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The presentation is devoted to discussing a new class of solutions of the one-dimensional gas
dynamics equations

ut + uux + τpx = 0,
τt + uτx − τux = 0,
pt + upx + A(τ, p)ux = 0.

(1)

Here ρ is the density, u is the velocity, p is the pressure, and c is the sound speed ( c2 = τA ). For
a polytropic gas A = γp , γ > 1 . The new class of solutions is obtained by applying sequentially
the method differential of constraints and group analysis.

The idea of the method of differential constraints was proposed by N. N. Yanenko [1] as a
generalization of solutions with degenerated hodograph. This class of solutions is characterized by
finite relations between dependent functions. Well-known classes of such solutions are simple and
double waves. A survey of the method can be found in [2,3]. Applications of the method of differential
constraints to the one-dimensional gas dynamics equations written in Lagrangian coordinates are
given in [4, 5], and in the Eulerian coordinates in [6].

Another approach for generalizing the set of solutions with a degenerated hodograph is given
by L. V. Ovsiannikov [7, 8]. He extended a set of invariant solutions by introducing the notion of a
partially invariant solution. Invariant and partially invariant solutions of the gas dynamics equations
were studied in program PODMODELI [9]. Review of the results of this program can be found in
[10].

The problem of relations between partially invariant solutions and solutions obtained by the
method of differential constraints was repeatedly set up by L. V. Ovsiannikov and N. N. Yanenko.
In the presentation it is given answer to this problem for a particular class of solutions of the gas
dynamics equations.

Let us consider solutions of (1) which are defined by the differential constraints

τx = ϕτ (τ, p), px = ϕp(τ, p), ux = ϕu(τ, p). (2)

The functions ϕτ (τ, p) , ϕp(τ, p) , ϕu(τ, p) have to satisfy the equations
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(3)

Notice that if ∆ = τxpt − τtpx = −τϕu(ϕp + γp
τ ϕτ ) 6= 0 , then from the relations τ = τ(t, x)

and p = p(t, x) one can find t = t ( τ, p) , x = x(τ, p) . Substituting them into the values for the
derivatives τx(t, x) , px(t, x) , ux(t, x) , one finds that all solutions of the gas dynamics equations
with ∆ 6= 0 can be described by the differential constraints (2). If the functions ϕτ (τ, p) , ϕp(τ, p) ,
ϕu(τ, p) are found, then a solution of the gas dynamics equations (1) is restituted by quadratures.
Thus, for finding exact solutions of the gas dynamics equations one can use solutions of system (3).

399



Международная конференция "Дифференциальные уравнения, теория функций и приложения", 2007, с. 399–400

Equations (2) admit the Lie algebra with the generators

X1 = τ∂τ + p∂p, X2 = ϕτ∂ϕτ + ϕp∂ϕp + ϕu∂ϕu ,
X3 = τ∂τ − p∂p + ϕτ∂ϕτ − ϕp∂ϕp .

The generators X2 and X3 are inherited by the operators admitted by the one-dimensional gas
dynamics equations of a polytropic gas (1): Y1 = t∂t + x∂x, Y2 = τ∂τ − p∂p, respectively. The
generator X1 produces a new set of symmetries: it is not admitted by a system of the gas dynamics
equations (1).

The algebra {X1, X2, X3} is Abelian. In the presentation all classes of invariant and partially
invariant solutions related with the subalgebra X1 + k2X2 + k3X3 are considered. Here k2 and k3

are constant.
It is interesting to note that among the set of invariant solutions there is one class of solutions

which has a functional arbitrariness. It is interesting because usually for two independent variables
an invariant solution with respect to a one-parameter Lie group is reduced to a system of ordinary
differential equations which has only constant arbitrariness.

For partially invariant solutions it is shown that all unreduceable partially invariant solutions
coincide with solutions characterized by two differential constraints of first-order of the gas dynamics
equations [6]. Thus, this gives a solution of the problem which was set up by N. N. Yanenko and
L. V. Ovsiannikov.

REFERENCES

1. Yanenko N. N. Compatibility theory and methods of integrating systems of nonlinear partial differential
equations // Proceedings of the Fourth All–Union Mathematics Congress. Nauka, Leningrad, 1964,
P. 613.

2. Sidorov A. F., Shapeev V. P., Yanenko N. N. The method of differential constraints and its applications
in gas dynamics. Nauka, Novosibirsk, 1984.

3. Meleshko S. V. Methods for Constructing Exact Solutions of Partial Differential Equations. Springer
Science+Business Media, Inc., New York, 2005.

4. Raspopov V. E., Shapeev V. P., Yanenko N. N. An application of the method of differntial constraints
to the one-dimensional gas dynamics equations // Izvestiya V.U.Z. Matematica. 1974. V. 150, № 11.
P. 69–74.

5. Raspopov V. E., Shapeev V. P., Yanenko N. N. Method of differential constraints for the one-dimensional
gas dynamics equations // Chislennye metody mehaniki sploshnoi sredy (Novosibirsk). 1977. V. 8, № 2.
P. 100–105.

6. Meleshko S. V. Nonisentropic solutions of simple wave type of the gas dynamics equations // New
mathematical models in continuum mechanics: construction and study. Abstracts of All Russia conference
dedicated to L.V.Ovsiannikov 85-anniversary. Institute of Hydrodynamics, Novosibirsk, 2004. P. 92–93.

7. Ovsiannikov L. V. Groups and group-invariant solutions of partial differential equations // Dokl. RAS.
1958. V. 118, № 3. P. 439–442.

8. Ovsiannikov L. V. Group analysis of differential equations. Nauka, Moscow, 1978. English translation,
Ames, W.F., Ed., published by Academic Press, New York, 1982.

9. Ovsiannikov L. V. Program submodels. gas dynamics // J. Appl. Maths Mechs. 1994. V. 58, № 4.
P.30–55.

10. Ovsiannikov L. V. Some results of the implementation of the "podmodeli" program for the gas dynamics
equations // J. Appl. Maths Mechs. 1999. V. 63, № 3, P. 349–358.

400


