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Definitions

Let G be a group, ϕ be an automorphism of G

Definition 1
Two elements x , y ∈ G are called (twisted) ϕ-conjugated if there
exists an element z ∈ G , such that

x = zyϕ(z−1).

x ∼ϕ y – x and y are ϕ-conjugated
[x ]ϕ – ϕ-conjugacy class of element x
R(ϕ) – number of ϕ-conjugacy classes (Reidemeister number)
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Example

Let G = Z be a free abelian group of rang 1
AutG = {id , ϕ}, where ϕ : x 7→ −x

x ∼ϕ y ⇔ x = z+y+ϕ(−z) = y+2z ⇒ G = [0]ϕ∪[1]ϕ,R(ϕ) = 2

x ∼id y ⇔ x = z + y + id(−z) = y ⇒ G =
⋃

x∈G [x ]id ,R(id) =∞
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Problem

R(ϕ) – number of ϕ-conjugacy classes

Question
For which groups the number R(ϕ) =∞ for any automorphism ϕ?
(R∞ property)

Non-elementary Gromov hyperbolic groups (2001)

Braid groups Bn, when n ≥ 3 (2010)
Groups of non-trivial knots (2012)
Non-amenable residually finite finitely generated groups (2012)
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Problem

Sp2n(Z)

Question
For which linear groups the number R(ϕ) =∞ for any
automorphism ϕ?

SLn(K ),GLn(K ) for some rings K (n ≥ 3) (2012)
SLn(Z),GLn(Z),PSLn(Z),PGLn(Z) (2012)
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Results

Let G be a Chevalley group of type Φ 6= A1 over the field F

Theorem 1
If the automorphism group of field F is periodic, and the
characteristic of F is equal to 0, then R(ϕ) =∞ for any ϕ.

Examples: Q, R, Q(θ)
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Results

Theorem 2
If F is a field of zero characteristic, such that that the
transcendence degree of F over Q is finite, than
1) If Φ = Al(l ≥ 2), Bl(l ≥ 2), E8, F4, G2, than G is R∞-group.
2) If in F the equation T k = a can be solved for any a ∈ F , then G
is R∞-group for all other cases. Where

Φ Cl Dl E6 E7

k 2 2 6 2

Examples: Q, Q(T1, . . . ,Tn), Q, Q(T1, . . . ,Tn)
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Results

Theorem 2
If F is an algebraically closed field of zero characteristic, such that
that the transcendence degree of F over Q is finite, than G is
R∞-group.

Examples: Q, Q(T1, . . . ,Tn)

8 / 13



Example

Theorem (R. Steinberg, 1968)

Let G be a connected linear algebraic group and ϕ an
endomorphism of G onto G . If |Fixϕ| <∞, then
[e]ϕ = {xϕ(x−1) | x ∈ G} = G .
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Question

[e]ϕ – ϕ-conjugacy class of the unit element.

Proposition (A.Fel’shtyn, E.Troitsky)

The twisted conjugacy class [e]ϕ of the unit element e is a subgroup
of abelian group G . The other ones are cosets [g ]ϕ = g [e]ϕ.
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Question

Question
When the twisted conjugacy class of the unit element is a
subgroup?

Proposition

If ϕ is a central automorphism of group G , then [e]ϕ � G .
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Results

Proposition
Let G be a Chevalley group of type Φ 6= A1 over the field F of zero
characteristic. If F is such a field, that the group Aut(F ) is
periodic, or F is algebraically closed field, such that
tr.degQ(F ) <∞, then [e]ϕ ≤ G if and only if ϕ is a central
automorphism.
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Thats all, Thanks!

13 / 13


