolds.

Let 41(n), n > 4, be a 3-orbifold with singular set the figure-eight knot 4; and singular
group Zy,. It is known that 4;(n) is hyperbolic.

The figure-eight orbifold group:
Worb41(n) =(fu,gn | fi=9n=1 fulgn, fnlgn [gmfn]_l =1).

These is a faithful representation in PSL(2,C) given by

cos - iePn/? gin = cos - ie /2 gin =
f’n — 3 gn — .

ie Pn/%sin cos = iePn/?sin = cos =
n n n n

where p,, is complex distance between axes of f,, and gy,

cosh p, = i (1 + ctg®(m/n) — i\/Sctg4(7r/n) + 14 ctg?(m/n) — 5) .
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Figure-eight orbifolds.

Let 41(n), n > 4, be a 3-orbifold with singular set the figure-eight knot 4; and singular
group Zy,. It is known that 4;(n) is hyperbolic.

The figure-eight orbifold group:
Worb41(n) =(fu,gn | fi=9n=1 fulgn, fnlgn [gmfn]_l =1).

These is a faithful representation in PSL(2,C) given by

7 cos - iePn/? gin = cos - ie /2 gin =
n — P . gn — . .
ie Pn/%sin cos T ’ iePn/?sin = cos =
n n n n

where p,, is complex distance between axes of f,, and gy,

cosh p, = i (1 + ctg®(m/n) — i\/Sctg4(7r/n) + 14 ctg?(m/n) — 5) .

For above generators we have:
T (fn,gn) = 4sin®(7/n) + /1 + 4sin?(7/n).
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Convergence of Jgrgensen numbers. The figure-eight knot case.

Thm. Let n > 4. Then the following inequalities hold:

1< J(7°41(n)) < 4sin’(x/n) + /1 + 4sin®(x/n).
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Convergence of Jgrgensen numbers. The figure-eight knot case.

Thm. Let n > 4. Then the following inequalities hold:

1< J(7°41(n)) < 4sin’(x/n) + /1 + 4sin®(x/n).

Corollary.
The following convergence holds:

lim J(7°41(n)) = J(71(S*\ 41)).

n— oo
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The initial table of knots.

number of distinet knots
3 4 &
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The knot 52 and related orbifolds.

Consider the knot 55. Recall that

m(S*\52) = (f,9 |(f g faf g F=g-(f g faf g h).
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The knot 52 and related orbifolds.

Consider the knot 55. Recall that
m(S°\52) = (frg |(f g " faf g™ f=9g-(F g faf ).

There is a faithful representation in PSL(2, C) given by f — ((1] 1) g— ( L O),

—z 1
where
. 3 .
Lol (-ivB) VIl+ 3V69 5 '3(1 V3 01508, 40+ 1.30714...
3 642 3V/4v/11 4+ 3169

is a root of 1 — 2z 4 22 — 23,
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The knot 52 and related orbifolds.

Consider the knot 55. Recall that
m(S°\52) = (frg |(f g " faf g™ f=9g-(F g faf ).

There is a faithful representation in PSL(2, C) given by f — ((1] 1) g— ( L O),

—z 1
where
. 3 .
Lol (-ivB) VIl+ 3V69 5 '3(1 V3 01508, +4-1.30714...
3 62 3411 + 3/69

is a root of 1 — 2z 4 22 — 23

[Callahan, 2009] J(m1(S®\ 52)) = J(f, f rg  faf tg™") =| 2 |= 1.324717957 . .. J
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The knot 52 and related orbifolds.

Let 52(n), n > 3, be a 3-orbifold with singular set the knot 52 and singular group Z,.
It is known that 52(n) is hyperbolic.
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The knot 52 and related orbifolds.

Let 52(n), n > 3, be a 3-orbifold with singular set the knot 52 and singular group Z,.
It is known that 52(n) is hyperbolic. The group

ﬂ'orb52(n) = <fnugn | fn=9n = fn'(gnfngrjlfglgnfn)'g;l'(gnfngrjlfrzlgnfn)71 = 1>

has a faithful representation in PSL(2, C) given by
o ( cos(m/n) iePn/? sin(w/n))

ie~ /2 gin(r/n) cos(m/n)

and . < cos(r/n) ie=Pn/? sin(ﬂ/n)) 7

ieP/? sin(r/n) cos(m/n)
where p,, is complex distance between axes of f,, and g,. Thus, cosh(p,) satisfies the
equation

8-2°—4.-(N*>—1)- 2> + UN* +8N? —4) .2 — N  + N* 4+ 9N?* -1 =0

with N = ctg(m/n).
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Convergence of Jgrgensen numbers. The knot 55 case.

Prop.
The following convergence of the upper bound of 7 (7°™52(n)) holds:
T(gnt gnfngn frtgnfn) = T (71(S*\ 52)) for n — oo.
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Necessary discreteness conditions analogues to Jgrgensen's.
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Necessary discreteness conditions analogues to Jgrgensen's.

Tan numbers.
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Further directions.

[Tan, 1989] Suppose that f, g € PSL(2,C) generate a discrete group. If tr*(f) # 1,
then the following inequality holds: |tr*(f) — 1| + |tr[f, g]| > 1.
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Further directions.

[Tan, 1989] Suppose that f, g € PSL(2,C) generate a discrete group. If tr*(f) # 1,
then the following inequality holds: |tr*(f) — 1| + |tr[f, g]| > 1.

For f,g € PSL(2,C) such that tr[f, g] # 0 define
T(f,9) = [0 (f) = 1| + [ex[£, g]].
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Further directions.

[Tan, 1989] Suppose that f, g € PSL(2,C) generate a discrete group. If tr*(f) # 1,
then the following inequality holds: |tr*(f) — 1| + |tr[f, g]| > 1.

For f,g € PSL(2,C) such that tr[f, g] # 0 define
T(f,9) = [0 (f) = 1| + [ex[£, g]].

Let G < PSL(2,C) be a two-generated group. The value

T(G) = inf G(f.9)

is referred to as the Tan number of G.
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Further directions.

[Tan, 1989] Suppose that f, g € PSL(2,C) generate a discrete group. If tr*(f) # 1,
then the following inequality holds: |tr*(f) — 1| + |tr[f, g]| > 1.

For f,g € PSL(2,C) such that tr[f, g] # 0 define
T(f,9) = [0 (f) = 1| + [ex[£, g]].

Let G < PSL(2,C) be a two-generated group. The value
T(G)= inf G(f,9)

(f,9)=G
is referred to as the Tan number of G.

Two-generated discrete group G < PSL(2,C) is said to be Tan group if it can be
generated by f and g such that 7(f,g) = 1.
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Parabolic and elliptic cases.

Prop. Let 4; be the figure-eight knot. Then
1+V3<T(m(S*\41)) <V7+ V3. J
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Parabolic and elliptic cases.

Prop. Let 4; be the figure-eight knot. Then
1+V3<T(m(S*\41)) <V7+ V3. J

Suppose that f is parabolic, so tr*(f) = 4.
Then T(f,g) = |4 — 1|+ |tr[f, g]| > 3 and this way doesn't lead to exreme groups.
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Parabolic and elliptic cases.

Prop. Let 4; be the figure-eight knot. Then
1+V3<T(m(S*\41)) <V7+ V3. J

Suppose that f is parabolic, so tr*(f) = 4.
Then T(f,g) = |4 — 1|+ |tr[f, g]| > 3 and this way doesn't lead to exreme groups.

Suppose that f is elliptic of order n, so tr?(f) = 4 cos®(km/n).
If n =6 then T(f,g) > 2.
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Parabolic and elliptic cases.

Prop. Let 4; be the figure-eight knot. Then

1+V3<T(m(S*\41)) <V7+ V3. J

Suppose that f is parabolic, so tr*(f) = 4.
Then T(f,g) = |4 — 1|+ |tr[f, g]| > 3 and this way doesn't lead to exreme groups.

Suppose that f is elliptic of order n, so tr?(f) = 4 cos®(km/n).
If n =6 then T(f,g) > 2.

Prop. Let 41(n) be the figure-eight orbifold, n > 4. Then

3 — 4sin*(n/n) + /3 — 4sin?(r/n), n <7,

1< T(n°P41(n)) < 1+vV2+V14+ V2, n=8,
V7 —8sin%(r/n) + /3 — 4sin?(w/n), n>9.
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Tan numbers.

Problem: Find Tan numbers for knot groups. J
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Tan numbers.

Problem: Find Tan numbers for knot groups.

Problem: Find all Tan groups.
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Gehring — Martin — Tan numbers.

(IM SB RAN) Extreme groups 23/07/2014 29 / 33



Gehring — Martin — Tan numbers.

[Gehring — Martin, 1989; Tan, 1989]
Suppose that f, g € PSL(2,C) generate a discrete group. If tr[f, g] # 1 then the
following inequality holds: [tr?(f) — 2| + [tr[f, g] — 1| > 1.
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Gehring — Martin — Tan numbers.

[Gehring — Martin, 1989; Tan, 1989]
Suppose that f, g € PSL(2,C) generate a discrete group. If tr[f, g] # 1 then the

following inequality holds: [tr?(f) — 2| + [tr[f, g] — 1| > 1.

For f,g € PSL(2,C) such that tr[f, g] # 1 define
G(f.9) = Itr*(f) — 2| + [tr[f, 9] — 11.
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Gehring — Martin — Tan numbers.

[Gehring — Martin, 1989; Tan, 1989]
Suppose that f, g € PSL(2,C) generate a discrete group. If tr[f, g] # 1 then the
following inequality holds: [tr?(f) — 2| + [tr[f, g] — 1| > 1.

For f,g € PSL(2,C) such that tr[f, g] # 1 define
G(f.9) = Itr*(f) — 2| + [tr[f, 9] — 11.

Let G < PSL(2,C) be a two-generated group. The value

9(G) = ,inf G(f.9)

is referred to as the Gehring — Martin — Tan number (or, GMT-number) of G.
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Gehring — Martin — Tan numbers.

[Gehring — Martin, 1989; Tan, 1989]
Suppose that f, g € PSL(2,C) generate a discrete group. If tr[f, g] # 1 then the
following inequality holds: [tr?(f) — 2| + [tr[f, g] — 1| > 1.

For f,g € PSL(2,C) such that tr[f, g] # 1 define
G(f.9) = Itr*(f) — 2| + [tr[f, 9] — 11.

Let G < PSL(2,C) be a two-generated group. The value

9(G) = ,inf G(f.9)

is referred to as the Gehring — Martin — Tan number (or, GMT-number) of G.

Two-generated discrete group G < PSL(2,C) is said to be GMT-extreme if it can be
generated by f and g such that G(f,g) = 1.
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GMT-number of the figure-eight knot group.

Thm. For the figure-eight knot group we have g(m(S3 \ 41)) = 3. Thus, it is not
GMT-extreme.
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GMT-number of the figure-eight knot group.

Thm. For the figure-eight knot group we have g(m(S3 \ 41)) = 3. Thus, it is not
GMT-extreme.

What about other knots and 3-manifolds with cusps?
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GMT-number of the figure-eight knot group.

Thm. For the figure-eight knot group we have g(m(S3 \ 41)) = 3. Thus, it is not
GMT-extreme.

What about other knots and 3-manifolds with cusps?

Suppose that f is parabolic, so tr®(f) = 4.
Then G(f,g) = |4 — 2| + | tr[f, g] — 1] > 2 and this case doesn't lead to exreme groups.
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GMT-number of the figure-eight knot group.

Thm. For the figure-eight knot group we have g(m(S3 \ 41)) = 3. Thus, it is not
GMT-extreme.

What about other knots and 3-manifolds with cusps?

Suppose that f is parabolic, so tr®(f) = 4.
Then G(f,g) = |4 — 2| + | tr[f, g] — 1] > 2 and this case doesn't lead to exreme groups.

Suppose that f is elliptic of order n, so tr?(f) = 4 cos®(km/n).
If n =2 then G(f,g) > 2,

if n =3 then G(f,9) > 1,

if n =6 then G(f,g) > 1,

and these cases don't lead to exreme groups.
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The figure-eight ofbifold group which is GMT-extreme.

Thm. Let n > 4. Then for the figure-eight orbifold groups the following inequalities
hold:
1 < G(x°41(n)) < 3 — 4sin*(7/n).
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The figure-eight ofbifold group which is GMT-extreme.

Thm. Let n > 4. Then for the figure-eight orbifold groups the following inequalities
hold:
1< G(n°™4,(n)) < 3 — 4sin®(w/n).

Corollary. For n > 4 the following inequality holds: G(7°™"4;(n)) < G(m1(S® \ 41)). J
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The figure-eight ofbifold group which is GMT-extreme.

Thm. Let n > 4. Then for the figure-eight orbifold groups the following inequalities
hold:
1< G(x°41(n)) < 3 — 4sin®(n/n).

Corollary. For n > 4 the following inequality holds: G(7°™"41(n)) < G(m (S \ 41)). J

Corollary. The figure-eight orbifold group 7°™4;(4) is GMT-extreme. J

snin (IM SB RAN) Extreme groups 23/07/2014 32 /33



The figure-eight ofbifold group which is GMT-extreme.

Thm. Let n > 4. Then for the figure-eight orbifold groups the following inequalities
hold:
1< G(x°41(n)) < 3 — 4sin®(n/n).

Corollary. For n > 4 the following inequality holds: G(7°™"41(n)) < G(m (S \ 41)). J

Corollary. The figure-eight orbifold group 7°™4;(4) is GMT-extreme. J

Problem: Find all Gehring — Martin — Tan (GMT-extreme) groups. J
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Thank you!
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