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PACCJIOEHNA HA JNCKN HA/ SAMKHYTBIMN
OPUEHTUPYEMBIMU ITOBEPXHOCTAMN, JOIIYCKAIOIIINE
KOMIIJIEKCHYIO NJIN JENCTBUTEJIBHYIO
I'MIIEPBOJINMYECKYIO I'EOMETPUIO

CAIITA AHAHBIH

BeposiTHo, Hanbosiee TpocThIMI HETPUBUATHHBIMEU 4-MHOTO0OpaszusyMu M sBJISIOTCS pacc/ioe-
HUsI Ha, JTICKW HAJT OPUEHTUPYEMbBIMI 3aMKHY THIMU [TOBEPXHOCTSIMU. Tomostorntieckn (= riiaJiko)
TakKue MHOTOOOPa3us MOJTHOCTHIO XapaKTEePU3YIOTCA JBYMsl TUCIaMU: DIIEPOBOil XapaKTepH-
crukoit xX 6asbl X paccioennss M u quciaom Ditepa (= anrebpamdeckoe UHCIO MepecedeHuit
nByx cedenuit) eM paccioerus M.

B cimyvae KoMIIEKCHO TUTepOOINIecKOil TeOMeTPUN, MOYKHO ITOCTPOUTH MHOTO TaKUX IPU-
MEpOB IIPU TTOMOIIHK ‘CTPOUTEIBHBIX OJIOKOB' — TPaHCBEPCAJILHBIX TPEYTOJHLHUKOB OUCEKTOPOB.
OTu GJIOKM PacC/IOeHbl Ha JUCKHU M, B HEKOTOPOM CMBICJIe, 00J1a/1al0T JIPOOHBIMU YUCTIAME ii-
Jepa. B gacTtHOCTH, 9TUM CIIOCOOOM IOJIYYaeTCs TPUBUAJILHOE PACCJIOCHHE, UTO PEIIaeT OIHY
cTapyo mpoodJsemy.

B caydae peiicTBuTe/IbHON THIIEPOOIMIECKON T€OMETPUN, TTOXOXKHUE UJIEH TO3BOJISIOT JIETKO
OCTPONTH U3BeCTHBIN puMep Feng Luo. DToT npumep 1aéT MakcuMabHOE HA CETOIHATTHUN
MoMeHT 3Hauenue |eM /x| = % [TonsTre MuHUMAILHOTO rpada MHOTO0Opa3us MO-BUIUMOMY
MPUBEJIET K JIYUIIUM IPUMEPAM.

UNIVERSIDADE ESTADUAL DE CAMPINAS, KAMIIMHAC, 777 OYTOBBIM UHJEKC, BPA3UINA
E-mail address: ananin_sasha@yahoo.com



RATIONAL TRIGONOMETRY OF A TETRAHEDRON

NORMAN WILDBERGER

This talk will outline a new approach to the trigonometry of a general tetrahedron in Eu-
clidean space, by combining the main formulas of planar affine rational trigonometry ([5]) and
planar projective trigonometry ([4]) (which is the basis for Universal Hyperbolic Geometry
([1],[2],13])).

The main metrical notions in the affine case are quadrance between two points, spread
between two lines or two planes, quadreas of triangular faces, the solid spread made by a tripod
of three concurrent lines in three dimensional space, and the quadrume of the tetrahedron itself.
These notions will be here reviewed.

Suppose we have a symmetric bilinear form v - w = vMw? between (row) vectors v and w,
for a symmetric non-degenerate matrix M, in a vector space over a field, which may be taken
to be the rational numbers, or even a finite field. The quadrance of the vector v is the number

Q) =wv-w.
The spread between the vectors v and w is the number
(v-w)’
s(vyw)=1— ————.
=G w)

If P and R are two planes with normal vectors p and r respectively, then the spread S (P, R)
between the planes is
S(P,R)=s(p,r).
If a triangle has side vectors v, w and u (so that say v+w+wu = 0) with respective quadrances
Q., Q. and @, then the quadrea of the triangle is the number

A= (Qu+Qu+Qu)’ —2(Q2+ Q%+ Q1)
= 4Q,Qu — (Qv + Qu — Qu)”.

In Euclidean geometry A is 16 times the square of the area of the triangle, this is a rational
form of Heron’s formula.

If v, w and u are three row vectors which are the directions of three concurrent lines forming
a tripod, then the solid spread S of the tripod (also called a projective triangle) is

v
det? | u
w

S =

Q) Q(u)Q(w)

So altogether a general tetrahedron has 6 edge quadrances (one for each edge), 12 face spreads
(three for each face), 6 dihedral edge spreads (between faces which meet at an edge), 4 solid
spreads (one at each vertex) and one quadrume V), a multiple of the square of the volume.

Our aim is to introduce some of the many relations between these numbers. Some of these are
obvious analogs of classical formulae known for some time, such as the formula for the volume of
a tetrahedron in terms of the edge quadrances, going back to Tartaglia. Others of the formulas
will perhaps not be so familiar! We will motivate our discussion by simple tetrahedra that can
be constructed with the popular construction set Zome.
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FIGURE 1. A Zome tetrahedron associated to the dodecahedron

It is of course interesting to contemplate the extension of such formulae to the spherical or
hyperbolic cases.
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FEOMETPIIA BEKTOPHBIX IIOJIEM 1 PETVJ/ISIPHOCTD PEI:T_IEHI/Ifl
HEJIMHEVIHBIX CYBJIJINIITUNYECKNX YPABHEHUU

CEPT'El1 BOJOIIbSTHOB

[Iycts X1, Xo, ..., X, — C'-rmajxue BeKTOpPHDIC IO KJIAcCa, ONpe/Ie/eHHbIe B HEKOTOPOit
okpectrocTn U eBkamosa mpoctpanctsa RY, n < N. lleab JeKIUW COCTOUT B TOM, UTOOBI
[IOKa3aTh yCJIOBHUsS HA BEKTOPHBIE IT0JIsI, IIPU BBIIIOJHEHUN KOTOPBIX PENIeHUs yPaBHEHUs BHUIA

(1) —div, (Vo[ 2Vov) =0, 1<p < o0,

(n1 HEKOTOPBIX €ro 06OOIIEeHUT) UMEIOT Ope/ieJieHHbIe CBOficTBa peryisapaocTu (1] (ycaosue
[Fénbaepa u jip.). KoHnenryajibHo JaHHble BEKTOPHBIE TIOJIS JIOJZKHBI BKJIIOYATHCA B CUCTEMY
Cl-rnankux Bekropubix noseit X, Xo, ..., X,,..., Xy, 3aJaI0MUX JOKAJILHO CTPYKTYPY MHO-
roobpasus Kapwo.

Bonee ob1mio, caznoe N-mepHoe Tyajkoe MHoroobpasme M HasbIBaeTCS NpocmparHcmeom
Kapro — Kapameodopu, ecimn B KacaTeabHoM pacciaoennu 1M 3amaHa GUIbTpaIms

HM=HMC - CHMC - C HyM=TM

OJIPACCIOCHUSIMU TAKUMHE, 9TO B OKpecTHOCTH Kaxk 1ot Touku U(g) C M Haiigercst cemeiicTBo

Cl-rnanknx BeKTOPHLIX Hojeit X1, ..., Xy, Y/IOBICTBOPSIONHX CACIYIONIIM JIBYM CBOHCTBAM:
(1) ma kaxxzgoro v € U mmeem mognpocrpanctso H;M(v) = span{Xi(v), ..., Xaimm, (v)} C
T, M nocrosinnoit pazmeproctu dim H;, i = 1,..., M;

(2) [HZ,HJ] - Hz'-i—j; Z,j = ].,...,M— 1,

Ecau, kpome TOro, BLIIOJIHSIETCS YCJIOBUE ‘

(3) Hj+1 = Span{Hja [Hla HJ]7 [H27 Hj—l]a SRR [Hkn Hj+1—k]}7 rue k= L%J? j = 17 s 7M_ 17
upocrpancTrso Kapuo — Kapareonopu nasbiBaercs mno2000pasuem Kapro.

BynyT pacckasaHbl HEKOTOpBIE pe3yibTaThl paboT [2-6|, KoTopble 06GecrednBaOT peryJisip-
HOCTB pelieHuii ypaBHeHus (1) 1 HEKOTOPBIX ero 000OIIeHHI.
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I'oJiIOMOP®HBIE PACCJIOEHUA N INOPEPEHIINAJIbBHBIE
YPABHEHUYA HA COEPE PUIMAHA

NJIbd BBIOT'MTH

PaccmarpuBatoTes JiBe 3a/1a9u aHAJTUTHIECKON Teopun inddepeHima bubIX ypapaeruii. [lep-
Basi — 3aJja1da BOCCTAHOBJIEHUS CUCTEMbI JIMHEHHBIX JuddepeHnnaabHbIX ypaBHEeHN

(1) y =B(z)y, y(z)eC"

10 ee JIAHHBIM MOHOJIDOMUM, XapaKTEePU3YIOIIUM BeTBJIEHUE pelrenuii cucreMbl. Hanbosee nz-
BECTHBIN YACTHBIN CJIydail 9TOi 3a/a49u, Korjga TpeOyeTcs MOCTPOUTh (PYKCOBY CHCTEMY

(2) yl = Z > ?Z‘a. Y, Z B; = )

i=1

pelreHust KOTopoit 00/1aIai0T 38 aHHON MOHOIPOUeit, Ha3biBaeTcs mpobiemoit Pumana—I nisbepra.
O61uit orpunare/ibHbIN 0OTBET B 9T0i 3aja4de 6611 JaH B 1989 roay A.A. Bosmbpyxom, Torma
BO3HHUK BOIIPOC O MOCTPOEHUH JOCTATOIHBIX YCJIOBUN IMOJIOKUTE/HHON Pa3peniuMOCTH JTaHHON
npobsremsl. B paborax A.A. Bonmbpyxa 1] n qokagauka [2] 6611 moCTpOEH KPUTEPHIt TOI0KU-
TEJILHOW Pa3penimMOCTH aHAJIOTUIHON 33891, c(DOPMYTUPOBAHHON B O0JIee y3KOM KJIacCe CH-
creMm (2) ¢ HEIPUBOIMMBIM HAOOPOM MATPHI-BBIUETOB By, . . ., B,,. B nokinaze 6ymer pacckasano
00 9TOM M HEKOTODBIX JPYTUX PE3YIbTaTax, MOJYIEHHBIX ¢ TIOMOIIBIO TEXHUKNA TOJJOMOPMHBIX
BEKTOPHBIX PACCIOCHUI CO CBA3HOCTHIO, 00OPA3yoONnuX CTAOMIHHYIO Tapy.

Bropas 3ajaua — 3aJada mocTpoeHus ceMeiicTBa cucteM (1), 3aBHUCSIIErO OT HEKOTOPOIO
Habopa mapaMeTrpoB, UMEIOIINX IIPH 9TOM OJMHAKOBOE BeTBJIeHMe. Takoe ceMeiicTBO HA3bIBAET-
cs1 m30MOHOIpoMHOIT jtecbopmanmeit cucrembr (1). K takmm 3agadam CBOJAATCS HEKOTOPBIE U3-
BECTHBIE HEeJIMHEHbIe ypaBHEHNsd, B YacTHOCTH ypaBHenud [lennese. /Is mrectoro ypaBHeHUs
Ilensese

(3) dQ_w—l i_|_ 1 + 1 d_w 2_ 14_#4_; d_w_|_
a2 2\w w—-1 w-—t dt t t—1 w—t) dt

w(w —1)(w —t) t t—1 t(t—1)
ERE e (“*ﬁuﬂ BT +‘5<w—t>2)

IIOJIyY€eH CJIeIYIONNil pe3yJibTar.

Teopema.
Pemtennst ypaBaernst (3) MpeacTaBIsioTcss B OKPECTHOCTH 0coboii Toukn t = (0 B OHOM u3
JIBYX BHJIOB:

w(t) = P(t, ) t7),
uJjin
w(t) = Q(t,Int,In""¢t),

rye P(xq, 9, x3) 1 Q(x1, X9, T3) — CTENEHHBIE PSJIBI 1T0 IIEDEMEHHBIM 1, Tg, T3, & A — HEKOTOPOE
KOMILITCKCHOE 9HC/IO.

Pabora Bemosaena mpu mojiep:kke rpaata PODPU 11-01-00339 u rpanta dbonga Caiimonca 3a 2012 rog.
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COMBINATORIAL REALISATION OF CYCLES AND SIMPLICIAL
VOLUME

ALEXANDER GAIFULLIN

The following problem on realisation of cycles was posed by Steenrod in 1940s. Given a
homology class z € H,(X,Z) of a topological space X, does there exist an oriented closed
smooth manifold M™ and a continuous mapping f : M™ — X such that f,[M"] = 27 If the
answer is “yes”, z is said to be realisable. In 1954, Thom found a non-realisable 7-dimensional
class and proved that for every n, there is a positive integer k(n) such that the class k(n)z is
always realisable.

We consider the following explicit version of Steenrod’s problem. Given a singular cycle Z
representing a homology class z € H,(X,Z), can we construct explicitly a manifold M"™ and
a mapping f : M™ — X such that f,[M"] = kz for a non-zero integer k7 Such explicit
construction was proposed by the author [1]. It is based on the explicit procedure for resolving
singularities of the singular cycle Z. This construction has several applications.

First, for every n, it allows us to find a manifold M™ that has the following universality
property (see [2]-[4]):

Universal Realisation of Cycles (URC) property. For any X and any z € H,(X,Z),
a multiple of z can be realised by an image of some non-ramified finite-sheeted covering of M™.

This manifold M™ is a so-called small cover of the permutahedron, i.e., a manifold glued
in a special way of 2" permutahedra. (The permutahedron is a special convex polytope with
(n + 1)! vertices.) Further, among small covers over other simple polytopes, we find a broad
class of examples of URC-manifolds, i. e., manifolds that have URC-property. In particular, in
dimension 4, we find a hyperbolic URC-manifold, thus proving a conjecture of Kotschick and
Loh claiming that a multiple of any homology class can be realised by an image of a hyperbolic
manifold.

Second application is to the theory of simplicial volume. Recall that the simplicial semi-
norm on the homology of a topological space X is defined in the following way. Denote by
C(X,R) the n-dimensional singular simplicial chain group of X with real coefficients. For each
chain Z = Y a,0;, where a; € R and o; are singular simplices, the ¢!-norm of it is equal to

1Z]l = leul-

The simplicial semi-norm of a homology class z € H,(X,R) is given by
Izllx = inf [|Z]]1,

where the infimum is taken over all singular cycles Z representing the homology class z. The
simplicial semi-norm of the fundamental class [M"] of an oriented closed manifold M" is called
the simplicial volume (or the Gromov norm) of M™, and is denoted by || M"||.

It is well-known that in dimension 2 the simplicial semi-norm can be equivalently defined in
the following way. For a homology class z € Hy(X, Z),

ol = inf { | £.152) = k=]

where Sg is an oriented surface of genus g.
A natural question is whether it is possible to obtain a similar description of the simplicial
semi-norm in an arbitrary dimension n. We have the following result towards this question.

The work was partially supported by RFBR (projects 12-01-31444, 12-01-92104), by a grant of the President
of Russian Federation (project MD-4458.2012.1), by a grant of the Government of the Russian Federation

(project 2010-220-01-077), and by Dmitri Zimin’s “Dynasty” foundation.
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2 ALEXANDER GAIFULLIN

For each URC-manifold M", we define the corresponding semi-norm || - ||a/» on homology in
the following way. For any X and z € H,(X,Z), we put
r
k|’
where the infimum is taken over all mappings f: M" — X such that M™ is an r-sheeted
covering of M™ and f,[M"] = kz, k # 0.

Theorem ([5]) For each URC-manifold M", there exist positive constants c¢;(M"™) and
co(M™) such that for any X and any z € H,(X,Z), we have

(M2l < [[zllam < ca(M™)]|2]]1-

|z||pn = inf

Indeed, one can take ¢;(M™) = || M™||~!. We do not know if ||z||am = ||[M"]| 7! ||z]|; for all 2.
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IIOJICYET IIEPECEYEHUI HOPMAJIBHBIX KPUBBLIX

VBAH JBIHHUKOB

¢ pacckazKy o0 OBICTPOM AJTOPUTME IIOJICIETA TUC/Ia IEPeCeIeHHiT JIBYX HOPMAJIbHBIX KPUBBIX
HA TIOBEPXHOCTH, HAXOIANIUXCA B HATSHYTOM TIOJIOYKEHUN, MCXO/s U3 UX HOPMAJIHHBIX KOOD/IH-
HAT 10 OTHOIIEHUIO K HEKOTOPOH TPUAHTY/IAINN. DTOT AJTOPUTM TIO3BOJIsIET paboTaTh ¢ IPYII-
aMU KJIACCOB OTOOParKEHUil MOBEPXHOCTEH ¢ OTMEYEHHBIMEI TOYKAME B OIIPEJIEICHHOM CMBICIE
6osee 3 PEKTUBHO, YeM TPHU UCHOJB30BAHUU JIIOOOH KOHEYHOI CHCTEMbI 00Pa3yIoIuX. IJTO
O3HAYaeT CJIeJIyIoIee.

C Kaxk10il KOHEUHOIT cucTeMoit 00pa3yIoIuX CBsI3aHa HOpMa — JIJIMHA KpaTdailliero cJIoBa,
[IPEJICTABJIAIONIEr0 JIeMEeHT. Bee 9Ti HOpMbBI S9KBUBAJIEHTHBI APYT APYTY. 7 ncmnoms3yto apyroit
c1roco0 TIPejICTaB/IEHNsT JIEMEHTOB, TP KOTOPOM HOPMa — JJTMHA 3AIMCA B 9TOM IPEJICTAB-
JIEHUU — OTPaHNWYeHa yMHOXKEHHOW Ha KOHCTAHTY JJIMHON CJI0Ba B (PMKCHPOBAHHON crCTeMe
00pa3yIoIMX, HO JJIMHA KPATUIANIIero cJioBa He OrpAHUYEHA MHOTOWIEHOM OT MOEH HOPMBI U
MOKET OBITh MO CPABHEHWIO C Hell SKCIIOHEHIMAJIBLHO OOJIBINON. DTO MPOUCXOJINT, HAIPUMED,
i 6osbinux creneneil ckpyunsanuit Isna. Tem ne menee, mpoOsiema paBeHCTBA JIJIsi MOErO
crioco0a IpeJICTaB/IeHs SJIEMEHTOB TIO-TIPEXKHEMY PEIIaeTCs 3a MOJIMHOMUATILHOE BPEMS.
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ISOSPECTRAL DEFORMATIONS OF PARTIAL DIFFERENTIAL
OPERATORS AND ALGEBRAIC VARIETIES

ALEXANDER ZHEGLOV

It is well known that isospectral deformations of ordinary differential operators are described
by the KP or KdV flows on Jacobians of algebraic curves.

For partial differential operators one can introduce a similar notion of isospectral deforma-
tions and then try to study the analysis and geometry connected with them. I will talk about
equations describing these deformations (analogues of KP or KdV equations) and geometric
properties of the corresponding geometric data (modified geometric data of Parshin) for some
examples of differential operators in two variables.

This talk is based on recent works [1], [2].
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O JUCKPETU3AIIN B PUMAHOBOII TEOMETPUN

Cepreii lIBanos

Jlst npubIMKEHHOTO pelteHnsl YpaBHeHU! Ha PUMAHOBBIX MHOTO00PA3USIX W CBSI3AHHBIX C
STHM OOpATHBIX 3aja4 TpebyeTcs JUCKpeTUu3alusd — IpUOIUKEeHHOE IIPeJCTaB/IeHne MHOT000-
pasus JUCKPETHBIM HAOOPOM JAHHBIX. TpaJulrOHHBINA MOAXO0] K 9TO# mpobeMe — HUCIOIb30-
BaTh TPUAHTY/ISAIHH MHONOOOPa3ud U M MOJUdIpAIbHbIe TPUOIUKEHUS PUMAHOBOM METPHUKH.
OH xopoIo padboTaeT B pa3sMepHOCTH 2, HO B CTapIIUX Pa3sMepPHOCTSAX BO3HHUKAIOIIHE TpeboBa-
HUsSI PAaBHOMEPHOI HEBBIPOKIEHHOCTH TPYIHO BBIIIOJHEMBI, OCOOEHHO B 0OpATHBIX 3aaadax. ¢l
pPacCKazKy O JIPYrOM HOJXOje: HPUO/JINZKEeHUN MHOr00Opas3ns KOHEYHBIMU METPUUYECKUMH MPO-
CTPaHCTBAMU B CMbIC/Ie paccToguud 1o ['pomoBy—Xaycaopdy. B gacTrocTu, g onurny ajaroput-
MUYI€CKU TTPOBEPSIeMbIil KPUTEPHIl TOTO, UTO JAUCKPETHOE MPOCTPAHCTBO OJIU3KO K HEKOTOPOMY
N-MEPHOMY PUMAHOBY MHOTOOOPA3MIO C JTAHHBIMU OTPAHUYEHUSIMU HA KPUBU3HY U PAJIUYC UHD-
eKTHBHOCTH.

Kpome Toro, mo aumckperusamui MHOTOOOpa3us B YKA3aHHOM CMBICJIE MOYXKHO IOCTPOUTD
JIMCKpeTH3aIuio oneparopa Jlamimaca—benbrpaMu, KoTopast mpeacTaBiseT cobOM TUCKPETHBII
JIAIIACKAH TOAXOISIIEr0 B3BelleHHoro rpada. as 3Toro aucKpeTHOTo JallIacuaHa yIAJI0Ch
JIOKA3aTh CXOJUMOCTH COOCTBEHHBIX 4YHCE/JT K COOCTBEHHBIM YHC/JAM HACTOSIIErO OLNEPaTopa
Jlamnaca-Besbrpamu, npudeM CXOAMMOCTH PABHOMEPHA 10 BCEM MHOr000pasmsM 1pu (huK-
CUPOBAHHBIX OTPAHUYEHUSX HA KPUBU3HY, JUAMETDP U PAJNYC HHHEKTUBHOCTH.

Pesyabrarsr nostydensl B (popoJizKaotieiics) copmectHoit pabore ¢ /1. Byparo n f. Kypsi-
JIEBBIM.

CAHKT-TIETEPBYPTCKOE OTAEJIEHUE MATEMATUYECKOTO MHCTUTYTA UM. B.A.CTEK/JI0BA PAH, C.-
IIETEPBYPT, 191023, ®OHTAHKA 27, Poccud
E-mail address: svivanov@pdmi.ras.ru

Nccnenosanus nonaepxanst rpanrom POOU 11-01-00302-a.
1



GEOMETRY OF SPACES OF RATIONAL FUNCTIONS

SERGEI LANDO

Meromorphic functions are holomorphic mappings of complex curves to the projective line.
Spaces of such functions on curves of given genus (Hurwitz spaces) are classical objects of
investigation. One of the simplest examples of such spaces is the space of rational functions
of degree 3 with simple poles considered up to rational changes of the domain variable. This
space can be identified with the space of functions

C

b
az + — + 1+d:(CP1—>(CP1 a,b,c#0,
z

z —

that is, with an open subset in the vector space C* with the coordinates a, b, c, d.

The last decades clarified the importance of Hurwitz spaces due to the fact that they are
first instances of spaces of mappings of complex curves to algebraic varieties, which, in their
own turn, are the main object of study in the theory of Gromov—Witten invariants.

Under the geometry of Hurwitz spaces we mean their cohomology properties and intersec-
tion theory on these spaces. The example above shows that Hurwitz spaces normally are
noncompact, which makes necessary constructing their appropriate compactifications. The
most well-known and widely used compactification, the one due to Harris and Mumford [2],
possesses a disadvantage that it is singular. Another compactification was constructed in [1].
Both compactifications take into account mappings of singular curves, but in the second case
only mappings to CP! are considered, while the Harris—-Mumford approach requires studying
mappings to singular curves as well. As is shown in [5], the second compactification consists of
stable maps, that is, maps whose automorphism group is finite.

Denote by ﬂgm the completed Hurwitz space of meromorphic functions on genus g curves
with n marked poles of order 1. The example above corresponds to the case ¢ = 0, n = 3,
and the Hurwitz space Hys is just C*. In order to obtain a compact space, one has only
to projectivize ﬁgm, that is, to consider non-zero meromorphic functions up to a non-zero
multiplicative constant.

Both the Hurwitz space ﬂg;n and its projectivization Pﬁgm are naturally fibered over the
moduli space Mgm of stable genus g complex curves with n marked points (the fibration is
obtained by associating the domain to a function). As a result, there is no hope to get a

complete description of the cohomology H*(H,.,) of the Hurwitz spaces, since the cohomology
H*(M,.,) is known to be extremely complicated.

Fortunately, there is also no need too. Information required to do practical computations
concerns the degrees of certain specific strata in a natural stratification of the Hurwitz spaces.
The stratification in question of the Hurwitz spaces consists of functions having specific singula-
rities. A generic function is a Morse function; it has singularities of type A, that is, z — 2% only.
In addition, the space PHg.3 contains the stratum of functions possessing the singularity Ay,
which is locally z — 23.

The simplest and important numerical characteristic of a singularity stratum is its degree
(the intersection index with the complementary power of the projectivization class O(1) €
H*(PH,.,)). The degrees of the strata coincide with the Hurwitz numbers thoroughly studied,
in particular, by A. D. Mednykh, see e.g. [6]. These numbers are essentially the Gromov—Witten
invariants of the projective line.

The main tool in the analysis of the geometry of the strata is the Thom—Kazaryan theory

of universal polynomials, which allows one to express cohomology classes of the singularity
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2 SERGEI LANDO

(and more general multi- and multimulti-singularity) strata in terms of few basic characteristic
classes. Namely, the following statement is valid.

Theorem. [3, 4] Any singularity (and multi- and multimulti-singularity) stratum in an ar-
bitrary generic family of meromorphic functions on algebraic curves having only isolated sin-
gularities admits a universal expression in terms of four basic characteristic classes, which are
relative Chern classes of the mappings of the family. The expression depends only on the
singularity type, but is independent of the family under consideration.

In particular, the universal formulas are applicable to more general Hurwitz spaces Pﬂg;mh,,,,mn
that consist of meromorphic functions with marked poles of orders mq,...,m,.

In order to convert this statement into a tool for explicit computation of the degrees of the
strata, that is, the Hurwitz numbers, one has to know not just the existence of the universal
formulas, but the formulas themselves. Up to now they can be deduced in few important cases.
In particular, the following statement is true.

Theorem (M. E. Kazaryan, S. K. Lando, 2012). The generating function for the universal
polynomials for the singularity strata in the presence of local singularities of types A,, only is
a solution to the KP hierarchy of partial differential equations.

The Kadomtsev—Petviashvily (KP) hierarchy is an important integrable system of partial
differential equations originating in mathematical physics. Knowing that certain generating
series is a solution to this hierarchy, provides recurrence relations for the coefficients of the series.
The last statement seems to indicate the first instance of a solution to KP with cohomology
coefficients.
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BUNAJITEBPBI I TPEXMEPHBIE MHOI'OOBPA3MA

CEPI'EIl MATBEEB, BJIAJIIMIP TAPKAEB

[Tox anrebpoii Mbl Oy/IeM TOHUMATDH JIMHEHOE TPOCTPAHCTBO A (HampuMep, HaJl moJieM Jeii-
CTBUTEJIbHBIX 1rces R), cHabKeHHOe acCOIUAaTUBHON orepanueii ymuoxkenns V: AQ A — A
U eJIMHUIEH, KOTOPYIO IIPUHSTO TIOHUMAaTh Kak JinHeiiHoe otobpazkenne 7: R — A (xors HacTO-
SIIIM €JIMHUIHBIM 9JIEMEHTOM aaredpbl siBsercs ssiement 1)(1) € A). Anamormdaso, Koasret-
pa — 9TO JIMHEHHOe MPOCTPAHCTBO A, CHAOXKEHHOE KOACCOIMATHBHON omeparmeil KOyMHOKEHUsT
A: A— AQ A u koequnnneii €: A — R. Tlousgrus anrebpbl 1 Koaaredpbl ABOWCTBEHHBI IPYT
JIPYTY B CMBICJIe OOBIYHOM COMPSZKEHHOCTH JIMHEHHBIX ITPOCTPAHCTB M IMPOCTPAHCTB JINHEHHBIX
GYHKIIMOHAJIOB Ha, HUX.

Buanrebpa — 1o nuuHeiiHoe npocTpancTBo A, cHabOKeHHOE BCeMU 4 YIOMSAHYTHIME OLIE€PAIIH-
MU, KOTOPBIE JOJIZKHBI OBITH CBsI3aHBbI €CTECTBEHHBIMU cOOTHOMIeHUAMI. CaMoe BaykKHOE U3 HUX
3aIlUCHIBAETCS B BUJIE DABEHCTBA

VoA=(AR)A) om0 (VR)V),

rje T — HepecTaHOBKa BTOPOTO M TpeThero comuoxkuteseir B nmpomsseaenmn AQ AR AR A
U CYIEPIIO3UIMN BBIMIOJHSIOTCS B IOPSJIKE CJIEBA HAIPABO. DTO COOTHOIIEHHE YI00HO U300pa-
’KaTh rpaduIecKn Tak, KaK 9TO [MOKA3aHO Ha pUC. 1, TJe BEePUINHBI N300parKaroT SK3EeMILISPhI
ouaredopul A. Ilpu sToM npemmosiaraercs, 9TO IK3EMILISIPHI, PACIOIOKEHHBIE Ha OIHON Bep-
TUKAJIBHON MPSMOii, JOKHBI OBITh TEH30PHO MTEPEMHOKEHBI. B paccMarpuBaeMoM ciydae obe
cynepnosuiu jeiicteyior u3 AQ A s AQ A

A A A A A A
>0 0 o

A A

A —
4

o $»O O

A A A A A
\Y A A®A T VeV

Puc. 1

[Tox onepayueti Ha TEH30PHOM TTPOU3BEIEHNN HECKOJIBKUX SK3eMILISIPOB ajredpbl A Oymem
[MOHNMATh TPOU3BOJILHYIO CyIepIo3uIuio onepanuit V- u A, KoTopad UMeeT CMBICI. ducia
UCIIOJIb30BAHHBIX 9K3EMILISIPOB MOI'YT OBITH Pa3IUIHBIMH.

OrnumireM THTEPECHYIO CBA3b MEXKTY TAKMMU OIEPAIUSIMU ¥ TPEXMEPHBIMUA MHOTOOOPA3HUSIM,
obnapyxkennyio M. Konnesuuewm. [lycts nana rpadudeckas: cxema oreparui. 3aMEHUM KarK-
JIYIO ee BEPIIUHY Ha IIPsIMOe IIPOU3BEIEHUE YTOJIIIEHHON OYKBBI Y HA OTPE30K, PACIIOJIOKUB ITH
MIPOU3BEJIEHUA TaK, YTOOBI JIJIsI BEPITUH-YMHOXKEHUN OTPE3KH ObLIN PAaCIOJIOKEHbI BEPTUKAJIb-
HO, a JIJIs BEPITUH-KOYMHOKEHII — TOPU3OHTAJBHO. 3aTeM CKJIEUM KBaJIPAThI, OTBEYAIOIINE
KOHIIaM OYKB Y, 110 mapaJiieIbHbIM IIePeHOCaM, YIUThIBasd, KOHEYHO, JIAHHYIO IpadudecKyio

Wccnenopanue 66110 moggepxkano rpantamMu PODOY-11-01-00605, HITI-1414.2012.1, a Tak»Ke IeJeBBIME IIPO-
rpammamu YpO PAH (cosmecrubrit npoexr 12-C-1-1018 /1 u npoekr OMH PAH 12-T-1-1003/2). Iepsoiii aBrop
6uaronapen Mucruryry Boicmmux Hayansix Vccaenosanunii @pannuun (IHES), rae 6buia BbliojHeHa 9acTh pa-
6o1w1, 1 mpodeccopy M. KomreBuuy 3a mOCTaHOBKY ITPOOJIEMBI.
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2 CEPI'ENl MATBEEB, BJIAIUMUP TAPKAEB

cxeMmy. CM. puc. 2, rje MnokasaHbl TeOMeTPUUIecKue peajm3alun cxeM Ha puc. 1. B pesyibra-
Te TOJIYIUTCS TMOJHBIN KpPeH/Ieb HEKOTOPOTO POJia, Ha Kpae KOTOPOro MOXKHO BHJIETH y30pD U3
KBaJIPaTOB, JyI' 1 HECKOJIbKUX OKPY2KHOCTel. J[yrm m OKPY»KHOCTU COCTABJIEHBI U3 yIJIOBBIX
TOYEK KPEH/IEJIs, TPUUIEM JIyT'H COEIUHSIOT BEPIIMHBI OCTABIINXCS CBOOOTHBIMEI KBaIPATOB. 3a-
KJIIOYUTE/IBHBIN ATl TOCTPOEHUS MHOI0o0Opa3usi COCTOUT B 3aKJIEUBAHUU OKPYZKHOCTEH y30pa
pydukamu uHjekca 2. B pesysibrarte mosiydaeTcs TpexMepHoe MHOroobpasue, Ha Kpae KOTOPOro
OCTaeTCs y30p W3 KBaJIPATOB W COEIMHSIONINX WX JTYT.

T'unoresa (M. KouneBu4) /lse onepayuu sxsusarenmusve mozda u moavko moeda, kozda
OMBEHAOULUE UM MHO2000PA3US C Y30PAMU 20MEOMOPPHBL (Kak napol).

DTa rUIoTe3a IMPEJICTABISICTCI BEChbMa BaXKHOW, KaK U JII0OOE BBbICKA3bIBaHUE O TJyOOKOit
HEOYEBUJIHON CBA3U MEXKTy aareOpoil m TOIoJIoTHeil.

Puc. 2

JL1st SKBUBAJIEHTHBIX OTepaliiii Ha puc. 1 9Ta runore3a BepHa, MOCKOJILKY MOCTIE TPUKJICUBa-
HU K IIPaBOMY IOJIHOMY TOPY Ha PHUC. 2 PYYKH HHJIEKCA 2 B/IOJb €IMHCTBEHHON OKPYKHOCTH
y30pa MOJIydaeTcsd Iap ¢ TeM Ke y30poM, 9To u map cieBa. OTcioa CIeayeT, ITO B OIHY
CTOPOHY TUIOTe3a CIIPABEJJINBA, T.€. YTO SKBUBAJEHTHOCTD ONEPAIlNii BJIeYeT FrOMeOMOPMOHOCTH
MHOT000pa3uit ¢ yzopamu. Tpy/Has 9acTb TUIIOTE3bI 3AK/II0YAETCA B JJOKA3aTEIbCTBE TOI'O, YTO
HEIKBUBAJIECHTHDIE OIIEPAIINU JAI0T HErOMeOMOP(MHbIE MHOI000pa3us C y30paMu.

Bosibmas gacts j1okmaga OyJieT MOCBAIIEHA ONMUCAHUIO SKCIIEPUMEHTATLHON KOMIIBIOTEPHOMN
MIPOBEPKM ITOI dacTw runore3bl. [Ipobiiema B ToM, 9TO aJrOpUTM PacIIO3HABAHUS TOMEOMOPQ-
HOCTH MHOrooOpasmii ¢ y30paM# XOTs W CYIIECTBYeT, HO CYIIep-CyIlep-3KCIIOHeHmaseH. Harr
METO/I COCTOUT B yCTPAHEHUN y30pa C IIOMOUIBIO BCEBO3MOXKHBIX CKJICMBAHUI KBaPaTOB U IIPU-
KJIEfTKOI HOBBIX pydeK WHIEKCa 2 10 MOsIBUBIIMMCH OKPYXKHOCTAM y30pa. PasimmaHocTh momy-
YUBIIUXCsT HOBBIX MHOr00Opasuii 6e3 y30poB (rapaHTHPYIOIAast Pa3InIHOCTh UCXOHBIX MHOIO-
obpasuii ¢ y30paMu) IPOBEPSJIACH C MOMOIIBIO BBHIUUCJIEHUS PA3JIUYHBIX UHBADUAHTOB, B TOM
qucse, naBapuanToB TypaeBa-Bupo, o koTopbix OyJieT pacckazano otjiesibHo. OKa3aaoch, 9To
TUIIOTe3a BepHA JIJIsT Beex omneparuii 3 A B A, coctaByieHHbIX n3 < 14 yMHOKEHUN U KOYMHOZKE-
Huit (Bcero 6ostee 50 ThicsTa omepartuii). VICKITIOUeHeM sIBIISIFOTCS HECKOJIBKO TTap MHOT00Opasuii,
I 10Ka3aTeIbCTBa PA3/INYHOCTU KOTOPBIX MHBAPUAHTOB HE XBaTUJIO.

YEJIABUHCKUNA I'OCYIAPCTBEHHBIV YHUBEPCUTET, UEJIABUHCK, 454001 1 IHCTUTYT MATEMATUKU
1 MEXAHUKU YPO PAH, EKATEPUHBYPT, 620990
E-mail address: matveev@csu.ru, trk@csu.ru



AREA FORMULAE FOR NON-EUCLIDEAN POLYGONS

ALEXANDER MEDNYKH

The Heron formula (c. 60 BC) relates the area of an Euclidean triangle to its side lengths.
Indian mathematician and astronomer Brahmagupta, in the seventh century, gave the analogous
formulas for a convex cyclic quadrilateral. German mathematician Carl Bretschneider (1842)
related the area of an arbitrary Euclidean quadrilateral to its side lengths and the sum of two
opposite angles. Several non-Euclidean versions of the Heron theorem are know for a long time.

In this lecture we consider a convex hyperbolic quadrilateral inscribed in a circle, horocycle or
one branch of equidistant curve. This is a natural hyperbolic analog of the cyclic quadrilateral in
the Euclidean plane. We find a few versions of the Brahmahupta formula for such quadrilaterals
and consider some generalizations of the Bretschneider theorem for hyperbolic and spherical
cases.

SOBOLEV INSTITUTE OF MATHEMATICS, NOVOSIBIRSK 630090, RuUsSIA
E-mail address: smedn@mail.ru
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ON STABILITY OF A CERTAIN GEOMETRIC CRITERION OF
QUASICONFORMALITY IN THE PLANE

VLADISLAV ASEEV

Given a comlex number A # 0, 1 consider the local homeomorphic mapping f : D — f(D) C
C of a domain D C C. A mapping f is said to have the property SR[);d] (§ > 0) provided that
any point z € D has an open neighborhood U C D such that f|U is injective and for every
quadruple {z1, 29, 23, 24} of distinct points in U with anharmonic ratio [2; : 23 : 23 : 24] = A the
estimate

FG)  Fz2) + £(28) = )] = Al < 6 - min{ AL [1 = AJ}
holds. The case § = 0 was investigated in papers [1]-[2], where the Mdébius property has
been derived from the condition SR[\; 0] for local injective and Borel measurable mappings. In
particular, R[\; 0] implies 1-quasiconformality of f. The following theorem gives the stability
of that geometric criterion.

Theorem. Given A € C\ {0,1} and 9(A) := 16|A|* + 88|\| + 96 the property R[\; ] with
0 <0 < 1/¥()\) implies the local K-quasiconformality of f with the following upper estimate

K[f] < V14 62(1(X)* +6- (N

for it’s coefficient of quasiconformality. In case A = a + b # 0,1 with b # 0 the following
estimate

PP e ci

is also true. In particular, K[f] <1+ 4 when a € {0,1} and b # 0.
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BHIIIYKJIBIE ITATNYTOJIbHUKHN, SAMOIITAIOIIINE IIJIOCKOCTD

OJIbTA BATUHA

[IycTh mMeeTcst HeOTpaHUYEHHBIH 3alac OJMHAKOBBIX 110 dopme dhuryp. Ecim nvmu MoxKHO
3aMOCTUTH BCIO IIOCKOCTH 0€3 3a30POB M HAJIOXKEHWi, TO eCTh TakK, 9TO HU KakKue JBe (hu-
Iypbl He OyIyT HMeTb OOIIMX BHYTPEHHUX TOYEK, TO O TaKUX (PHUIypax TOBOPST, UTO MU
MOYKHO BBLJIOXKHUTH ILIOCKOCTH. [1J10CKOCTH, BBIIOXKEHHYIO (DUTypaMH, HA3bIBAIOT MO3AHMKOI, a
camy hpurypy — IUIMTKOI 3Toit Mo3amku. Takne MO3auKN HA3bIBAIOT MOHOIPAJIbHBIMU. Bynem
HA3BIBATH MHOTOYTOJIbHUK MO3AMYHBIM, €CJIA CYIIECTBYET 3aMOIIEHUE TIJIOCKOCTH MHOTOYTOJIb-
HUKAMU, KOHTPYSHTHBIMA JIAHHOMY.

Muorne Mmo3anKu 00J1a1a10T CUMMETPUSIMHI, TO €CTh OHM COBMEIAl0TCs1 ¢ coDOii 110 JIeiiCTBH-
€M HEKOTOPOT'O JIBUKEHUS ILJIOCKOCTH. Ec/m cpeu cuMMeTpuii MO3auK1 €CTh JIBE HEKOJINHE-
apHble TPAHC/IAINN, TO MO3anKa SIBJIdeTcd nepuogndeckoit. Ecim rpyiima cumMerpuii Mo3ankn
JIeiCTBYeT TPpaH3UTUBHO Ha IJINTKAX, T. €. KaXKJas IJINTKA MO3AMKU MOXKeT ObITh IlepeBeeHa B
JIIOOYIO IPYTYIO IJIUTKY MO3aUKHU C IIOMOIIBIO CHMMETPUN 9TO MO3auKU, TO TaKas MO3anuKa Ha-
3BIBAETCS U303/ IPAJIbHON WM TPAH3UTUBHON Ha IINTKaxX. KpoMe Toro, 9acTo paccMaTpuBaIOTCs
MO3aMKM, HA3bIBAEMbIe MO3auKaMu peOpo K pedpy. [ljig JoObIX JIBYX IJIUTOK TaKOW MO3aMKH
BBITNIOJTHSIETCsT OJIHO W3 CJIEJIYIOMINX YCAOBHA: 1) MIMTKH He MMEIT OOIMUX TOYEK; 2) MJINTKH
MMEIOT POBHO OJIHY OOIILYI0 BEPIIHMHY; 3) IJINTKU UMEIOT POBHO OJIHO 0bIiee pebpo.

Ocraercst 10 cuX TOP HEPEIIeHHON 3a/1a4ua HaXOXKIEHU U KJIaCcCHMUKAIINA MO3aAMIHBIX MHO-
royroJIbHUKOB. J[1000i1 TPeyroJbHIK U 9eThIPEXYTOJbHUK 3aMOIIAeT IJI0CKOCTh. VI3BecTHO, 9TO
BBIITYKJIBIM MHOTOYTOJIbHUKOM, UMEIOIUM 6ojiee 6 CTOPOH, 3aMOCTUTH ILJIOCKOCTH HEBO3MOXKHO.
Mosaukn u3 IMIeCcTUyroJbHUKOB OBLIN IIOJTHOCTBIO ncciemoBanbl B 1918 1. Peituxapaom B ero
JIOKTOPCKOi fucceprarmn [3]. Takux mecTuyrobHIKOB OKA3a/I0Ch 3 PA3INIHBIX THUIIA.

[Tpobiiema mmocTpoeHUsT UCUEPIThIBAIONIEH KIaCCH(MPUKAITUN BBITYKJIbIX ISTHYTOJBHIKOB, KO-
TOPBIMA MOYKHO 3aMOCTUTH ILJIOCKOCTH, OCTaeTCd JIO0 CUX IIOp HepeleHHoi. bbuio Haiigeno 14
TUIIOB TAKUX MATUYTOJIHHUKOB. HO /10 cux 1mop HeT J0Ka3aTeIbCTBa, MMOJTHOTHI UMEIOIIErocs I1e-
pedUHs.

O6o3HaYNM TTOCIEI0BATEIbHBIE BEPIMUHBI TATHYTOIbHUKA Xg, X1, X9, X3, X4, €ero yribr —
COOTBETCTBEHHO T, L1, g, T3, T4. JJMuHBI cTopoH naruyrosabhnka C; = | X; 1X;|,1=0,1,2,3,4,
HHJIEKCHI B IIOCJIEIHEM PaBeHCTBe OepyTcs 10 MOJY/I0 5. VI3BeCTHBI cjiejiyioniue TUIIbI [TATH-
YIOJIbHUKOB, 3aMOIIAIONINX [1JIOCKOCTh:

1. To+T1 = 1800,

2. To + To = 1800,01 = 03,

3. Ty — T2 = T3 = 1200,C0 = 01,03 = CQ + 04,

4. Ty = T = 900,00 = Cl, CQ = 03;

5. To = 2%0 = 1200700 = Cl, Cg = 03;

6. T+ T3 = 1800,ZE0 = 21’3, O() = Cl = 02, Cg = 04;

7. Ty + 21’3 = 3600,1’2 + 21’1 = 3600,00 = 01 = 02 = 03;

8. T+ 21’0 = 3600,1'2 + 21‘3 = 3600,00 = Cl = Cz = Cg;

9. T+ 2£U4 = 3600,1'2 + 2[E3 = 3600,00 = 01 = CQ == 03;

10. 24 = 90°, 29 + 23 = 180°, 21, — a5 = 180°, 229 + 23 = 360°,Cy = Cy = C; + Cj;
11. 29 = 90°, 29 + x4 = 180°, 221 4+ 29 = 360°,C3 = Cy = 2C, + Cy;
12. Ty — 9OO,LU2 + x4 = 1800, 2%1 + Ty = 36007 200 = 03 = CQ + C4;
13. Tog = Tg9 = 900, 2131 = 2I4 = 360° — xs, Cg = 03,202 = C4;

14. T3 = 900, To+ To = 1800, To + 21’4 = 3600, C() = 202 = 204

1



2 OJIbI'A BATVTHA

MHor0 6bL1a oIy YeHa MOTHAs KIacCH(pPUKAIA MO3AUIHBIX MATHYTOJIBHIKOB, 3aMOIIAIONIIX
IJIOCKOCTH Pebpo K pebpy [1].

Teopema 1.
HHTI/IyFO.]IbHI/IK, 3aMOIAKOIIAH IIJIOCKOCTh pe6po K pe6py, OTHOCHUTCA K OJHOMY U3 CJICAYIOINUX
THUIIOB:
. X+ T = 1800,00 = CQ ujim Cg = C4,'
. To+ X2 = 1800,01 = 03, C() = CQ,'
. XTog = Tg = 900,00 = 01,02 = 03,'
. Tog = 2[E0 = 1200,00 = 01, CQ = 03,'
. X+ T3 = 18OO,ZE0 = 21’3, C() = Cl = CQ, Cg = 04,'
. Zg + 21‘3 = 3600,1'2 + 2[E1 = 3600; CO = 01 = CQ = 03,'
.1+ 233’0 = 3600,.’132 + 2.1'3 = 3600,00 = 01 = 02 = Cg,
. xr1+ 21’4 = 3600,1'2 + 2.1'3 = 3600,00 = Cl = 02 = Cg.
He,ZLaBHO AHAJIOTUYIHBIN pe3yabTaT OBLIT IIOJIYY€eH AIOHCKUM aBTOPOM CyI‘I/IMOTO [4]
,H‘OKaBaTeJIbCTBO TEOpPEMBbI 1 BKIIO9aeT B cebst ITOJIHBII Hepe6op, KOTOPBIA OCHOBBIBAETCA HA
CJICAYIOIIEM. Hazosewm crenennio BEPHINHBbI P aucno CXOJIAIINXCA B HEN IIATUYT'OJIbHUKOB. HyCTb
(040, R ,044) — Ha60p CTeIleHell BceX BepIIuH P, YIHOPAJ0YECHHBIX II0 BO3paCTaHUIO.

00 ~J O UL W ho

Teopema 2.

B 110603t pebpo Kk pebpy HsaTHyTOJIbHOH MO3auKe HaleTcst XOTs Obl OJMH ISITHYTOJIbHUK, JIJIsT
KOTOpOro Habop cTerneneli Bepimina MoyKeT ObITh onanM u3 caeayomux: (3,3, 3,3,3), (3,3,3,3,4),
(3,3,3,3,5), (3,3,3,3,6), (3,3,3,4,4).

[Iimrka P Mo3aMKy, YIOBJIETBOPAMOIAS 3aK/IIOYEHUI0 TEOPEMbI 2, Ha3bIBAETCS IEHTPAJIb-
Hoii. Obo3uaunm T} - MHOXKECTBO ISITUYTOJIbHUKOB, YIJIBI M CTOPOHBI KOTOPBIX YIOBJIETBOPSIOT
COOTHOIIIEHUSIM, TIEPEYUCIEHHBIM B -M IIyHKTe TeopeMbl 1, ¢ = 1,...,8. BBogurca nonarue
TUIA TATHYTOaBHIKA O(P), KOTOpoe IpoIie BCero MmpoJeMOHCTPHPOBATh HA HPUMeEpe, 3alliCh
d(P) = 11212 oznauaer, uro Cy = C; = C3,Cy = Cy,Cy # Cy. Nnmeercss posHO 12 pasimd-
ubIx Tunos O(P): 12345, 11234, 11232, 12134, 12123, 11213, 11212, 11223, 11123, 11122, 11112,
11111.

Koponoit 1yt mumTku P Ha3bIBaeTCAd HEKOTOPOE MHOXKECTBO ILJIMTOK, KOHI'PYIHTHBIX P, yI10-
BJIETBOPSIOIIEE YCIOBUSIM:
1)IIMTKY 9TOr0 MHOXKECTBA 3aMOIIAIOT YacTh V' IJIOCKOCTH;
2)mwmrka P copepxurcst Buyrpu V;
3)3TO MHOXKECTBO MUHUMAJIBHO C STUMU JIBYMsl YCJIOBUSAMHU.

Jlnst cyiiecTBOBaHUsST MO3AUKHM U3 IATUYTOJBHUKOB, HEOOXOIMMO, HO HE JIOCTATOYHO CYIIe-
CTBOBaHWE KOPOHBI JIJIsI KarKJIOro MATHUYTOJbHUKA MO3anKu. [lomck KOpoH i meHTpabHON
WIATKU P OCyIecTBIisiercst Moc/IeI0BATEIbHO JJId KaxKIoro Tuna o(P).

Ilepsoie aeBarh Tunos pacemorpensl B [1]. Tum 11111 pacemorper B [2]. o ocrasmmmmvcst
tunam 11122, 11112 npescraBiena ctaTbd K ITyOJTUKAIIIH.
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HEPABEHCTBO IITYAHKAPE HA MHOI'OOBPA3UAX KAPHO C
C'-TMTAAKMMU BEKTOPHBIMU I10JI15IMU

CEPT'EI1 BACAJIAEB

Cssasnoe N-MepHOe I1aiKoe MHOroobpasne M HazoBéM MmHo2000pasuem Kapro, ecaun B Kaca-
TenbHOM paccaoerHnn TM 3agana uaIbTpaIims

HM=HMC - CHMC --- C HyM=TM

OJIPACCIOCHUSIMI TAKUMH, 9TO B OKpecTHOCTH Kazkzoi Toukn U(g) C M naiinercs cemeiicto
Cl-rnagknx BeKTOpHBIX Toseit X1, ..., Xy, yIOBIETBOPAIONIX CJICIYIONIIM JIBYM CBOMCTBAM.
g xaxjoro v € U umeeMm

(1) HM(v) = H;(v) = span{X;(v), ..., Xqimn, (v)} — mommpocrpancrso T,M nocrostaHoi
pasmepruoctu dim H;, i =1,..., M; ‘

(2) Hj+1 = span{Hj, [Hl, Hj], [ 2, Hj—l]a ey [Hk, Hj+1—k]}7 rme k= L]%IJ, j = 1, ce ,M— 1.

B pa6ore [1| moaydensr Ball-Box Teopema u cBOWCTBO yBOEHHsI MEPBI Jjisi TAKOIO KJIACCA
MHOroobpasuii. Mcro/b3ys 3t pe3yabrarkl 1 HepaBeHCTBO [lyankape na rpymnmnax Kapao us
paboThl [2|, MBI moJydaeM cieyromuii anasior HepasencTsa [lyankape.

Teopema 1.
Ilycts F € M — rommaktTHOe MHOXKecTBO, 1 1 < p < oo. Haiigyrcst takme mocrostHHbIE
C >0 wuryg> 0 rakme, 910

1 dim H1y 1
([ W) —usenl ) <Cur( [ 3 XautwPay)’
B(z,r) B(z,r) =1

Jutst Jioboii toukn x € E, pagmyca 0 < r < ro un moboii ¢yakmun f € C(BI(ry)). 3mech
Unany = MY (Bla,m)) ™ [y uly) dy.

Hanuast Teopema 0606IaeT pe3y/IbTat, MOJIydeHHbI B pabore [3| /ist 1ocTaTodHo rraIKux
BEKTOPHBIX ToJielt u p = 2. Takke, pe3yabrarbl paboThl 4| MO3BOIAIOT 10KA3AThH CJIeLyoIIee
yTBep:K/IeHNE.

Teopema 2.

ITycrp BolOJIHEHBI YeI0BHST TeopeMbl 1 u xayciopgoBa pasMepHOCTD IpocTpancTBa M pas-
Ha v. Torzga:

(1) Ecom p < v, To st Besikoro 0 < g < ,,VTpp BBITTOJTHEHO

1 dimH1 1
([ W) —wnenlratn) <co( [ Y 1Kt )
B(z,r) B(z,r) =1
(2) Ecm p = v, 10
Cilu(y) — up@n|
exp( : ) dy < Cy;
/ 1(X1w, - . s Xaim 5,%) || 2o (B@r)

B(z,r)

Pabora Beimostaena npu yacrudHoi momueprkke mpoektamu POOU: 11-01-00819-a; u Hayumbie mkossr: HITI-
921.2012.1.
1



2 CEPTEV BACAJIAEB

(3) Ecti p > v, TO BBIIOJHEHO

dim H; 1
sup [u(y) — upas| < Cr( / > [ Xu(y)P dy)p;
yeB(z,r) i—1

B(z,r)

rze koucranTel C, C, Cy 3aBHCAT TOJIBKO OT P, q, V, C),.
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HEKOTOPBLIE CBOMICTBA SPMUTOBBLIX IIOUYTU KOHTAKTHBIX
METPNYECKUNX ITPOCTPAHCTB

AJINA BYKVYIIIEBA

—

BaJlaHre MOYTH KOHTAKTHOW MeTpudieckoil crpykrypbl (X, ¢, g,7n, &) npeamnoaaraer, B 4act-
HOCTH, 3aJIaHUe OLEPATOPa , JEHCTBYIOMIEr0 B KACATEJIBHOM PACCIOEHUN K IJIaJIKOMY MHOIO-
obpasuio X . KBajipaT orpanndenusd 3TOro oneparopa Ha pactipejenieann D = kern pasen —1:
©*(Z) = =%, ¥ € T(D), uTo yKa3blBaeT Ha HEKOTOPYIO GJIM30CTH MOYTH KOHTAKTHLIX METpUYe-
CKHX IIPOCTPAHCTB € IIOYTH KOMILIEKCHBIMHI IIpocTpancTBamu. CXOXKeCTh pe3yIbTaToB, MOJIy IeH-
HBIX [IPU UCCJIEJIOBAHUN YKA3aHHBIX IIPOCTPAHCTB, YCUINBAETCS JIJIsi HEKOTOPBIX KJIACCOB MOYTH
KOHTaKTHBIX METPUIECKUX MHOrooOpasuii. Vcropudecku GoJiee paHo HAYaBIask CBOE Pa3BUTHE
TEOPHs IIOYTH KOMILJIEKCHBIX IIPOCTPAHCTE € TOAXOIAIIEH PUMAHOBOI METPUKOI OIIpe I IeHHBIM
00pa30M 3a/1aeT TOH B MCCJIeI0OBAHUN TIOYTH KOHTAKTHBIX METPUIECKHX MpocTpancTB. OHuM 13
caMbIX APKUX PE3YJIBTATOB B PACCMATPUBAEMOM KOHTEKCTE sIBJISIETCSI CJIEIYIONIeEe YTBEP K IeHIe
(cm., mampumep, [1]): Ha MaOroobpasmm X X R HHIYIUPYETCsS MOYTH KOMILIEKCHAsT CTPYKTY-
pa J(Z, f %) = (p¥ — fg, 77(37)%), MHTErPUPYEMOCTh KOTOPOI TECHO CBA3aHa CO CBOMCTBAMI
CTPYKTYPBI (X,gp,g,n,f). Tak, manmpumep, cTpykTypa J OKa3bIBaeTCsd MHTEIPUPYEMOil, ecjn
crpykrypa (X, ¢, g,1, E) ssiercss CacakueBoii. CyIecTBYIOT pa3iMdHble TOUKN 3PEHUs Ha TO,
KaKUME CBOMCTBaMHU JIOJIZKHA 00J1aJIaTh CTPYKTYpa (o, IpeTeHyionias Ha 3Banue "UHTerpupy-
emoit". Mmeer mecto ciejyioriasi Teopema (cM., Harpumep, [2]).

Teopema.
CR-cTpyKTYypa ¢ HHTErpupyeMa TOrja W TOJbKO TOIjIa, Korja js Jiobbix T,y € T'(D) Bbl-
ITOJTHSTIOTCST Y CJIOBHST

L [Z, oyl + [pZ,y] € T(D), 2.9[Z, 0] + ¢[JT, 4] = [T, ¢y] — [T, ].

Jpyroii cMBICSI B yCJIOBHE HHTEIPUPYEMOCTH CTPYKTYDHI (0 BKJIaIbIBaeTCs B pabore [3]: crpyk-
Typa ¢ Ha3bIBAETCsl HHTEIPUPYEMOIi, €CJii €€ KOMIIOHEHTHI TIOCTOSTHHBI B HEKOTOPOM aTJIace, Co-
CTOSIIIIEM W3 aJIAlITUPOBAHHBIX KapT [3]. B rurupyemoii pabore oYt KOHTAKTHOE METPUIECKOE
[IPOCTPAHCTBO ¢ HHTEMPUPYEMOI CTPYKTYPOIi (0 OBLIO HA3BAHO SPMHUTOBBIM IMOYTH KOHTAKTHBIM
METPUYECKUM IIPOCTPAHCTBOM. B HacTosiiieir paboTe Mbl MOKA3LIBAEM, YTO SPMHUTOBBI HOUYTH
KOHTAaKTHBIE METPUYECKUM IIPOCTPAHCTBA HE CBOAATCH K MHOroodopasusM Cacaku u 00J1a1a-
10T CBOMCTBAMU, MOATBEPKIAIONIMME [IE€1eCO00Pa3HOCTh UX HasBaHus. IlycTh B mpocTpancTBe
R7\(6) pacupejesienne D opoxKaaercsd BeKTOPHLIMU HOJIAMU Buaa €, = 0 — 120y, €, = Os,
G = O3 — 207, €4 = 04, €5 = 05 — 2%0;, O5. JIerko IPOBEPHUTH, UTO BBEJEHHAA C IIOMOIIBIO
paBeHcTB p(0;7) = 0, p(€1) = €3, p(€z) = €5, p(€4) = € CTPYKTYpPa @ HHTErpUpyeMa, HO He
HPUHAJJIEXKAT HE3aBUCUMO OT 3aJaHusl METPUKHM HU K Kakoil crpykrype Cacaku. C apyroit
CTOPOHBI, 3PMUTOBbI IIOYTH KOHTAKTHBIE METPUYECKUE IIPOCTPAHCTBA, 00JIaJal0T MHOIMMU U3
BayKHBIX CBOiicTB MHOTOOOpasuit Cacaku. Tak, HapuMep, UMEeT MECTO CJIEJIyIOIas TeOPEMA.

Teopema.
Ilyctes Y n-mepnoe mogmuoroobpasme 2m + 1-MepHO 3pMHTOBA HOYTH KOHTAKTHOTO MET-

pudeckoro npocrpanctBa. Ecim BekTop & mHopmajien kK Y, To npu m > n MHOroobopasmue Y
AHTHHHBAPUAHTHO OTHOCHTEJIBHO (.
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ON VASSILIEV INVARIANTS OF BRAID GROUPS OF THE SPHERE

VLADIMIR VERSHININ

We construct a universal Vassiliev invariant for braid groups of the sphere and the mapping
class groups of the sphere with n punctures. The case of a sphere is different from the classical
braid groups or braids of oriented surfaces of genus strictly greater than zero, since Vassiliev
invariants in a group without 2-torsion do not distinguish elements of braid group of a sphere.

This is a joint work with Nizar Kaabi [1].
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COXPAHEHUNE T'EOMETPNYECKUNX CBOPICTB OYHKIINI IIPU
AIIITPOKCUMAIINN CIIJIAUHAMN

IOPUI BOJIKOB, BAJIEPUII IITIEBAJIJITH

B macrosiee BpeMsi OCHOBHBIM MHCTPYMEHTOM IPU aBTOMATHU3UPOBAHHOM IeOMETPHYECKOM
npoektupoBarun (CAGD) n MareMaTnyeckoM MOJIETMPOBAHUY, CBSI3AHHBIM C AIIIPOKCAMAIAET
dyuknii, spisgoTea ciiaiiael. CruraifHbl, KAaK THCTPYMEHT IPUOJINKEeHUs, 00/18/1a10T IIPEKpac-
HBIMHU AIITPOKCUMATUBHBIMUA CBOWCTBaAMU, ¢ HUMU JIETKO OIEPUPOBATH IPHU IIPAKTUYECKOM HC-
mosib3oBaHun. OJIHAKO MeOMEeTPUIECKOe MOJIE/IMPOBAHIE ¢ Hanbojee yoTpeOnTe/ IbHbIMEI KJTac-
CUYEeCKUMU TIOJTMHOMHUAJIBHBIMU CIIaifHAMU WHOT/Ia HATAJKUBAETCS Ha ONpeJIeIEHHbIE TPYTHO-
ctu. Hanmpumep, KyOmdecKkrne MHTEPIOIAIMOHHbBIE CIJIAMHBI He HACIEMLYIOT TaKhe NeoMeTpIde-
CKHe XapaKTEePUCTUKN MHTEPIOJIUPYEMOil (PYHKIINA KaK MOHOTOHHOCTH WJIM BBITYKJIOCTb.

B j1oki1ajie paceMaTprBaiOTCs BOIPOCHI HAC/IeI0BaHusT (hOPMOCOXPAHSIIONUX CBOHCTB (k-Mo-
HOTOHHOCTH) B 3ajla4aX UHTEPHOJIAINMUA M allpoKcuMaru cijtainamu. OCHOBHOE BHUMaHUe
yJIeJIEHO KJIACCUYEeCKUM KyOudecKuM u napabo/ImIecKuM CILIafiHaM. YCTaHOBJIEHBI YCJIOBUS HA
JIAHHBIE, [TO3BOJISIIONINE IOy IUTh AINIPOKCUMAHT ¢ TPEOYEMBIMU YCJIOBUAME k-MOHOTOHHOCTH.
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O CIIEKTPE OIIEPATOPA KPMBN3HbBI KOH®OPMHO
(ITOJIY)IIJIOCKNX PUMAHOBBIX METPUK

OJIECSI TJIAJIYHOBA, EBI'EHUI POJINOHOB, BUKTOP CJIABCKUIT

UccnenoBanuio criekTpa OmepaTopoB B PACC/IOEHUAX TEH30PHBIX MOJIeH HaJl PUMAHOBBIMUI
MHOI0OOPa3usAME TOCBAIIEeHbl paboThl MHOIUX MaTeMaTnkoB |1, 2|. B manHoit pabore n3yuaer-
cd CIIEKTD OIlepaTopa PUMAHOBON KPUBU3HBI B PACC/IOCHUN OMBEKTOPOB HAJI PUMAHOBBIM MHO-
roobpasuem ¢ KoHMOPMHO (IOJLy )IIOCKO# MeTpuKoii. B ciyuae KOHGOPMHO MJIOCKUX PUMAHO-
BBIX METPHUK JIOKA3bIBAETCHA CTPYKTYPHasd TeopeMa O CIEKTpPe ollepaTopa PUMAaHOBOW KPUBU3-
Hbl. Bostee moapobHO Hcceyercs ciydail KonOPMHO IJIOCKUX OJTHOPO/IHBIX PHMAHOBBIX ITPO-
crpancTs. [IpuBojgarcs npuMepsbl, TOKA3bIBAIOIINE HA PA3ININe MEXKIY KOH(POPMHO IIOCKUM
1 KOH(POPMHO TOJIYIIOCKUM PUMAHOBBIMU CJIYIASIMHA.
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roobpasusax”’, Mamemamuueckue mpydu, 12, No. 2, 3-40 (2009).
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K TEOPEME I'POMOBA OB OJJHOPO/JHO HUJIBIIOTEHTHOI
AITITPOKCIMATUSALINN

AJIEKCAH/IP I'PEIITHOB

Ha nekoropoii obmactu U C RY pacemorpum 6azucubie sektophbie mosst { X; =y, n € CHU),
T e. rank (X, ..., Xy)(x) = N Vz € U, sup || X(z)|| < Cy = const. 3aduxcupyem TOUKy
zelU

g € U u paccmorpum orobpaxkenust 6, : (aq,...,an) — exp(X,)(9), tae a = (a1,...,an),
N

Xo=2> 0 X, u 0 : (ay,...,an) = exp(X;y) o...exp(Xi)(g), (i1,...in) = m(1,...,N), rae
i=1

7; — HEKOTOpasl epecTanoBkaoBka Habopa (1,..., N), a cumsosom exp(Y')(g) MbI 0603HATAEM
KOHIIEBYIO TOUKY HHTerpaJjibHOM jiuHuu exp(tY )(g) BeKTOpHOro moJist Y eJMHUIHO BPeMEeHHOi
JUIMHBI, BBIIYIIEHHON 13 Touku ¢. VI3 u3BecTHBIX (aKTOB TEopun 0OBIKHOBEHHBIX aud depen-
IUAIBHBIX YPaBHEHUIT BBITEKAET, CM., HampuMmep, |1|, aro mis kaxmoit Touku g € U Haiimercs
HEKOTOpasi OKPeCTHOCTh Hadasa KoopauHat O, C RY rakas, uro orobpazkenus 0, 19; oyayT
muddeomopdusmamm na Oy Orobazkenns 0y, 19; HA3BIBAIOTCH KAHOHUYIECKUMH KOOD/IMHATA-
Mz 1-T0 U 2-TO POjia COOTBETCTBEHHO, CM., HAIPUMeD, [2]; orobpaxkeHue f, Tak:Ke HA3BIBAIOT
SKCIIOHEeHIHaIbHBIM oToOpazkenueM. CUMBOJIOM U, 0003HAMUM KOODJMHATHOE OTOOpazKeHue 2-
ro poja, wHyImpoBanHoe nepecranokoit 7(1,...,N) = (N, N — 1,...,1). [Ipeanonoxum,
uro GasucHble BekTOpHbIE 10A {X;} o1, v € CT(U), r > 1, dopmasibHO IpayHpOBaHHbIE
CTENEHsIMHU, T. €. KayKJOMy BEKTOPHOMY I0JiI0 X; IPUCBOEHO HEKOTOPOE HATyPaJbHOE YHCJIO
deg X, mpunajyrexxarnee MaoxkectBy {1,..., N}, T = max deg X;, ynosnersopsitor B U ciie-

Jyromeit tabsuie KoMmyTaropos [X;, X;| = > C’ij I C’Z-kj e C™1(U). Toraa
deg X <deg X;+deg X;

rosopuM, 4to Gasucuble BekTopHble 1ot {X;}i—1  n yaoBiersopsior B U yciosuio (+ deg).

B nepsoit nososune 90-x roj08 mporioro croserusi M. I'pomoB B cBoeit nzBectHoit pabore [3]

oIy 6IMKOBAJI CJIEIYIONLYIO TeopeMy 1 0 HIJIBIOTEHTHOI ammmpokcnMarmn C-TaIKux 6a3uCHBIX

BEKTOPHBIX IT0JIell, YI0BJIeTBOpSomuX ycaouio (+ deg).

Teopema 1.
B nekoropoit okpecrrocTH Havata koopauaar O, C RY umeror mecto creyromnme papHoMep-

HBIE CXOJUMOCTH: ((51/5)*5degxi(19g_1)*Xi —es0 X7, i=1,...,N. Bekropusie nosst {X7}io1 N

B okpectHoctr Oy YJIOBIETBOPAIOT CJACJIYIOMeH Tab/IHI[e KOMMYTaTOPOB

XX = > CRXL Cf=Cii(g) = const,

deg X;+deg Xj=deg X},

. A~k
u obpasyror basuc Hekoropoli amreoper JIn Ly co ctpykrypabivu KonctanTamu Cy.

Bnech 01/:(v1,...,2n) = (67 degXig) ..., e 98 XNy, Bekropuble 1o {(09)*)?57}2-:17._,,]\;
HA3BIBAIOTCA OHOPOJHON HUJILIIOTEHTHON ammpokcumanueil Bexkropubix moieit {X;}i—1  n B
OKPECTHOCTH TOYKH ¢, cM. |2]|. OHOpOIHAST HIJIBIOTEHTHAS AIIPOKCUMAIINS UTPACT BAYKHYTO
POJIb B TeOpUH CyGALIMNTHIECKUX ypaBHEHHH [4], B 3a/1a9ax onTuMa bHOIO KOHTPOJIS, U JIP.
CﬂeﬂyeT OTMETUTh, 9YTO METOAbI ITIOCTPOCHMA OﬂHOpOI[HOI;‘I HUJIBIIOTEHTHOI AIIIIPOKCUMallu B
C'*°-ciydae GbLIN TOCTATOYHO XOPOITO paspaboransl B 70-90 rr. mpomioro crojerus, cM. |2, 5.
B nagasie 2000-x roj1oB mHTEepec K Teopeme ['pomMoBa 0 HUJIBIIOTEHTHOW AITPOKCUMAIIANA OBLI
CYIIECTBEHHO MHUIMUPOBAH BOIIPOCAME HETOJIOHOMHON IeOMETPUN IIPU MUHUMAIBLHBIX IIPEIII0-
JIOXKEHUSIX Ha TJIaJIKOCTh BEKTOPHBIX MOJIelt, cM., Hanpumep, |6, 7]. derasbHoe paccmorperue

Pab6ora Briosnena npu dunancosoit nmomuepxkke npoexkra POOU, kox 11-01-00819-a.
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2 AJIEKCAHIP I'PEIITHOB

CXeMBI JIOKa3aTe/IbcTa TeopeMbl 1 BBIABUIO ee HejocTarku. B dactHoctu, B pabore C. K. Bo-
noubsHosa u M. B. Kapmanosoit |7| B R® 6bu1 npusenen npumep orobpazkenus U, Kiacca
C™°, 1/ KOTOPOIrO He BBINOJHSIIOTCS CBOWCTBA, JIeXKalllne B OCHOBe paccyxkjenuit [‘pomosa.
[Tozzke Teopema 00 OJIHOPOJHON HUJIBIIOTEHTHONW AIPOKCUMAIMH I OA3UCHBIX BEKTOPHBIX
TOJIel, YIOBJIETBOPSIOMUX ycsioBuio (+ deg), 6puia JoKazaHa [JIsi KAHOHUYIECKUX BEKTOPHBIX
nosteit knacca C (u, Kak ciesicTBme, 1Tt OGIMX BeKTOPHBIX noJeil Kiaacca C?) [8], mrs obmmx
BEKTOPHBIX TIoJiell Kiaacca C1 [9] mMeTogamu, oTmvHbIME OT 1O/1X0/1a PaGoThI [3)].

Ucnonb3yst moaxon paborsl (8], oCHOBAaHHBIH Ha KJIACCHYECKOM BBIBOJE BTODPON TEOPEMbI
JIn [10], Hamu ycTaHOBICHA CJIEYIONIA

Teopema 2 o HuJIbLNOTeHTHOI annpokcumanumn Cl-rnagknx 6a3MCHBIX BEKTOPHBIX
0JIei, yI0BJIETBOPSIONNX ycaoBuo (+ deg).

B nekoropoii okpecrnoctu Hadasa koopgunar O, C RN umetor mecro creiyione pasno-

MepHbIe CXOMIMOCTH: 01798 X1 (01), X —.,0 X[, 1 =1,..., N. Bexropusie nons {X{}i—1,..n
B okpecraoctn Oy YIOBJIETBOPSIOT CAeyomell Tab/IuIe KOMMYTaTOPOB
Sy Sg ke Se AR o
(X ,Xj] = g CiXy, Ci= Cij(g) = const,

deg X;+deg Xj=deg X},
6 6 it anre6per JIn L Ck
u 0bpa3syror 6asuc HeKoTopoli aurebpsl JIn Ly co crpykTypHbiMU KoHCTaHTaMu (.
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NMHTYNIINOHUNCTCKAA XPOHOI'EOMETPUA

AJIEKCAHJIP I'VI]

AxkcunomaTnyieckas TeOpHsI OTHOCUTEILHOCTH, co3mannas A.Jl. AekcaHIpoBbIM U HA3BAHHA
nM XpoHoreomerpueii [1|, ocHoBana Ha Kiaccuaeckoit adpOUHHON reOMEeTPIH, MOJIEJIBIO JIJIsT KO-
Topoit sBiIsteTcs 4-Meproe apudmermaeckoit mpocrpancrso IRY, rae IR — moste meffcTBUTENBHBIX
qHCcel.

B kiraccudeckoit adduHHONI reoMeTpun IJIOCKOCTH Jito0ast IpsiMas JU00 He uMeeT ODIIMIX
TOYEK C OKPY2KHOCTBIO, JTUOO MMeeT JiBe WM ojiHy obiryio Touky. [locmennnit ciaydait numeny-
eTcs TOYKOM KacaHus IpaMoit n okpyxkuHocTu. OHako japeBHerpedecknii humocod IIpororop
TOBOPHJI O TOM, UTO JJIsi HETO OYEBUJIHO, YTO CJIydail KacaHUs B OJHON TOYKE HEBO3MOKEH.

MozkHO 1 TOCTpPOUTh Takyio aPUHHYIO T€OMeTPHUIO, KOTOopas oTBedaja Obl yMOHACTPOE-
uuio [Ipororopa? Eciu takas reomerpusi CymecTByeT, TO KAaKUMHU (PU3NIECKUMU CBOHCTBaM,
OTJIMYHBIME OT KJIACCUYIECKOW CIIeIUAJILHON TEeOPUU OTHOCUTETLHOCTH, OyaeT 00J/Ia/laTh HOBaS
HEKJIACCUYIECKasi XPOHOTeOMeTpHs !

Peanuzys nnen Yunbsama Jlosepa, marckmit maremarnk Kok cozjan Cunrerntieckyo aud-
dbepenrmanpayo reomerpuio 2|, B Kotopoit moste IR 3amensiercst Ha KOMMYTATHBHOE KOJIBIO R
U IpUHUMaeTcsd creyiomas akcnoma Koka-Jlosepa:

V(f € R”)3(a,b) € R x R¥d € D(f(d) =a+b-d),

rjie

D={re€R:2>=0}.
O06berT D cOCTONT M3 TaK HA3BIBAEMBIX MH(MDUHUTO3UMAIOB. VIMEHHO B €ro 3J1eMeHTax IIPOWC-
xonut Kacanue npamoii {(z,0) € R? : x € R} n okpy»KHOCTH

2. 2 2
{(z,y) e R":2* 4+ (y — 1) = 1}.
Axcrnoma Koxka-JIosepa HecoBMecTHMa ¢ 3aKOHOM MCKJIIOYEHHOTO TpeThero. Iloaromy dop-
MaJIbHO IIOCTPOEHHAs HOBas MHTYUIMOHUCTCKAA XPOHOICOMETPHS He MOKeT UMeTh TeOPeTHKO-
MHOKECTBEHHBIX Mojiesieil. Ee Mojenn aBisioTes Tonocamu. Hanbosee M3BECTHBIMHI SBJISIOTCS

IJIaJIKIe TOIOCH, Jyia Kotophix R = C°(IRY).
VHETYyIIHMORNCTCKOE TPOCTpancTBO-Bpems Mumnkosckoro < R, g >, rue

3
gz,y) =2’ = 'y,
=1

R* = {(2° 2", 2% 2%) : 2" € R}.
mocTpoeHHoe B paMkax CuHTeTn4IecKoil qud depennuaabHoil reoMeTpun, B OTIHIHE OT KJIacCH-
KU, JIOIyCKAeT BEKTOPBI & TaKWe, 9TO UX KBaJpaT JIJIMHBI OJJHOBPEMEHHO OOJIbITE JTUOO paBeH,
u Menbure 6o pasen Hymo, T.e. 0 < [£]? < 0 [3, IIpunoxenne 2|. Tn BeKTOpPBI — 6AU3-
Kue K C6€mo6uiM — TIO3BOJIAIOT MHAYE CMOTPETh Ha PACIPOCTPaHeHWe cBeTa (MM HEeKO# MHON
HEU3BECTHOl CerojiHst cyOCTaHIIg ).
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O ITOBEJZEHNN TEH3O0PA H@ﬂEHXEfICA HA 6-MEPHOI1 T'PVIIIIE
IF'EVMSEHBEPTA

HATAJINA JAYPIHEBA, AHACTACUA TAPACEHKO

[Iycrs (M, I) mecTuMepHOE TOYTH KOMILUIEKCHOE MHOrooOpasme. Eciam modarn KoMILIeKcHast
CTpYKTypa [ WHIyImpoBaHA HEKOTOPOW KOMILJIEKCHOW CTPYKTypoit Ha M, To roBopdat, uro [
— KOMILJIEKCHAsI WM WHTerpupyemasd. K/odeByo pojib B BOIIPOCE MHTETPUPYEMOCTH UT'PAET
tensop Heifienxefica N : A2TH0(M) — T%Y(M). Uzsecrno [3], uto Tensop Heiienxeiica na M
TOXKJIECTBEHHO PABEH HYJIIO B TOM U TOJIBKO TOM Ciiydae, ecin [ marerpupyema. OHaKO, TEH30D
Heilenxeiica BazkeH He TOJIBKO B PEIlIEHUH BOIPOCOB nHTerpupyemoctu. Hanpuwmep, ecou (M, 1)
MOYTHU KOMILJIEKCHOe G-MHOTOOOpa3ue ¢ HUTJie He BhIPOXKIeHHBbIM Ten3opoM Heitenxeiica N, j10-
IIyCKAIOIIEe SPMUTOBY CBA3HOCTH C TOTAJIbHO KOCOCUMMETPUYIHBIM KPYUEeHUEM, TO HA HEM MOXKHO
OIIPEIeIUTH HUTJIE HE BHIPOXKJIEHHYIO JIEUCTBUTEILHYIO (popMy obbeMa Vol; := det N*@det N*.
B pa6ore M. Bepburckoro [4] nokasano, 1ro B 310M ciydae dyrkunonan [ — | 1 Vol; mveer
KPUTHYIECKYIO TOUKY B [ B TOM U TOJBKO TOM ciydae, eciau (M, I) mormyckaer npuban3uTeIbHo
KeJIEPOBY METPUKY. B crarhe 2] nccemyercs ayxmnapamMerpudeckoe ceMeiicTBO hyHKIIMOHAIOB
CBSI3AHHBIX ¢ TeH30poM Heitenxeiica, X KpUTHIECKNE TOYKN U CBI3b C KBA3U-UHTETPUPYEMbBIMI
U TPUOJIN3UTETHHO-KEJIEPOBBIMU CTPYKTYPAMH.

B marmmeit pabore nsyuaercs nosejienne TeHzopa Heitenxeiica na 6-mepnoii rpyiie [efiesen-
Gepra G. Paccmarpusaercs npocrpancTso A1 Bcex JIeBOMHBAPUMAHTHBIX MOYTH KOMILIEKCHBIX
cTpyKTYp Ha (G, COXPAHSIONINX OPUEHTAINIO. 3adUKCUPyeM CTAHIAPTHYIO JIEBOMHBAPUAHTHYIO
metpuky g Ha G. Torga [5] mpocrpancrBo A1 uMeeT cTpyKTYpPY pacc/oeHnst Ha [ IPOCTPAHCTBOM
AO; BCEX (-OPTOTOHAJILHBIX JIEBOMHBAPUAHTHBIX MOYTH KOMILIEKCHBIX CTPYKTYD, COXPAHSIIO-
mux opueHnTanuio. Ilpudem cioem Hax I € AO; apigercs npocrpancrso Af = {J € AT :
wr(JX,JY) = wr(X,Y)}, nonoxkurenbro accormupoBatbix ¢ dopmoit wr(X,Y) = g(IX,Y)
MOYTU KOMILJIEKCHBIX CTPYKTYP. Basa Takoro pacciioeHust B ciiydae pasMepHOCTH 6 eCTb OJTHO-
posmoe npocrpamncrso SO(6)/U(3) = CP?. Ipeacrasnenune CP? B Buje 6-MepHOro Terpasipa
[1] ¢ rpamsyvu CP? u pe6pamu CP' 103B0sIsieT MOy IHTh ABHOE OIUCAHHE OPTOrOHAILHBIX JIe-
BOMHBAPUAHTHBIX TIOYTH KOMILIEKCHBIX CTPYKTYD Ha G [6].

B macrosimeit pabore Haiijien tensop Heitenxeiica N(I) m KBajpar €ro HOPMBI JIJIsT IIPO-
U3BOJIBHOM MOYTU KOMILIEKCHON CTPYKTYypbl I € AO;’ B napamerpusanuu [6]. VccremnoBansr
9KCTpeMaJibHble 3HAUYEHUsI KBaJipaTa HOpMbI TerH3opa Heiienxeiica Ha AO;. Taxzke uzy4daercs
BOIIPOC O ToBeieHnu Ten3opa Heitenxeiica npu jgedopMaliui OpTOrOHAIBHON MOYTH KOMILIEKC-
HOI CTPYKTYpHI I € AO; BIOJIL cyios Af .
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NMHBAPNAHTHOCTDb BECOBBIX IIPOCTPAHCTB COBOJIEBA

HUKUTA EBCEEB

Nsyuarorcss usmepumMbie orobpaykerus ¢ : D — D' opoKaaroliye orpaHnIeHHbIi OTlepaTop
BJIOZKEHHsI BeCOBBIX IpocTpancTs CoboieBa L}D(D’ ,v) 1 Ly(D,u) ma rpymme Kapno G. IToy-
YeHbI HEOOXOAMMBIE U JOCTATOYHBIC YCJIOBHUA aHAJUTUYCCKUX CBOMCTB TAKUX OTOOpayKeHMil, B
OIMCAHNU KOTOPBIX HPUMEHSCTCS BecoBas (PYHKINS NCKAZKCHUS.

I'pynma Kaprao G 310 cBsizHasi OIHOCBsSI3HAST CTPATU(MUIIMPOBAHHAST HUJIBIIOTEHTHAS TPYII-
na Jlu. Ee anredopa Jlu G gaeisgercsa npsmoii cymmoit moamnpoctpacts: g = Vi @ --- @V, u
Vi, V| =Vipp e j =1,...,m — 1, torma kak [V4,V,,] = {0}. IIpocrpancrso V) naseiBaercs
TOPU30HTAJIBHBIM TTOJIIIPOCTPAHCTBOM.

[Iycrs D — orkpbiroe noamuoxkectso G u nmycrs w : G — [0, 00) — JIOKaIBHO CyMMUpyeMast
HeoTpunarebias (6ecosan) bynkmus. Becosoe mpocrpamncrso Cobosesa W, (D, w) (L, (D, w)),
1 < p < 00, 9TO MPOCTPAHCTBO JIOKAJIBHO HHTEIPUPYEMBIX (DYHKIHI, TuhdepeHnupyeMbx B
o6ob6menHoM cmbicse f @ D — R, cuabikeHHOE ciieryroreil HopMoii (TOJTyHOPMOiA ):

I 1 WE(D.w) / Pt )+ ([P a)’

1
17123, w) = ( / VP ()w(z) dr)
D
riae Vf — obobwennviti 2opusormanvhut epaduenm, Vf = (X1 f, ..., Xp, f). Bekropasle moss
{Xi}iz1,. n, OOpasyior G6asuc Vi, ny = dim V.
Kaace Maxenzaynma A,. Oyukuus w € A,, 1 < p < 00, ecin w JIOKaJILHO UHTErPUPYyeMast
dyHKIMA Takasi, 9TO

(55 w0e) (s o7 0) ™ = eva <
Ssu —_— w axr —_— wl-r dx = Cyp OO,
S uB) ) uB) ) ’

re cynpeMyM Gepercs 1o BceM mmapam B u3 G.

Ozparuvennuii onepamop xomnosduyuyu. Orobpaxkenue ¢ : D — D' mopoxjgaer orpaHnveH-
Hpiii omeparop ¢* : C*°(D') N Ly(D',v) — Lj(D,u) no npasmry xommosurum: ©*f = f o,
ecan

" 1 24D < K| 1 2400

OTobpazkeHne Y NMeeT KOHEeYHOE BECOB0E UCKANCENUE, €CTTH TOPUIOHTAIBHBIH Ard depentman
Dy(z) = 0 nouyrn Bciony Ha MHOXKecTBe Z, = {x € D|J(z, p)v(¢(x)) = 0}. Becosaa dynryus
UCKAHCENUA JJISI TAKOTO OTOOPAXKEHUs (0 ONMPEJIEIISIETCS CJICIYIOIUM 00pa3oM:

D' >y Hi(y) = 17%(?/)( Z —‘qu(m)u@));.

J
vz | T@P)

Pabora BeimosiHena npu gactuanoit mojepkke mpoektavmu Hayambie rkossr: HI11-921.2012.1; u OIIIK —
3asBka Ne 2012-1.1-12-000-1003-014.
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2 HUKINTA EBCEEB

Teopema 1.

Orobpaxkenne ¢ : D — D' wgmacca ACL(D) mopoxigaer orpaHuveHHbIH onepaTtop ¢*
Ly(D',v) N C®(D') — Ly(D,u), 1 < q < p < 00, TOrja H TOJBKO TOIJA, KOIZA @ HMEET
orpannyenHoe secosoe uckakemue n HiW(-) € L, (D'), e % = % - %. Hopwma omrepaTopa ¢*
sxpupajientHa Hy (D) = ||HV(+) | L(D')]|.

Teopema 2.

Ecim BecoBas ¢pynkmmusa v npuHaie;KuT Kiaaccy Ay, Tora omeparop ¢* MoKeT ObITh IIPO-
JIOJIZKEH 110 HeIIPEPBIBHOCTH Ha MPOCTPAHCTBO L;(D’ ,v).

IIponoskennsriii oreparop @™ : L}D(D’ V) — Lé(D, W) YAOBJIETBOPSIET CJIEIYIOIUM YCIOBHSIM.

1) Ecu f € L;)(D’ , V) — KBa3WHEINPEPbIBHDII MPEJICTABATE I, TOTJIA [ 0@ Olpe/e/IeHa HOITH
Beroay u o*(f) = foy m. B.

2) Ecsn jBe kBasuHenpepbiBHbIe (DyHKIHH f1, fo € Lll)(D’ , V) Da3InvaroTCs Ha MHOYKECTBE
EMKOCTH HOJIb, TO f1 0 ¢ H fa 0 pasimmiaroTcss Ha MHOXKECTBE MEPbI HOJIb.

3) Orobpaxkenne ¢* : f — f o, rne [ KBasuHENPEPBIBHBIN MIPEACTABATEb [, SIBISIETCS
OrpaHHYEHHBIM OITIEPATOPOM.

B nokazarenbcrse Teopem 1 u 2 cyIecTBEHHO PUMEHSIOTCS MeToibl paboT Bomonssuosa C.
K. u Yxyosa A. /1., T/1e o1y 9eHbl KpUTEPUN, TIPU BBITIOJTHEHNN KOTOPBIX H3MEPUMbIE 0TOOPasKe-
HUsI WHIyIIUPYIOT OrPaHWIeHHbIe OTlepaTophl Kak KiaccoB CobosieBa Ha rpymmax KapHo, Tak u
BecoBBIX KiaccoB CoboieBa B €BKJIMJIOBBIX pocTpancTBax |1, 2|. st BBIBOIA CBOWCTB BECOBBIX
kyaccoB CobosieBa Ha rpynnax KapHo NpUMeHSIOTCsI, B YaCTHOCTH, METOJbI paboThl [3].

CIINCOK JIMTEPATYPHI
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I. Mathematica, Vol. 19, 95-113 (1994).

HoBocusuprckuit I'OCYIAPCTBEHHBINT YHUBEPCUTET, HOBOCUBUPCK, 630090, Poccusa
E-mail address: nikita2.evseev@gmail.com



RIEMANNIAN Spin(7) HOLONOMY MANIFOLD CARRIES
OCTONIONIC-KAHLER STRUCTURE

DMITRY EGOROV

I will talk about a new concept called octonionic-Kéhler structure. Let (M, g) be a smooth
Riemannian manifold. Suppose V' is a 7-dimensional subbundle of the vector bundle End(7'M)
such that a fiber of V' through the point is spanned by almost complex structures J, at that
point.

I impose two constraints on V. First, there exists a non-associative product of almost complex
structures. It corresponds to the octonionic product. Secondly, the following formula holds:

Yy,

where w € gy ® Q'(M). The gy algebra arises naturally, since G5 = Autg(Q).
The defined bundle V' over M is called an octonionic-Kahler structure on manifold M or 1
say that M is an octonionic-Kéhler manifold. Then I will introduce the following theorem.

Theorem. Let M be a Riemannian 8-manifold with holonomy group contained in Spin(7);
then M is the octonionic-Kahler manifold.

REFERENCES

[1] D. Egorov, “Riemannian Spin(7) holonomy manifold carries octonionic-Kahler structure”, Moscow Math.
J. to appear, arXiv:1109.2281
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1-KBASUKOH®OPMHBIE OTOBPAKEHUSA HA T'PVIIIIE
ITIOBOPOTOB-CABHUTI'OB

JAPHA NCAHI'YJIOBA

Mper uccnenyem 1-kBasukoHpOPMHBIE OTOOPazKeHHsI TPYIIIBI TIOBOPOTOB-¢ABUTOB RT  (roto-
translation group). I'pyma mOBOPOTOB-CABUIOB — 3TO TPEXMEPHOE TOMOJOIHIeCKOe MHOT000-
pasue, quddeomopdnoe R? x S, ¢ koopaunaramu (z,y,60) n ymHokeHIEM

(20, Yo, 60) - (x,y,0) = (xo + x cos by — ysin by, yo + x sin by + y cos by, Oy + 0).

ﬂeBOI/IHBapI/IaHTHble BEKTOPHLbIE I10JIA

0 0 0 0 0
C0898x+81n98y’ 50" C 51n93x+cos08y

YAOBJIETBOPAIOT CJICAYIONIUM KOMMYTAaIMOHHBIM COOTHOIIIECHUAM:
[A,B]=-C, [C,B]=A, [AC]=0.

Ipynna RT saBisercsd cyOpUMAHOBBIM MHOTOOOpa3WeM ¢ MOPU30HTAIBLHBIM ITO/IPACCIOCHH-
em H = span{A, B}. Merpuka Kapuno — Kapareonopu 3ajaercsi Kak MHGUMYM JJIHH BCEX
IOPU30HTAJIBHBIX KPUBBIX, COEJIMHSIIONIMX JIBE TOYKHU (KYyCOUHO-TJIQJIKAsi KPUBAsi HA3bIBACTCS
rOPU30HTAJIBHOMN, €Cjii ee KacarebHbIl BeKTOp mpuHajyexur H mourn sewomy). [lpu srom
JIOKAJILHO TE€OMETPHUs I'PYIIIBI II0OBOPOTOB-CABUTOB OJIM3Ka K Hepsoit rpymie [eiizenbepra H!,
nocko/ibky H! siBiisiercss KacarenbubiM Konycom K RT B cumbicie I'pomosa [2]. OTmerum, uro
I'PYIIIa TTOBOPOTOB-CABUTOB BOSHUKAET B BOIIPOCAX MOJIETMPOBAHUS HETOJIOHOMHOTO JIBUZKEHU S
U ONITUMAJILHOTO KOHTpOJIst. [logpoboe onmcanue rpymibl R7T ¢ ABHBIM BUJIOM Te€0JIC3MIECKIX
MOKHO HajiTu B KHure |1], n3omerpun na R7T Haiijenst B pabore aBropa [3].

Teopema.
Besxoe C3-riaakoe 1-kpaznkonpopmmoe orobpazkenue Ha rpyie R spJjsercs uzoMerpueii
H eCTh KOMIIO3HUIHS CJICJIYIONIX OTOOPAaXKEeHHIT:

Lo wo,00) (Y, 0) = (z0, Y0, 60) - (x,y,60) — sreBblit capur,

zx,y,0) = (—z,y,—0
(z,y, 9) = (=zv, 0)  orpasens,
O-(xa% ) - (—ZL‘, —-Y, )
st moKa3aTebCTBa TEOPEMbI MbI HCIIOJIb3YeM MH(MUHUTE3NMAbHBII MeHepaToOp OJHOIapa-
MEeTPUYECKON IPyHIbl 1-KBa3UKOH(POPMHBIX OTOOPaYKEHMUII.
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TPUBUAJIbHOCTDb ®YHKIUN w, AJIA ITPOCTPAHCTBEHHDBIX
ITOJIHBIX T'PA®OB C OAHVM VYIJAJIEHHBIM PEBPOM

AJTEKCAH/IP KABAKOB

B npocrpancteennbix (cogepzKamuxcs B R?) rpadax G, napy HellepeceKaroluxcs TPOCThIX
IIUKJIOB, TIPOXOJIANINX 110 BCeM BepiinHaM rpada, OyaeM Ha3blBaTh raMUILTOHOBON HapOil UK~
JIOB.

Oupenenmm 3HadeHne wo(G,,) GYHKIMET wy KAK OCTATOK OT JIEJICHUsT Ha 2 CyMMBbI
> lky(a, B),
(a,8)

rJie CyMMHUPOBaHUe GepéTcst 10 BCEM HEYMOPSIOYEHHBIM MaMIJIBTOHOBBIM TTapaM IUKJIOB (v, ()
B rpade G,.
Oxkazajioch, 9TO I JIOOBIX JABYX MOJHBIX TPOCTPAHCTBEHHBIX TPadOB ¢ OJHUM V/IaJeHHBIM

pebpom G, G” C R® ¢ n BepmuHaMyu clpaBeI/IMBO COOTHOIIEHHUE:

wa(G,) = wa(Gh).

Onnako, we(Gy,) = 0 muist F060r0 MOJHOTO TTPOCTPaHCTBeHHOTO rpada G, ¢ OTHUM yIaseH-
HBIM PEOPOM.
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MINIMAL SURFACES ON CARNOT GROUPS

MARIA KARMANOVA

The introduction of suitable notions of variation, graph and surface measure is one of
main problems in research of non-holonomic minimal surfaces. We solve them for Lipschitz
(in sub-Riemannian sense) mappings ¢ : G — ¢ defined on measurable subsets of Carnot
groups with values on integral line ¢ of an arbitrary vector field X; of a degree . We give a

definition of a graph mapping ¢r that assigns to each point x the element exp ((p(x)Xz> (x),

generalize the concept of sub-Riemannian differentiability introduced in [1] and obtain the
notion of polynomial hc-differentiability, and prove that graph mappings are polynomially hc-
differentiable at almost every point of D. These results are applied to the proof of the area
formula for the “interior” measure Hy. of a graph:

[V bewianww = [ ania)

wr(D)
Moreover, we find analytic description of some non-holonomic minimal surfaces. For mappings
¢ : D — ( defined on a domain D C G that satisfies some additional requirements, we define
a class

D@Z) 2 5
o= {e=pru / DU (o) > i}, & >0,
(1+ 1Dg(@)L?)
where second horizontal derivatives of © are measurable functions. It defines class of graphs

Sk, of mappings from Fg . Then minimal surfaces in the class Sk are surfaces of zero
sub-Riemannian mean curvature defined by functions ¢, that is,

N]]

dim V;
XA
E Xj ]()i(l‘) - 0
1+ |De(a)]?

for almost all = € D. This case is new and it differs essentially from that studied in [2]. See [3]
and [4] for details.
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I'MITEPBOJINMYECKNE NKOCASJAPAJIBHBIE MHOI'OOBPA3MA
9BEPUTA

TATBbAHA KO3J/JIOBCKAA

B pa6ore [1] npegcrasiieno mects pas3audHbix MHOrOOOpasuit Mos, . .., Mog, KazxKi0e u3 Ko-
TOPBIX TIOJTyIAeTCsI TIOMAPHBIM OTOXKICCTBICHUEM I'DaHeil TPABUIBHOTO TUIIEPOOITMIECKOT0 HKO-
caszipa ¢ nByrpaHHbIME yriaamu 27/3. Hac Gymer mHTepecoBaTh OJHO M3 STHX MHOI0OOpas3mii
obJIa1atoee CuMMeTpreli TPeThero Mmopsijika, Kotopoe obo3nadeHo B [1| wepes Mays. B [2] mo-
CTPOEHO ceMeiicTBO MHOT0OOpasuil Mas(n) 1 oKa3aHa cieyrolas TeopeMa;: JJist TF060r0 YeTHO-
ro n > 4 mHOoroobpasue Mas(n) gBsg€TCs N/ 2—TUCTHBIM TUKJINIECKUM HAKPBITHEM JITH30BOTO
npocrpancra L(3, 1), pasBeTBIeHHBIM HaJl 3—KOMIIOHEHTHBIM 3allell/IeHIEM.

Teopema.

Mmuoroobpasue Mays(2) siBiasiercst simH30BBIM 1IpocTparcTBoM L(3,1).

C 1OMOIIIBIO 1TOC/Ie/I0BATEIBHOCTU Ipeodpa3oBanmil 3MHrepa, JuarpaMmmMa Xeropa, cooTBeT-
CTBYIOIAas CHMILIAIAATBLHOMY KoMiuiekcy P(2) [2] ¢ tpemst crstayThIME pebpaMu (CM. puC. HU-
JKe), TIPUBOJIUTCS K KAHOHUIECKOil uarpaMme JITH30BOro poctpancrsa L(3,1).
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24-KJIETOYHUK KOKCTEPA U ITPON3BO/JAHBIE OT OKTASPA

AJTEKCAH/IP KOJITTAKOB

B coorBercrBun ¢ kiaccudurarmeii, mosydennoit Kokcrepowm [1], cymecTBytor Beero mecthb
PEryJISIPHBIX 9€THIPEXMEPHBIX €BKJIMIOBBIX mosimdapa. OMHuM U3 HUX — TaK HA3bIBAEMbIH 24-
KJIETOUHWK, sIBJIAIONINNCH, B HEKOTOPOM CMBICJIE, YeTBIPEXMEPHBIM aHAJIOTOM OKTasd ipa. Vmen-
HO, coorBercrByomuii emy cumsos Illmedbsn ects {3,4,3}. Takum obpasom 24-KJI€TOUHUK
uMeeT 24 TpEXMepHBbIE T'DaHU, SBJISIONNECH PEryasapHBIMU OKTasapamu, 96 IByMEpPHBIX Tpe-
YTOJILHBIX Ipann, 96 pédep u 24 BepiuHbl. JIMHK KayK/10# BEPIIUMHBI SABJISETCH KOMOMHATOPHBIM
KyOOM, TO ecThb JBOMICTBEHHOI OKTAdIPy (UTYPOIi.

Ncexona n3 HEKOTOPBIX 00X (PaKTOB TUMEPOOJIMIECKONl TeOMETPUN MOYKHO MOKAa3aTh, UTO
24-KJIeTOYHUK W TOJBKO OH Peain3yeM KaK UJIeAJTbHBINA MTPAMOYTOJIbHBIN TOJIMJIP B YeThIPEX-
MepHOM runepbosinieckoM npocrpatctie H?, B cMbicie paGoTs [2].

B nacrodeit pabote JI0Ka3aHbI CJIEIYIONIIE /IBA YTBEPKIEHUS:

Teopema 1.

Cpemur Bcex mieasIbHBIX IPIMOYTOILHBIX 0H3ApoB B H*, mieanHbIii IpIMOyTOIbHEIH 24-
KJIETOYHUK HMeeT MUHUMAJIbHBIH 00bEM. N eabHbIH IPSIMOYTOJIBLHBIH MTOJIU3IP MUHUMAJIHLHOI'O
00béMa ecTh 24-KJIETOYHHUK, C TOYHOCTBIO JI0 H30METPHH.

Teopema 2.

Cpenn Bcex mieaabHBIX MPIMOYTOJBHBIX om3apos B H*, mieanpnsrii mpaMoyrobHbIT 24-
KJIETOYHHK UMEeT MHHHUMAJIbHOE YHCJI0 TPEXMEPHBIX rpaHeli. VieabHbIH IPIMOYTOJIbHBIH 110~
JIMJIP ¢ MHHUMAJIBHBIM 9HCJIO TPEXMEPHBIX I'DaHeil ecTh 24-KJIeTOYHHK, ¢ TOYHOCTHIO JIO H30-
METpPHH.

Baxkuyto poJib B jloKa3aTe/IbCTBE YIIOMSIHYTBIX TEOPEM sIBJISIETCsl KOMOMHATOPHAS Kaccudu-
KaIlisi MHOIOI'DAHHUKOB IIPOM3BO/HBIX OT OKTa’/pa, IIpUBe/IeHHas B [3].
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THE TWO-SQUARE LEMMA AND THE CONNECTING MORPHISM IN A
PREABELIAN CATEGORY

YAROSLAV KOPYLOV

In 1989, Fay, Hardie, and Hilton proved the so-called “Two-Square Lemma’, a diagram
assertion used as a tool for constructing a connecting morphism in the Snake Lemma in abelian
categories. Later Generalov extended this construction to arbitrary preabelian categories.

We obtain a version of the general Two-Square Lemma by Fay-Hardie-Hilton for preabelian
categories. We also establish the equivalence up to sign of two definitions of the connecting
morphism of the Snake Lemma, one going back to André-MacLane and the other provided by
the Two-Square Lemma.
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MORSE-SARD THEOREM FOR SOBOLEV FUNCTIONS AND
APPLICATIONS

MIKHAIL KOROBKOV

Theorem 1 [1]—[2]. Let ¢ € W™Y(R™). Then

(i) for every € > 0 there exists § > 0 such that for any set U C R™ with H! (U) < § the
inequality H'(v(U)) < & holds;

(i) H'({w(z) : 2 € R™ & Vi(z) =0}) = 0.

Here we denote by H! the one-dimensional Hausdorff measure, i.e., H!(F) = tlir& Hi(F),
—
where H} (F) = inf{}_ diamF; : diamF; <t F C |J Fi}.
=1 i=1

Corollary 2 [1]-[2]. Let v € W™(R"). Then for H'-almost all y € (R") C R the
preimage 1~ (y) is a finite disjoint family of C*-smooth (n— 1)-dimensional compact manifolds
Si,7=1,2,...,N(y).

Now consider the Euler system
(Ww-V)w+Vp = 0,
(1) i@ B
ivw =

Let Q C R? be a bounded domain with Lipschitz boundary. Assume that w = (wy,wy) €
W2(Q,R?) and p € W¥(Q), s € [1,2), satisfy the Euler equations (1) for almost all z €

and let fr- w-ndS=0,i=1,2,..., N, where I'; are connected components of the boundary
0. Then there exists a stream function ¢ € W22(Q) such that Vi) = (—wq, w;) (note that by
wl|®

Sobolev Embedding Theorem 1 is continuous in ) . Denote by ® = p + o the total head

pressure corresponding to the solution (w,p).

Theorem 3 [3] (Bernoulli Law for Sobolev solutions). Under above conditions, for
any connected set K C ) such that ¢| x = const the assertion

3C = CO(K) ®(x)=C for H'-almost all z € K
holds.

Using Theorem 3 we prove the existence of the solutions to steady Navier—Stokes equations

for some plane cases (see [4]) and for the spatial case when the flow has an axis of symmetry
(see [5]).
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PETVYJ/ISPHOCTHb ACUMIITOTUYECKUX JIMHUIT HA
IICEBAJOC®EPAX OE CUTTEPA

AHJIPENI KOCTUH

B pabore ucciieryercst peryaspHOCTb aCHMITOTUYECKUX JIMHUANA HA MOBEPXHOCTSIX MOCTOSHHOMN
KPUBU3HDI C UHJIE(PUHUTHON METPUKOI B TPEXMEPHOM IICEBIOEBKJIMIOBOM IIPOCTPAHCTBE.

Pazbepém onun u3 ciaydaen. B npocrpancrse MUHKOBCKOTO ¢ METPHUKOIA
ds* = (dz")? + (dz®)* — (dz®)?
PACCMOTPIM TIOBEPXHOCT, 3aJ[aHHYI0 PaIuycoM-BekTopoM o = 7 (x!, 22, 23), e
o' = sinh(u) — arctan(sinh(u)), 2® = cosh(u)sinh(v)), 2 = cosh(u) cosh(v).

Ha sroit moBepxHOCTH JIOKAJIBLHO peasmn3yeTcs Merpuka miockoctu je Currepa. [Ipoduis (Ha-
YaJIbHbI MEPHUJIMAH) MOBEPXHOCTHU MIPEJICTaBIsieT COOON OJIMH M3 IICEBIOEBKIINIOBBIX AHAIOIOB
TpakTpuchl. [Ipu 3navenun v = 0 peryysgpHOCTb MOBEPXHOCTH HAPYIIAETCHA. Y paBHEHUE

— tanh(u)du® + cosh(u) sinh(u)dv? = 0
3a7a€T ABa ceMeliCTBa aCUMIITOTHYECKUX JIMHUM:
2arctan(e") —v =¢;, 2arctan(e") + v = co.

BBe;['éM Ha ITIOBEPXHOCTU HOBLIE JIOKaJIbHBIEC KOOPJAMHATDI:

v
r = — arctan(e") + Y

v
y = arctan(e") + 7

[lepBas kBagpaTuaHas ¢hopMa HOBEPXHOCTH IPUMET BU/T:
1 = — tanh?(u)du® + cosh? v(u)dv? = da? + 2 cosh(2u)dxdy + dy*

OTcrozia cliejlyer, 9To acCUMITOTHYECKAs CeTh ABjigercs uebbiménckoit. CeTeBoil yros yjoBie-
TBODSICT yPABHEHUIO
0?2
0x 0y
[1, 2]. Uccremyem Ha perysisipHOCTh aCHMIITOTHYECKHE JIMHUU [IEPBOrO ceMeiicTia. s sroro
MoJICTaBUM 3HaueHne v = 2arctan(exp®) — ¢; B IapaMeTpUYeCKHe YPaBHEHHs TTOBEPXHOCTH.
Iycrs 7 = 7 (2 (u), 22(u), 23 (1)) -paiyc-BeKTOD JIMHEE STOIO CeMefiCTBa, e

= —sinh(2)

z' = sinh(u) — arctan(sinh(u)), 2* = cosh(u) sinh(2 arctan(e) — ¢;)),

2% = cosh(u) cosh(2 arctan(e*) — c;).

Torma 72 = 1 — tanh®(u) > 0. ITosToMy OGOGIIEHHbIE ACHMITOTHYECKHE JIMHEE DeryJIapHbI

u
BCIOJIy, B TOM YHCJI€ U B TOYKaX pedpa BO3BpaTa, B KOTOPBIX HAPYIIAETCS PEryaspHOCTb CAMOI
IOBEPXHOCTH. AHAJIOIMYHAsT KAPTUHA UMeeT MECTO M JIJIf aCUMIITOTUIEeCKUX JIUHUI BTOPOTO ce-
MelicTBa. PeryaspHocTh ke ceTu B TOUKaxX pedpa Bo3BpaTa HAPYIIAETCHd, TOCKOJIbKY KacaTe/b-
HbIE BEKTOPBI K JIMTHUIM 0DOUX CEMENCTB B TOUKaxX pedpa BO3BPaTa KOJIJIMHEAPHDBI KACATETbHBIM
BEKTOPaM K IICEBJIOEBKJINI0BOI OKpyKHOCTH (adduHHOl runepboste), cayxKarieii STuM pedbpom
Bo3Bpara.Ec/im orpaHnInThCA OJIHOM TOJIOCTHIO IOBEPXHOCTU, TO MOYKHO TaKKe BCTATh Ha Ta-
KyIO TOYKY 3PEHHUsi, 9TO IPU KacaHWW ¢ peOPOM BO3BpaTa ACHUMIITOTHYECKUE JIMHUU OJIHOTO
ceMeficTBa TePexo/IsIT B ACUMIITOTUIECKIE JIMHIH JPYTOro ceMeicTBa. DTH pe3yJIbTaThl, XapaK-

TepU3yIoIe aCUMIITOTHYecKre JTnHNN Ha "6abouke' ne Currepa, aHAJIOTHYIHBI pe3y/abraTaM 00
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2 AHJIPE1 KOCTUH

ACUMIITOTUYIECKUX JIMHUAX Ha BOpOHKe Benbrpamu-Mununra |3, 4]. lns ncenocdep ge Cur-
Tepa u bejgbrpamMu-MuHIMHNa UMEIOT MECTO CBSI3M PacCMaTPUBAEMbBIX BOIIPOCOB C "9BOJIIOTHO-
9BOJIbBEHTHBIMHI " CBOMCTBAMU UX MEPHUINAHOB.
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KOromoJiornm CBOBOJHBIX TACTIYHO KOMMYTATIBHBIX
MOHOI0OB 1N UX AEVCTBUN HAJ ITYHKTNPOBAHHBIMU
MHO>XKECTBAMMU

BIKTOP JIOITATKITH

B JOKJIa e 6yﬂeT pacCKa3aHO IIPO KOI'OMOJIOTHIA CBO60,HHI)IX JaCTUIHO KOMMYTAaTUBHbBIX MO-
HOMJOB 1 UX ,ZLCIZCTBHSI Ha IIYHKTHPOBaHHBIX MHOXKE€CTBaX.

Onpegenenne.

Ilycte E — muOXKecTBO, I — anTupediekcuBHOe cuMMmeTpudHoe oTHolenne Ha F. Monomn,
3a/[aHHBIH C HOMOIIBbI0 MHOXKecTBa E u coornomrenuii ab = ba, BBIIOJHEHHDBIX /IS BCEX Iap
(a,b) € I, obosnaqaercst gepes M (E, I) n HaspiBaeTcss cBOGOJHBIM YaCTHIHO KOMMYTATHBHBIM
MOHOHJIOM.

Pacemorpum muOKecTBO X = {X0, 21, ..., T, ¥} HaJ KOTOPBIM CIIpaBa JIeficTBYeT CBOGO/I-
HBI{l 9aCTHIHO KOMMYTATUBHBIH Morous X X M(FE,I) — X* Takue MHOKECTBaA HOSBIISAIOTCS
B TEOPUHU NapaJIIeTbHBIX BBIUUCIUTEIBHBIX crcTeM [1,2,3| (aCHHXpOHHBIE CHCTEMBbI TIEPEXOJIbI ),
5TU MHOXKecTBa Oynem HasbiBaTh M (E, I)-mHOXKecTBaMu witu ipocto M-muoxkectBamu. C Kazk-
JIBIM TaKNM MHOKECTBOM CBsizkKeM kareropuio K, (X2, M)[3|, obbekTammu KOTOPOil SABIISIIOTCS
sJ1eMeHTEl MHOZKecTBa X0, a Mopdusmamu Tpoiikn Buga (z,pu,1') = © 5 2/, e x,2’ € X2,
ap € M(E,I), upuuém x - p = 2’. Bamerum, uaro ecim X°® = {x}, ro K. (X*, M) = M, 1o
eCTh MOHOWJI, PACCMATPUBAEM KaK KaTeropuio ¢ OJHUM 06beKToM M, a MOP(hU3MbI — 3JIEMEHTHI
9TOTO OOBEKTA.

Pacemorpum dynkrop S @ K (X*®, M) — M koropslit Bce 06bekThI Kareropun K, (X*®, M)
IEPEBOJNT B OIuH 06beKT Kareropun M P a Ha Mopdusmax umeeM (x, i1, ') — p. IoitcrBeHHO
K |2, Theorem 5.3| moayaaem

Teopema 1.
ITycte nmeem ¢pynkrop F @ K. (X*, M) — R-mod B kareropuio R-momyseit, riae R — kommy-
TaTHBHOE KOJIBIO ¢ eauauiieii. Torga umeer MecTo H30MOPDHU3IM

H* (K.(X*, M), F) = H* (]\/[Op, I1 F(a:)).

zeX®

Koromostornu ¢Bo60JHOIO 4aCTUIHO KOMMYTATHBHOTO MOHOH/IA MOYKHO BBIYUCIIUTH HCIIOJIb-
3ysi Pe30JIbBEHTY [3]

8n 5
.= F, S FE, ... F S F—0,

n
— _ k
rie F,, = P ZM(e1, ... en)uon(er,. .. en 1) = > (=1)"(e1,... €k 1,€k11,--,€En, 1),
(e1,--56n)EQRE k=1
37ech (), E) cocTonT n3 Bcex n KOMMYTHPYIOIINX MeXK Ty coboit aementoB E.Taknum obpazom Mbl
HoJTydaeM KOMILIEKC MOTyKyOmaeckux Koromosiornii|5,6]. B pabore 7] 6110 BBEneHO KOJIBIO
MOJTYKYOMIeCKUX KOTOMOJIOTH ¢ KO3 dbunmenTaMu B MOCTOTHHOM (DYHKTOpE, 3HAYEHHE KOTO-
poro — KOMMYTATHBHOE KOJIBIO ¢ eaunuieit. Cremyiomnas TeopeMa Mpu3Bana 0000IUTb ITOT
pe3yJibTar.

Ipu nopuepxkku PODOU, rpant Ne 12-01-90811 (HaydHbIi IPOEKT MOJIOABIX yUEHBIX 0] PYKOBOACTBOM KaH-
JUJIATOB U JIOKTOPOB HAayK B Beylnux opranusaiuax Poccuiickoit Penepanun).
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2 BUKTOP JIOITATKNH

Teopema 2.

I'pymma xoromosornit H* (K.(X*, M), F), tne F : K.(X*, M) — R-mod, npesparrnaercst B
KOJIBIIO KOIOMOJIOTHIl, €CJIH BBECTH CJICAVIOULYIO OINEpPaIuio yMHOXKEHHs. IlycTh mMeeM Kore-
mn p € CP (K (X*,M),F) uvy € C'(K.(X*, M), F), toryja ymuoxenne — Kosmvoropoa —
Astekcariepa OyzeT BBITVISAETH CJACIYIOIIIM 00PAa30M;

(SO ~ ﬂ))(l’, €1y 7€p+q> - ZQHKT/ (Sp(x7€h17 s ,th) ®7~/)('T “Chy " Chyy Ckyy e 7ekq)) )
H

snecb H = {hy,..., h,} — MHOXecTBO Bcex moaMHOX«ecTB MHOXKecTBa {1,2,...,p + q}, co-
crosmee u3 p ajgeMeHToB, K — gonoanenume MuoxkecTBa H, o — Y6THOCTH I1€PECTAHOBKH
HK mn: F(x,en, ... en,)QrF(x-ep - enysepp,.ser,) = F(T,€h,. . ChysChysesh,) —

KOJIBIIEBBIE TOMOMOD(HU3MEI.
Kak gacTHbIil ciydail MbI TOJTy9YaeM CJICIYIONII pe3yIbTaT

CaencrBue.

Koubrio KoromoJtoruii ¢BO6OIHOrO 4acTuIHO KOMMYTaTuBHOrO MoHomAa M (FE| 1) Beirasgur
CJIEJTYIOIIIM 06pa30M

H*(M(E7[)>Z) = AZ[ela s 76n}/17

3iecb I — wmyeas BHenrHeid aarebper Agleq, . . ., e,|, HopoxéHHBIH BCceMu TakuMu e € E, aro
€i€; 7& €;€;.

3ameuaHwme.

IIpusenéunplii uzoMopuzm 6bLT oJIydeH B pabore [8] kak konpejes yakropa K-crerenu.

B nokiage 6yayT npuseneHbl nHTepecHble mpuMeps! [9,10] geiicTBuit ¢cBOGOAHBIX YaCTHIHO
KOMMYTaTHBHBIX MOHOWJOB, B YaCTHOCTHU OY/ET MMOKAa3aHO YTO KOTOMOJIOTUH CBOOOHOTO Jeii-
CTBUsI TAKUX MOHOWJIOB MOT'YT MMeTh Kpydenus [9,10].
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O JOCTATOYHBIX YCJIOBINAX JUCKPETHOCTHN JJIA I'PYIIII
MEBNYCOBBIX ITPEOBPASOBAHNIN C ABYMA IIOPO2KJAOIMMNMN

AJIEKCAHJIP MACJIE

Mebuycoso npeobpazoBaHue — 3TO JIPOOHO-JIMHEIHOE Mpeodpa3oBaHue PACIIUPEHHO KOM-
11eKCcHOi tockocTu. Obo3natnMm yepes M rpyriny Bcex MeOnyCcOBBIX IPpeodpa3oBaHuii. XOPOIIo
uzBectHo, uro M = PSL(2,C). Duementsr rpymibt M jiearcs Ha Tpu THIA: SJUTHIITHIECKUE,
11apaboJInYecKue U JIOKCOJIPOMIIECKHE.

Ipymna G < M maspiBaeTcd JUCKPETHOMN, €CJIU €IMHUYHDBIN 9IEMEHT HABJIAETCH H30IHPO-
pamnbiM B (. Kak moxasan opremcen [2], 3amada 0 JMCKPETHOCTH HMPOM3BOIBHON TPYIIIHI
MeOMYCOBBIX MPeoOpa30BaHUil B HEKOTOPOM CMBICJIE CBOJIUTCH K U3YYEHUIO JBYIIOPOKIEHHBIX
I'PYIIIL.

[Tyctb Isom™(H?) — rpynmna Beex COXpaHSIIONMX OPUEHTAIMIO U30METPHil TPEXMEPHOTO T'H-
11epGOJIMUECKOro IPOCTPAHCTBa. X0poIo u3secTHo, uTo M = [som ™ (H?). Tepunr, MakjiokuH,
Maprun 1] n Pacckazos [3| mosyunim gocrarodmble ycIoBust AUCKPETHOCTH JIst TPYIII MeOU-
YCOBBIX IIPe0o0pa30BaHmii, OPOXKJICHHBIX JBYMs JUTUITUYECKAMU dJIEMEHTAMU. DTH YCJIOBUA
IPEJICTABIIAIOT U3 ceOst OIEHKN Ha TUIEPOOJTNIECKOE PACCTOSHIE MEYKTY OCSIMU TTOPOKIAIOIIIX.
MbI TTOTy9mMIn JIOCTATOYHDBIE YCJIOBHUA JUCKPETHOCTH JIIs TPYTIT MEOMYCOBBIX 1TPEO0OPa30BAHMUI,
MOPOZKIEHHBIX JIBYMS 9JIEMEHTAMHU JIpYTUX THIIOB. /[J1s1 ABYX HenapaboImIecKuX MOPOZK TATOIIIX
9TU yCJIOBUS IPEJICTABIAIOT U3 cedsl OIEHKN Ha TUITEPOOINIECKOe PACCTOSTHUE MEXK LY OCSIMU I10-
poxaromux. B ciydae, Kora xoTs Obl OJIMH U3 MOPOXKIAIONINX Tapab0JIMIeCKUil, T0CTATOTHbIE
ycsioBus ¢pOpMyJINPOBAHBI B TEPMUHAX, CBA3AHHBIX C JIEHICTBUEM IMapadOJNIecKuX 3JIEMEHTOB
B TPEXMEPHOM T'UIIEPOOTUICCKOM IIPOCTPAHCTBE.
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VISUALIZATION OF THE 8 HOMOGENEOUS 3-GEOMETRIES AND
THE THURSTON CONJECTURE

EMIL MOLNAR

It is well-known that the classical Euclidean and non-Euclidean 3-geometries of constant
curvature: E3, S and H?® can be modeled in the real projective space P® (or projective sphere
PS3, respectively), i.e. in the subspace structure of a real vector space V* and in its dual. That
means, the usual projections (parallel or central ones) from E? into the (moveable) computer
screen E? are also possible.

The author extended this method to the other 5 homogeneous 3-geometries

SZx R, H2 xR, ~SL(2,R), Nil and Sol
(the so-called Thurston geometries) as well. Thus, visualization of these (strange) spaces,
animations in them are possible, due to my colleagues Istvan PROK, Jenid SZIRMAI [2],[3],[4]
and our students (e.g. Jdnos PALLAGI and Benedek SCHULTZ [6]).

Interesting pictures to the famous Thurston conjecture or to other problems, by visualiza-
tions, can help us in the present and future investigations. Some of them will also be illustrated
in this talk: E.g. one parameter tilings in E3 and in the Bolyai-Lobachevskian hyperbolic
space H® (I. Prok and J. Szirmai [3]). The densest lattice-like geodesic ball packing in Nil
space (whose density 0,78 is larger than the corresponding Euclidean one 0,74, J. Szirmai and
his students [6],[7]). Some (geodesic and translation) balls in ~SL(2,R) and in Sol geometry
will also be presented by international collaboration (Blazenka DIVJAK, Zlatko ERJAVEC,
Barnabas SZABOLCS, Brigitta SZILAGYT [1]).

Our collaboration with the colleagues in Novosibirsk [5] promises further attractive results
and pictures as well.
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COMPACT 3-MANIFOLDS VIA 4-COLORED GRAPHS

MICHELE MULAZZANI, PAOLA CRISTOFORI

The representation of closed 3-manifolds by 4-colored graphs has been independently intro-
duced in the late seventies by S. Lins and by Pezzana’s research group in Modena (see [3] and
[1]), by using dual constructions. The attempt of extending the representation to 3-manifolds
with boundary was performed by C. Gagliardi in [2] by using a slightly different class of colored
graphs, but the result was not suitable for a satisfactory computer tabulation of non closed
3-manifolds.

We show that the whole class of 3-manifolds with non-empty non-spherical boundary can be
represented by 4-colored graphs as the closed ones. This gives the opportunity of starting a
more efficient computer aided tabulation. Partial results about enumeration and classification
according to the minimal number of vertices of the graphs have been obtained.
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OB OJJHOM KJIACCE SKCTPEMAJIbHBIX OTOBPAXKEHUN

AJIEKCAH/IP POMAHOB

XOPpOIIIo U3BECTHA B3aMMOCBA3b KOH(DOPMHBIX OTOOParXKEHUI ¢ Pa3IMIHBIMKA SKCTPEMAJIbHBI-
MU 3aJla9aMi Ha IJI0CKOCTH. Hac Oyaer mHTepecoBaTh BO3SMOXKHOCTH OIpeJIesieHusT KOH(MOPM-
HOro oTobpazkeHHsi depe3 skcTpeMasn uHTerpasa lupuxie [1]. Ormernm derbipe TOUKH HA
rpaHmIle OTpaHmYeHHOH OIHOCBA3HOM obmactn D C R?. JIag mosydaeMoro KpHUBOJIHHEHHOTO
YeTHIPEXCTOPOHHUKa D* HaiijileM sKcTpeMajbHble (DYHKIIMN U U W PeAJn3yonine KOHPOPMHYIO
eMKOCTb KOHJIEHCATOPOB, 00PA30BAHHBIX JIBYMsI HapaMu “MPOTUBOMOJIOKHBIX ¢TOpon” (Lq, L3)
u (Lo, Ly), u paceMoTpuM (DYHKIUIO ¥ TPOHOPIHOHATBHYO dKeTpeMasn w, T.e. v = Cw. [Ipu
OJIX0/IdA1eM BbIOOpe roctoguHoi C' dyHKIMA f = u + v ocyliecTBsgeT KoHGopMHOEe 0TOOpa-
»Kenue obactu D Ha HEeKOTOPLI IpsaMoyroabHuK P C R2.

AmnajiorndHasi KOHCTPYKITHS, IIPUMeHsieMast K HeJTMHeHoi (1, p)—eMKoCTH, M03BOJISIeT TOJLy-
YUThH KJIACCHI IJIOCKUX IKCTPEMAJIbHBIX OTOOParKEeHU, CBOHCTBa KOTOPBIX CyIIECTBEHHBIM 0Opa-
30M 3aBHCSIT OT MOKA3aTeNsi CYMMUPYEMOCTH p. B JaHHOW cuTyarym, B OTJIMYAE OT KOH(POPM-
HOTO CJIydast, JIJIsi KOHIEHCATOPOB CJIEJYeT BhIOMpPATh Pa3/MnIHble EMKOCTH, COOTBETCTBYIOIIHE
COTIPSI?KEHHBIM MOKazaTe M cyMmmupyemocti. [peamonaras 1/p+1/p" = 1, pacemorpum dbyHK-
U0 U — SKCTpeMaibuyio st (1, p)—emroctu “cropon” (Li, L3), GyHKINIO w — 3KCTPEMATHHY O
st (1, p')—emkoctu “cropor” (Lo, Ly) u nonoxkum v = Cw. B pesyiabrare moaydumM 0T06-
paxenue F = (u,v) obmactu D (dersipexcroponnuka D*) wa npsamoyronbiuk P C R?. Tlpu
HaJIJIesKalleM BhIOope mocTosgHHoil C' KoopauHaTHbIe (DYHKIME 0ToOpazkeHus F' yI0BIeTBOPSIOT
cUCTEMe ypaBHEHUN

% — |vu|p72 ou
Yy ox
G = —IVup2gL,
KoTOpas 1pu p = 2 npespaitiaercd B cucremy Komm-Pumana.

[Io Bcakoit p—IKcTpeMa bHON (PYHKIIUU % MOXKHO BOCCTAHOBUTH COIPSIKEHHYIO eil (DyHK-
U0 v, yaoBaerBopsiontyio cucreme (1). Bosaukatomee B pesyibrare otrobpazkenne F = (u,v)
Oy/leM Ha3bIBATH p—IKCTPeMAJbHBIM. J[is rajkoro orobpaxkenus F' KoopiamHaTHast (MYHKIINAA
u OyJier perenneM p-ypasHenus Jlammaca

(1)

div(|Vul[P?Vu) = 0,

a dyHKIMa v OyIeT pelneHrneM COOTBeTCTBYIONIEro p'—ypasuenus Jlamaca.

PaceMoTpuM COBOKYITHOCTD BCEX UETHIPEXCTOPOHHUKOB IIOPOXKIAEMbIX 001acThio D 1 KJ1acc
BCEX p-9KCTPEMATbHbIX oTobpaxkennit F' : D* — R? obosnaunm uepes H,(D). C ool ctopo-
HBI, C KazKJIBIM TAKAM OTOOPaskeHHEM MOXKHO CBA3aTh OPTONOHAJLHYIO KPUBOJIMHEHHYIO CHCTE-
My KOOpamHAT B obstacTu [, ¢ JAPyTOil CTOPOHBI, JJIsi OPTOrOHAIBHBIX KPUBOJIHHENHBIX CHCTEM
KOODAHHAT (q1,(2), ¥ KOTOPHIX Bhipazkemme HY ' . Hy! cBsa3pIBaiomiee COOTBETCTBEHHEIE Ia-
pameTpsl Jlame, 3aBUCHT TOJBKO OT OJIHON KOODJMHATHI (;, MOYKHO IMOJYYNTHh BBIPAYKEHUS I
KOOPJIMHATHBIX (DYHKIHI p—9KCTPEMATBLHOIO OTOOpasKeHnsI B KPUBOJIMHEIHBIX KOOPINHATAX.

IIycrs Dy, Dy C R? — orpanmdeHHbIe OJHOCBSI3HBIE OOJIACTH C YKODJAHOBBIMU T'pDaHUIA-
mu. Byjem ropoputh, uro romeomopdusm L : Dy — Do sBJisieTcsl p—3KCTPEMAJIbHBIM, €CJIN
L=FoF, e Fy, € Hy(D,),F, € Hy(D;). Kitacc coOTBeTCTBYIONIX pP—IKCTPEMATHHBIX
romeoMopdusmos obosuaduM depe3 H,(Dy, D).

Pa6ora soionnena upu nojgiep:xkke POOU (rpant Nel0-01-00662-a) u unrerparuonsoro npoekra CO PAH-
JBO PAH Ne56.



2 AJIEKCAHIP POMAHOB

[Ipu orobpazkennn kiacca H,(Di, Dy) misi MIPOU3BOJIBHBIX Y€THIPEXCTOPOHHUKOB, 00pa30-
BAHHBIX JIMHUSIMKU YPOBHSI OTOOpaykeHus F), COXpaHAIOTCS P U P'~€MKOCTH COOTBETCTBYIOIIIX
ap CTOPOH.

BosmoxkHOCTH 0TOOparkeHust IPOM3BOJILHOIO YETHIPEXCTOPOHHUKA HA COOTBETCTBYIONIUI TIPsi-
MOYTOJ/IbHUK MOKA3BIBAET, UTO P—IKCTPEMAJIBHBIX TOMEOMOP(MU3MOB JOCTATOYHO MHOTO. B 1act-
HOCTH, JIJIsI P—9KCTPEMAJIbHBIX TOMEOMOP(PU3MOB YIAETCSI MOJIYINTh aHAJIOT KJIACCUIECKON Teo-
pembl Pumana, corsiacHO KOTOPOMY 1Tt TIPOU3BOJIBHBIX OTPAHUIEHHBIX OJTHOCBI3HBIX 00/IacTeil
D1, Dy C R? ¢ KOpJaHOBBIME T'PAHHIIAME CyIIecTByeT romeomopbusm L @ Dy — Dy Kiacca
H,(D, D), nepeBoJdImuii TPH TOUKH G, A2, a3 € 0Dy 1 B T0UKH by, by, by € ODs.

B onpenenennn knacca H,(D) KoopauHaTHble GyHKIUN SBJIAIOTCA SKCTPEMAJISIME J[JIsI COOT-
BETCTBYIOIIUX KOHJIEHCATOPOB, a 00pa3oM objiactu [ Bceraa siBJIgeTcst HEKOTOPIN MPSIMOYTOJIb-
HUK. DTO He CIUIIKOM YI00HO, B YACTHOCTH, IIPHU U3yYEHUH KOMIIO3UIUN TaKUX O0TOOparKeHui.
Orobpaxenus kinacca Hy(Dy, Dy) B 9TOM ILIAHe yCTPOEHBI JIyUIIe, /I HUX eCTeCTBEHHBIM 00-
pa3oM oIpejie/ieHa KOMITO3uIinsl oToOpazkenuii. [Ipu TOTOMHUTEIBHBIX YCIOBUSIX KOMITO3UIINST
orobpakenuit F' € H,(Dy, Dy) u G € H,(Ds, D3) 6yner orobpazkennem kinacca H,(Dy, D3).
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BUPTYAJIbHBIE MHOT'OOBPA3MS MAJION CJIOXKHOCTU

EJIEHA CBPOJOBA, BJIAJJVUMIUP TAPKAEB

N3BecTHO, 9T0 JIFOOOE KOMIIAKTHOE TpeXMepHoe MHOroobpasue M ¢ KpaeMm OJHO3HATHO 3a/1a-
€TCsl CIIENUALHBIM TIOJIMIPOM, BJIOKEHHBIM B M, TaK HA3BIBAEMBIM CIICIIHAJIHHBIM CIIAHOM.
C apyroii ¢cTOPOHBI, JiBa ClENUAIbLHBIX ciaiina P u P’ 3a1a10T 0IHO U TO K€ TPEXMEPHOEe MHO-
roobpasue Torja M TOJBKO Toria, Korja P u P’ ¢Bg3aHbl KOHEYHOH II0C/IeI0BATEIHLHOCTHIO
T*-npeobpazosanuit (cm. [2]). Takum obpaszoM, J11060e KOMIAKTHOE TPeXMepHOe MHOIooopa-
3ue M ¢ KpaeM ecTh KJIacC SKBUBAJCHTHOCTH OTHOCHTEIbHO T+ -Iipeo6Gpa3oBaHmil yTOIIAeMBIX
CIEIHAIbHBIX TTOJUIIPOB.

B crarbe |1] BBeIeHO TIOHATHE 6UPMYAALHOZ0 MPETMEPHO20 MH02000PA3UA KAK KIIACCA IKBH-
BaJICHTHOCTH OTHOCHTEIHLHO T H-1rpeobpazoBanmii HEYTOMACMBIX CIICIHATBHBIX HOJIITIIPOB.

Kak u B cygae HACTOAMNX TPEXMEPHBIX MHOTOOOPA3Uil, CJI0KHOCTBIO BUPTYAJIBHOIO MHO-
rooopasust M HazoBem 4uucyo k, ecsum M cOmepKUT CIENUAJIBLHBIA OIM3AP ¢ k BEpIIMHAMUI U
HE COJIEPXKUT CIIENUAIbHBIN TOJIMI/IP ¢ MEHBIINM YUCJIOM BEPIIUH.

B nannoit pabore coctapiiena TabJyimia BUPTYaaIbHBIX MHOT00Opa3uii j1o ciioxkuoctu 3. OjHa-
KO, TabJINIIa 3aBEI0MO COIEPKUT AyOnKaThl. [l KaxK10ro MHOrooOpas3usi BHIYUCICHBI PA3/ -
Hble MHBapUAaHTBI, B TOM YHCJIe UHBapuaHThl 1ypaeBa-Bupo, mpu momomm KOTOPBIX YIAJI0ChH
paCIIO3HATH HEKOTOPbIE BUPTYaAJbHbIE MHOrooOpasus. Bbrauciennss "HBAPUAHTOB, KaK U caM
1epebop ClenuaJIbHBIX CIHAHOB, OCYIIECTBJISJICS IPU IIOMOIIHU IporpaMMbl “‘Pacro3nasaresnb
MHOT000pa3uii”’; yCoBEPIIEHCTBOBAHHOM JIJId pabOThI ¢ BUPTYaJbHBIMU MHOT'OOOpa3USIMU.
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KACATEJIBHBII KOHYC K JIOKAJIBHO CTIATMBAEMOMY
ITPOCTPAHCTBY

CBETJ/IAHA CEJIMBAHOBA

Ha Tonomormaeckom npocrpancrse X pacTszKEeHHA MOYXKHO 3aJaTh KaK OJHOINAapaMeTpUIe-
ckue cemeiicTBa romeoMopdusMoB {07 }.~g, onpeesneHubie B okpecTHoCTH U () KazKIoi TOUKM
r € X ¥ yJOBJIETBOPSAIONINE HECKOJIBKIM aKCHOMaM, B YaCTHOCTH, ycjioBuio lim §%u = x s

e—0

Beex u € U(x) (cBoiicTBO JIoKaIBbHON cTarmBaemoctn npocrpancTBa X ). OJHUM U3 OCHOBHBIX
IIPUMEPOB TTPOCTPAHCTB C PACTSIKEHUSIMHE SBJISIOTCS CYOPUMAHOBBI IIPOCTPAHCTBA U OoJiee 00-
mue npoctpancTBa Kapuo — Kapareomopu, mojenupyiomue (husndecKue Mmporecchl pu Hero-
JIOHOMHBIX OIPAHUYIEHUSIX U €CTECTBEHHO BOZHUKAOIINE BO MHOTUX IIPUJIOKEHNX. PacTsykeHus
MIO3BOJISIOT, DU HAJMYIUH OMPEJIETIEHHOIO JTOTOTHUTEIHHOTO YCJIOBUS, BBECTH HA OKPECTHOCTU
KasKJIOH TOYKM MPOCTpaHCTBa X CTPYKTYPY JOKAIbHON rpytibl [1,2].

Mpr jokasbiBaeM (3], 4To 9Ta JIOKaIbHas TPYIIia JOKAJILHO U30MOpQHA CBI3HON OJHOCBA3-
HOIl HWJIBIIOTEHTHOI rpajyupoBanuoit rpymie Jlu. /lokazarejibcTBO OCHOBAHO Ha NPUMEHEHUU
Teopembl MasibiieBa 0 JIOKAJIBHBIX W MTOJHBIX TOMOJOTMYECKUX I'pytiax 4], aro mosBosser m3-
6exKaTh TPYIHOCTEN, CBA3AHHBIX C U3YYeHUEeM JIOKaIbHO Bepcun [IaToit mpobsiembr ['minbepTa.
[Tpu Hasmaun wa npoctparcTBe X (KBa3u)MeTpuku d, OMpeeIeHHbIM 00pA30M COIACOBAHHO
¢ pacTsizKeHusIMU, ¢hOPMYTUPOBAHHBIN PE3Y/IbTAT MTO3BOJISIET U3YINTh AJITe0PANIeCKYI0 CTPYK-
TYpY JIOKAJIbHOIO KacaTeJbHOTO KOHyca K mpoctpancTBy (X, d).

B kadecTBe 0IHOrO M3 MPUIOKEHMIT MOTydaeM aKCUOMATHU3AINIO JJOKAJbHBIX KOHYCOB 9KBU-
peryJsipabix npocrpancts Kapuo — Kapareonopu, ¢ npumenenueM pesysibTaToB crarbu [5].

Kpowme Toro, u neperyssipasie npocrpancrsa Kapno — Kapareonopu sBisiores npumepamu
(KBa3M)METPUYIECKUX MIPOCTPAHCTB € pacTszkeHusMu. B [6] mokazano, 9To KacarebHbIH KOHYC
B 9TOM CJIydae MPeJCTaB/sgeT co00i OJIHOPOIHOE TTPOCTPAHCTBO. DTOT PE3Y/IbTAT SIBJISIETCS HO-
BBIM JIJIsI KBA3UMETPUK (B HEKOTOPBIX BaXKHBIX CJIyYasx METPUKH MOXKET He CYIIEeCTBOBATH);
JIOKA3aTeJIbCTBO SABJSETCS HOBBIM, 110 cpaBHeHHto ¢ [1,7], u mas BHyTpeHHUX MeTpuk KapHo—
Kapareozopn.
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IIYYKI MOAYJIENL KOHEYHOI'O TUIIA HA KATETOPHBIX
TOIIOJIOTNYECKUNX ITPOCTPAHCTBAX

EBI'EHINI CKYPUXIH

Kareropubie TomoJioruueckue mpoCTPaHCTBa ABJSAIOTCA OOIMIUMEA O0BEKTAMU, KOTOPbIE, TeM
HE MeHee, MOI'YyT U3ydaThbCs METOJaMU, PaspabOTaHHBIMU JIJIsi TOTOJOTUYIECKUX ITPOCTPAHCTB.
B mpornecce nccnemoBanuii BIICHIIOCH, 9TO OOBIYHBIE XaPAKTEPUCTHKU TOIMOJOINIECKUAX IIPO-
CTPaHCTB, HAIIPUMEp, JIEOETOBCKasl PA3MEPHOCTD, WJIM KOI'OMOJIOTHYECKAsT PA3MEPHOCTDb, MOTYT
UMeTb MHTEepIIpeTaluu, 0ojiee MUPOKUE, YeM B CJIydae TOIMOJOTMIECKUX IpocTpancTs. Hampu-
Mep, acCOIMUPYs KaTeropHbIe TOIOJOTHYECKUE ITPOCTPAHCTBA, C aJredpamdecKuMu MHOT'0000-
pasusAMU, WM CTPYKTypaMu COOBITUM, WM YACTUIHO YIOPSIOYEHHBIMU MHOYKECTBAME, WJIN
MOH&JIAMH, TI0JIyYaeM, 9TO JeberoBckas U KOroOMOJIOInYecKas pa3MEePHOCTHA COOTBETCTBYIOIIIX
KATErOPHBIX TOIOJIOTUYECKUX ITPOCTPAHCTB COBIAIAET C PA3MEPHOCTHIO aJIredpamdecKoro MHO-
roobpasusi, JJIMHOM WK ITHPUHON YIIOPSI0YeHHOIO MHOXKECTBA, CJI0KHOCTRIO 110 B. V1. ApHOoJb-
JIy, HEKOTOPBIMU XapaKTEPUCTUKAMHU CTPYKTYP COOBITHIA.

B cBda3u ¢ 3TMM IpecTaB/IseTCsl MHTEPECHBIM BOIIPOC O 33/[aHUM NeOMETPUYECKUX CTPYKTYP
HA KATErOPHBIX TOIOJOTMYECKUX IMIPOCTPaHCTBaX. B mpejiaraeMoM JTOKJIaJle TTPEIIoIaraeTcs
PacCMOTPETh JIOKAJIBLHO CBOOOJIHBIE YUK U BEKTOPHBIE PACCTIOCHUS.

Hazosém G-o0bekrom Tpoiiky (X, 7,0), rme X MHO)ecTBO, T Tomosiorus ['poreHjnka Ha
HEeKOTOpOM MHOX)KecTBe S X momMHO)KecTB X, 3aMKHYTOM OTHOCHTEIHLHO TepecedeHuit, O — 7-
Iy490K KoJiel (pyHKIMi co 3HavenueM B pukcupoBannoM moJjie k. [Ipu srom mpejnonaraercs,

aro jys goboro (f : U — k) € OU), muoxkecrso V. = {z € U | f(z) # 0} € SX u

f|LV € O(V). Orobpaxenue h : U — k™ Gyaem HazbiBaTh peryaspHbiM (uan O-peryspHbIM),
eci Jiia Begkoro @ = 1,.m, h = p'oh € OU), tne p' : k" — k — upoekuus Ha
i-ii coMmHOXKUTENH. BekropHbiM paccioenuem Ha (X, 7,0) HazoBeM OTOOparKEHHE MHOXKECTB
¢ : E — X, ecqm 3amano T-nokpeitne o = {U; € SX | i € I} u cemeiicTBO OMEKTHBHBIX
nocsoftnbix orobpaxkenuit {1; : ENU;) — U; x k™ | i € I}, Takux. 9To st JIOObIX 4, ]
otobpazkenne u;; = ; o, 1 Uy NU; x k" — U; N U; X k™ IumeifHo Ha C/I0SX W 3HAYHT
sazaérest pasencTBoM g (, at, ..., a") = (z,3 85y, (x)a', ... >0 iy (w)al), Tak wro dynrkium
5{ij}f : U;NU; = k sBasaores peryiasgpueivi, To ects npunajiexar O(U; N Uj). CoBokym-
HOCTD (DYyHKIMI O(ij} = {5{1‘]‘}? | k,1 = 1,...,n} Moxer GbITH OTOXKIECTBIEHA ¢ (0OpaTUMOii)
MaTpureii, To ectb saementoM rpynust GL(n, O(U; NU;)).

@opMaJIbHBIM TOIOJIOIMYECKUM ITPOCTPAHCTBOM, WM F-TIPOCTPAHCTBOM, Ha3bIBAETCS Iapa

(u,[ ] : L — L), rme | | — oneparop 3aMblKaHUs Ha YaCTUIHO YIODPSJIOUEHHOM MHOXKeCTBe L,
u € L, ecyiu BBILOJIHAIOTCS CJICYIONINE YCIOBUS
(F1) L sBasiercs HUKHER HOJTypeIméTKoii, u st mobeix a,b € L, [a A b] = [a] A [b].

(F2) MuozkectBo L] 3aMbIKaHUIT BCeX 9JIeMEHTOB L sIBJIsIeTCsI TIOJIHO# GpayspoBOil PEIéTKoil
U U — MaKCUMAJIbHBIH sjieMent [L].

Ha dopmasibHOM MPOCTPAHCTBE eCTEeCTBEHHO 3a1aéres napa TomnoJoruii I'porenauka (&, 1),
HOJIE3HBIX [IPH M3YYEHUU €ro CTPYKTYPLI U KOMOMOJIOIHMH. A MMEHHO, & — 3TO KaHOHUYECKas
ronostorus I'porenauka Ha [L], a p namynuposana orobpazkenueM | |. [lapy (ae, 1) 6yaem na-
3BIBATH KAHOHUYIECKOIT mapoii Tonosoruit ['porenuka na F-mpocrpancrse (u, | ).

[TIycrs (K, 7) — caiit. KaTeropabiM TOIIOJOrTYeCKIM IIPOCTPAHCTBOM it (K, T)-IpocTpaHCTBOM
nasbipaerca F-npocrpancreo (D, [P : Kp — Kp), tae D — npenyvok MHOxKecTB Ha K,

Wccnenosanne nojiep:kano rpaarom JIBO PAH 12-111-A-01M-004.
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2 EBI'EHUN CKYPUXIH

[1P: Kp — Kp — oneparop T-3ambikanug Ha Kp. [Ipeamydok D B JaHHOM KOHTEKCTE TaKiKe
Ha3bIBAETCS KATETOPHBIM TOIOJOITIECKUM [POCTPAHCTBOM.

Ilycrs (u,|[ ] : L — L) —F-upocrpancrso, O — p-mydok kozer ¢ 1, a € L, ¢ : O"a —
O™ a, [¢] € M(n,m,0(a)) marpuma, 3agaBaemast Tak: [p] = (ay;), Tae (el) > ey,
e =(0,....1,...,0) € O"(a) = O(a)™.

Kak u B ciiyuae TOHOJIOIMIECKUX POCTPAHCTB, COOTBETCTBHE ¢ — [¢] ABJIAETCA aIUTUB-
HBIM, YJOBJIETBOPsieT COOTHOIIEHHIO [¢ o 1] = [¢)] o [¢]| u 3a7aéT OGHEKIMI0 MeXKIy MHOMKe-
ctBOM Homojg—mod(O"|a, O™|a) romomopdusmos myukos O|a-MOJysIeit 1 MHOKECTBOM MaT-
pur, M (n,m,O(a)) ¢ snemenramu u3 kosibia O(a), B gacrHOCTH, (AHTH)H30MOPMOU3IM MEK LY
rpytnaMi Autole—mod(O"a) u GL(n, O(a)).

[Mpeanonoxum, uro « = {a; € L} | i € I — p-nokpeirue u, M — O-MOJIy/b, U 3aJAHBI
uzomopdusmet @; : O"a; — M|a;. Honaras ¢;; = @; o @ + OMay; — O™ ay;, 6ij = 4],
noJiydaeM 1-KOmukJI, To ectb cemeiicto § = {d0;; € GL(n,O(a; A a4)) | i,j € I}, Taxkoe, aro
5ij5jk = (5zk B GL(TL, O(CLZ N Q4 A\ &k))

Kareropusi Ha3bIBaeTCS TOHKOM, €CJIM MHOXKECTBO MOPGMU3MOB MEXKJy JHOOBIME JIByMsl €6
obbekTaMu He 6oJiee, 9eM OJTHOIEMEHTHO. B 9acTHOCTH, MajIble TOHKHE KATErOPUU MOT'YT ObITh
OTOXKJIECTBJICHBI C KBA3UYIIOPSIOICHHBIMIA MHOYKECTBAMH.

Teopema.

Ilycrs (K, T) caiit, rie K rtonkasi kareropus, (lk,|[].) Kareroproe tomosormaeckoe mpo-
CTPAHCTBO, Tjle NPEANydoK g ompenensercs Tak: 1x(k) — omHO3/IEMEHTHOE MHOXKECTBO JIJIST
KazKJIoro oobexra k. 3agukcupyeM T-1Iy90OK KOJIEI] C eHuLEH O na K w oboznauum uepes
O a- ny4yok Ha Kp, rme D = 1k, 3ajjaBaeMblii paBeHCTBOM (’)(A) = Homgp (A, O). Kareropus
T-j10KasbHo cpobosmbix O-mojysreit Ha K SKBHBAJNCHTHA KaTErOPHH &-JIOKaJIbHO CBOOOJHBIX
O-mopyaeii Ha 1k, To ectb Ha Kp , M CI€10BATEIBHO OIUCHIBACTCS, KAK OTMEYCHO BBIIIE, KO-
[UKJIAMH, COOTBETCTBYIOIUMH KAHOHHYECKUM IIOKPBITHIM 1l €O 3HAYCHHSMH B IIPEIILYIKAX
MATpHII.

2. Ilyers (X, 7,0) G-06bekt. Paccmorpum (K, T)-npocrpancreo 1k, rme K = SX. Torga
KATEropuH T-10KaJIbHo cBoboubix O-ymoayieit na K, se-yokapio csobonubx O-momyseii Ha
1x u BekTOpHDBIX pacciaoennii Ha (X, T, O) 5KBUBAJIEHTHBI.

VHCTUTYT NTPUKJIATHON MATEMATUKY JIBO PAH, BaAanBocToK,690041,Poccus; JJAJTbHEBOCTOY-
Hbl1 PEAEPAJIBHBI YHUBEPCUTET, BJIAIMBOCTOK,690950,Poccus
E-mail address: eesku@iam.dvo.ru



O JIEBOUHBAPNAHTHBIX KOHTAKTHBIX METPUNYECKHNX
CTPYKTVYPAX HA ONJINOOPMOBbBIX AJITEBPAX JIN

APOCJIABHA CJIABOJIIOBOBA

1. IIpeaBapuresbHBbIE cBeaeHUs. HaloMHNM OCHOBHBIE HOHATHUsI U3 Teopun (Huudop-
MOBBIX aJireop Jln.

[Iycth g — HuibnoTenTHag aiarebpa Jlu pasmepnoctu n. Ilyers C%g D Clg D ..C"2g D
C" g = {0} — nenrpanbubit ps anredpst Jlu g, e C%g = g, Clg = [g; Ci1g], 1 <i<n—1.

Onpepenenne 1 ([3]).
Arebpa Jlu g pasmepuocTn > 3 HasbBaercs ¢pumucopmosoii, ecmr Ckg = n — k — 1 s
k=1,...,n—1.

QundopmoBbie anredps! JIu gBIAI0OTCAS HauMeHee HUJIBIIOTEHTHBIMU.

Onpenenenne 2 ([3]).
/IBe kourakTHBIE aareOpsr Jlu (g1, o) 1 (ga, (o) HABBIBAIOTCS KOHTAKTO-U30MODCDHBIMHU, €CJIH
cymectByer m3oMopgusm aareop JIm ¢ @ gy — g2, T. 1. p*(ag) = aj.

Teopema 1 ([3]).

Ilycrs g — pummdopmonast (2p + 1)-meprast anrebpa JIn. Iycrs Xo, Xq, ..., Xop — agamrupo-
BaHHDIIT 6asnc aaredprl JIn g n o, oy, ..., G, — ero ayaabHbll 6azuc. Ecim o = agog + aqoq +
... + agpry, — KoHTaKTHAsI hopMa Ha g, Torga popMma 3 = agptra, — TaKzKe KOHTAKTHAasA PopMa
Ha ¢ u (g, ) — KoHTaKTO-H30MOpChHA K (g, ).

2. JleBouHBapuaHTHasT KOHTAKTHAasi MeTpuYeckas CTPYKTypa Ha puandopMoBoii
anredope Jlu pasmepuocTu 5. Cpequ KOHTAKTHBIX ajredp JIu pazmeproctu 5 dhunmndopmo-
Boit asrebpoit JIu sBisierca cienytomas anreopa JIu ny X, Res, mosydennass neHTpaJbHbIM
pacimpeHueM 4eThIpeXMEepHON CUMILIEKTUIeCcKo# aaredbpbr JIu ny KiraccnduKanmoHHOTO CIIUC-

Ka [4], 3aganHoil B Gasuce e, es, €3, €4 KOMMYTAIMOHHBIMI COOTHOIIEHUAME: [€1,€4] = —éo,
[e2, 4] = —e3. CumintexTudeckas GopMa w uMeeT BUJ w = el A e? + e® A el

Aunrebpa JIu g = ny X, Res B 6asuce ey, eg, €3, €4, €5 IMEET KOMMYTAIIMOHHLIE COOTHOIICHUSI:
le1, ea] = €5, [e1, 4] = —ea, [e2, e4] = —e3, [e3, €4] = e5 u m30MOpDHA anrebpe Jlu g; 3 KiIaccudu-
KAIIMOHHOI'O CIMCKA Pa3PEeIINMbIX KOHTAKTHBIX ajrebp Jlu A. Tuarrer [1]. CoorBercTByIomtyto
rpymmy JIn ob6osnaanm Ny x,,R. Konrakrnas dopma na Ny X, R nmeer sugn = —e°. Ogesumo,
qro dn = e' A e? + €2 A e?. Tlone Puba & mvueer Buy £ = —es.

3ameuaHwme.

Jiobass 1-chopma 1 Buga n = arel + age? + ased + aget + ase’

as # 0. Heticrsurennno, n A (dn)? = 2aie! Ne? Ne? ANet Ae® # 0.

ABJIACTCHA KOHT&KTHOﬁ, eCcJin

Konrakraoe pacupejenenue D TOPOXKJIEHO CJIEAYIONIUME BeKTopaMu: F = ey, Fy = eo,
E3 = e3, Fy = e4. B KadyecTBe 1aTOro BeKTOpa MOYXKeM B34Th nojie Puba, s = —es. Henyesbie
CTPYKTYpHbIE KOHCTAHTBI B HOBoM Oazuce: Co, = —1, C%, =-1, C3,=-1, C3, =-1.

KonrakTHaa gopMa B HOBOM Gazuce onpejensercs 1-popmoit n = E°. Ee saemmnuit qudde-
pennnan: dn = dE® = EY AN E? + E3 A E*.

Kak wusBectHO [2|, accorumpoBanHas MeTpuKa ¢ KOHTAKTHON METPUYECKON CTPYKTYPBI
(n,&, ¢, g) npu dbukcHpoBaHHbIX 1) 1 & onpegensercs adpdUHOPOM ¢ 10 caeyoreit hopmyte:
9(X,Y) = dn(X, oY) + n(X)n(Y).

Pa6ora Bbinosiaena npu nojyiepkke rpanta [Ipesugenta PO (upoekr HITI-544.2012.1).
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2 APOCJIABHA CJIABOJIIOBOBA

Banuiem addunop ¢ B obimem Buje B 6asuce {£;}. YaursiBast, 4ro ¢ 0bja1aerT CBORCTBOM
dn(eX, oY) =dn(X,Y), X,Y € D, Bunum, arto

Y Y2 iz Yu
o1 =11 a3 Yy
¥ = —os Y1a P33 s

o3 —t13 a3z —s3
0 0 0 0

rae 1nmepamMeTpbl Qﬂm‘ CBA3aHbl YCJIOBUAMU:

(V3 + 1athar — Yrsthos + Yrathes = —1,
V12993 + V13(P11 + Ps3) + Yrathag = 0,
V12tPag + 13034 + Y1a(Y11 — s3) = 0,
Vi3tPar — Paz(P11 — Ps3) + Paatfys = 0,
Y141Pa1 + Pa3tss — Vo (11 + 133) = 0,
(35 + Vsathas — Y13thos + Prathes = —1,

BBITEKAIOMIIMU U3 PaBeHCTBa cp2 =—14+nRE.

(vl eviien i es i an]

Teopema 2.

JleBounBapuaHTHasI KOHTAKTHasI MeTpudeckast crpykrypa (n,&, , g) Ha rpymme Ny X, R sB-
Jisercs K -KOHTaKTHOI IIpH Beex 3Ha4YeHUsX IapaMeTpoB ;. JlesonHBapuaHTHas KOHTaKTHas
merpudecKkas cTpyKTypa Ha rpyime Ny X, R #e sasercst crpykryport Cacakm HE IpH KaAKHX
3HAYCHHSX 11apaMeTPOB ;.
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SUPPORT FUNCTIONS OF THE CONVEX POLYHEDRON IN
LOBACHEVSKY’S SPACE

EUGENE RODIONOV, MARIA KURKINA, VICTOR SLAVSKY

The convex geometry of the Euclidean space plays an important role in mathematical analysis.
The convex geometry of the Lobachevsky space H? with the curvature (—k), where k£ > 0,
is a natural expansion of the convex geometry of the Euclidean space. There is a natural

correspondence between closed convex subsets Q C H,. and conformally flat metrics ds? = hfjﬁ) ,
- Q
x € R !, which are defined on R"~! and have bounded one-dimensional curvature:
K d*hg 1 K
——<h — —|Vho|* < = 1

where Vf is the gradient of f in R"~!, % is the second derivative of f in R"~! along a unit
vector £ € R"!. These metrics are called support functions of @ in this paper. The following

formula is true for a finite convex polyhedron of the Lobachevsky space:
hq(z) = min {ha,(2)} (2)

where ha,(z) are support functions of (n — 1)-dimensional sides of the border of @. The
calculation of the functions ha,(z) occurs recurrently and is reduced to a case when A; are
k-dimensional simplexes in H? (k < m). Such functions we will call elementary conformally
flat splines. Usual splines-functions of many variables are limited to the functions of cellular
structure [1].

These functions are known as the functions which range of definition is divided into cells (in
a flat case - rectangles, triangles, etc., in multidimensional - parallelepipeds, pyramids, etc.). In
each cell a function is defined somewhat in the homogeneous way with conditions of smoothness
along borders of cells. In difference from usual spline-functions the representation (2) of the
function hg(x) by conformally flat spline-functions has other nature, here it is not required
to specify the range of the definition of ha,(x). Function hg(z) has smoothness C' and any
function f € C' can be approached as much as precisely by a function hg(x) of a type (2) in
the norm of the space C! on a compact subset (at big enough x). The theory of conformal-flat
splines is based on the connection between conformally flat metrics of the bounded curvature
and convex subsets in Lobachevsky’s space. The conformally flat splines correspond convex
polyhedrons in Lobachevsky’s space thus [2,3]. The conformally flat spline also has “a cellular
structure” which is defined in the parameters {A\;}, entering into the formula for the function
hg(x) and corresponding to cellular structure of the border of a convex polyhedron of the
Lobachevsky’s space.

The obvious formula (2) for function hg(x) allows to simplify a calculation and make it more
effective: it is not necessary to break the range of definition of a function and it is possible
to use parallel algorithms for the calculation of elementary splines ha,(x). Conformally flat
spline-functions are most effective at the decision of problems of mathematical physics in which
the conformally flat metrics are present naturally (for example, at problems of the tomography,
geophysics, acoustics, integrated geometry).

These researches are executed with financial support of the Russian fund of basic researches of the Council
about grants of the President of the Russian Federation for support of young scientists and leading schools of
the Russian Federation (a code of project SS-6613.2010.1), and also under the support of FCP "Scientific and
pedagogical shots of innovative Russia"for 2009-2013 (Contract 02.740.11.0457).
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2 EUGENE RODIONOV, MARIA KURKINA, VICTOR SLAVSKY

The program complex in the environment of MatLab, and also independently program
complex on C++ Builder for the calculation of representation (2) of functions of many variables
by the conformally flat spline-functions are constructed in this paper.
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MHOX>KXECTBA KPOHEKEPA 11 UBOMETPUU ITPOCTPAHCTBA C(M),
IIJIOTHO OBMATBIBAIOIIIVE TOP

KOHCTAHTUH CTOPOZKVYK

[Iycte X — GanaxoBo mpoctpancTtBo, 1’ : X — X — jmHEHHbII onepaTop, Takoil, 9To JI/is
kaxgoro n € N |77 < C < oo. Honoxkum Xg = {x € X | T"x —, . 0}. Oueparop T
HA3BIBAETCA ACUMIITOTHIECKN KOHEIHOMEPHBIM, ecyt codim Xy < 0o.

Bo MHOrux cjydasix JI0CTATOYHBIM YCJIOBHEM ACHMITOTHIECKONH KOHETHOMEPHOCTH SIBJISICTCS
Hajmane komnakTta K C X, IPUTATHBAIONIErO B TOM WM WHOM CMBIC/IE OPOUTBI 9JIEMEHTOB
exuanaHOrO mapa By. Hanpuwmep, eciu s kaxkaoro © € By limsup,, . p(T"z, K) <n < 1.

B [1] mocrasmen Bompoc (Problem 1.3.33): 6yzer sim T' acHMITOTHYIECKH KOHETHOMEDHBIM,
€CJIM B TPEJbILIYINEM YCJIOBHH lim sup 3aMeHuTh Ha lim inf?

Mper maem oTpuriaTesibHbI 0TBeT, cTpost uzomempuy pocrpancrsa C'(M ), yIoBaeTBopsIONTie
yeaosmio (Problem 1.3.33) ¢ umcsom 1 = 1, ¢ npurarusaomeit mowkot, K.

[Iycrs M — 3aMKHYTO€ TIOJMHOXKECTBO KOMILIEKCHOT oKpyzkHOCTH A, C'(M) — mpocTpancTBo
aenpepbiBHbIX Gyukimit u 1 : C(M) — C(M) — oneparop ymnoxenns ua apryment, (1Tf)(t) =
tf(t). 9o — muneitnas uzomerpust. Pacemorpum top O(M) ={f: M — C, || f|| = H%H =1}

Teopema ([2])

Ecmn M — muoxectso Kponekepa, to T-opoutsr Touek Topa sO(M) morusr B 30(M) un

$-IUIOTHBL B euHrIHOM mape npocrparcrsa C(M).
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SKCTPEMAJIbHBIE IIOBEPXHOCTU B OJHOI 3AJAYE
A. 1. AJIEKCAH/IPOBA

JIMUTPUN TPOIIEHKO

B ussecrnoii kuure [1] A. JI. AsekcanpoB, B 9aCTHOCTH, MCCJIEYET CXOIUMOCTH BHYTDEH-
HUX METPHK CEMEHCTB BBIMYKJIbIX HMOBEepXHOCTEH. [l paboThl ¢ KOMIAKTHBIMU CeMeiCTBaMu
aBTOP BBIJEJAET ceMeiicTBa BBIMYKJIBIX TTOBEPXHOCTEH, JIeXKaIlnX B IMape pajuyca R u cojep-
JKaIux map pajuyca r. JIerko 3aMeTuTb, YTO BHYTPEHHssT METPUKA TaKUX IOBEPXHOCTEH Ou-
JINTIIIAIEBO SKBUBAJIEHTHA BHEIMIHEH, IpUYeM OWJIUIIIINAIEBa KOHCTaHTa M 3aBUCUAT TOJBKO OT

R

t =7, t > 1. 31ech ke Ha c. 92 aBTOD yKa3blBaeT Ha CAMOCTOATE/ILHbII HHTEepeC HaXOZK IeHus
To4uHON KOHCTaHTHI M (1)

I'mnoTre3a Ajekcanaposa.
M(t) < Vt2 —1+tarcsint™! <t +1.
Omnpeneienne.

Haunmenbiyto u3 jByx dacreii, Ha KOTOpbIe I'HIEPILIOCKOCTD pasbubaer map B R™ (n > 2)
HAa30BeM HIAITOYKOM.

B smranoit 6ecene A. . AslekcaHIpoB COOOIIUI, YTO OH JI0Ka3aJjl, YTO IHOBEPXHOCTH, PeaJIl-
3yIolasg MaKCUMaJIbHOE OTHOIIEHNE BHYTPEHHEHl MeTPUKU K BHeIIHel pu (PUKCUPOBAHHOM ¢,
€CTb I'PaHHIIa IIapa C BbI6pOH_IeHHbIMI/I ABYMs HEIIEepeCeKalOIIUMUCA TIallO9IKaMU. HpHBeILeHHaSI
B [1] OIICHKa BO3HUKAECT B IIPEAIIOJIOZKECHNUN, YTO IMIAIIOYKN PaBHbI 1 UX ITJIOCKOCTH ITapaJlJieJIbHDBI.
B sTom ciryuae skcTpeMasbHas mapa TOUYeK, st KOTOPOi OTHOIIEHNE BHY TPEHHErO PAaCCTOSTHUS
K eBKJINJOBY MaKCHMAaJIbHO, €CTh IEHTPhI KPYTOB MIAIIOYEK.

31ech yTBEpKIAETCsI, 9TO TUIoTe3a AJIeKCaHIpoBa He BepHa HU Ipu Kakux t > 1. Y sKrcrpe-
MaJIbHBIX TIOBEPXHOCTEH BBHIOPOIIIEHHBIE MAIOYKH PABHbI, HO UX IJIOCKOCTH He TapaJlIe/IbHbl HI
npu kKakoMm t. Pacemorpum yrost ¢(t) mMexity stumu miockoctamu. Cripaseimsa

Teopema 1.

1.p(t) >0nmput>1ue(t)—>0mput— 1 unput— oco.

2. Haiigercs ty = to(n) rakoe, uro M(t) = 2t — 1 npu t > to(n). ¢(t) MoHOTOHHO BO3pacTaer
npu 1 <t <ty u MOHOTOHHO yObIBaeT 1pu t > ty.

3. IlIpu 1 > t < to(n) ToOYKM 3KCTpEMaJbHOI Hapbl, JJIsi KOTOPOH OTHOIIEHHE BHEIIHErO
PACCTOSIHUST K BHYTPEHHEMY, MAKCUMAaJIbHO, HE MOT'YT ObITH OJIN3KH.

[Tocnemnee yTBepxKIeHNE MOKA3BIBAET, YTO NPHU HEOOJBINUX ¢ CBOMCTBO SKCTPEMAaIbHOCTH
IIapbl TOYECK CTaHOBUTCA I‘J‘IO6&JII)HBIM7 TO €CTb 3TN TOYKHU JOJIZKHDbI 6bITb JdaJIeKn JpYyr OT ApyTra
pu (pUKCHPOBAHHBIX pasmepax ImapoB. Crupasemmpo Oojiee obInee yTBep:KieHne. BaxkHyio
POJIb UTPAIOT YHUBEpCAJIbHBIE KOHCTAHTHI tg = to(n) u My = M (to).

Teopema 2.

ITycrs A C R™— BblllyKJIasi MOBEPXHOCTD, COJep Kalliasi Iap Pajuyca T U COJEePXKaIlasics B
mape pajuyca R, t = R/r < ty (u3 reopemnbr 1). Torya st 0605t napbl ToUeK x,y € A Takoii,
aro o(x,y)/|r —y| = M > My cupaBesinBo HepaBeHCTBO

|I - y| > TF(M7t7n)7
e F(M,t,n) — nonoxkurenbHas HenpepbIBHAas (byHKIHs, onpeaenenas uput € [1,tg), M €
(M(to), M(t)]. @yakmus F(M,t,n) monororno ybpiBaer ot u M, m F(I1/2,1) = 2.
Ectb jipyrue Kiracchl MOBEPXHOCTEH, Y KOTOPBIX OIleHUBaeTcss Mepa cepuanoctu. Pacemor-

pPUM TpaHUIBl obsacreil B R", 3Be3IHBIX OTHOCUTEIBHO IIapa Pajnlyca ' , JIeXKallluX B IIape
pajuyca R Ousrs nonoxkum t = R/r.



2 JIMUTPUN TPOIIEHKO

Teopema 3.
VrBepxkaennst reopeM 1 U 2 CIIPaBEJJINBBI, €CJIH BMECTO KJIACCOB BBIIYKJIBIX 0bDJIacTeil pac-
CMaTpPHBATh COOTBETCTBYIOIINE KJIACCHI 3B€3IHBIX 00JIACTEH.

B Teopun KBa3sMKOH(MOPMHBIX 0TOOparKEHUN MOy IAPHbI KJIACCHI OJIHOPOJIHBIX obsacTeit. Mx
I'PAHUIBI MOTYT OBITH HECIPSMJISEMBIMUA, U BHYTPEHHUE METPUKHU T'DAHUIL HE BCErJIa Olpeiesie-
Hbl. TakKe He JIOCTATOIHO OJIHOTO Iapa, COJIEPKAIEro 001acTh, U OJIHOTO — COJEPKAIIEerocs B
obactu. B pabore [2| aBrop, B 9acTHOCTH, pacCMaTPUBAET 0OJIACTH, TPAHUIBI KOTOPBIX JIEZKAT
B c(heprUueCcKOM KOJIbIE C OTHOIIEHHeM pajuycoB R/r = t, npudeM Takue, 9T0 IpPU JIEOOOM Me-
OMyCOBOM OTOOparKeHUH, MEPEBOJIAIIEM 00JIACTh B OTPAHUYEHHYIO, 00pa3 ee I'PAHUIIBI JIE2KUT B
ceputeckoM KoJIbIe ¢ TeM Ke OTHOoIIeHueM t pajuycoB. [Ipu Oosibiux ¢ rpanuia MOXKET He
OBITH TOIOJOTUYECKUM MHOTOOOpa3ueM, He ObITh CBA3HOIM — KOpote, ObITh O4eHb 110x0i. [1pn
IpuOJIMKeHNN ¢ K eJIMHIIE CBOHCTBA y/IydIIaloTcsa ckadkaMu. B qactHocTH, Haiigercs t1(n) Ta-
Koe, 9TO 1pu t < t; 06JacTh KBa3HKOH(MOPMHO SKBUBAJIEHTHA (3HAYUT, TOMEOMOPQHA) CBOEMY
jonoHenunio. Ecim B hopmynmupoBKax TeopeM 1 m 2 3aMEHUTH BHYTPEHHIOIO METPUKY T'DaHU-
IIbI 00JIACTH BHYTPEHHEH MEeTPUKOU JIOTOJIHEHNs K OOJIACTH, TO JJI 9TOrO KJlacca obsacTreit
CIIpaBeJINBbI aHAJIOTU TeopeM 1 u 2.
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ACL-CBOMCTBO KBA3BUKOH®OPMHBIX OTOBPAXKEHUI
ITPOCTPAHCTB KAPHO-KAPATEOJOPU N ®YHKIINN KJIACCA BMO

MAKCUM TPAMKIWH

N3BecTHO, uTO KBasukoHdopMHOe oTobOpazkenue npocrpancTs Kapao-Kapareonopu sasiisger-
¢ abCOJTIOTHO HENPEPBIBHBIM Ha MHTErPabHBIX KPUBBIX TOPU30HTAIBHBIX BEKTOPHBIX IOJIEH
(em., manpumep, [1]). BosaukaeTr Bompoc, MOXKHO Jii 0000IIUTH ITO CBOMCTBO HA MHTErPAJIbHBIE
KPHUBbI€ BEKTOPHBIX I10JIeii, CTelleHb KOTOPBIX OTJIMYHA OT e IUHUIbI. JIJIs perrenust 3Toro Bompo-
ca omnpejeserne abCOMIOTHON HEIIPEPBIBHOCTHU JIOJIZKHO ObIThH 11epedOpMyJIMPOBAHO aHAJIOITIHO
TOMY, KaK 3TO CZesaHo B pabore [2].

Omnpenenenne. [lycrs f: M — N — kBazukondopMmHoe oTobpazkeHue mpoctpancTs Kapro-
Kapareonopu xaycmopdooii pasmeproctu () > 1, u y(t) = exp t X (s) — uHTerpajibHas KpuBas
BeKTOpHOTrO ToJid crertenn [, 1 < | < M, rne M — riybuna maorooopasuss M, BBIXOJAIIAL
u3 TouKu S, t € (—a,a). ToBopar, uro f abcosrommuo wenpepuwero Ha ITONH KPUBOIL, ecau Jijis
BCsikoro € > 0 maitmercs 6 > 0 Takoe, 4To g 06010 Habopa IMONAPHO HEIEePEeCeKAIOIIIXCs
uHTEPBAJIOB (v, 3;) C (—a,a), i € N,

Z(ﬁi - Ozi)l < BJeder Z ’f(’Y(ﬁi)) _ f(,y(ai))’l <

)

Baenem erre oHO mIOHSATHE, HEOOXOIMMOE JJIsi PEIIeHHsI IOCTAaBIEHHOIO BOIIPOCA.

Onpepenenne. [lycts M — npocrpanctso Kapro-Kapareomopu xaycaopdoBoit pasMepHo-
ctu () > 1 ¢ xaycaopdoBoit Mepoii HY na HeM, u [ — ceMeiicTBO MHTEIrpPaIbHBIX KPUBBIX BEK-
toproro o crenenn [, 1 < M < M, rne M — raybuna muOoroodopasus M. Torma QQ-modyaem
9TOr0 ceMeiicTBa Mbl HA30BEM BEJIMYUHY

modg [' = inf/pQ/l dx,
M

rje nHpUHYM OepeTcs 10 BCeM TaKMM HEOTPHUIATe/IbHbIM OopesieBcKuM dyHKIuIM p: M —
[0, o], uro

/deQ>1

5
Jts Jiioboit v € T

Teopema 1.

Ilycte M u N — npocrpancra Kapro-Kapareogopu xayciopgoBoit pasmeprocta () > 1, n
0 C M — KOMIAKTHO BJIO’KEHHOE OTKDBITOE CBsI3HOe MHOXKecTBO. Ecim orobpazkerne f: ) —
QY = f(Q) xKBasuKOHOOPMHO, TO OHO aOCOIIOTHO HEIPEPHIBHO HA MOdg-MOITH BCEX HHTEIPATIb-
HBIX KPpUBBIX BeKTOpHOro mojist crenenu [, 1 <[ < M, rne M — riybuna maorooopasust M.

B jloKazaTe/ibcTBe TEOPEMbl 1 CYIIECTBEHHO MPUMEHSIOTCS Pe3yIbTarhl pabor (3, 4.

B pab6ore [5| nmokazano, 4o romeoMopdu3M METPUUECKUX IIPOCTPAHCTB JIOCTATOYHO OOIIe-
ro BHjia, B YacTHOCTHU, pocTpancTB Kapuo-Kapareomopu, uraynupyonuit n3oMopdu3M mpo-
crparcte BMO, sBasiercss KBa3ukoH(pOpPMHBIM. B HacTosimeit pabore Mbl MOKa3bIBAEM, UTO
yCJI0BUE KBA3UKOH(MOPMHOCTHU ABJIAETCA HE TOJBKO HEOOXOJIUMBIM, HO U JIOCTATOYHBIM.

Pabora BeimosiHena npu gactuanoit mojepkke mpoektavmu Hayambie rkossr: HI11-921.2012.1; u OIIIK —
3asBka Ne 2012-1.2.1-12-000-1001-025.
1



2 MAKCHUM TPAMKNWH

Teopema 2.

Ilycers M u N — npocrpancrBa Kapuo-Kapareonopu xayciaopgoBoii pazmepHoctu (Q > 1, u
0 C M — KoMIIaKTHO BJIOXKEHHOE OTKPBITOE CBsi3HOe MHOXKeCTBO. Ecim orobpazkenue f: () —
Y = f(Q) KBazsuKOHMOPMHO, TO OHO HHJIYIUPYET OTPAHHICHHBIH JIHHEHHBII OIepaTop

£71 BMO(Q) — BMO(Q)

o npaBuiy f*u = wo f. Ilpu srom mHOopMma || f*|| omeparopa cymepnosuimn orenmnbaercs: de-
pe3 KoahuimeHT KBa3NKOH(POPMHOCTH U pa3MepHOcTh Xayciaopda () npocrpancTtBa KapHo-
Kaparegmopmn.

B 1okazaresbeTBe TeOpeMbl 2 IPUMEHSIIOTCS Pe3yIbTaThl padbot |3, 4, 6.

CIIUCOK JINTEPATYPbI

[1] G.A. Margulis and G.D. Mostow, “The differential of a quasiconformal mapping of Carnot-Caratheodory
space”, Geom. Funct. Anal., 21, 402-433 (1995).

[2] C.K. Bououbsinos, A. B. I'pemnos, “Anajuruyeckue cBOfCTBa KBA3UKOH(MDOPMHBIX 0TOOParXKeHuil Ha Ipynnax
Kapuo”, Cub. mam. orcypn., 36, No. 6, 1317-1327 (1995).

[3] J. Heinonen and P. Koskela, “Definitions of quasiconformality”, Invent. math., 120, 61-70 (1995).

[4] J. Heinonen and P. Koskela, “Quasiconformal maps in metric spaces with controlled geometry”, Preprint,
191 (1995).

[5] S.K. Vodop’yanov, A.V. Greshnov, “Quasiconformal mappings and BMO-spaces on metric structures”, Sib.
Adv. Math., Vol. 8, No. 3, 132-150 (1998).

[6] Reimann H.M. “Functions of bounded mean oscillation and quasiconformal mappings”, Comment. math.
helv., Vol. 8, 260-276 (1974).

HoBocusuprckuil I'OCYIAPCTBEHHBIN YHUBEPCUTET, I'. HOBOCUBUPCK, 630090, Poccus
E-mail address: maxtryamkin@yandex.ru



COMPLEXITY OF HYPERBOLIC 3-MANIFOLDS

EVGENY FOMINYKH AND ANDREI VESNIN

The most useful approach to a classification of 3-manifolds is the complexity theory founded
by S. Matveev [1]. Unfortunately, exact values of complexity are known for few infinite series
of 3-manifold only.

We present the results on complexity for two infinite series of hyperbolic 3-manifolds with
boundary. The first is a family of Paoluzzi — Zimmermann manifolds from [1], and the second
is its analogy defined in [4]. These manifolds are constructing as follows.

For every n > 3 consider an n-gonal bipyramid B,,, the union of pyramids NLgL; ... L, 1
and SLoL;...L,_1 along the common n-gonal base LoL; ... L,_1. Let k be such integer that
0 < k < n. The first family corresponds to the case ged(n,2 — k) = 1, and the second — to the
case ged(n, 2 — k) = 2. Let us identify the faces of B, in pairs: for each i = 0,...,n — 1 the
face L;L; 11N gets identified with the face SL; yL; 11 by a homeomorphism of faces. (indices
are taken modn and the vertices are glued together in the order in which they are written).
Denote the resulting identification spaces by My ;. It is an orientable pseudomanifold with
one singular point. Cutting of a cone neighborhood of the singular point from M}, we get a
compact manifold M, ; with one boundary component.

Denote by ¢(M,, ) the Matveev’s complexity of M,, ,, which is defined as the minimum possible
number of true vertices of an almost simple spine of M, j.

Theorem. [3, 4] Suppose that ged(n,2 —k) =1 or ged(n,2 — k) = 2. Then for every integer
n = 6 we have ¢(M, ) = n.
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T'PYIIIIBI TOMOJIOTUIN KATETOPUM YACTUYHOI'O JENCTBUS
MOHOWNIA

AXMET XYCAVNHOB

[Iycrs S — mHOXKecTBO. PacemoTpum mpou3BoJibHBIN MoHOUL M ¢ 9AaCTUYIHBIM JIeHCTBHEM
cripaBa (S, () — S - p Ha sjeMeHTax § € S ¢ momornbio saementos € M. Kareropueii K(S)
yactudHoro JericrBust M Ha S Ha3bIBaeTCs MaJjasi KaTeropus, 00beKTaMi KOTOPOH CJIyzKar
9J1eMeHThl s € S, a Mopdu3MaMu — TPOWKH (S1, [i, S2) SJIEMEHTOB S1, Sy € S, p € M, ymosie-
TBODSAIONIUX PABEHCTBY S - [L = So. KKOMIO3UIMS ONpeiesieTcst Kak (Sg, fio, $3) - (S1, i1, S2) =
(81,M1M2,83)-

Hannasi pabora NOCBsillieHa TpyInaM romoyoruii kareropun K (S) U UX MPUIOKEHUAM J1JIst
ciaydas, Korjga M — cBOOOIHBIN 9aCTHIHO-KOMMYTATHBHBI MOHOW/I.

[Iycts Ab — kareropus abesneBbix rpyiir. [ljs mpounsBosibHON Masioit Kateropun C 0603HAINM
gepe3 FC kareropmio axropusarmii B cmbiciie [1]. [Tycrs CP 0603HatMaeT TBONCTBEHHYIO KaTe-
roputo. [yt npousBosibabIX byHkTOpa 1" : C — D MexkK 1y MajbIMU KaTeropusMu u (pyHKTOpa
F : C — Ab oboznaunm uepes Lan® F : D — Ab nesoe pacmupenne Kana dyakTopa F' B10Ib
T. Tlycrs G : (FC)? — Ab — dyuxrop. I'pynnsr romosoruii Baysca-Bupmmura HPW (C, G),
n > 0, onpesendioTcd KaK 3HAUYEHUs migc)an JIEBBIX IPOU3BOJHBIX (PYHKTOPOB KOLpeJea,

hgq - AbBO” 5 Ab Ha dyukTOpE G.

Paccmarpusas Monous, M Kak KaTeropyio ¢ eIMHCTBEHHBIM OOBLEKTOM, OIIPeIe M (hyHKTOD
U : K(S) — M, neiictBytonuii Ha MopdusMmax Kak (si, i, S2) +— p. @yarrop U 6ymer
onpeessTh GYyHKTOp Mex Iy Kareropusmu dakropusanuii §(U) : F(K(S)) — F(MP).

Teopema.

Jl1st mpousBoJibHBIX MoHOMAa M , 1eficTByIOIEero 9acTHIHO clipaBa Ha MHOXKeCTBe S U (pyHK-
ropa G : (§K(S))? — Ab cymecrBytor nzomopdu3Mbl

HEW(K(S),G) = HEW (M, Lan®O)™” q),
Jutst Beex n > 0.

[Iycts E — muoxkectBo, [ C E X E — antupedsieKCuBHOE CUMMeTpUYIHOEe oTHOIeHue. Monoun,
[IOPOZK/IEHHBIN MHOXKECTBOM F 1 3aJIaHHBIN C TIOMOIIBIO OIPEJIE/I[IONNUX cooTHOIennit ab = ba
Juist Beex (a,b) € I, HasbiBaeTcss CBOOOJHBIM ACTHIHO-KOMMY TATHBHBIM UM MOHOHJOM TPACC
u obosuavaercsa M(E, I).

Pacemorpum ipuMmenenne teopemsl Juist Morona Tpace M (E, I'). OO mpuBOJUT K AJrOpPHUT-
My BBIMHCJIEHHS CHHIYJISAPHBIX rpymin romosoruit HM9(B(K(S))) knaccudunmpyiomero mpo-
crpancrBa kareropun K (S) u mossosisier pemnurh npobsemy 1 u3 paborst [2]. C sroit nesbo
OIIpEJIeJINM ITPOU3BOJILHOE OTHOIIIEHNE JIMHEITHOro ops/ika Ha F u obozuauum mpu n > ()

T.(E,I)={(ay, - ,an)|a; < a; u (a;,a;) € I, nasa Beex 1 < i < j < n}.
[Monoxkum To(E, 1) = {1} (emununa monouma). Jljusg gacTuaHOro jeficTBUS MOHOHUIA TPACC
M (E,I) na muoxectBe S it Bcex n > 0 BBeJleM MHOXKECTBa
Qn(S,E I)={(z,a1, - ,a,) € S x T (E,I)|x-a---a, € S}

B wacrnoctu Qo(S, E,I) = S.

Jlns npousBoJsibHOrO MHOXKecTBa X oboznaunm depe3 LX cBobo/HyIo abejieBy TPYIIILY I10-
poxiennyio X. Mounouy tpacc M(E,I) HasbBaeTcs JIOKAJIbHO KOHEYHOMEDHBIM, ecyiu F He
COJIEPKUT OECKOHEYHBIX MOJIMHOYKECTB TOITAPHO IIEePECTAHOBOYHBIX 3/IEMEHTOB.

Pabora BbimosiHeHA B pamMKax IPOrpaMMBbl CTPATETHYECKOTO PA3BUTHs MOCYAAPCTBEHHBIX 00PA30BATEIbHBIX
yupexIeHuil Bpicirero npodeccnonaabuoro obpazosanus, Ne 2011-I1TP-054.
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2 AXMET XYCANHOB

CaencrBue 1.

ITycrs S — MHOXKeCTBO ¢ IPaBbIM YACTUIHBIM JIEHCTBUEM JIOKAJIbHO KOHEYHOMEDPHOI'O MOHO-
uina tpacc M(E,I). Torga rpynnsr HS™(B(K(S))) npu n > 0 6yayT u3oMopdHbI rpyIiiam
I'OMOJIOI'HH KOMIIJIEKCa

04 L(S) & LQi(S, B, 1) & LQy(S, B, 1) -+ LQu_1(S, B, 1) & LQ, (S, E, I) « -+
JchgepeHIaIbl KOToporo onpeesiesr mo gopmyaam d,(x,aq, -+, a,) =

Z(—l)i(x'ai,ah“' Vi1, Q1,70 Gy) — Z(—l)i(x,al,--- L Qim1, Q1,7 5 Q)

=1 =1

B paGore [3] BBejiensl HalpaB/IeHHbIe TPYHIBLI romojoruil. Pacemorpum dynkropsr AYZ :
K(S) — Ab u A'Z : K(S) — Ab, npunumaionue Ha 00BEKTaX MOCTOAHHBIC 3HATCHUS
AYZ(s) = A'Z(s) = Z nns Beex s € S u onpenenennsie npu € € {0,1} na Mopdusmax no
dopmye

AEZ(sgs'): 1z, ecm w =1,
0, B JIPYTHUX CJIydasX.

HanpaprennpivMu rpymimaMu roMOJIOTHiE MHOYKECTBa S ¢ 9aCTHIHBIM TIPABBIM JIEHCTBHEM MOHO-
mia tpacc M (FE, ) Ha3pIBAlOTCs abeIeBbI IPYIIIBI

H)(S, M(E, 1)) = " P A Z w H(S, M(E, I)) = lim“ " Al Z,

CaencrBue 2.

ITycrs S — MHOKECTBO ¢ IpaBbIM YaCTHIHBIM JEHCTBHEM JOKAJILHO KOHETHOMEPHOTO MOHOHUIA
rpacc M(E,I). s kaxmgoro ¢purcupoantoro € € {0,1} obosnaunm uepes (LQ,(S, E, I),d)
KOMILJICKC, COCTOSIIMIT 13 abesIeBbIX I'PYIII H TOMOMOPhH3MOB

04 LS < LQY(S, B, 1) -+ ¢ LQur(S, B, I) < LQ.(S, B, 1) ¢ ---
rae

n
0 } : i
dn<I7 Ay, -« 7an) = (_1) (I, A1y 5 Qi1 Qiq1,y """ 7an)7
i=1
n
1 Z i
dn(x7 A, >an) == <_1) (xai7 A, A1, ai+17 T 7an)-
i=1
Torna 6yayT nmers Mecto mzomopgusmbr HE (S, M(E, 1)) = H,(LQ.(S, E, I),d°).

DTO clIeICTBUE MOKA3BIBAET, UTO I'PYIILl roMojoruit ['ybo morykydbudeckoro MHOXKECTBa,
COOTBETCTBYIOIIETO MHOYKECTBY C YACTHIHBIM JIEICTBHEM MOHOWJIA TPACC, Oy/IyT M30MOPQHBI
rpymmaM romosioruit Baysca-Buprmuara kareropun 9acTHIHOTO AeCTBUST 9TOIO0 MOHOHIA C KO-
s dureHTaMu B HEKOTOPBIX (PYHKTOPAX.

CIMCOK JIMTEPATYPHI

[1] H.-J. Baues, G. Wirsching, “Cohomology of small categories”, J. Pure Appl. Algebra, 38, No. 2-3, 187-211
(1985).

[2] A. Husainov, “On the homology of small categories and asynchronous transition systems”, Homology
Homotopy Appl., 6, No. 1, 439-471 (2004).

[3] A. Husainov, “The Homology of Partial Monoid Actions and Petri Nets”, Appl. Categor. Struct., DOL
10.1007/s10485-012-9280-9 Springer (2012).

KOMCOMOJIbCKUI-HA-AMYPE FOCY,U‘APCTBEHHI)II/UI TEXHUYECKUN YHUBEPCUTET, KoMCOMOJIbCK-HA-
AMYVYPE, 681013, Poccus
E-mail address: husainovb1@yandex.ru



	002
	003-Оглавление
	02
	03
	04
	05
	06
	07
	08
	09
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20
	21
	22
	23
	24
	25
	26
	27
	28
	29
	30
	31
	32
	33
	34
	35
	36
	37
	38
	39
	40
	41
	42
	43
	44
	45
	46
	47

