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THE KORTEWEG-DE VRIES REGULARIZATION
OF A PARABOLIC EQUATION WITH VARYING TIME DIRECTION

N. A. Larkin

1. Introduction

Given @ = (0,1) x (0,T), consider a mixed problem for the generalized Korteweg—
de Vries equation

Lu = ug + uug + (a(z, t)ty )z + Viggs = 0,

where a(x,t) is a smooth given function with no restriction on its sign. When v = 0,
we have the parabolic equation which can change the direction of time in an arbitrary
smooth manner. Similar equations were studied by V. N. Vragov, A. G. Podgaev [1],
S. A. Tersenov [2], N. A. Larkin, V. A. Novikov, N. N. Yanenko [3], A. I. Kozhanov [4].
More references on the subject can be found in the cited papers.

The KdV equation and various generalizations were studied by many authors,
see [5-8], on assuming a(z,t) < 0. In other words, the operator

up + (a(x, t)ug),

must be parabolic rather then backward parabolic. It is known that the Cauchy
problem for the backward parabolic equation is ill-posed. Our goal here is to show
that this fails for the KdV equation.

2. The Mixed Problem

Put
Wi = {u € HY(0,1) N HE(0, 1); 1ya(0) = us (1) = 0},
1
W3 = {u € H?(0,1) N H(0,1); uy(1) = 0}, [Ju(t)|]* = /u2(a:,t)dat.
0
Since v is positive, we let it equal one and consider the following mixed problem

Lu = uy + uuy + (a(z, )y )z + Ugze = 0 in Q, (2.1)
u(0,t) = u(1,t) = u,(1,¢t) =0, t € (0,7, (2.2)
u(x,0) = up(x), x € (0,1), (2.3)

where a(z,t) € CH(Q), uy € Wy.

To treat (2.1)—(2.3), we regularize it by the sequence of mixed problems for the
Kuramoto—Sivashinsky equation and, passing to the limit on a parameter of regular-
ization, we will arrive at the desired result.
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3. The Regularized Problem

For any ¢ > 0 we consider the following problem

Lot = Ugp + UUey + (auam)az + Uegge + EUcgazr = 0, (31)
Ue(0,8) = Uer (0, 8) = ue(1,) = uer(1,¢) =0, £ > 0, (3.2)
ue(x,0) = ug(x), z € (0,1). (3.3)

Solvability of (3.1)—(3.3) with symmetric boundary conditions
Ue(0,8) = Uerr (0,8) = ue(1, ) = Uerr(1,8) =0

was proved in [9]. The Cauchy problem was considered in [5] for a(z,t) = ¢ where
also were studied asymptotics of solutions to (3.1)—(3.3) as ¢ — 0. The difference
between this article and [5] is that in our case the limit is singular (one boundary
condition must be cancelled) while in [5] the limit is regular.

We construct regular solutions to (3.1)—(3.3) for fixed ¢ > 0 by the Faedo-Galerkin
Method as follows. Let {w;(z)} be eigenfunctions of the following boundary value
problem

Wiggze = /\j’LUj, x € (O, 1),

)
It is known [10] that w; create a basis for H4(0,1) which is orthonormal in L?(0,1).
We construct approximate solutions to (3.1)—(3.3) in the standard way

N
uV(et) = Y g (s (o),

where g;n(t) are solutions to the Cauchy problem for the system of N ordinary
differential equations

(Lette, w;)(8) = (ulf, wy) (8) = (1/2)(ud?, wje) (1) + ((auly)e, w)) (1)~
_(ut{:\;mﬂ w]I)(t) + E(Ué\:lbm7 wjifib)(t) = Oa

gin(0) = (uo,w;), j=1,...,N. (3.5)

By the Carathéodory Theorem, the functions g;n(t) exist on some interval (0,7w).
To extend them to an arbitrary finite interval and to pass to the limit as N — oo
and € > 0 fixed, we need a priori estimates. In the calculation to follow we omit the
indices € and N.

Estimate I

Multiplying (3.5) by gjn(t), we come to the equality

%IIU@)H2 +uz(0,1) + 2((atg )z, w) () + 2¢[luas (8)[|* = 0. (3.6)

Since

| (atz)z, u) | < AlJtae (@) [ lu(@)] + l[uz(@[w@)]]),

where the positive constant A is defined by a(z,t) and its derivatives, and

lua@)I* < Nuas @llu@)]],
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we get from (3.6)
d
@ +elluaa I < Ce)[lu®)]?

which implies for a.e. t € (0,7)
¢

lu (&)1 +€/||U§§m(3)|\2d8 < C(e)lluollZzo,)- (3.7)
0

Estimate II
Replacing in (3.5), according to (3.4), w; by /\j_lD,ﬁwj, we obtain

d
(1/2) 2 e (01| + (D3, Do) () + (utte, Dyw)(t) + (atz ), Dzu) (1)
te||Diu(t)||* = 0. (3.8)
We estimate separate terms in (3.8) as follows

Iy = (uug, Dyu) | < max | u(z,t) | [luz ()| Dzu(t)] <

s

€4 2 1 4 - &pa 2 1 4
<z - <= - .
< 2 ID2u@I + Zlluz (N < ZIDau@)l” + lluze t)l]
By the Ehrling inequality,

3
I = (Dju, Du)(t) < 7[1Dzu(®)|* + C(e) | Dzu(b)]?,

Is = ((atg)s, Dyu)(t) < leDiu(t)II2 +C(&) (luws ()1 + luz B)[I).

Inserting I — I5 into (3.8), we come to the inequality

e (DI + DRI < CEA+ fura )

By the Gronwall inequality and (3.7), we get
t
||Um(t)||2+€/||D;1U(5)||2d8 < C(e)lluollFr(o,1)- (3.9)
0

Estimate III

Differentiating (3.5) by ¢ and replacing w; by ul}, we obtain

+ (i), we) () = (Uawr; Uae)(£) + (0t )2t ue) () +
+e(Ugpts Uzat) (E) = 0. (3.10)
Taking in (3.5) t = 0, we get
lugz O] < Clluollw,-
Using (3.7) and (3.9), we transform (3.10) to the inequality

%IIUt(t)H2 +elluaat (B)]* < COA+ [lue(B)])
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which implies

t
e (8] +€/Ilums(8)||2d8 < C(e)lluolliy, - (3.11)
0

The estimates (3.7), (3.9), (3.11) allow us to extend ul (x,t) to any interval (0,7)
and to pass to the limit in (3.5) as N — oo and € > 0 fixed. This can be resumed in

Theorem 1. Let ug € Wy, a € C*(Q). Then for every e > 0 there exists a unique
solution to (3.1)—(3.3) in the class

ue € L(0,T; H*(0,1)) N L*(0,T; Wa),

uer € L°°(0,T : L2(0,1)) N L*(0,T; H*(0,1) N Hy (0,1)).

REMARK 1. From the estimates (3.7), (3.9), (3.11) follows only the existence part
of Theorem 1. Uniqueness can be proved by the standard arguments, see [9].

4. The Korteweg—de Vries Equation

To prove solvability of (2.1)—(2.3), we need a priori estimates of u. independent
of € > 0.

Estimate IV

Let ¢(z) be a positive smooth function defined on [0,1] with a positive derivative.
Multiplying (3.1) by ¢u. and integrating over (0,1), we obtain

1d 5 1
52 (60)(1) = 560, w5)(0) — (011, (B0).) (0)-
—(Uza, (Pu)2)(t) + &(taz, (PU)az)(t) = 0. (4.1)
We treat the separate terms in (4.1) as follows

b
6

< llus () + C(n)(6,u*)?(8), n > 0;
I = —(aug, ($u)o)(t) < 24(d,uz)(t) + C(¢,u?)(t),
where A = maxg | a(z,t) | and C > 0 does not depend on ¢ > 0.

> 2 (6, u2,) (1) — £C(6, u2)(t) — 2C(6,u?) (1)
with C > 0 independent of € > 0.

Iy =] (o, u®)(t) [=] (<70, u”) (1) | < Cllua ()], u?)(t) <

4 =~ e, (90)2) (1) = (62 02) (1) + 5H(0)u20)

Inserting I1 — I into (4.1), taking into account that ¢, is an arbitrary positive
on [0,1] function and taking n > 0 and € > 0 sufficiently small, we find

%((b, u?)(t) + (9, uz) (t) +e(d, uz, ) (1) < C(1+ (6,u®)*(1)), (4.2)
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where C' > 0 does not depend on € > 0.
It is known [11], that the inequality

L6.0)(1) < OO+ (620, (6,47)(0) = (6,13)

has a solution on some interval (0,Tp), To > 0: (¢, u?)(t) < C(||luollr2(0,1), To)-
Returning to (4.2), we find

|W@W+/MMMWHw/mm@statamm. (4.3)
0 0

Estimate V

Differentiating (3.1) by ¢, multiplying the result by ¢u.; and integrating over (0,1),
we derive

1d
577 (®ud)(O) + (D(us ), u) () = (waa, (D)a) (£) =

_((aul')tv ((Z)u)lt)(t) + E(uwwta (¢ut)11)(t) =0. (44)
Estimating the separate terms, we obtain

1

I = 5 (9t )at, ue) () = —($(ute), o) () — (darite, ur)(t) <

< (e, uz) (1) + Cn) (1 + Jua (O)]) (6, uf) (8),

I = (i, (6u)a) (1) = 5 (62,12 (8) = 5(Z2.6,2)(0) + 3000, 0),

2
Iy = —((auz)e, (due)z)) (1) < CL(¢uz) () + (¢, u7) () + (6, uz) (1)},
L = e(taat, (PUe)wo) (1) 2 5 (6, uzy) (8) — €C (9,0, ) () — €C (0, uf) (1)

with C' > 0 independent of € > 0.
Inserting I; — I into (4.4) and repeating the arguments exploited by proving (4.2),
we come to the inequality

Do ™

%(qﬁ, u)(8) + (¢, uzy) (8) < C(U+ |lua (8)]*) (&, uf) (B).

Using (4.3), we obtain

(&, u?)( —|—/¢, uze)(s)ds < C, t € (0,Tp),
0

therefore,

nwwW+/mm@W@satem%»

Solvability of (2.1)—(2.3)
Let v € L?(0, To; Wy), then (3.1)—(3.3) can be rewritten as

Ty
/{(Uet’ 0)(t) + (ueen; v)(t) + (Uea; Vaa ) (t)—
0
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To

—(QUeg, vg)(t) }dt 4+ € /(usm, Vg ) (B)dt = 0. (4.5)
0
In view of (4.3) and (3.7), we pass to the limit as ¢ — 0 in (4.5) and obtain

To
[0+ @00+ (s 22)(0) = (v O}t =0
0

Taking into account the properties of u, we can see that for a.e.t € (0,Tp) u(x,t) is
a weak solution to the following problem

(U Va2 ) (8) = (e, v2) () = (F0)(D), (4.6)

where
F = —u; —uu, € L*0,1).

It can be shown also that a weak solution, u € H}(0,1) of (4.6) is strong, i.e.,
u € Ws. Summarizing all the facts above, we come to the following assertion.

Theorem 2. Let uyg € Wy, a € CY(Q). Then there is Ty > 0 such that the
problem (2.1)—(2.3) has a unique solution

u € L*(0,Ty; Hy(0,1)) N L*(0, Tp; W3),
ug € L>(0,Ty; L*(0,1)) N L*(0, To; Hy(0,1)).

REMARK 2. Actually, we have proved only the existence part of Theorem 2, but
uniqueness of a strong solution can be proved by the standard arguments.

REMARK 3. By density arguments the condition ug € W, can be weakened to
ug € Wis.
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