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The following problem on realisation of cycles was posed by Steenrod in 1940s. Given a
homology class z € H,(X,Z) of a topological space X, does there exist an oriented closed
smooth manifold M™ and a continuous mapping f : M™ — X such that f,[M"] = 27 If the
answer is “yes”, z is said to be realisable. In 1954, Thom found a non-realisable 7-dimensional
class and proved that for every n, there is a positive integer k(n) such that the class k(n)z is
always realisable.

We consider the following explicit version of Steenrod’s problem. Given a singular cycle Z
representing a homology class z € H,(X,Z), can we construct explicitly a manifold M"™ and
a mapping f : M™ — X such that f,[M"] = kz for a non-zero integer k7 Such explicit
construction was proposed by the author [1]. It is based on the explicit procedure for resolving
singularities of the singular cycle Z. This construction has several applications.

First, for every n, it allows us to find a manifold M™ that has the following universality
property (see [2]-[4]):

Universal Realisation of Cycles (URC) property. For any X and any z € H,(X,Z),
a multiple of z can be realised by an image of some non-ramified finite-sheeted covering of M™.

This manifold M™ is a so-called small cover of the permutahedron, i.e., a manifold glued
in a special way of 2" permutahedra. (The permutahedron is a special convex polytope with
(n + 1)! vertices.) Further, among small covers over other simple polytopes, we find a broad
class of examples of URC-manifolds, i. e., manifolds that have URC-property. In particular, in
dimension 4, we find a hyperbolic URC-manifold, thus proving a conjecture of Kotschick and
Loh claiming that a multiple of any homology class can be realised by an image of a hyperbolic
manifold.

Second application is to the theory of simplicial volume. Recall that the simplicial semi-
norm on the homology of a topological space X is defined in the following way. Denote by
C(X,R) the n-dimensional singular simplicial chain group of X with real coefficients. For each
chain Z = Y a,0;, where a; € R and o; are singular simplices, the ¢!-norm of it is equal to

1Z]l = leul-

The simplicial semi-norm of a homology class z € H,(X,R) is given by
Izllx = inf [|Z]]1,

where the infimum is taken over all singular cycles Z representing the homology class z. The
simplicial semi-norm of the fundamental class [M"] of an oriented closed manifold M" is called
the simplicial volume (or the Gromov norm) of M™, and is denoted by || M"||.

It is well-known that in dimension 2 the simplicial semi-norm can be equivalently defined in
the following way. For a homology class z € Hy(X, Z),

ol = inf { | £.152) = k=]

where Sg is an oriented surface of genus g.
A natural question is whether it is possible to obtain a similar description of the simplicial
semi-norm in an arbitrary dimension n. We have the following result towards this question.
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For each URC-manifold M", we define the corresponding semi-norm || - ||a/» on homology in
the following way. For any X and z € H,(X,Z), we put
r
k|’
where the infimum is taken over all mappings f: M" — X such that M™ is an r-sheeted
covering of M™ and f,[M"] = kz, k # 0.

Theorem ([5]) For each URC-manifold M", there exist positive constants c¢;(M"™) and
co(M™) such that for any X and any z € H,(X,Z), we have

(M2l < [[zllam < ca(M™)]|2]]1-

|z||pn = inf

Indeed, one can take ¢;(M™) = || M™||~!. We do not know if ||z||am = ||[M"]| 7! ||z]|; for all 2.
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