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Number of Sylow subgroups in finite groups

Evgeny Vdovin

For a finite group G, denote by νp(G) the number of Sylow p-subgroups of G.
It is a trivial exercise to check that for every subgroup H of G, the inequality
νp(H) ≤ νp(G) holds. However νp(H) does not divide νp(G) in general. In 2003
G. Navarro proved that νp(H) divides νp(G) for every H ≤ G if G is p-solvable. We
prove that νp(H) divides νp(G) for every H ≤ G if this property holds for every
nonabelian composition factor of G. Thus we obtain a substantial generalization
of Navarro’s result and also give an alternative proof for Navarro’s result.

We say that a group G satisfies DivSyl(p) if νp(H) divides νp(G) for every
H ≤ G.

Theorem. Let
1 = G0 < G1 < . . . < Gn = G

be a refinement of a chief series of G. Assume that for each nonabelian factor
Gi/Gi−1 and for every p-subgroup P of AutG(Gi/Gi−1), the group P (Gi/Gi−1)
satisfies DivSyl(p). Then G satisfies DivSyl(p).
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