A GEOMETRIC METHOD FOR RATIONAL
EXPONENTIAL GROUPS

M. SHAHRYARI

ABSTRACT. We will prove that any Q-subgroup of the Q-free group
Fo(X) is Q-free.

1. RATIONAL COMPLEXES

Through this article, Q% is the multiplicative group of positive rational
numbers. Any 1-dimensional complex in this article is supposed to be con-
nected. Suppose C' is a 1-dimensional complex. For any vertex v the set of
all closed pathes with the terminal point v will be denoted by C'(v). Suppose
QT acts on C(v). For any p € C(v) and a € Q, we use the notation p(®)
for the result of action of a on p.

Definition 1.1. A simplification operation of C'(v) consists of
1- deleting every part of the form ee™! or e le.

2- replacing a part of the form p(®p(®) by plath).

By the operation of the form 2, one can delete any part of the form
p@pB) (pe+F))=1 in the elements of C(v). We say that p;,ps € C(v) are
homotopic, if p; can be transformed to ps by means of finitely many simpli-
fication operations. In this case we use the notation p; ~ ps. The homotopy
class of p is denoted by [p]. We say that a path p € C(v) is reduced if

I(p) min ! (q)
where [(p) denotes the length of p. It is easy to see that for any natural
number m, we have p("™) ~ p™.

Definition 1.2. Let C be a 1-dimensional complex with an action of QT
on every C(v). Suppose further
1- for any vertex v, any pi,p2 € C(v) and any natural number m

P = py’ = p1 = po
2- for any p € C'(v) and a € Q"

(pH)@ ~ (pl)~
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3- for jm_ny two vertices v and v, any path u from v to v/, any p € C(V) and
aeQ
(upu™ 1)@ ~ yp(@y =1,

Then we say that QT acts on C or C has a compatible action of Q.

Definition 1.3. Let C be a 1-dimensional complex with a compatible ac-
tion of QT and let 7' be a maximal tree in C. The retracted complex Cr is
a 1-dimensional complex with the following characterizations:

1- it has only one vertex v.

2- for any e € C'\ T there is a unique edge é € Crp.

3- if €1 = €5 then e; = es.

—

4- we have e~! 1

=é .
5- Cr has a compatible action of QT: we define pg?‘ ) = (p(a))T, where if
p=eies...e,, then pr = €165...6,.

Note that, if we define the action of Q7 on Cr as in 5, then actually we
get a compatible action of Q% on O and this will be proved in the main
article.

Definition 1.4. Let (C,v) be a 1-dimensional complex with a unique vertex
v which has a compatible action of Q. An edge e is called atomic, if for
any irreducible ¢ € C'(v) and any natural number m

e ~qg=e"=q.
An element p € C(v) is atomic, if all edges of p are atomic.

If (C,v) is a 1-dimensional complex with a unique vertex v and a com-
patible action of QT, then for any set A of closed pathes, a path of the form
P = pip2-..pn With p; € A is called an A-path. The set of such pathes will
be denoted by (A). Let Ay be the set of all atomic edges (if there exists
any), and define

1
Aper = {p5) :2<m, pe (4}
Note that we have Ag C A; C ---.
Definition 1.5. Suppose (C,v) is a 1-dimensional complex with a unique
vertex v and a compatible action of QT. Suppose also

1- C has at least one atomic edge.
2- for any atomic path p and any natural numbers m and n, we have

m ma (L y\m
p(n) =(p )(n) — (p(n))

3- every path is homotopic to an element of U,,>0A,.
Then we say that (C,v) is a rational bouquet. An arbitrary 1-dimensional
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complex C is a called a rational complex, if it has a compatible action of
Q™ and for any maximal tree T' C C, the retract Cr is a rational bouquet.

2. FUNDAMENTAL GROUP

A rational exponential group is a group G such that for any natural
number 7, any element of G has a unique n-th root. In this case QT acts of
G by .

gn = (gm)"
and so G is an exponential group in the sense of [7]. As we know, the class
of rational exponential groups is variety and so for any set X, there exists
a free element in this variety which we will denote it by Fp(X). The main
aim of this article is to show that any rational subgroup of Fgp(X) is again
free in the variety of rational exponential groups.

Definition 2.1. Let C be a rational complex and v be any vertex of C. Let

7o(C,0) = (o] : peC)}
Define a binary operation on this set by [p][¢] = [pq]. It can be shown that
mo(C,v) is a rational exponential group, which we call it the fundamental
group of C' based on v.

Note that since C' is connected, so for any two different vertices v and v/,
we have
mo(C,v) = mg(C, ),
and further this is an isomorphism of rational groups.

Theorem 2.2. The group ng(C,v) is free in the variety of rational expo-
nential groups.

Definition 2.3. A colored rational complex is a triple (C,®,v) such that
C' is a rational complex, v is a vertex and ® C C(v). We introduce a new
operation of simplification as follows

any part of the form p € ® can be deleted.

Hence we say that two pathes p; and ps are color-homotopic, if one can
transform p; to pg using a finite set of our newly extended list of simplifica-
tion operations. In this case we write p; ~ p2. The colored homotopy class
of p is denoted by [p].. For colored rational complexes, we use the stronger
condition

P1* 2 D3 = P12 P2,
instead of the condition 1 of 1-2.

For a colored rational complex (C, ®,v) we define its fundamental group
as
WQ(Ca(ba’U) = {[p]* P peE C(U)}7
where the binary operation is [pl.[q]« = [pq]«.
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Theorem 2.4. For a colored rational complex (C, ®,v) the group mg(C, ®,v)
is a rational exponential group and conversely every rational exponential
group has the form mg(C, ®,v) for some colored rational complex.

3. FREE RATIONAL GROUPS
Suppose X is an arbitrary set and Fy = X U X L. For n > 0 we set
Foi1 = {wi 2<m, we (F,)},
where (F},) is the subgroup generated by F), in F(X).
Proposition 3.1. We have Fg(X) = Up>oF,.

If w e F,\ F,—1, then we say that w has hight n and we denote the hight
of w by h(w). Let Ey = Fy and E,, = F,, \ F,_1. Suppose E = U,>0E),.
Note that E & Fp(X). Every element of E,, has the form wm , where m > 2
and u € (F,,_1) is not a m-th power. Every element with this property is
called a pure radical. So, E,, consists of pure radicals of hight n. Note that
E,, is closed under the operation of extracting arbitrary roots.

Definition 3.2. The reduced form of elements of Fp(X) is defined by in-
duction:

1- elements of Fj are reduced.

2- a pure radical wm is reduced if u is reduced and h(u) < h(u%)

3- a product w = wiws . .. wy is reduced if any w; is reduced, k is minimum
and for any i we have h(w;) < h(w).

Every element of Fgp(X) can be expressed as a reduced form and the
theorem below shows that this form is unique.

Theorem 3.3. The reduced form of elements of Fop(X) is unique up to a
permutation.

Let G be a rational exponential group. We know that G is a homomorphic
image of a free rational group, so there is a set X and a normal rational
subgroup K in Fp(X) such that

Fo(X)

We define a colored rational complex C'(X, K) = (C, ®,v) as follows:
1- C' has a unique vertex v.
2- for any w € FE, there exists a unique edge e(w) in C.
3- let p = e(wy)e(ws) . ..e(wy) is any path in C and o € QT. Suppose the
reduced form of (wiwsy ... wy)* is wiwj ... w). Then we have
P = e(w))e(wh) ... e(w}).

4- We have

O = {e(wr)e(ws) ...e(wg): wiwy... wy € K}.
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Theorem 3.4. C(X, K) is a colored rational bouquet and mo(C(X, K)) =
G.

The next theorem shows that the fundamental group of any colored ratio-
nal complex is isomorphic to the fundamental group of any rational bouquet
obtained by a retraction over any maximal tree.

Theorem 3.5. Let (C,®,v) be a colored rational complex and T is a maz-
imal tree. Then

7-‘—(@(617 (I)a U) = 71.Q(C’T? cI)Tv ’U),
where @1 is the set of all pr with p € ®.

4. COVERING COMPLEX

As we saw in the last theorem of the previous section, to study the struc-
ture of free rational groups, it is enough to concentrate on the fundamental
groups of rational bouquets. So let (C,v) be a rational bouquet. Let C’ be
an arbitrary rational complex. By K we denote the set of all vertices and
edges of C’. Suppose a map f : K — C(v) is given in such a way that
1- for any vertex v/, we have f(v') = v.

2- if ¢/ is an edge, then f(e’) is also an edge.
3- we have

fetey .. ep) = fle)fles). .. flep)-
4- we have
F) = (F(p).

5- f is locally one-one, i.e. it is injective on the neighborhood of any vertex.
Then we say that C” is a covering complez for (C,v) and f is called a covering
map.

Theorem 4.1. Let f : C' — (C,v) be a covering map. Then for any v/,
there is an induced embedding

I* i me(C ') = mo(Cv).
Now we are ready to give the main theorem of this article.

Theorem 4.2. Let (C,V) be a rational bouquet and H be a rational subgroup
of mg(C,v). Then there exists a covering complex C' for (C,v) such that
mo(C’,v') = H.

Therefore we obtain a version of the classical Nielsen-Schreier Theorem
for rational exponential groups:

Corollary 4.3. Any rational subgroup of a free rational exponential group
is again free exponential.

The present article is a brief description of the outline of our geometric
method and complete proofs will be given in a more explained paper.
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