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Let
π(x) = ]{p ∈ Z+, p is a prime number , p ≤ x},

people want to know the asymptotic behavior of π(x) as
x →∞.

The Riemann Hypothesis: Riemann 1859

ζ(s) =
∑∞

n=1
1
ns =

∏
p prime

1
1−p−s , all zeros of ζ(s) have real part

1
2 except trivial ones.

The prime number theorem: J. Hadamard, independently,
C. Vallée-Poussin, 1896
π(x) = x

log x + o( x
log x )
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Ingham’ Theorem, 1932.
the supremum of real parts of the zeros of ζ(s) is the infimum
of numbers β such that the error is O(xβ) in the prime number
theorem.

So the Riemann Hypothesis is:

The Riemann Hypothesis: equivalent form

π(x) = x
log x + o(x

1
2 +ε), for any ε > 0.
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There are many results after distribution of primes:

Margulis: closed primitive geodesics of bounded length in
a negative curved manifold;
Mirzkhani: simple closed geodesics of bounded length in a
hyperbolic surface;
Eskin-Mirzkhani: pseudo-Anosov maps of bounded
dilatation in the mapping class group of a surface (i.e.,
geodesics of bounded length in moduli space with the
Teichmüller metric);
Kahn-Markovic: surface subgroups in π1 of a hyperbolic
3-manifold (Hamenstädt; the existence of surface
subgroups of a discrete subgroup of some Lie groups).
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Number fields

Let K be a number field, i.e., K = Q[x ]
(f (x)) , f (x) is a monic

irreducible polynomial in Q[x ].
We assume f (x) has n roots, a1, a2 = ā1 ∈ C− R, ai ∈ R for
3 ≤ i ≤ n.

Now the field Ki = Q(ai) is isomorphic to K , for each i ,

K → K1,2 ↪→ C is a pair of complex places of K

K → Ki ↪→ R, 3 ≤ i ≤ n, are n − 2 real places of K .
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Quaternion algebra

RK be the set of algebraic intergers in K , as an abelian group,
RK = Z|K :Q|.

RK is a ring, PK be the set of prime ideals in RK .

Definition
A quaternion algebra A = AK over a field K is:

A is a 4-dim vector space over K with basis 1, i , j , ij ;
multiplication i2 = a · 1 ∈ K − {0}, j2 = b · 1 ∈ K − {0}, and
ji = −ij ;
extending the multiplication linearly, A is an associative
algebra with K ⊂ centre(A).

A = (a,b)
K , the Hilbert symbol.

Ref: M-F Vigneras, The Arithmetic of Quaternion Algebra.
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Quaternion algebra

Example

A = (1,1)
K = M2(K ), the matrix algebra

1=
(

1 0
0 1

)
, i=

( 1 0
0 −1

)
, j=

(
0 1
1 0

)
.

Example

H = (−1,−1)
R is the well-known Hamilton quaternion, a division

algebra

There is only one quaternion over C, the matrix algebra M2(C).

There are exactly two quaternions over R, the matrix algebra
M2(R) and the Hamilton quaternion H.
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Quaternion algebra

A = AK is a quaternion over a number field K , for 3 ≤ i ≤ n,

Definition

A⊗KiR =

{
M2(R), Ki is a splitting place of A
Hamilton quaternion H, Ki is a ramified place
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Quaternion algebra

Now p ∈ PK be a prime ideal, from the valuation by p, we have
a p-adic field Kp, and an embedding K ↪→ Kp.

There are exactly two quaternion algebras over Kp: M2(Kp) and
a unique division quaternion over Kp.

Definition
A⊗K Kp ={

M2(Kp), p is a (finite) splitting place of A
the division quaternion over Kp, p is a (finite) ramified place

Definition
Ram(A) = Ram∞(A) ∪ Ramf (A),
Ram∞(A) = {ramified real places},
Ramf (A) = {ramified finite places (prime ideals)}
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Quaternion algebra

Classificition of Quaternion Algebra

Theorem: Maclachlan-Reid’s Book

For a quaternion algebra A over a number field K , the set
Ram(A) is finite and has even cardinality.

A1 = A2 iff Ram(A1) = Ram(A2)

Conversely, for any S be a finite and even cardinality set of
place of K , there is a quaternion algebra A over K with
Ram(A) = S.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Quaternion algebra

Classificition of Quaternion Algebra

Theorem: Maclachlan-Reid’s Book
For a quaternion algebra A over a number field K , the set
Ram(A) is finite and has even cardinality.

A1 = A2 iff Ram(A1) = Ram(A2)

Conversely, for any S be a finite and even cardinality set of
place of K , there is a quaternion algebra A over K with
Ram(A) = S.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Quaternion algebra

Classificition of Quaternion Algebra

Theorem: Maclachlan-Reid’s Book
For a quaternion algebra A over a number field K , the set
Ram(A) is finite and has even cardinality.

A1 = A2 iff Ram(A1) = Ram(A2)

Conversely, for any S be a finite and even cardinality set of
place of K , there is a quaternion algebra A over K with
Ram(A) = S.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Quaternion algebra

Classificition of Quaternion Algebra

Theorem: Maclachlan-Reid’s Book
For a quaternion algebra A over a number field K , the set
Ram(A) is finite and has even cardinality.

A1 = A2 iff Ram(A1) = Ram(A2)

Conversely, for any S be a finite and even cardinality set of
place of K , there is a quaternion algebra A over K with
Ram(A) = S.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Orders in quaternion algebra

Let A = AK be a quaternion algebra,

Definition
O ⊂ A is an order if:

O is a finite generated RK -module;
O is a ring contains the unit 1;
O ⊗RK K = A.

Example
A = M2(Q), O = M2(Z) is a maximal order
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Orders in quaternion algebra

Example

A = (−1,−1)
Q .

O1 = {a · 1 + b · i + c · j + d · ij |a,b, c,d ∈ Z} is a NOT maximal
order.

O2 = O1 + Zα, α = 1+i+j+ij
2 is a maximal order.
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Orders in quaternion algebra

x = a · 1 + b · i + c · j + d · ij ∈ A, a,b, c,d ∈ K , the conjugate
x̄ = a · 1− b · i − c · j − d · ij ∈ A.
The norm n(x) = xx̄ ∈ K .

Example
A = M2(K ), x ∈ A, n(x) is the determinant of x as a matrix.

Definition

O be an order, O1 = {x ∈ O|n(x) = 1}.
The normalizer N (O) = {x ∈ A∗|xOx−1 = O}.

O1 ⊂ N (O).
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Arithmetic hyperbolic 3-manifolds

Let K be a number field with a pair of complex places, and
n − 2 real places, A = AK is a quaternion algebra over K which
is ramified at every real place of K .

A⊗Q R = (n − 2)H
⊕

M2(C).

φ : A→ A⊗Q R,
π : (n − 2)H

⊕
M2(C)→ M2(C),

P : SL2(C)→ PSL2(C) be the natural maps.

Theorem: Maclachlan-Reid’s Book

Let O be an order in A, Pπφ(O1) < PSL2(C) is a discrete
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Arithmetic hyperbolic 3-manifolds

Definition
A hyperbolic orbifold N which is commensurable to any M as
above is an arithmetic hyperbolic 3-orbifold.

The field K is called the invariant trace field of N (A. Reid) or
the field of definition of the orbifold N (E. B. Vinberg).
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Examples

Example: 2-dim
A = M2(Q), A⊗Q R = M2(R).

O = M2(Z), O1 = πφ(O1) = SL2(Z) < SL2(R).

Pπφ(O1) = PSL2(Z) < PSL2(R) = Iso+(H2).

H2/PSL2(Z) is the modular surface, a sphere with three cone
points with angles {2π

2 ,
2π
3 ,

2π
∞ }.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Examples

Example: 2-dim
A = M2(Q), A⊗Q R = M2(R).

O = M2(Z), O1 = πφ(O1) = SL2(Z) < SL2(R).

Pπφ(O1) = PSL2(Z) < PSL2(R) = Iso+(H2).

H2/PSL2(Z) is the modular surface, a sphere with three cone
points with angles {2π

2 ,
2π
3 ,

2π
∞ }.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Examples

Example: 2-dim
A = M2(Q), A⊗Q R = M2(R).

O = M2(Z), O1 = πφ(O1) = SL2(Z) < SL2(R).

Pπφ(O1) = PSL2(Z) < PSL2(R) = Iso+(H2).

H2/PSL2(Z) is the modular surface, a sphere with three cone
points with angles {2π

2 ,
2π
3 ,

2π
∞ }.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Examples

Example: 2-dim
A = M2(Q), A⊗Q R = M2(R).

O = M2(Z), O1 = πφ(O1) = SL2(Z) < SL2(R).

Pπφ(O1) = PSL2(Z) < PSL2(R) = Iso+(H2).

H2/PSL2(Z) is the modular surface, a sphere with three cone
points with angles {2π

2 ,
2π
3 ,

2π
∞ }.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

Examples

Example: 3-dim cusped cases

K = Q(
√
−d), d ∈ Z+ is square-free.

RK =

{
Z{1,

√
−d},−d 6= 1 mod 4

Z{1, 1+
√
−d

2 }, −d ≡ 1 mod 4

A = M2(K ), A⊗Q R = M2(C). O = M2(RK ).

πφ(O1) = SL2(RK ) < SL2(C). PSL2(C) = Iso+(H3).

H3/PSL2(RQ(
√
−3)) is commensurable to the "figure eight knot".

H3/PSL2(RQ(
√
−1)) is commensurable to the Whitehead link.
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Examples

Example: Weeks’ manifold
Let M be the {(5,−1), (5,−2)} surgery on the Whitehead link.

M is an orientable closed hyperbolic 3-manifold with the
smallest volume among all orientable closed hyperbolic
3-manifolds (Gabai-Meyerhoff-Milley, 2009).

M is arithmetic with K = Q[x ]/(x3 − x2 + 1), and A = AK with
Ram(A) = {the only one real place, p}, p is the unique prime
ideal in RK with 5RK = p3.

Theorem: Maclachlan-Reid’s Book
There is a one-to-one correspondences between
commensurable classes of arithmetic hyperbolic 3-orbifolds and
quaternion algebras over number fields with the necessary
conditions.
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Higher dim

Theorem (H. C. Wang, 1972)
For any simple Lie group, not locally isomorphic to SL2(R) and
SL2(C), contains only finitely many conjugacy classes of
discrete subgroups of bounded covolume.

Theorem (Gromov, 1981)
LHn (x) be the number of Not Necessary Arithmetic hyperbolic
n-manifolds without boundary, n ≥ 4, then

LHn (x) < xeeen+x

for x large enough.

Theorem, Burger-Gelander-Lubotzky-Mozes, 2002)
For n ≥ 4, there are 0 < a < b depends on n, such that

xax < LHn (x) < xbx .
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Volume formula and finiteness of Arith hyper 3-mfd

There are infinitely many orbifolds of bounded volume with H2

and H3 geometry (Teichmüller space and Thurston’s Hyperbolic
Dehn Surgery Theory).

So in these geometries, we must add the arithmetic condition.

Theorem, Maclachlan-Reid’s Book

A = AK , O1 be a maximal order in A, M = H3/Pπφ(O1) has
volume

|∆(K )|
3
2 ζK (2)

∏
p|∆(A)(N(p)− 1)

(4π2)|K :Q|−1 .

Theorem (Borel, 1981)
Let ALH3(x) be the number of arithmetic lattices in PSL(2,C)
with covolume at most x , then ALH3(x) is finite for any x ∈ R+.
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Volume formula and finiteness of Arith hyper 3-mfd

Theorem (Belolipetsky-Gelander-Lubotzky-Shalev, 2010)
In two dim:

lim
x→∞

log ALH2(x)

x log x
=

1
2π
.

In three dim, there are two constants 0 < c1 < c2, such that

c1 < lim
x→∞

log ALH3(x)

x log x
< c2.

Conjecture (Belolipetsky-Gelander-Lubotzky-Shalev, 2010)
There is a constant c, such that

lim
x→∞

log ALH3(x)

x log x
= c.
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Distribution of Max lattices with a fixed trace field K

Theorem (Ma, 2015)
Let MALK (x) be the number of maximal arithmetic lattices in
PSL(2,C) with covolume at most x and with invariant trace field
K , then

1
2
ρK x
ζK (2)

+
x

1
2|K :Q|

cK log x
< MALK (x) < cK x3 log2 x

for x large enough, where ρK is the residue of the Zeta function
ζK (x) of K at 1.
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The proof of the distribution

Definition
The type number t(A) of A = AK in the number of conjugate
classes of maximal orders in A.

The type number is uniformly bounded for any A = AK over K .

Definition
Eichler order E in A = AK : intersection of two maximal orders
O1 ∩ O2.
Level of E is an ideal qn1

1 qn2
2 · · · q

nm
m in RK .
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The proof of the distribution

Fix a maximal order O in its conjugate class.

For A with Ramf (A) = {p1, p2, · · · ps}, take {q1, q2, · · · qm} ⊂ PK
disjoint from {p1, p2, · · · ps}, there is an Eichler order E with level
q1q2 · · · qm.

Lemma, Maclachlan-Reid’s Book
Pπφ(N (E)) is a lattices in PSL2(C) with covolume

|∆(K )|
3
2 ζK (2)

(4π2)|K :Q|−1

∏m
j=1(N(qj) + 1)

2m′

∏s
i=1(N(pi)− 1)

[R∗f ,∞ : (R∗f )2][2J1 : J2]

for some 0 ≤ m′ ≤ m.

Lemma, Maclachlan-Reid’s Book
All maximal lattices are the form of Pπφ(N (E)) for an Eichler
order E with square-free level for some conjugate class of
maximal order O.
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Remark
Not every Pπφ(N (E)) is a maximal lattice, the condition is on
the valuations of K by {p1, p2, · · · ps}, {q1, q2, · · · qm}.

Outline the proof of the distribution of max lattices
The upper bound: we count the set of disjoint prime ideals
{p1, p2, · · · ps}, {q1, q2, · · · qm} of RK such that the normalized
norm is bounded above.

The lower bound:we choose a set of disjoint prime ideals
{p1, p2, · · · ps}, {q1, q2, · · · qm} of RK such that the valuations are
"independently" in some way, this implies the Eichler order with
level q1q2 · · · qm in the algebra A with Ramf (A) = {p1, p2, · · · ps}
gives a maximal lattice, and then counting.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

The proof of the distribution

Remark
Not every Pπφ(N (E)) is a maximal lattice, the condition is on
the valuations of K by {p1, p2, · · · ps}, {q1, q2, · · · qm}.

Outline the proof of the distribution of max lattices
The upper bound: we count the set of disjoint prime ideals
{p1, p2, · · · ps}, {q1, q2, · · · qm} of RK such that the normalized
norm is bounded above.

The lower bound:we choose a set of disjoint prime ideals
{p1, p2, · · · ps}, {q1, q2, · · · qm} of RK such that the valuations are
"independently" in some way, this implies the Eichler order with
level q1q2 · · · qm in the algebra A with Ramf (A) = {p1, p2, · · · ps}
gives a maximal lattice, and then counting.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

The proof of the distribution

Remark
Not every Pπφ(N (E)) is a maximal lattice, the condition is on
the valuations of K by {p1, p2, · · · ps}, {q1, q2, · · · qm}.

Outline the proof of the distribution of max lattices
The upper bound: we count the set of disjoint prime ideals
{p1, p2, · · · ps}, {q1, q2, · · · qm} of RK such that the normalized
norm is bounded above.

The lower bound:we choose a set of disjoint prime ideals
{p1, p2, · · · ps}, {q1, q2, · · · qm} of RK such that the valuations are
"independently" in some way, this implies the Eichler order with
level q1q2 · · · qm in the algebra A with Ramf (A) = {p1, p2, · · · ps}
gives a maximal lattice, and then counting.



Distribution of primes Quaternion algebra Arithmetic hyperbolic 3-manifolds Maximal arithmetic hyperbolic 3-manifolds

The proof of the distribution

Thanks for listening!
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