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Four basic boundary value problems, namely, Schwarz, Dirichlet, Neumann, Robin for analytic
functions or, equivalent, to the homogeneous Cauchy – Riemann equation, are considered in a
concentric ring domain R := {z ∈ C, r < |z| < 1} of a complex plane C, r is a real positive
number.

Theorem 1. The Schwarz problem for analytic functions in a ring domain R

wz = 0 in R, Rew = γ on ∂R,
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∫

|z|=r

Imw(z)
dz

z
= c,

for γ ∈ C(∂R;R), c ∈ R given, is uniquely solvable if and only if
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|z|=1

γ(z)
dz

z
=

1
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∫

|z|=r

γ(z)
dz
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The solution is then given by

w(z) =
1

2πi

∫

∂R

γ(ζ)
[ζ + z

ζ − z
+ 2
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n=1

{ r2nζ
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+
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}]dζ

ζ
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Theorem 2. The Dirichlet problem for analytic functions in a ring domain R

wz = 0 in R, w = γ on ∂R,

for γ ∈ C(∂R;R) given, is solvable if and only if for z ∈ R

1
2πi

∫

∂R

γ(ζ)
zdζ

1− zζ
=

1
2πi

∫

∂R

γ(ζ)
zdζ
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Then the solution is unique and given by the Cauchy integral

w(z) =
1

2πi

∫

∂R

γ(ζ)
dζ

ζ − z
.

Theorem 3. The Neumann problem for analytic functions in a ring domain R

wz = 0 in R, zw′ = γ on ∂R, w(zfix) = c,

for γ ∈ C(∂R;R), c ∈ C given, zfix ∈ R is solvable if and only if for z ∈ R

1
2πi

∫

|ζ|=1
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zdζ
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=
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1
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∫

|ζ|=1

γ(ζ)
zdζ

r2 − zζ
=

1
2πi

∫

|ζ|=r

γ(ζ)
zdζ

r2 − zζ
= 0

are satisfied. If moreover
1

2πi

∫

∂R

γ(ζ)
dζ

ζ
= 0, then the solution can be given by

w(z) = c +
1

2πi

∫

|ζ|=1

γ(ζ) log
∣∣∣1− zfixζ

1− zζ

∣∣∣
2 dζ

ζ
− 1

2πi
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γ(ζ) log
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zζ − r2

∣∣∣
2 dζ

ζ
.

Theorem 4. The Robin problem for analytic functions in a ring domainR

wz = 0 in R, w + zw′ = γ on ∂R, zfixw(zfix) = c

for γ ∈ C(∂R;R), c ∈ C given, zfix ∈ R is solvable if and only if conditions

1
2πi

∫

∂R

γ(ζ)
zdζ

1− zζ
=

1
2πi

∫

∂R

γ(ζ)
zdζ

r2 − zζ
= 0,

1
2πi

∫

|ζ|=r

γ(ζ)dζ = 0

are satisfied for any z ∈ R . Then the unique solution is given by

w(z) = c +
∞∑

n=0

1
n + 1

( 1
2πi

∫

|ζ|=1

γ(ζ)
dζ

ζn+1

)
(zn − zn+1

fix )+

+
−2∑

n=−∞

1
n + 1

( 1
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∫

|ζ|=r

γ(ζ)
dζ

ζn+1

)
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fix ).
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