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Braid group

Bn = 〈σ1, . . . , σn−1〉 – the braid group.

σiσi+1σi = σi+1σiσi+1 for i = 1, 2, . . . , n − 2,
σiσj = σjσi for |i − j | ≥ 2.

σiσ
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i = 1

Example: (σ2σ
−1
1 )n
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Knots and links

A knot S1 −→ S3

An n-component link S1 × . . .× S1︸ ︷︷ ︸
n

−→ S3
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The connection between braids and knots
Alexander’s theorem. Given a link L then

∃β ∈ Bn : L = β̂.

Рис.: The trefoil T = σ̂3
1
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Markov’s theorem. Given braids β1, β2 ∈ Bn then

β̂1 = β̂2 ⇐⇒ β1
M1,M2−−−−→ β2

M1 β ↔ σiβσ
−1
i i = 1, 2, . . . , n − 2, (1)

M2 β ↔ βσ±1
n β ∈ Bn, βσ

±1
n ∈ Bn+1. (2)



Group of the link

G (L) = π1(S3\N(L)).

"Braid method". Given L = β̂

G (L) = 〈x1, . . . , xn ‖ ϕA(β)(xi ) = xi , i = 1, 2, . . . , n〉,

where ϕA : Bn −→ Aut(Fn) – the Artin representation

ϕA(σi ) :


xi 7→ xixi+1x−1

i ,
xi+1 7→ xi ,
xj 7→ xj , j 6= i , i + 1.
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Virtual braid group

VBn = 〈Bn, Sn〉 = 〈σ1, . . . , σn−1, ρ1, . . . , ρn−1〉 – the virtual braid group.

I
{
σiσi+1σi = σi+1σiσi+1 for i = 1, 2, . . . , n − 2,

σiσj = σjσi for |i − j | ≥ 2.

II


ρiρi+1ρi = ρi+1ρiρi+1 for i = 1, 2, . . . , n − 2,

ρiρj = ρjρi for |i − j | ≥ 2,
ρ2
i = 1 for i = 1, 2, ..., n − 2.

III
{
ρiρi+1σi = σi+1ρiρi+1 for i = 1, 2, . . . , n − 2,

σiρj = ρjσi for |i − j | ≥ 2.

Рис.: ρi
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Bardakov, Bellingeri; Manturov

ψ : VBn −→ Aut(Fn+1), Fn+1 = 〈x1, . . . , xn, y〉.

ψ|Bn
= ϕA.

ψ(σi ) :


xi 7→ xixi+1x−1

i ,
xi+1 7→ xi ,
xj 7→ xj , j 6= i , i + 1,
y 7→ y .

ψ(ρi ) :


xi 7→ yxi+1y−1,
xi+1 7→ y−1xiy ,
xj 7→ xj , j 6= i , i + 1,
y 7→ y .
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Group of the virtual link

Let Lv = β̂v , βv ∈ VBn,

G (Lv ) = 〈x1, . . . , xn, y ‖ ψ(βv )(xi ) = xi , i = 1, 2, . . . , n〉.

Example: The virtual trefoil Tv = σ̂2
1ρ1

G (Tv ) = G (σ̂2
1ρ1) = 〈x1, x2, y ‖ ψ(σ2

1ρ1)(x1) = x1, ψ(σ
2
1ρ1)(x2) = x2〉.
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Wada representations

w r
1 ,w2,w3 : Bn −→ Aut(Fn).

w r
1(σi ) :


xi → x r

i xi+1x−r
i ,

xi+1 → xi ,
xj → xj , for j 6= i , i + 1,

r ∈ Z, r 6= 0.
Note for r = 1 this is the Artin representation.

w2(σi ) :


xi → xix−1

i+1xi ,

xi+1 → xi ,
xj → xj , for j 6= i , i + 1.

w3(σi ) :


xi → x2

i xi+1,

xi+1 → x−1
i+1x

−1
i xi+1,

xj → xj , for j 6= i , i + 1.



Wada representations

w1,w2,w3 : Bn −→ Aut(Fn).

We construct the mappings

Wk : VBn −→ Aut(Fn+1), k = 1, 2, 3,

Wk |Bn
= wk .

Wk(ρi ) :


xi 7→ yxi+1y−1,
xi+1 7→ y−1xiy ,
xj 7→ xj , for j 6= i , i + 1.

Proposition. Constructed mappings Wk , k = 1, 2, 3, are representations
of VBn −→ AutFn+1.
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Let Lv = β̂v , βv ∈ VBn, k = 1, 2, 3,

Gk(Lv ) = 〈x1, . . . , xn, y ‖ Wk(βv )(xi ) = xi , i = 1, 2, . . . , n〉.

Theorem. Groups Gk(Lv ) are invariants of the virtual link Lv , k = 1, 2, 3.
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Markov Theorem for virtuals

Theorem(Kauffman, Lambropoulou). Given braids β1, β2 ∈ VBn
then

β̂1 = β̂2 ⇐⇒ β1
K1,K2,K3,K4−−−−−−−−→ β2

K1) Virtual and real conjugation: ρkβvρk ∼ βv ∼ σkβvσ
−1
k ,

K2) Right virtual and real stabilization: βvρn ∼ βv ∼ βvσ
±1
n ,

K3) Algebraic right over/under threading: βv ∼ βvσ
±1
n ρn−1σ

∓1
n ,

K4) Algebraic left over/under threading:

βv ∼ βvρnρn−1σ
∓1
n−1ρnσ

±1
n−1ρn−1ρn,

где βv , ρk , σk ∈ VBn, k = 1, . . . , n − 1, а ρn, σn ∈ VBn+1.
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w1,w2,w3 : Bn −→ Aut(Fn).

�

W1,W2,W3 : VBn −→ Aut(Fn+1) [Proposition.]

�

Let Lv = β̂v , βv ∈ VBn, k = 1, 2, 3,

Gk(Lv ) = 〈x1, . . . , xn, y ‖ Wk(βv )(xi ) = xi , i = 1, 2, . . . , n〉.

�

Theorem. Groups Gk(Lv ), k = 1, 2, 3, are invariants of the virtual

link Lv .
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