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Introduction

Inspired by works of Puls and Martin—Valette (see [1], [2] and [3])
on first LP-cohomology of discrete groups and p-harmonic
functions, we introduce by analogy the notion of the discrete
®-Laplacian and prove a decomposition theorem for the space of
®-Dirichlet functions, where ® is an N-function belonging to the
class A2(0) N'V2(0). According to the idea, we study the
nonreduced and reduced first cohomology of a (finitely generated)
discrete group G with coefficients in the left regular representation
of G in the Orlicz space /*(G) and show that if G contains an
infinite normal amenable subgroup with infinite centralizer then the
cohomology space H'(G, ¢®(G)) = 0. We also prove a theorem
about the triviality of the first cohomology space for a wreath
product of two groups the first of which is nonamenable.
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Introduction
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Orlicz Spaces

Definition
A function ® : R — R is called an N-function if it can be
represented as

where the function ¢(t) is defined for t > 0, non-decreasing,
right-continuous, ¢(t) > 0if t > 0, ¢(0) =0 and

limy_y00 (t) = 00. In what follows, ¢’ stands for this function ¢.
An N-function ® has the following properties:

o ®(x) >0, if x> 0;
@ d is even and convex;

o lim 32X — o [im &

x) _
x—0 X x—o0 X =eo
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Orlicz Spaces

If ® is an N-function then the function given by

d/(t)<x

V(x) = /(d>’)_1(t) dt, where (¢')71(x) = sup t,
0

is called complementary to ®.

An function @ is called uniformly convex if, given any a € (0, 1),
there exists §(a) € (0, 1) such that

N

o (“57) < 50 AW - o)

for any b € [0,1] and u > 0.

Roman Panenko in collaboration with Yaroslav Kopylov Orlicz spaces and first cohomology of discrete groups



Orlicz Spaces

An N-function & is said to satisfy the A,-condition for small x,
which is written as ® € A,(0), if there exist constants xg > 0,
K > 2 such that ®(2x) < K®(x) for 0 < x < xp; and it satisfies
the Va-condition for small x, which is denoted symbolically as
® € V5(0) if there are constants xp > 0 and ¢ > 1 such that
P(x) < £P(cx) for 0 < x < xg.

The Orlicz class 7®(X) is the set of real-valued functions on X for

which
po(x) =Y O(f(x)) < oo.
xeX
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Orlicz Spaces

We will use the notation

)= {f e PP | Yo o) < 1}

xeX

Definition

The linear space
(*(X) ={f: X = R : pe(af) < co for some a > 0}

is called an Orlicz space on X.

Remark. As is well known, /®(X) is a linear space if and only if
(ONS A2(0)
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Orlicz Spaces

If £ € £°(X) then the Orlicz norm of f is, by definition,

> F(x)u(x)] .

xeX

The gauge (or Luxemburg) norm of a function f € £®(X) is
defined by the formula

. f
Iy = Il = nf{ k> 0+ po () <1},

It is well known that the Orlicz and gauge norms are equivalent,
namely:

[fllo == [[flleo(x) := sup
u€€1

Ifllwy < [Ifllo < 2|If]l(0)
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1-Cohomology

Let G be a topological group and let V' be a topological
G-module, i.e., a real or complex topological vector space endowed
with a linear representation 7: G x V — V, (g,v) — m(g)v. The
space V is called a Banach G-module if V is a Banach space and
7 is a representation of G by isometries of V.

Introduce the notation

ZY(G,V):={b: G — V continuous | b(gh) = b(g) + m(g)b(h)};
BY(G.V) = {be Z1(G, V)| (v € V) (Vg € G) b(g) =

m(g)v — v}
HY(G, V) = ZYG, V)/BY(G, V) (1-cohomology with coefficients
in V)

Endow Z1(G, V) with the topology of uniform convergence on
compact subsets of G and denote by El(G, V') the closure of
B(G, V) in this topology The quotient

ﬁl(G V) = ZY(G, V)/B (G, V) is caIIed the reduced
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®-Harmonic Functions

Let G be a finitely generated group with finite generating set S,
and suppose that G acts on a countable set X.

If Ais an abelian group then denote by AX the abelian group of all
functions f : X — A. Denote by Ax : G — AX the permutation
representation of G on AX:

Mx(g)f(x) = f(glx), feAX ged.

This turns AX into a G-module.
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®-Harmonic Functions

Introduce the space of ®-Dirichlet-finite functions

D®(X) = {f € F(X) | [Ax(g)f — fllpo(x) < oo for all g € G}
={f € F(X) | [Ax(s)f — fllgo(x) < oo forall s € S}.

Let D®(X)® be the space of functions that are constant on
G-orbits of X. Endow 2%(X) = D®(X)/D®(X)® with the norm

Ifllpexy = D IAx(S)f = Fllo)

seS
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®-Harmonic Functions

Define a linear map a : D®(X) — Z1(G, (®(X)) by setting
a(f)(7) = Ax(y)f — f. The map induced by o on 2%(X) is an
injection since D®(X)C is the kernel of a.

Theorem 1

Suppose that a finitely generated group G acts freely on a
countable set X. Then o : 2%(X) — ZY(G,4*(X)) is a
topological isomorphism, which implies the following:

@ HY(G, (X)) = 7°(X)/¢®(X)
@ H'(G,*(X)) = 2%(X)/(®(X)
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®-Harmonic Functions

Definition

Suppose that G is a finitely generated group, S is its finite
generating set, and G acts on a countable set X. Define
Ay : F(X) — F(X) by

(Aof)(x) = &'(f(s'x) = f(x)) for f € F(X) and x € X
seS

A function f € D®(X) is said to be ®-harmonic if (Aef)(x) = 0
for every x € X. Denote the set of ®-harmonic functions on X by
HD®(X).

Introduce the pairing (Ag*, *) : D®(X) x D®(X) = R as

(Doh, )= "> & (h( — h(x))(f(s71x) — f(x))

xeX se$
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®-Harmonic Functions

Recall that if V is a real vector space then a functional
p:V —[0,00] is called a modular on V if the following hold for
any x,y € V:
p(0) =

(= X) ( );
plax + By) < p(x) + p(y) for a, =20, a+ 5 = 1;

0 p(x) = 0 implies x = 0.
Let the space D®(X) be endowed with the modular
p:D®(X) — RT,

= Z Z CD(f(s_lx) — f(x)).

seS xeX

Roman Panenko in collaboration with Yaroslav Kopylov Orlicz spaces and first cohomology of discrete groups



®-Harmonic Functions

The Gateaux differential of p at a point f € D®(X) is defined as

o p(f+tg) = p(f)

t—0t t

It is easy to check that p}(g) = (Aef, g).
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®-Harmonic Functions

Proposition 1

Assume that ® is a continuously differentiable strictly convex
N-function. Let f, f, € D®(X). Then f — f, € D®(X)® if and
only if (Aefi, i — ) = (Aoh, fi — f)

For every x € X, define a function d, : X — R by

5.() {1, if t = x

0, ift#x

The following are equivalent for f € D®(X):
Q f € HD®(X);
Q@ (A¢f, dx) =0 forall x € X;

Q@ (Aof, h) =0 forall h € (£%(X))pe.
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®-Harmonic Functions

Suppose that ® € A»(0) N V2(0) is a continuously differentiable
strictly convex function. Let G be a finitely generated group acting
on a countable set X. Then for f € D®(X) there exists a

decomposition f = u+ h, where u € ((®(X))pe and h € HD®(X).
It is unique up to an element of D®(X)C.

Proof /Step 1

Since ® € A»(0) N V2(0), the space £®(X) is reflexive.
Let d = |nfge(W)D¢ po(f — g).
Consider the set B = {g € ({®*(X))po | p(f —g) < d + 1}.

It is not hard to check that B is a bounded closed convex set in the
reflexive Banach space (Actually, we need Aj-regularity).
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®-Harmonic Functions

Proof/Step 1

Hence, appealing to Kakutani's Theorem, we can conclude that B
is compact in the weak topology.

Proof/Step 2

Consider the weakly lower semi-continuous functional

F(g) =p(f —g), g € ({*(X))pe

In view of Step 1, the functional attains its minimum d on B.
Let F(u) =d and h=f — u. For v € £®(X), consider the smooth
function

Fo(t) =p(f — (u—tv)), teR.
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®-Harmonic Functions
Proof/Step 2

Obviously, the minimum of F is attained at t = 0, which means
that

dF,(t)
dt

= ph(v) = (Agh, v) =0, forall v € éq’(X).
t=0

Therefore, (Agh, dx) = 0 for all x € X, and, consequently,
h € HD®(X) by Lemmal.

Proof/Step 3

Prove the uniqueness. Suppose that f = u; + hy = up + ho.
Appealing to Lemma 1, we have

<A¢h1, hl — h2> = <Aq>h1, u — U2> = 0, and, similarly,

(Aphy, hy — hp) = 0.

By Proposition 1, we conclude that hy — hy = u; — up € D‘D(X)G.
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®-Harmonic Functions

Combining Theorem 1 and Theorem 2, we obtain

The space ﬁl(G7 (®(X)) can be identified with
HD®(X)/D®(X)C in a natural way.
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®-Harmonic Functions

Combining Theorem 1 and Theorem 2, we obtain

The space ﬁl(G7 (®(X)) can be identified with
HD®(X)/D®(X)C in a natural way.

As a result, we have
o HY(G,£%(X)) = 2°(X)/t*(X)
o H'(G,%(X)) = 2°(X)/(*(X)
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®-Harmonic Functions

Combining Theorem 1 and Theorem 2, we obtain

The space ﬁl(G7 (®(X)) can be identified with
HD®(X)/D®(X)C in a natural way.

As a result, we have
o HY(G,(%(X)) = 2°(X)/t®(X)
o H'(G,(®(X)) = 2%(X)/1%(X)
and
o D®(X)/D®(X)C = ((¢*(X))pe ® HD®(X))/D®(X)¢
o H'(G,%(X)) = HD®(X)/D®(X)C
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Amenable groups

A group G is amenable if there is a nontrivial finitely additive
measure ;1: 26 — R=0,
@ The measure is finitely additive: given disjoint subsets
A, B C G, the measure of the union of the sets is the sum of
the measures
(AU B) = pu(A) + (B)

@ The measure is left-invariant: given a subset A and an
element g of G, we have

1(Lg(A)) = pu(A),

where Lg: x — gx.
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Amenable groups

Amongst others, the following groups are amenable:
e Finite groups
e Compact groups
@ Abelian groups
°

Solvable groups
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Amenable groups

The following assertion was obtained for locally compact groups by
Ya. Kopylov (Amenability of closed subgroups and Orlicz spaces,
Sib. Elektron. Mat. Izv.):

Proposition

Suppose that ® is a Ay-regular N-function. If G is a countable
group then the following are equivalent:

(i) HX(G,£%(G)) = H'(G,£*(G));
(ii) G is not amenable.
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Normal Subgroups with Large Centralizer

Let ® be an N-function lying in A>(0) N'V2(0) and let N be a
normal infinite finitely generated subgroup of a finitely generated
group G. If N in non-amenable and its centralizer Zg(N) is infinite

then H' (G, (®(G)) = 0.

The same argument that in the proof of Theorem 3 yields the
following

If ® € A»(0) N V2(0) and a finitely generated group G has infinite
center then H'(G,(®(G)) = 0.
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A sufficient condition for the triviality of the first
(®-cohomology of a wreath product of finitely generated

groups.

Theorem 4

Suppose that G, Gy are nontrivial finitely generated groups and

® € Ay(0) N V2(0) and G = Gy 1 Gy. If Gy is nonamenable then
H(G,£*%(G)) = 0.
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Thank you!
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