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Braid group

B, = (o1,...,0n_1) — the braid group.

oioiy10; = 0ojy100i41 for i=1,2,...,n—2,
gj0j = 00 for |i—j‘22.
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Knots and links

A knot St — §3
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The connection between braids and knots
Alexander’s theorem. Given a link L then
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The connection between braids and knots
Alexander’s theorem. Given a link L then

BB, L=7.

Puc.: The trefoil T = ;?



Markov’s theorem. Given braids 31, 8> € B, then

~ ~ M1,M2
f1= P2 = B —— B2
M1 B« aifo;? i=1,2,...,n—2,

M2 B¢ Boxt B € By, ot € Bny1.



Group of the link

G(L) = m(SP\N(L)).



Group of the link

G(L) = mi(S*\N(L)).

"Braid method". Given L = f3

G(L)=(xa,.oxn || a(B)(x) = xi, 1 =1,2,...,n),

where ¢a : B, — Aut(F,) — the Artin representation

-1
Xj = XiXi+1X;
pa(oi) 1 4 Xi1 > X,

Xj X, jF#Ii+1



Virtual braid group

VB, = (Bn,Sp) = (01, -.,0n-1,p1,-- -, Pn—1) — the virtual braid group.

| 0i0j4+10; = 0410041 for i:1,2,...,n—2,
U,‘O’j = O'J'U,' for ‘I'—_j|22.



Virtual braid group

VB, = (Bn,Sp) = (01,...,0n-1,p1,--.,Pn—1) — the virtual braid group.
I{ 0i0i+10]

0i410i0j4+1 for i = 1,2,...,”—2,

oi0j = 0j0; for ‘I'—_j|22.
pipiy1pi = pivipipiyr for i=1,2,....n—2,
I pipj = Pjpi for |i—jl>2,
2

p; = 1 for i=1,2,....,.n—2.



Virtual braid group

VB, = (Bn,Sp) = (01,...,0n-1,p1,--.,Pn—1) — the virtual braid group.

| 0i0j4+10] 0i410i0j4+1 for i:1,2,...,n—2,
oi0j = 0j0; for ‘I'—_j|22.
PiPi+1Pi = Pi+1PiPi+1 for = 1,2, RN (N 2,
I pipj = Pipi for |i—jl>2,
p? =1 for i=1,2,...,n—2.
”/{ pipi+10i = oip1pipiyr for i=1,2,...,n—2,
gipj = PpPjoj for |i—j’22.



Virtual braid group

VB, = (Bn,Sp) = (01,...,0n-1,p1,--.,Pn—1) — the virtual braid group.

| 0i0j4+10] 0i410i0j4+1 for i:1,2,...,n—2,
oi0j = 0j0; for ‘I'—_j|22.
PiPi+1Pi = Pi+1PiPi+1 for = 1,2, RN (N 2,
I pipj = Pipi for |i—jl>2,
p? =1 for i=1,2,...,n—2.
”/{ pipi+10i = oip1pipiyr for i=1,2,...,n—2,
gipj = PpPjoj for |i—j’22.
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Bardakov, Bellingeri; Manturov

Y VB, — Aut(Fpt1), Frns1 = (X1,.-., Xn, ).

¢|B,, = PA-
Xij — XiXi+1X,-_1, Xi > yXip1y
—1
N ) Xigl X, N, ) Xigrr Y XY,
VO n s A1 YO i,
ye=y. y—=y.



G(LV) = <X1, ..

Group of the virtual link

Let L, = By, By € VB,

5 Xny Y H ¢(/8V)(XI) = Xi, I = ]-727"'



Group of the virtual link

Let L, = By, By € VB,

G(Ly) = (x1,...,xn,y || ¥(B)(x:) =xi, i=1,2,...
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Group of the virtual link

Let L, = f3,, By € VBp,
G(Ly) = (x1,...,xnm,y || ¥(Bv)(xi) =xi, i =1,2,...,n).

—

Example: The virtual trefoil T, = 0%p;

G(T.) = G(03pm) = Ga 0,y [[¥(o3om)(x) = x1, Y(o301)(x2) = o).



Wada representations
wy, wo, ws : B, — Aut(Fp).

Xi = X[ Xjp1%:
wi (o) 1 Q4 Xit1 — X,
xj = xj, for j #i,i+1,
reZ,r#0.
Note for r = 1 this is the Artin representation.

1
Xj — XiX; 1 Xis
wo(0i) 1 Xip1 — Xi,
xj = xj, for j #i,i+1.

2
Xj = Xi Xi+1,

. -1 -1
W3(Ui) . Xi41 = X; 1% Xit1,
+ . . .
xj — xj, for j #i,i+1.



Wada representations

wi, wo, w3 : B, — Aut(Fp).



Wada representations
wi, wo, w3 : B, — Aut(Fp).
We construct the mappings
Wy : VB, — Aut(Fnt1), k=1,2,3,
Wklg, = wk.
Xi = yxip1y

Wi(pi) - S Xig1 — ¥y Ixiy,
xj — xj, for j #i,i+1.



Wada representations
wi, wo, w3 : B, — Aut(Fp).
We construct the mappings
Wy : VB, — Aut(Fn+1), k=1,2,3,
Wk|Bn = Wk.
X = yxip1y Th
Wi(pi) : § Xit1 — ¥y 1xiy,
xj — xj, for j #i,i+1.

Proposition. Constructed mappings W), k = 1,2, 3, are representations
of VB, — AutF,.1.



Let L, = B:7 Bv € VB, k = 1,2,3,
Gr(Ly) = (x1, -y Xy || W(By)(xi) = xi, i =1,2,...,n).



Let L, = B:7 6v € VB, k = 1,2,3,
Gr(Ly) = (x1, -y Xy || W(By)(xi) = xi, i =1,2,...,n).

Theorem. Groups Gi(L,) are invariants of the virtual link L,, k = 1,2, 3.



Markov Theorem for virtuals
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Markov Theorem for virtuals

Theorem(Kauffman, Lambropoulou). Given braids 1,5, € VB,

then K1,K2,K3,K4
B =B = ) ————

f2

K1) Virtual and real conjugation: pifBypx ~ By ~ akﬁvaljl,

K2) Right virtual and real stabilization: ~ 8,p, ~ B, ~ Byo 1,

K3) Algebraic right over/under threading: 3, ~ 3,0 p, 1071,
)

K4) Algebraic left over/under threading:

1 +1
By ~ 6vpnpn—lU,T,1PnUn,1pn—1pn7

rae Bv, pk, 0k € VBrok=1,...,n—1,a pp,0, € VBpy1.



wi, wa, ws @ B, — Aut(Fp).



wi, wo, w3 : B, — Aut(Fp).

]
Wi, Wo, W3 : VB, — Aut(Fn+1) [Proposition.]



wi, wo, w3 : B, — Aut(Fp).

)
Wi, Wo, W3 : VB, — AUt(F,H_l) [Proposition.]

i)
Let L, =By, B, € VB, k=1,2,3,

G(Ly) = (x1, .-y xmy || Wi(By)(xi) =xi, i =1,2,...,n).



wi, wo, w3 : B, — Aut(Fp).

)
Wi, Wo, W3 : VB, — AUt(F,H_l) [Proposition.]

i)
Let L, =By, B, € VB, k=1,2,3,

G(Ly) = (x1, .-y xmy || Wi(By)(xi) =xi, i =1,2,...,n).

u

Theorem. Groups Gi(L,),k = 1,2,3, are invariants of the virtual
link L,.
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