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Â ðàáîòå ìåòîäàìè àïðèîðíûõ îöåíîê, ðåãóëÿðèçàöèè è íåïîäâèæíîé òî÷êè
äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé êîýô-
ôèöèåíòíîé çàäà÷è äëÿ îäíîìåðíîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ â ñëó÷àå ïå-
ðåîïðåäåëåíèÿ íà âðåìåííûõ ñëîÿõ.

Â ïðÿìîóãîëüíèêå D = {(x, t) : 0 < x < 1, 0 < t < T < +∞} ðàññìîòðèì
óðàâíåíèå

utt − uxx + q(x, t)ut = f0(x, t), (1)
ãäå êîýôôèöèåíò

q(x, t) =
m∑

k=1

ak(x, t)qk(x),

ôóíêöèè f0(x, t), ak(x, t) (k = 1, . . . ,m) � èçâåñòíû è çàäàíû ïðè (x, t) ∈ D.
Â ðàáîòå ðàññìàòðèâàåòñÿ
Îáðàòíàÿ çàäà÷à. Íàéòè ôóíêöèè u(x, t) è qk(x) (k = 1, . . . ,m), ñâÿçàííûå

â D óðàâíåíèåì (1) è òàêèå, ÷òî âûïîëíÿþòñÿ óñëîâèÿ

u(0, t) = µ0(t), u(1, t) = µ1(t), 0 < t < T, (2)
u(x, 0) = u0(x), 0 < x < 1, (3)
ut(x, 0) = u1(x), 0 < x < 1, (4)

u(x, tk) = u0k(x), (k = 1, . . . , m), 0 < x < 1. (5)

Ôóíêöèè µ0(t), µ1(t), u0(x), u1(x), u0k(x) (k = 1, . . . , m) � èçâåñòíû è çàäàíû ïðè
x ∈ [0, 1], t ∈ [0, T ], ÷èñëà tk çàäàíû è óäîâëåòâîðÿþò íåðàâåíñòâó 0 < t1 < . . . <
tm = T .

Óñëîâèÿ (2)�(4) ÿâëÿþòñÿ óñëîâèÿìè ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ãè-
ïåðáîëè÷åñêîãî óðàâíåíèÿ (1). Óñëîâèÿ (5) � óñëîâèÿ ïåðåîïðåäåëåíèÿ íà âðå-
ìåííûõ ñëîÿõ, ïîçâîëÿþùèå íàéòè âìåñòå ñ ðåøåíèåì u(x, t) è íåèçâåñòíûå êîì-
ïîíåíòû êîýôôèöèåíòà q(x, t) � ôóíêöèè qk(x) (k = 1, . . . ,m). Òàê êàê íåèç-
âåñòíûìè ÿâëÿþòñÿ ðåøåíèå è êîýôôèöèåíò óðàâíåíèÿ (1), òî îáðàòíàÿ çàäà÷à
áóäåò íåëèíåéíîé. Íåëèíåéíûå îáðàòíûå çàäà÷è äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé
â ðàçëè÷íûõ ïîñòàíîâêàõ èçó÷àëèñü â ðàáîòàõ [7�13] è â ðÿäå äðóãèõ, îäíàêî â
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âûøåïðèâåäåííîé ïîñòàíîâêå ïîäîáíûå çàäà÷è ðàíåå íå èçó÷àëèñü. Ìåòîäû èñ-
ñëåäîâàíèÿ, ïðèìåíÿåìûå â äàííîé ðàáîòå, áëèçêè ê ìåòîäàì [6].

Ñäåëàåì ñëåäóþùåå
Ïðåäïîëîæåíèå 1. Ñóùåñòâóåò ôóíêöèÿ U = U(x, t) èç êëàññà C4(D), óäî-

âëåòâîðÿþùàÿ ãðàíè÷íûì óñëîâèÿì (2)�(4).
Ïðîèçâåäåì çàìåíó u(x, t) = v(x, t) + U(x, t) è ïåðåôîðìóëèðóåì îáðàòíóþ

çàäà÷ó: òðåáóåòñÿ íàéòè ôóíêöèè v(x, t) è qk(x) (k = 1, . . . , m), ñâÿçàííûå â ïðÿ-
ìîóãîëüíèêå D óðàâíåíèåì

vtt − vxx + q(x, t)ut = f(x, t) (1′)

ïðè âûïîëíåíèè óñëîâèé

v(0, t) = 0, v(1, t) = 0, 0 < t < T, (2′)
v(x, 0) = 0, 0 < x < 1, (3′)
vt(x, 0) = 0, 0 < x < 1, (4′)

v(x, tk) = uk(x), (k = 1, . . . ,m), 0 < x < 1. (5′)

Ôóíêöèè f(x, t) è uk(x) ðàâíû ñîîòâåòñòâåííî

f(x, t) = f0(x, t)− (Utt − Uxx),
uk(x) = u0k(x)− U(x, tk), (k = 1, . . . ,m).

Ïîëàãàÿ â (1′) t = 0, t = t1, . . . , t = tm, ïîëó÷èì ðàâåíñòâà




m∑

k=1

ak(x, 0)qk(x) =
f(x, 0)− vtt(x, 0)

u1(x)
,

m∑

k=1

ak(x, ti)qk(x) =
f(x, ti)− vtt(x, ti) + u ′′i (x)

ut(x, ti)
,

(i = 1, . . . , m).

(6)

Èç ïîñëåäíèõ m ðàâåíñòâ îïðåäåëèì ôóíêöèè qk(x):

qk(x) =
∆v

1k(x)−∆v
2k(x)

∆(x)
,

ãäå îïðåäåëèòåëè ∆(x), ∆v
1k(x) è ∆v

2k(x) ðàâíû ñîîòâåòñòâåííî

∆(x) =

∣∣∣∣∣∣

a1(x, t1) · · · am(x, t1)
· · · · · · · · ·

a1(x, tm) · · · am(x, tm)

∣∣∣∣∣∣
,

∆v
1k(x) =

∣∣∣∣∣∣∣∣∣∣

a1(x, t1) · · · f(x, t1) + u ′′1 (x)
ut(x, t1)

· · · am(x, t1)

· · · · · · · · · · · · · · ·
a1(x, tm) · · · f(x, tm) + u ′′m(x)

ut(x, tm)
· · · am(x, tm)

∣∣∣∣∣∣∣∣∣∣

(â ∆(x) èçìåíåí k-ûé ñòîëáåö),

∆v
2k(x) =

∣∣∣∣∣∣∣∣∣∣

a1(x, t1) · · · vtt(x, t1)
ut(x, t1)

· · · am(x, t1)

· · · · · · · · · · · · · · ·
a1(x, tm) · · · vtt(x, tm)

ut(x, tm)
· · · am(x, tm)

∣∣∣∣∣∣∣∣∣∣
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(â ∆(x) èçìåíåí k-ûé ñòîëáåö).
Íàéäåííûå çíà÷åíèÿ qk(x) ïîäñòàâèì â ïåðâîå ðàâåíñòâî ñèñòåìû (6), ïîëó÷èì

vtt(x, 0) =
m∑

k=1

αv
k(x)vtt(x, tk) + βv(x), (7)

ãäå
m∑

k=1

αv
k(x)vtt(x, tk) =

u1(x)
∆(x)

m∑

k=1

ak(x, 0)∆v
2k(x),

βv(x) = f(x, 0)− u1(x)
∆(x)

m∑

k=1

ak(x, 0)∆v
1k(x).

Îïðåäåëèì ïðîñòðàíñòâà ôóíêöèé, èñïîëüçóåìûå äàëåå:

V ={v(x, t) : v(x, t) ∈ W 2
2 (D) ∩ L∞(0, T ;

◦
W 1

2(0, 1)),

vt(x, t) ∈ W 2
2 (D) ∩ L∞(0, T ;

◦
W 1

2(0, 1)), vtt(x, t) ∈ L∞(0, T ;
◦

W 1
2(0, 1))},

Ṽ = {v(x, t) : v(x, t) ∈ V, vxxtt(x, t) ∈ L2(D)}.

Íîðìû â ýòèõ ïðîñòðàíñòâàõ îïðåäåëÿþòñÿ ðàâåíñòâàìè

‖v‖V =‖v‖W 2
2 (D) + ‖v‖

L∞(0,T ;
◦

W 1
2(0,1))

+ ‖vt‖W 2
2 (D) + ‖vt‖

L∞(0,T ;
◦

W 1
2(0,1))

+ ‖vtt‖
L∞(0,T ;

◦
W 1

2(0,1))
,

‖v‖eV = ‖v‖V + ‖vxxtt‖L2(D).

Îïðåäåëèì ìíîæåñòâà ôóíêöèé V ∗ è Ṽ ∗ èç ââåäåííûõ ïðîñòðàíñòâ V è Ṽ :

V ∗ ={v(x, t) : v(x, t) ∈ V, 0 < u∗1 6 vt(x, tk) + Ut(x, tk) 6 u∗2 < +∞,

|vxt(x, tk) + Uxt(x, tk)| 6 u ∗ < +∞, k = 1, . . . ,m},
Ṽ ∗ = {v(x, t) : v(x, t) ∈ V ∗, vxxtt(x, t) ∈ L2(D)}.

Ïóñòü ïðè x ∈ [0, 1] ñïðàâåäëèâû íåðàâåíñòâà (k = 1, . . . ,m):

0 < E1 6 f(x, tk) + u ′′k (x) 6 E2. (8)

Îáîçíà÷èì

∆̃k = min
x∈[0,1]

e∈[E1,E2]
u∈[u∗1 ,u∗2 ]

∆k(x, e, u), ˜̃∆k = max
x∈[0,1]

e∈[E1,E2]
u∈[u∗1 ,u∗2 ]

∆k(x, e, u),

ãäå îïðåäåëèòåëü ∆k(x, e, u) ïîëó÷åí èç îïðåäåëèòåëÿ ∆(x) çàìåíîé k-ãî ñòîëáöà
íà ñòîëáåö èç ÷èñåë e

u
.

Âîçüìåì ÷èñëî δ ∈ (0, 1), ââåäåì ñëåäóþùèå ôóíêöèè

σk(ξ) =





ξ, åñëè |ξ| 6 δ∆k

−δ∆k, åñëè ξ 6 −δ∆k (k = 1, . . . , m)
δ∆k, åñëè ξ > δ∆k
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è äëÿ ôóíêöèè p(x, t), çàäàííîé â ïðÿìîóãîëüíèêå D, îïðåäåëèì êîýôôèöèåíò

Qp(x, t) =
m∑

k=1

ak(x, t)
∆p

1k(x)− σk(∆p
2k(x))

∆(x)
.

Èññëåäóåì âñïîìîãàòåëüíóþ çàäà÷ó: òðåáóåòñÿ íàéòè ôóíêöèþ v(x, t), êîòîðàÿ
óäîâëåòâîðÿåò â ïðÿìîóãîëüíèêå D óðàâíåíèþ (ε > 0)

−εvttxx + vttt − vxxt + (Qvvt)t = Fv(x, t), (9)

ãäå ôóíêöèÿ Fv(x, t) = ft(x, t) − (Qv(x, t)Ut(x, t))t, à òàêæå óñëîâèÿì (2′), (3′),
(4′) è (7). Çàìåòèì, ÷òî óðàâíåíèå (8) � íåëèíåéíîå íàãðóæåííîå [1, 2] óðàâíå-
íèå ñîñòàâíîãî òèïà, äëÿ êîòîðîãî ïîñòàâëåíà íåëîêàëüíàÿ, ââèäó óñëîâèÿ (7),
çàäà÷à. Îáîçíà÷èì ÷åðåç Dk ïðÿìîóãîëüíèê: Dk = {(x, t) : 0 < x < 1, 0 < t < tk}
è îïðåäåëèì ôóíêöèè, ìàòðèöû è ïîñòîÿííûå, êîòîðûå ïîíàäîáÿòñÿ íèæå:

∆∗ = min
[0,1]

∆(x), ∆∗∗ = max
[0,1]

∆(x), ∆̃ = min
16k6m

∆̃k,
˜̃∆ = max

16k6m

˜̃∆k,

F0k = ‖ft‖L∞(Dk) + (1 + δ)
˜̃∆

∆∗

{
max
Dk

|Utt| ·
m∑

i=1

max
Dk

|ai|+ max
Dk

|Ut| ·
m∑

i=1

max
Dk

|ait|
}

,

F̃0k =‖ftt‖L∞(Dk) + (1 + δ)
˜̃∆

∆∗

{
max
Dk

|Uttt| ·
m∑

i=1

max
Dk

|ai|

+ 2max
Dk

|Utt| ·
m∑

i=1

max
Dk

|ait|+ max
Dk

|Ut| ·
m∑

i=1

max
Dk

|aitt|
}

,

Ak(x) =
u1(x)
∆(x)

m∑

i=1

ai(x, 0)Aki(x), 0 6 x 6 1,

ãäå Aki(x) � àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ ∆(x),

αk =
1
u∗1

max
[0,1]

|Ak(x)|, αk =
1
u∗1

max
[0,1]

|A′k(x)|+ 1
(u∗1)2

max
[0,1]

|Ak(x)|u ∗,

β = ‖f(x, 0)‖L∞(0,1) + mE2 max
16k6m

αk, E = max
16k6m

‖fx(x, tk) + u ′′′k (x)‖L∞(0,1),

β = ‖fx(x, 0)‖L∞(0,1) + mE · max
16k6m

αk + mE2 · max
16k6m

αk,

Q̃k =
(1− δ)∆̃

∆∗∗

m∑

i=1

min
Dk

|ai(x, t)|, ˜̃
Qk =

(1 + δ) ˜̃∆
∆∗

m∑

i=1

max
Dk

|ai(x, t)|,

Φ0 =
m∑

k=1

[
F 2

0k

(
7
3

t3k + 4tk

)
+

14
3

F̃ 2
0kt3k

]

+
( m∑

k=1

tk

)
[(m + 1)β

2
+ (2m + 1)β

2
] +

˜̃
Q

Q̃

max
[0,1]

a(x, t)

min
[0,1]

a(x, t)
(m + 1)β

2
,

ti = ti − 2
( m∑

k=1

tk

)
[(m + 1)α 2

i + (2m + 1)α 2
i ],

ti = ti − 4
( m∑

k=1

tk

)
(2m + 1)α 2

i , a(x, t) =
m∑

k=1

ak(x, t),
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Ak(x, t) � ìàòðèöà êâàäðàòè÷íîé ôîðìû îòíîñèòåëüíî ïåðåìåííûõ vxxt(x, t),
vttt(x, t), vtt(x, t), vt(x, t):

Ak(x, t) =




1/2 2 ˜̃
Qkatk 8 ˜̃

Qkatk
˜̃
Qkat

2 ˜̃
Qkatk 7/8 0 (1/2) ˜̃

Qkat

8 ˜̃
Qkatk 0 (1/2)(1− ˜̃

Qkat) + 2 Q̃ktk 0
˜̃
Qkat (1/2) ˜̃

Qkat 0 Q̃k(at + tk |att|)




(çäåñü a ≡ a(x, t)), Bk(x, tk) � ìàòðèöà êâàäðàòè÷íîé ôîðìû îòíîñèòåëüíî ïåðå-
ìåííûõ vxtt(x, tk), vtt(x, tk), vt(x, tk), vxxt(x, tk), vxt(x, tk)

Bk(x, tk) =




2˜̃tk 0 0 0 1/2

0 2 t̃k 0 ˜̃
Qkatk 0

0 0 Q̃kattk
˜̃
Qkattk 0

0 ˜̃
Qkatk

˜̃
Qkattk (1/4)tk 0

1/2 0 0 0 (1/2)tk




(çäåñü a ≡ a(x, tk)).
Òåîðåìà 1 (î ñóùåñòâîâàíèè ðåøåíèÿ). Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 1,

íåðàâåíñòâî (8) è âêëþ÷åíèÿ: f(x, t) ∈ L∞(D), ft(x, t) ∈ L∞(D), ftt(x, t) ∈ L∞(D),
f(x, 0) ∈ W 1

∞(0, 1), f(x, tk) ∈ W 1
∞(0, 1), u0k ∈ C3([0, 1]) (k = 1, . . . ,m).

Ïóñòü ïðè k = 1, . . . ,m ôóíêöèè ak(x, t) ∈ C2(D) è ñïðàâåäëèâû íåðàâåíñòâà

ak(x, t) > 0, akt(x, t) > 0, aktt(x, t) 6 0, (x, t) ∈ D.

Ïðåäïîëîæèì òàêæå, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà: ∆∗ > 0, ∆̃ > 0, tk > 0,
tk > 0,

1 > m
˜̃
Qk

Q̃k

max
[0,1]

a(x, t)

min
[0,1]

a(x, t)
α 2

k (k = 1, . . . ,m).

Ïóñòü ìàòðèöû Ak(x, t) è Bk(x, tk) (k = 1, . . . , m) ÿâëÿþòñÿ ìàòðèöàìè ïîëîæè-
òåëüíî îïðåäåëåííûõ êâàäðàòè÷íûõ ôîðì ïðè (x, t) ∈ Dk.

Ïðåäïîëîæèì, íàêîíåö, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà (k = 1, . . . , m):

u∗k 6 Ut(x, tk)− 2
√

Φ0

tk
, u∗2 > Ut(x, tk) + 2

√
Φ0

tk
, 0 6 x 6 1,

|Uxt(x, tk)|+ 2
√

2
√

Φ0

tk
6 u ∗, 0 6 x 6 1,

max
x∈[0,1]

e∈
[
−2
q

Φ0
tk

,2
q

Φ0
tk

]
u∈[u∗1 ,u∗2 ]

∆k(x, e, u) 6 δ∆̃k.

Òîãäà ñóùåñòâóåò ðåøåíèå {v(x, t), q1(x), . . . , qm(x)} îáðàòíîé çàäà÷è (1′), (2′),
(3′), (4′), (5′) òàêîå, ÷òî v(x, t) ∈ V , qk(x) ∈ L∞(0, 1) (k = 1, . . . , m).

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ p(x, t) ∈ Ṽ ∗. Ðàññìîòðèì ñåìåéñòâî çàäà÷:
íàéòè ôóíêöèþ vλ(x, t), ÿâëÿþùóþñÿ â ïðÿìîóãîëüíèêå D ðåøåíèåì óðàâíåíèÿ

Lεpv ≡ −εvttxx + vttt − vxxt + (Qpvt)t = Fp(x, t) (9p)
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è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ ãðàíè÷íûå óñëîâèÿ (2′), (3′), (4′) è óñëîâèå

vtt(x, 0) = λ

m∑

k=1

αp
k(x)vtt(x, tk) + βp(x), (7pλ)

÷èñëî λ ∈ [0, 1].
Äîêàæåì ðàçðåøèìîñòü çàäà÷ â ïðîñòðàíñòâå Ṽ ìåòîäîì ïðîäîëæåíèÿ ïî

ïàðàìåòðó.
Îáîçíà÷èì ÷åðåç Λ ìíîæåñòâî òåõ ÷èñåë λ ∈ [0, 1], äëÿ êîòîðûõ çàäà÷à (9p),

(2′), (3′), (4′), (7pλ) ðàçðåøèìà â ïðîñòðàíñòâå V . Åñëè ýòî ìíîæåñòâî îêàæåòñÿ
íåïóñòûì è îòêðûòûì â èíäóöèðîâàííîé òîïîëîãèè, òî îíî áóäåò ñîâïàäàòü ñî
âñåì îòðåçêîì [0, 1].

Ðàçðåøèìîñòü çàäà÷è (9p), (2′), (3′), (4′), (7pλ) ïðè λ = 0 â ïðîñòðàíñòâå Ṽ
ôàêòè÷åñêè óñòàíîâëåíà â êíèãå [3]. Êîýôôèöèåíòû Qp è Qpt â ñèëó óñëîâèé òåî-
ðåìû 1 îãðàíè÷åíû. Ïîýòîìó ÷èñëî 0 ïðèíàäëåæèò ìíîæåñòâó Λ, ÷òî äîêàçûâàåò
íåïóñòîòó Λ.

Äëÿ äîêàçàòåëüñòâà îòêðûòîñòè ìíîæåñòâà Λ ïîëó÷èì íåîáõîäèìûå àïðèîð-
íûå îöåíêè.

Óìíîæèì îáå ÷àñòè óðàâíåíèÿ (9p) íà âûðàæåíèå

(2tk − t)(vtt − vxxtt) +
1
2

vttt

è ïðîèíòåãðèðóåì ïîëó÷èâøååñÿ ðàâåíñòâî ïî êàæäîìó ïðÿìîóãîëüíèêó Dk (k =
1, . . . , m).

Â ïðàâîé ÷àñòè ïðîèçâåäåì èíòåãðèðîâàíèå ïî ÷àñòÿì ñ ó÷åòîì óñëîâèÿ (4′)
è ïðèìåíèì íåðàâåíñòâî Êîøè, ïîëó÷èì îöåíêó

∣∣∣∣
∫∫

Dk

Fp

[
(2tk − t)(vtt − vxxtt) +

1
2

vttt

]
dx dt

∣∣∣∣ 6
∣∣∣∣
∫∫

Dk

Fp(2tk − t)vtt dx dt

∣∣∣∣

+
∣∣∣∣
∫∫

Dk

[Fp(2tk − t)]tvxxt dx dt

∣∣∣∣ +
1
2

∣∣∣∣
∫∫

Dk

Fpvttt dx dt

∣∣∣∣ + tk

∣∣∣∣
1∫

0

vxxt(x, tk)Fp(x, tk) dx

∣∣∣∣

6 1
4

∫∫

Dk

v2
tt dx dt +

∫∫

Dk

F 2
p (2tk − t)2 dx dt +

1
4

∫∫

Dk

v2
xxt dx dt

+
∫∫

Dk

{[Fp(2tk − t)]t}2 dx dt +
1
16

∫∫

Dk

v2
ttt dx dt +

∫∫

Dk

F 2
p dx dt

+
1
4

tk

1∫

0

v2
xxt(x, tk) dx + tk

1∫

0

F 2
p (x, tk) dx.

Â ñèëó îïðåäåëåíèÿ ôóíêöèè Fp(x, t), êîýôôèöèåíòà Qp(x, t), ÷èñåë F0k è F̃0k, à
òàêæå óñëîâèé òåîðåìû 1, ïîëó÷àåì îêîí÷àòåëüíóþ îöåíêó

∣∣∣∣
∫∫

Dk

Fp

[
(2tk − t)(vtt − vxxtt) +

1
2
vttt

]
dx dt

∣∣∣∣

6 1
4

[ ∫∫

Dk

v2
tt dx dt +

∫∫

Dk

v2
xxt dx dt +

1
4

∫∫

Dk

v2
ttt dx dt + tk

1∫

0

v2
xxt(x, tk) dx

]
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+ F 2
0k

(
7
3

t3k + 4tk

)
+

14
3

F̃ 2
0kt3k ≡ I1 + F 2

0k

(
7
3

t3k + 4tk

)
+

14
3

F̃ 2
0kt3k. (10)

Äàëåå â äîêàçàòåëüñòâå òåîðåìû 1 ïîëîæèòåëüíûå ïîñòîÿííûå Mi (i = 1, . . .)
çàâèñÿò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (9), (2′), (3′), (4′), (7) � èçâåñòíûõ
ôóíêöèé è èõ íîðì â ñîîòâåòñòâóþùèõ ïðîñòðàíñòâàõ, îïðåäåëÿåìûõ óñëîâèÿìè
òåîðåìû 1, íî íå çàâèñÿò îò ÷èñåë λ, ε è âûáîðà ôóíêöèè p. Ðàññìîòðèì ëåâóþ
÷àñòü

I2 ≡
∫∫

Dk

Lεpv

[
(2tk − t)(vtt − vxxtt) +

1
2

vttt

]
dx dt

=
∫∫

Dk

(−εvxxtt + vttt − vxxt + Qpvtt + Qptvt)
[
(2tk − t)(vtt − vxxtt) +

1
2

vttt

]
dx dt.

Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ñ ó÷åòîì îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé (2′),
(3′), (4′) è óñëîâèé òåîðåìû 1 ïîëó÷àåì îöåíêó

I2 > M1

(
‖v‖2W 2

2 (Dk) + ‖vt‖2W 2
2 (Dk) + ε ‖vxxtt‖2L2(Dk)

)

+ I1 +
1
8

tk

1∫

0

[2v2
xtt(x, tk) + 2v2

xt(x, tk) + v2
xxt(x, tk)] dx

+
{

1
4

ε

1∫

0

[v2
xtt(x, tk)− v2

xtt(x, 0)] dx +

1∫

0

[
1
4

tkv2
xtt(x, tk)− tkv2

xtt(x, 0)
]

dx

+

1∫

0

[(
1
2

tk +
1
4

Qp

)
v2

tt(x, tk)− (tk + (1/4)Qp)v2
tt(x, 0)

]
dx (11)

+
1
4

tk

1∫

0

v2
xt(x, tk) dx +

1
8

tk

1∫

0

v2
xxt(x, tk) dx +

1
2

tk

1∫

0

Qptv
2
t (x, tk) dx

+
1
2

1∫

0

vxtvxtt(x, tk) dx− tk

1∫

0

Qpvttvxxt(x, tk) dx− tk

1∫

0

Qptvtvxxt(x, tk) dx.

Ïðîñóììèðóåì íåðàâåíñòâà (11), èñïîëüçóåì óñëîâèå (7pλ), òîãäà â ñèëó óñëîâèé
òåîðåìû 1, ýëåìåíòàðíîãî íåðàâåíñòâà (b1 + · · ·+ bm)2 6 m(b2

1 + · · ·+ b2
m) è îöåíîê

(10), (11) ïîëó÷èì îöåíêó

M2(‖v‖2W 2
2 (D) + ‖vt‖2W 2

2 (D) + ε ‖vxxtt‖2L2(D)) + M3

1∫

0

[v2
tt(x, 0) + v2

ttx(x, 0)] dx

+
1
8

m∑

k=1

tk

1∫

0

[2v2
xtt(x, tk) + 2v2

xt(x, tk) + v2
xxt(x, tk)] dx 6 Φ0. (12)

Çàìåòèì ñëåäóþùåå: åñëè ïðè îöåíêå èíòåãðàëà
∫∫

Dk

Fp

[
(2tk − t)(utt − uxxtt) +

1
2

uttt

]
dx dt
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íå ïðîâîäèòü èíòåãðèðîâàíèå ïî ÷àñòÿì, òî àíàëîãè÷íûì îáðàçîì ïîëó÷àåòñÿ
îöåíêà

‖v‖2W 2
2 (D) + ‖vt‖2W 2

2 (D) + ε ‖vxxtt‖2L2(D) +

1∫

0

[v2
tt(x, 0) + v2

ttx(x, 0)] dx

6 M4

(
1
ε
‖Fp‖2L2(D) + ‖βp‖2W 1

2 (0,1)

)
. (13)

Ðàññìîòðèì ïðÿìîóãîëüíèê Dτ = {(x, t) : 0 < x < 1, 0 < t < τ}, ãäå τ � ïðîèç-
âîëüíîå ÷èñëî èç èíòåðâàëà [0, T ]. Àíàëîãè÷íî ïðåäûäóùåìó, óìíîæèì îáå ÷àñòè
óðàâíåíèÿ (9p) íà âûðàæåíèå

(2τ − t)(utt − uxxtt) +
1
2

uttt,

ïðîèíòåãðèðóåì ïîëó÷èâøååñÿ ðàâåíñòâî ïî ïðÿìîóãîëüíèêó Dτ , èñïîëüçóåì
îöåíêó (13) è òîãäà ïîëó÷èì îöåíêó (ïðè ôèêñèðîâàííîì ε > 0):

‖v‖2eV 6 M5

(
1
ε
‖Fp‖2L2(D) + ‖βp‖2W 1

2 (0,1)

)
. (14)

Äîêàæåì îòêðûòîñòü ìíîæåñòâà Λ. Ïóñòü ïðè íåêîòîðîì λ ∈ [0, 1] çàäà÷à (9p),
(2′), (3′), (4′), (7pλ) ðàçðåøèìà â ïðîñòðàíñòâå Ṽ . Òîãäà äëÿ ëþáîé ôóíêöèè
w(x, t) ∈ Ṽ ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (9p) � ôóíêöèÿ v(x, t) ∈ Ṽ , êîòîðàÿ
óäîâëåòâîðÿåò óñëîâèÿì (2′), (3′), (4′) è óñëîâèþ

vtt(x, 0) = λ

[ m∑

k=1

αp
k(x)vtt(x, tk)

]
+ λ̂

[ m∑

k=1

αp
k(x)wtt(x, tk)

]
+ βp(x).

Ñëåäîâàòåëüíî, çàäà÷à (9p), (2′), (3′), (4′), (7pλ) ïîðîæäàåò îïåðàòîð P , ïåðåâîäÿ-
ùèé ïðîñòðàíñòâî Ṽ â ñåáÿ: P (w) = v. Âîçüìåì ôóíêöèè w1, w2 ∈ Ṽ è èõ îáðàçû
v1, v2 ∈ Ṽ . Ðàññìîòðèì ðàçíîñòè w = w1−w2, v = v1− v2. Òîãäà v óäîâëåòâîðÿåò
óðàâíåíèþ Lεpv = 0, óñëîâèÿì (2′), (3′), (4′) è óñëîâèþ

vtt(x, 0) = λ

[ m∑

k=1

αp
k(x)vtt(x, tk)

]
+ λ̂

[ m∑

k=1

αp
k(x)wtt(x, tk)

]
.

Îöåíêà (14) ïðèâîäèò ê íåðàâåíñòâó

‖v‖2eV 6 M6λ̂
2

m∑

k=1

‖wtt(x, tk)‖2W 1
2 (0,1) 6 M7λ̂

2‖w‖2eV ,

ïîýòîìó äëÿ âñåõ λ̂ òàêèõ, ÷òî M7λ̂
2 < 1, îïåðàòîð P ÿâëÿåòñÿ ñæèìàþùèì,

ñëåäîâàòåëüíî, èìååò íåïîäâèæíóþ òî÷êó w0 ∈ Ṽ , êîòîðàÿ, î÷åâèäíî, ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è (9p), (2′), (3′), (4′), (7pλ+bλ). Îòêðûòîñòü ìíîæåñòâà Λ äîêàçàíà,
ò. ê. âìåñòå ñî ñâîèì ýëåìåíòîì λ îíî ñîäåðæèò è åãî îêðåñòíîñòü

(
λ− 1√

M7

; λ +
1√
M7

)
∩ [0, 1].

Ò. ê. îêðåñòíîñòü èìååò ôèêñèðîâàííûé ðàäèóñ. íå çàâèñÿùèé îò λ, è ÷èñëî 0
ïðèíàäëåæèò Λ, òî Λ ñîâïàäàåò ñ îòðåçêîì [0, 1]. Òåì ñàìûì äëÿ ëþáîé ôóíêöèè
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p(x, t) ∈ Ṽ äîêàçàíà ðàçðåøèìîñòü çàäà÷è (9p), (2′), (3′), (4′), (7p) â ïðîñòðàíñòâå
Ṽ .

Â ñèëó óñëîâèé òåîðåìû 1 ñïðàâåäëèâà ðàâíîìåðíàÿ îöåíêà ôóíêöèè βp(x)
äëÿ ëþáîé ôóíêöèè p ∈ Ṽ ∗:

‖βp‖2W 1
2 (0,1) 6 M8(β

2
+ β

2
),

ïîýòîìó îöåíêó (14) ìîæíî ïåðåïèñàòü â âèäå

‖v‖2eV 6 M9

(
1
ε
‖ft‖2L2(D) +

1
ε
‖U‖2

C3(D)
+ β

2
+ β

2
)

= r̃ 2. (15)

Ïðèìåíèì, ñ ó÷åòîì óñëîâèÿ (2′), èçâåñòíûå íåðàâåíñòâà (k = 1, . . . , m):

|vt(x, tk)| 6
( 1∫

0

v2
xt(x, tk) dx

)1/2

, |vxt(x, tk)| 6
( 1∫

0

v2
xxt(x, tk) dx

)1/2

, (16)

òîãäà èç îöåíêè (12) ïîëó÷àåì

|vt(x, tk)| 6 2
√

Φ0

tk
, |vxt(x, tk)| 6 2

√
2
√

Φ0

tk
, 0 6 x 6 1. (17)

Ðàññìîòðèì îãðàíè÷åííîå, çàìêíóòîå è âûïóêëîå ìíîæåñòâî ôóíêöèé èç ïðî-
ñòðàíñòâà Ṽ :

K̃ ∗ = {v(x, t) : v(x, t) ∈ Ṽ ∗, ‖v‖eV 6 r̃}.
Îöåíêè (15) è (17) â ñèëó óñëîâèé òåîðåìû 1 ïîêàçûâàþò, ÷òî äëÿ ëþáîé ôóíêöèè
p(x, t) ∈ K̃ ∗ ìîæíî íàéòè ðåøåíèå çàäà÷è (9p), (2′), (3′), (4′), (7p) � ôóíêöèþ
v(x, t) ∈ K̃ ∗. Òåì ñàìûì íà ìíîæåñòâå K̃ ∗ ýòà çàäà÷à ïîðîæäàåò îïåðàòîð P̃ (p) =
v. Ïîêàæåì, ÷òî îïåðàòîð P̃ èìååò â K̃ ∗ íåïîäâèæíóþ òî÷êó. Äëÿ ýòîãî îñòàëîñü
ïîêàçàòü [14] åãî âïîëíå íåïðåðûâíîñòü.

Ïóñòü ïîñëåäîâàòåëüíîñòü ôóíêöèé {pn(x, t)} åñòü îãðàíè÷åííàÿ ïîñëåäîâà-
òåëüíîñòü èç K̃ ∗, {vn(x, t)} åñòü ïîñëåäîâàòåëüíîñòü îáðàçîâ ôóíêöèé pn(x, t) ïðè
äåéñòâèè îïåðàòîðà P̃ . Â ñèëó îöåíêè (15) ïîñëåäîâàòåëüíîñòü {vn(x, t)} îãðà-
íè÷åíà â ïðîñòðàíñòâå Ṽ . Äàëåå çàìåòèì, ÷òî ïîñëåäîâàòåëüíîñòè {pntt(x, ti)},
{pnxt(x, ti)}, {pnt(x, ti)} (i = 1, . . . , m) áóäóò îãðàíè÷åííûìè ïîñëåäîâàòåëüíî-
ñòÿìè â W 1

2 (0, 1). Èç îãðàíè÷åííîñòè ïîñëåäîâàòåëüíîñòåé {pn(x, t)}, {vn(x, t)},
{pntt(x, ti)}, {pnxt(x, ti)}, {pnt(x, ti)} (i = 1, . . . , m) è êîìïàêòíîñòè âëîæåíèÿ
W 1

2 (0, 1) â C([0, 1]) ñëåäóåò [5], ÷òî ñóùåñòâóþò ïîäïîñëåäîâàòåëüíîñòè {pnk
(x, t)}

è {vnk
(x, t)} ñîîòâåòñòâóþùèõ ïîñëåäîâàòåëüíîñòåé è ôóíêöèè p(x, t) è v(x, t) òà-

êèå, ÷òî ïðè k →∞ èìåþò ìåñòî ñõîäèìîñòè:

pnk
(x, t) → p(x, t) ñëàáî â Ṽ è ïî÷òè âñþäó â D,

vnk
(x, t) → v(x, t) ñëàáî â Ṽ è ïî÷òè âñþäó â D,

pnktt(x, ti) → ptt(x, ti) ñèëüíî â C([0, 1]),
pnkxt(x, ti) → pxt(x, ti) ñèëüíî â C([0, 1]),
pnkt(x, ti) → pt(x, ti) ñèëüíî â C([0, 1]) (i = 1, . . . , m).

Èç ýòèõ ñõîäèìîñòåé ñëåäóåò, ÷òî ôóíêöèè p(x, t) è v(x, t) áóäóò ñâÿçàíû óðàâíå-
íèåì (9p), ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò óñëîâèÿì (2′), (3′), (4′), (7p).
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Äëÿ ôóíêöèè wk(x, t) = vnk
(x, t)− v(x, t) èìååò ìåñòî ðàâåíñòâî

− εwkxtt + wkttt − wkxxt + Qpnk
wktt + Qpnk

twkt = (Qp −Qpnk
)(vtt + Utt)

+ (Qpt −Qpnk
t(vt + Ut),

óñëîâèÿ (2′), (3′), (4′) è íåëîêàëüíîå óñëîâèå

wktt(x, 0) =
m∑

i=0

α
pnk
i (x)witt(x, ti)−

m∑

i=0

[αp
i (x)− α

pnk
i (x)]vtt(x, ti)

+ [βpnk (x)− βp(x)].

Â ñèëó îöåíêè, àíàëîãè÷íîé (14), äëÿ ôóíêöèé wk(x, t), ñèëüíîé ñõîäèìîñòè
pnktt(x, ti) → ptt(x, ti), pnkxt(x, ti) → pxt(x, ti), pnkt(x, ti) → pt(x, ti) â C([0, 1])
è îïðåäåëåíèÿ êîýôôèöèåíòîâ Qp(x, t), αp

i (x) (i = 1, . . . ,m), βp(x) ïîëó÷àåì ñõî-
äèìîñòü: ‖wk‖eV → 0 ïðè k →∞, êîòîðàÿ ïîêàçûâàåò êîìïàêòíîñòü è íåïðåðûâ-
íîñòü îïåðàòîðà P̃ , ò. å. åãî âïîëíå íåïðåðûâíîñòü.

Âïîëíå íåïðåðûâíîñòü îïåðàòîðà P̃ , åãî ñâîéñòâî ïåðåâîäèòü ìíîæåñòâî K̃ ∗

â ñåáÿ è òåîðåìà Øàóäåðà [14] äàþò íàì, ÷òî îïåðàòîð P̃ èìååò íà ìíîæåñòâå K̃ ∗

íåïîäâèæíóþ òî÷êó. Ýòà íåïîäâèæíàÿ òî÷êà, ò. å. ôóíêöèÿ v(x, t) èç ïðîñòðàí-
ñòâà Ṽ , áóäåò ðåøåíèåì çàäà÷è (9) (2′), (3′), (4′), (7).

Ýòî ðåøåíèå ïîëó÷åíî äëÿ ëþáîãî ε > 0, ïîýòîìó îáîçíà÷èì åãî vε(x, t).
Èç îöåíêè (12), óñëîâèÿ (2′) è íåðàâåíñòâà òèïà (16) ïîëó÷èì îöåíêó (k =

1, . . . , m)

|vεtt(x, tk)| 6 2
√

Φ0

tk
, 0 6 x 6 1. (17)

Â ñèëó óñëîâèé òåîðåìû 1 è íåðàâåíñòâà (17) ñðåçûâàþùèå ôóíêöèè σk(∆vε

2k(x)) =

∆vε

2k(x), ïîýòîìó êîýôôèöèåíò Qvε(x, t) =
m∑

k=1

ak(x, t)qk(x), ãäå

qk(x) =
∆vε

1k(x)−∆vε

2k(x)
∆(x)

.

Ïîêàæåì, ÷òî ñ ïîìîùüþ ïðåäåëüíîãî ïåðåõîäà ïî ïàðàìåòðó ε ìîæíî äîêàçàòü
ðàçðåøèìîñòü â ïðîñòðàíñòâå V çàäà÷è (1′), (2′), (3′), (4′), (5′).

Èç îöåíêè (12) ìîæíî ïîëó÷èòü îöåíêó

‖vε‖2V + ε ‖vεxxtt‖2L2(D) 6 M10Φ0 (18)

(àíàëîãè÷íî ñïîñîáó ïîëó÷åíèÿ îöåíêè (14)). Îöåíêà (18) îçíà÷àåò, ÷òî ñóùåñòâó-
åò ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {εk}, ïîäïîñëåäîâàòåëüíîñòü ôóíêöèé {vεk

(x, t)}
è ôóíêöèÿ v(x, t) òàêèå, ÷òî ïðè k →∞ èìåþò ìåñòî ñõîäèìîñòè:

εk → 0,

vεk
(x, t) → v(x, t) ñëàáî â V è ïî÷òè âñþäó â D,

εkvεkxxtt → 0 ñëàáî â L2(D),
vεktt(x, ti) → vtt(x, ti) ñèëüíî â C([0, 1]),

vt(x, ti) → vt(x, ti) ñèëüíî â C([0, 1]) (i = 1, . . . ,m).

Ñëåäîâàòåëüíî ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò â ïðÿìîóãîëüíèêå D óðàâíåíèþ

(vtt − vxx + Qv(v + U)t)t = ft(x, t), (19)
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à òàêæå óñëîâèÿì (2′), (3′), (4′) è (7).
Äîêàæåì, ÷òî ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò óðàâíåíèþ (1′), à òàêæå óñëîâè-

ÿì (5′).
Ïðîèíòåãðèðóåì óðàâíåíèå (19) ïî ïåðåìåííîé t â ïðåäåëàõ îò t = 0 äî t = τ ,

ãäå τ ∈ [0, T ]:

[vtt − vxx + Qv(v + U)t](x, τ)− [vtt − vxx + Qv(v + U)t](x, 0) = f(x, τ)− f(x, 0).

Ò. ê. äëÿ ôóíêöèè v(x, t) âûïîëíÿåòñÿ óñëîâèå (7), òî âûïîëíÿåòñÿ è ïåðâîå èç
óðàâíåíèé (6), ò. ê.

Qv(x, 0) =
m∑

k=1

ak(x, 0)qk(x), qk(x) =
∆v

1k(x)−∆v
2k(x)

∆(x)
.

Ïîýòîìó ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò óðàâíåíèþ (1′)

[vtt − vxx + Qv(v + U)t](x, τ) = f(x, τ), τ ∈ [0, T ].

Òåïåðü ïðîèíòåãðèðóåì óðàâíåíèå (19) ïî ïåðåìåííîé t â ïðåäåëàõ îò t = τ äî
t = tk (k = 1, . . . , m). Ò. ê. óðàâíåíèå (1′) âûïîëíÿåòñÿ, òî ñïðàâåäëèâî ðàâåíñòâî

[vtt − vxx + Qv(v + U)t](x, tk) = f(x, tk).

Ñ äðóãîé ñòîðîíû, â ñèëó (6), ñïðàâåäëèâî ðàâåíñòâî

vtt(x, tk)− u ′′i (x) + Qv(x, tk)[vt(x, tk) + Ut(x, tk)] = f(x, tk).

Îáîçíà÷èì wk(x) = v(x, tk) − uk(x), òîãäà èç ïîñëåäíèõ äâóõ ðàâåíñòâ ïîëó÷à-
åì w′′k(x) = 0. Òàê êàê wk(0) = wk(1) = 0 â ñèëó (2′) è îïðåäåëåíèÿ ôóíêöèè
uk(x), òî wk(x) = 0 è âñå óñëîâèÿ (5′): v(x, tk) = uk(x) âûïîëíÿþòñÿ. Ôóíêöèè
qi(x) ∈ L∞(0, 1) (i = 1, . . . ,m) â ñèëó ñâîåãî îïðåäåëåíèÿ. Êîýôôèöèåíò q(x, t) â
óðàâíåíèÿõ (1′) èëè (1) ïîëàãàåì ðàâíûì Qv(x, t).

Òåîðåìà 1 äîêàçàíà.
Îáñóäèì âîïðîñ î åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è (1)�(5) èëè ýêâè-

âàëåíòíîé åé çàäà÷è (1′)�(5′). Åäèíñòâåííîñòü èùåì ñðåäè ðåøåíèé u(x, t) ∈ V
òàêèõ, ÷òî |utt(x, t)| 6 N â D. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ òàêèõ ðåøå-
íèé ïðèâåäåíû â òåîðåìå 1.

Îáîçíà÷èì

ũ ∗1 = min
D
{u1(x)− TN}, ũ ∗2 = max

D
{u1(x) + T [N ]},

Ẽ1k = min
Dk

[f(x, tk) + u ′′k (x)−N − |Utt(x, t)|],

Ẽ2k = max
Dk

[f(x, tk) + u ′′k (x) + N + |Utt(x, t)|],

∆̃ ∗
k = min

x∈[0,1]

e∈[ eE1k, eE2k]
u∈[eu ∗1 ,eu ∗2 ]

∆k(x, e, u), ˜̃∆
∗
k = max

x∈[0,1]

e∈[ eE1k, eE2k]
u∈[eu ∗1 ,eu ∗2 ]

∆k(x, e, u),

∆̃ ∗ = min
16k6m

∆̃ ∗
k ,

˜̃∆
∗

= max
16k6m

˜̃∆
∗
k .

Åñëè ñïðàâåäëèâû íåðàâåíñòâà

ũ ∗1 > 0, ∆̃ ∗ > 0 (20)
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è ïðåäïîëîæåíèÿ òåîðåìû 1 îòíîñèòåëüíî ôóíêöèé ak(x, t) (k = 1, . . . , m) è îïðå-
äåëèòåëÿ ∆(x), òî äëÿ ðàññìàòðèâàåìûõ ðåøåíèé u = v +U âûïîëíÿþòñÿ ñëåäó-
þùèå îöåíêè â ïðÿìîóãîëüíèêå Dk:

0 < ũ ∗1 6 ut(x, tk) 6 ũ ∗2 , x ∈ [0, 1],
0 < Q∗

k 6 qu(x, t) 6 Q∗∗
k ,

ãäå

Q∗k =
∆̃ ∗

k

∆∗
2

min
Dk

a(x, t), Q∗∗k =
˜̃∆
∗
k

∆∗
1

max
Dk

a(x, t),

0 < Q̃ ∗
k 6 qut(x, t) 6 Q̃ ∗∗

k ,

ãäå

Q̃ ∗
k =

∆̃ ∗
k

∆∗
2

min
Dk

at(x, t), Q̃ ∗∗
k =

˜̃∆
∗
k

∆∗
1

max
Dk

at(x, t).

Îáîçíà÷èì

Bi = max
D

∣∣∣∣
m∑

k=1

ak(x, t)Aki(x)
∣∣∣∣, Ci = max

D

∣∣∣∣
m∑

k=1

akt(x, t)Aki(x)
∣∣∣∣,

B0i = max
[0,1]

∣∣∣∣
m∑

k=1

ak(x, 0)Aki(x)
∣∣∣∣,

s0i = 2m

(
ũ ∗2 − TN

ũ ∗1 ∆∗
1

)2

B2
0i, S0i =

( m∑

k=1

tk

)
s0i,

s0i =
(

Ẽ2i

ũ ∗1

)2

s0i, S0i =
( m∑

k=1

tk

)
s0i,

si = 2m
B2

i N2 + C2
i (ũ ∗2 )2

(ũ 2
1 ∆∗

1)2
, si = si

(
Ẽ2i

ũ ∗1

)2

,

Si = 2
( m∑

k=1

t3k
(1/2) + Q∗ktk

)
si, Si = 2

( m∑

k=1

t3k
(1/2) + Q∗ktk

)
si.

Òåîðåìà 2 (î åäèíñòâåííîñòè ðåøåíèÿ). Ïóñòü âûïîëíÿþòñÿ: ïðåäïîëîæåíèå
1, íåðàâåíñòâî (20) è âêëþ÷åíèÿ: f(x, t) ∈ L∞(D), ft(x, t) ∈ L∞(D), u0k(x) ∈
C2([0, 1]) (k = 1, . . . ,m).

Ïóñòü ïðè k = 1, . . . ,m ôóíêöèè ak(x, t) ∈ C2(D) è ñïðàâåäëèâû íåðàâåíñòâà:

ak(x, t) > 0, akt(x, t) > 0, aktt(x, t) 6 0, (x, t) ∈ D.

Ïðåäïîëîæèì òàêæå, ÷òî ñïðàâåäëèâû íåðàâåíñòâà (k = 1, . . . , m):
1
2

tk − S0k > Sk,

(
1 +

1
2

Q̃ ∗
1

)
tk − S0k > Sk.

Òîãäà ñóùåñòâóåò íå áîëåå îäíîãî ðåøåíèÿ {u(x, t), q1(x), . . . , qm(x)} îáðàòíîé çà-
äà÷è (1)�(5) òàêîãî, ÷òî u(x, t) ∈ V , qk(x) ∈ L∞(0, 1) (k = 1, . . . , m) è òàêîãî, ÷òî
|utt(x, t)| 6 N ïðè (x, t) ∈ D.

Äîêàçàòåëüñòâî. Ðàçíîñòü äâóõ ðåøåíèé v(x, t) = u2(x, t) − u1(x, t) =
v2(x, t)− v1(x, t) óäîâëåòâîðÿåò â ïðÿìîóãîëüíèêå D óðàâíåíèþ

vtt − vxx + q2vt = (q1 − q2)u1t, (21)
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ãäå q1 = qu1 , q2 = qu2 , îäíîðîäíûì óñëîâèÿì (2′), (3′), (4′) è óñëîâèþ ïðè 0 6 x 6 1
(ñì. [7]):

vtt(x, 0) =
m∑

i=1

αv2
i vtt(x, ti) +

m∑

i=1

[αv2
i (x)− αv1

i (x)]v1tt(x, ti) + [βv2(x)− βv1(x)]

= u1(x)
m∑

i=1

Ji(x)
[ m∑

k=1

ak(x, 0)Aki(x)
]
,

ãäå

Ji(x) =
1

∆(x)

{
vtt(x, ti)
u2t(x, ti)

− vt(x, ti)
f(x, ti) + u ′′i (x)− v1tt(x, ti)

u1t(x, ti)u2t(x, ti)

}
.

Ïðåîáðàçóåì ðàçíîñòü (ñì. [7])

q1(x, t)− q2(x, t) = −
m∑

i=1

Ji(x)
[ m∑

k=1

ak(x, t)Aki(x)
]
.

Â ñèëó óñëîâèé òåîðåìû 2 ïîëó÷àåì îöåíêó

v 2
tt(x, 0) 6

m∑

i=1

[ s0iv
2
tt(x, ti) + s0iv

2
t (x, ti)] (22)

è îöåíêó

[q1(x, t)− q2(x, t)]2u2
1tt + [q1t(x, t)− q2t(x, t)]2u2

1t

6
m∑

i=1

[ siv
2
tt(x, ti) + siv

2
t (x, ti)]. (23)

Ïðîäèôôåðåíöèðóåì óðàâíåíèå (21) ïî ïåðåìåííîé t, äàëåå óìíîæèì ïî÷ëåííî
íà âûðàæåíèå (2tk − t)vtt è ïðîèíòåãðèðóåì ïîëó÷èâøååñÿ ðàâåíñòâî ïî îáëàñòè
Dk.

Ïðàâàÿ ÷àñòü îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì ïî íåðàâåíñòâó Êîøè ñ èñ-
ïîëüçîâàíèåì îöåíêè (23)

∣∣∣∣
∫∫

Dk

((q1 − q2)u1t)t(2tk − t)vtt dx dt

∣∣∣∣ 6
∫∫

Dk

v 2
tt

[
1
2

+ q2(2tk − t)
]

dx dt

+
1
4

∫∫

Dk

[((q1 − q2)u1t)t]2(2tk − t)2

(1/2) + q2(2tk − t)
dx dt 6

∫∫

Dk

v 2
tt

[
1
2

+ q2(2tk − t)
]

dx dt

+ 2
(

t3k
(1/2) + Q∗ktk

)
·

m∑

i=1

[ siv
2
tt(x, ti) + siv

2
t (x, ti)]. (24)
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Â ëåâîé ÷àñòè ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì
∫∫

Dk

[ vttt − vxxt + (q2vt)t]vtt(2tk − t) dx dt

> 1
2

∫∫

Dk

v 2
tt dx dt +

1
2

tk

1∫

0

v 2
tt(x, tk) dx− tk

1∫

0

v 2
tt(x, 0) dx

+
1
2

∫∫

Dk

v 2
xt dx dt +

1
2

tk

1∫

0

v 2
xt(x, tk) dx

+
∫∫

Dk

q2(2tk − t)v 2
tt dx dt +

1
2

tk

1∫

0

q2tv
2
t (x, tk) dx. (25)

Ñóììèðóåì íåðàâåíñòâà (24) è (25) îò k = 1 äî k = m, èñïîëüçóåì îöåíêó
1∫

0

v 2
xt(x, tk) dx > 2

1∫

0

v 2
t (x, tk) dx, îöåíêè (22) è (23) è óñëîâèÿ òåîðåìû 2, òîãäà

ïîëó÷èì ðàâåíñòâî íóëþ ñëåäóþùèõ èíòåãðàëîâ:
∫∫

D

v 2
tt dx dt = 0,

∫∫

D

v 2
xt dx dt = 0.

Ò. ê. äëÿ ôóíêöèè v(x, t) âûïîëíÿþòñÿ îäíîðîäíûå óñëîâèÿ (2′), (3′), (4′), òî
v(x, t) = 0 â D.

Òåîðåìà 2 äîêàçàíà.
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