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Let us consider the following generalization (according to Wright) of the Tricomi’ function:

Ψτ,β(a; c; z) =
1

Γ(a)

∫ ∞

0
ta−1(1 + t)c−a+1

1Ψ1

[
(a, β)
(a, τ)

∣∣∣∣∣ −ztτ

]
dt, (1)

where z ∈ C ; a, c ∈ C; τ, β ∈ R , τ > 0 , β − τ > −1 , Γ(a) is the Euler gamma-function [1],
1Ψ1 is the Fox – Wright function [2]; as β = τ = 1 we have classical Tricomi function Ψ(a; c; z)
[1].

Some properties of (1) are studied, in particular, the differential, integral properties, and some
applications are given [3].

Theorem 1. For z ∈ C, complex a, c ∈ C; τ, β ∈ R , τ > 0 , β − τ > −1 there hold the
next relations:

d

dz
Ψτ,β(a; c; z) = −Γ(a + β)Γ(a + β − c− τ + 1)

Γ(a)Γ(a− c + 1)
Ψτ,β(a + β; c + τ ; z),

(a > c− 1, a > −β);

dn

dzn
Ψτ,β(a; c; z) = (−1)n Γ(a + nβ)Γ(a + nβ − c− nτ + 1)

Γ(a)Γ(a− c + 1)
Ψτ,β(a + nβ; c + nτ ; z);

d

dz

(
zaΨτ,β(a; c; zβ)

)
= a(a− c + 1)za−1 Ψτ,β(a + 1; c; zβ);

d

dz

(
z1−cΨτ,β(a; c; z−τ )

)
= (a− c + 1)z−c Ψτ,β(a; c− 1; z−τ ).

Theorem 2. If z ∈ C; a, c ∈ C; τ, β ∈ R , τ > 0 , τ − β < 1 , a 6= 1 , a 6= c, then the
following relations are valid:

z∫

0

ta−2Ψτ,β(a; c; tβ)dt =
za−1

(a− 1)(a− c)
Ψτ,β(a− 1; c; zβ),

z∫

0

t−c−1Ψτ,β(a; c; t−τ )dt =
z−c

a− c
Ψτ,β(a; c + 1; z−τ ),

1∫

0

(1− t)−a−cta−1Ψτ,β(a; c; zτ+β(1− t)−τ )dt = B(a; t− c) Ψτ,β(a; a + c; zτ+β).

The proofs of these two theorems are straightforward.

499



Международная конференция "Дифференциальные уравнения, теория функций и приложения", 2007, с. 499–500

Theorem 3. As a, c ∈ C, Re a > −1 ; τ, β ∈ R , τ − β < 1 , Re a > −β the following
functional relation is valid:

Γ(a + 1)Γ(a− c + 2) Ψτ,β(a + 1; c; z)− Γ(a + 1)Γ(a− c + 1) Ψτ,β(a; c; z) =

zβΓ(a + β)Γ(a + β − c− τ + 1) Ψτ,β(a + β; c + τ ; z).

The proof of this theorem is carrying out by the comparison of the coefficients at zn .
The (τ, β) -generalized Tricomi function can be used for the generalization of Γ , B , ζ , Lα

ν (z) -
functions etc.

Let us give some of them.
a) (τ, β) -generalized Γ -function:

τ,βΓc
a(α; γ, ω; b) =

∞∫

0

tα−1 e−tω Ψτ,β(a; c; bt−γ)dt,

where Re c > Re a > 0; Re α > 0; τ ∈ R, τ > 0; β ∈ R ; β > 0 , b > 0 ; γ ≥ 1 ; ω > 0 ;
Ψτ,β(a; c; z) is the function (1).

b) (τ, β) -generalized Laguerre’s function:

τ,βLα
ν (z) =

sinν

π

1∫

0

t−ν−1(1− t)α+ν
1Ψ1

[
(α + 1, τ)
(α + 1, β)

∣∣∣∣∣ ztτ

]
dt,

where Re α ≥ −1 , Re (α + ν) > − 1
α , ν is not integer; τ, β ∈ R , τ − β < 1 , 1Ψ1 is the Fox –

Wright function.
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