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Consider the Dirichlet boundary value problem

- Z,uzﬂuxl Piug, )z, = c(x)g(u) + f(x) in QCR"™, w=0 on 0N (1)

i=1

Here constants p; > 0 and p; > 0. We assume that the parts of Q2 lying in the half spaces z; < 0
and x; > 0 can be expressed as

v, =F and z; =G;, i=1,...,n,
respectively, where F; and G; are independent of z;. Without loss of generality we suppose that
Qc{x:—l; <x; <l;, i=1,...,n}.
Concerning the function g we suppose that
9(0) =0, g(z) >0 if 2>0 and [g(z)| < g(C) for |z] <C, (2)

where C' is an arbitrary positive constant.
DEFINITION 1. We say that w(x) is a generalized solution of problem (1) if u(x) € W1°(Q),
u(x) =0 for x € 9Q and

/Q;Mz’umz‘plu:EZQSrz (X)dx = /Q (C(X)g(u) + f(X)(Z)(X)dX qu c Wl,r (Q)’ 1<r< +oo.

New a priori estimates for solutions and for the gradient of solutions of problem (1) are established.
Based on these estimates sufficient conditions guaranteeing the solvability of the problem are
formulated. The results are new even in the semilinear case when the principal part is the Laplace
operator.

Assume that there exists a positive constant M such that

312+ 21
2

(og ) + o) (22 < o+ 1y, (3)

Here p = p;jy = max{p1,...,0n}, K= iy, | =1, co=supqlc(x)| and fo = supgq |f(x)|.
Theorem 1. i) Suppose that ¢(x) and f(x) are bounded in 2, g(u) is a Hélder continuous
function on [—M,M] and conditions (2), (3) are fulfilled. If Q@ C R™ is strictly convex, then

there exists a generalized solution of problem (1) such that

D s
U < My and ||ug, < (142 (7)% , 1=1,...,n,
ull 2o 0 Ntz || 0) < ( i) i+ )
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where My = inf{M : M satisfies (3)} and
Pg = max |e(x)g(u) + f(x)].

Qx [7M07M0]

ii) If in addition c¢(x) <0 and g(u) is a nondecreasing function then the solution is unique.
REMARK 1. If g(u) =uf (or g(u) = |u/7tu or g(u) = |ul?) and p+1 > q as well as if ¢y =0
then for an arbitrary bounded f(x) one can always find M > 0 satisfying (3) and as a consequence
obtain the existence of a generalized solution by Theorem 1.
Consider the Dirichlet problem for semilinear equation:

—pAu = c(x)g(u) + f(x) in QCR™ uw=0 on 0N. (4)

Assume that there exists a positive constant M such that

312 421 _
(cog(M) + fo) 5 < pM, 1 =min{ly,...,l}. (5)
Theorem 2. i) Suppose that c(x), f(x) € C?(Q), g(u) € CV([-M,M]), 9Q € C**7, ~ ¢

(0,1). If (5) is fulfilled then there exists a classical solution of problem (4) u(x) € C**7(Q) such
that
mémx\u| < My, where My=inf{M : M satisfies (5)}

ii) If in addition c¢(x) <0 and g(u) is a nondecreasing function then the solution is unique.
REMARK 2. If Q0 in Theorem 2 is strictly convex then we additionally have

00
1 <a+2)—., 2=1,...,n.
mgx|uml| < (1+2) L 7 N )
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