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Ðàáîòà ñîñòîèò èç äâóõ ÷àñòåé.
Â ïåðâîé ÷àñòè ðàññìîòðåíà çàäà÷à èäåíòèôèêàöèè ôóíêöèè èñòî÷íèêà äëÿ îäíîìåðíîãî ëèíåéíîãî ïàðàáî-

ëè÷åñêîãî óðàâíåíèÿ. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè "â öåëîì". Äîêàçàíà îãðàíè÷åííîñòü
ðåøåíèÿ ïðè ñòðåìëåíèè âðåìåííîé ïåðåìåííîé ê áåñêîíå÷íîñòè. Ïðèíöèïèàëüíîå îòëè÷èå äàííîé çàäà÷è îò
ðàññìàòðèâàåìûõ ðàíåå ñîñòîèò â òîì, ÷òî ðåøåíèå èññëåäóåòñÿ â êëàññå äîñòàòî÷íî ãëàäêèõ, îãðàíè÷åííûõ
âìåñòå ñ ñîîòâåòñòâóþùèìè ïðîèçâîäíûìè ôóíêöèé. Ðàíåå ïîäîáíûå ðåçóëüòàòû áûëè ïîëó÷åíû â ðàáîòàõ
Áåëîâà Þ.ß., Øèïèíîé Ò.Í., Ñîðîêèíà Ð.Â. (ñì. [1-3]) äëÿ ôóíêöèé, äîñòàòî÷íî áûñòðî óáûâàþùèõ ê íóëþ íà
áåñêîíå÷íîñòè ïî âûäåëåííîé ïåðåìåííîé.

Âî âòîðîé ÷àñòè äëÿ ïîëóëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ðàññìîòðåí ñëó÷àé íåèçâåñòíûõ êîýô-
ôèöèåíòîâ ïðè íåëèíåéíîì ÷ëåíå äîñòàòî÷íî îáùåãî âèäà è ôóíêöèè èñòî÷íèêà. Êîýôôèöèåíòû çàâèñÿò îò
âðåìåííîé ïåðåìåííîé, à óñëîâèÿ ïåðåîïðåäåëåíèÿ çàäàþòñÿ íà ãëàäêîé êðèâîé, çàäàííîé â ïàðàìåòðè÷åñêîì
âèäå. Ôèçè÷åñêè ýòî îçíà÷àåò, ÷òî äàò÷èê, ïðîèçâîäÿùèé çàìåðû (íàïðèìåð, òåìïåðàòóðû), ñ òå÷åíèåì âðåìåíè
ìîæåò äâèãàòüñÿ â ïðîñòðàíñòâå ïî îïðåäåëåííîìó çàêîíó.

Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè èñïîëüçóåòñÿ ìåòîä ñëàáîé àïïðîêñèìàöèè (ñì. [4,5]).

Â îáëàñòè G[0,T ] = {(t, x) | 0 ≤ t ≤ T, x ∈ E1} ðàññìîòðåíà çàäà÷à Êîøè

ut(t, x) = b(t)uxx + a(t)u(t, x) + f(t)g(t, x), (1)

u(0, x) = u0(x). (2)

Çäåñü ôóíêöèè b(t), a(t), u0(x), g(t, x) äåéñòâèòåëüíîçíà÷íûå è çàäàíû â [0, T ], E1, G[0,T ] ñîîòâåò-
ñòâåííî.

Ôóíêöèÿ f(t) ïîäëåæèò îïðåäåëåíèþ îäíîâðåìåííî ñ ðåøåíèåì u(t, x) çàäà÷è (1), (2), óäîâëåòâî-
ðÿþùèì óñëîâèþ ïåðåîïðåäåëåíèÿ

u(t, 0) = ϕ(t), (3)

è óñëîâèþ ñîãëàñîâàíèÿ
u0(0) = ϕ(0), (4)

Ïóñòü ïðè âñåõ t ∈ [0, T ] âûïîëíÿåòñÿ ñîîòíîøåíèå

|g(t, 0)| ≥ δ > 0. (5)

Çäåñü δ � ïîñòîÿííàÿ.
Îòíîñèòåëüíî âõîäíûõ äàííûõ ïðåäïîëàãàåì, ÷òî îíè äîñòàòî÷íî ãëàäêèå, èìåþò âñå íåïðåðûâíûå

ïðîèçâîäíûå, âõîäÿùèå â ñëåäóþùèå íèæå ñîîòíîøåíèÿ è óäîâëåòâîðÿþò èì :
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|a(t)|+ |b(t)|+ |ϕ(t)|+
∣∣ϕ′(t)

∣∣ ≤ C, (6)∣∣∣∣ dk

dxk
u0(x)

∣∣∣∣ +
∣∣∣∣ ∂k

∂xk
g(t, x)

∣∣∣∣ ≤ C, k = 0, 1, . . . , 4, (7)

(t, x) ∈ G[0,T ].

Äîêàçàíû ñëåäóþùèå òåîðåìû.
Òåîðåìà 1.1. Ïóñòü âûïîëíåíû óñëîâèÿ (4)�(7). Òîãäà ñóùåñòâóåò è åäèíñòâåííî ðåøåíèå u(t, x),

f(t) çàäà÷è (1)�(3) â êëàññå Z[0,T ], óäîâëåòâîðÿþùåå ñîîòíîøåíèÿì

∑
|α|≤2

2∑
k=0

∣∣∣∣ ∂k

∂xk
u(t, x)

∣∣∣∣ + |f(t)| ≤ C, (t, x) ∈ G[0,T ],

Çäåñü

Z[0,T ] =
{

u(t, x), f(t) | u ∈ C1,2
t,x (G[0,T ]), f(t) ∈ C([0, T ])

}
,

C1,2
t,x (G[0,T ]) =

{
f(t, x) | f, ft ∈ C(G[0,T ]),

∂k

∂xk
f ∈ C(G[0,T ]), k = 0, 1, 2

}
.

Òåîðåìà 1.2. Ïóñòü âûïîëíåíû óñëîâèÿ Òåîðåìû 1.1 è èìåþò ìåñòî ñîîòíîøåíèÿ

a(t) ≤ −A sup
t∈[0,+∞)

(|gxx(t, 0)|) , ãäå A = sup
t∈[0,+∞)

|b(t)|
|g(t, 0)|

,

+∞∫
0

|b(η)| dη +

+∞∫
0

|ϕ′(η)− ϕ(η)a(η)| dη ≤ C.

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (1)�(3) â G[0,+∞] ñïðàâåäëèâû íåðàâåíñòâà

|u(t, x)|+ |f(t)| ≤ C.

Â îáëàñòè G[0,T ] = {(t, x, z) | 0 ≤ t ≤ T, x ∈ En, z ∈ E1} ðàññìîòðåíà çàäà÷à Êîøè

ut(t, x, z) = Lx(u) + uzz + λ1(t)M(t, u(t, x, z)) + λ2(t)f(t, x, z), (8)

u(0, x, z) = u0(x, z). (9)

Çäåñü

Lx(u) =
n∑

k=1

ck(t)uxkxk
, ãäå ck(t) ∈ C [0, T ] ,

ôóíêöèè M(t, y), u0(x, z), f(t, x, z) äåéñòâèòåëüíîçíà÷íûå è çàäàíû â E2, En+1 è G[0,T ] ñîîòâåòñòâåííî.
Ôóíêöèè ck(t) òàêèå, ÷òî îïåðàòîð Lx ïðè t ∈ [0, T ] ÿâëÿåòñÿ îïåðàòîðîì ýëëèïòè÷åñêîãî òèïà.

Ôóíêöèè λ1(t), λ2(t) ïîäëåæàò îïðåäåëåíèþ îäíîâðåìåííî ñ ðåøåíèåì u(t, x, z) çàäà÷è (8)�(9),
óäîâëåòâîðÿþùèì óñëîâèÿì ïåðåîïðåäåëåíèÿ

u(t, a(t), b(t)) = ϕ1(t), (10)

uz(t, a(t), b(t)) = ϕ2(t), (11)
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ãäå a(t) = (a1(t), a2(t), ..., an(t)), è óñëîâèÿì ñîãëàñîâàíèÿ

u0(a(0), b(0)) = ϕ1(0), (12)

∂

∂z
u0(a(0), b(0)) = ϕ2(0). (13)

Îòíîñèòåëüíî ôóíêöèè M(t, y) òàêæå ïðåäïîëàãàåì, ÷òî îíà èìååò âñå íåïðåðûâíûå ïðîèçâîäíûå,
âõîäÿùèå â ñëåäóþùåå íèæå ñîîòíîøåíèå (14), è óäîâëåòâîðÿåò ýòîìó ñîîòíîøåíèþ :∣∣∣∣ ∂k

∂yk
M(t, y)

∣∣∣∣ ≤ M0(1 + |y|p), k = 0, 1, . . . , 9, 0 ≤ t ≤ T, y ∈ E1. (14)

Çäåñü M0 � ïîñòîÿííàÿ, p � ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî, M (k)(t, y) = ∂k

∂yk M(t, y), k ≥ 1 � öåëîå,

M (0)(t, y) = M(t, y).
Ïóñòü ïðè âñåõ t ∈ [0, T ] âûïîëíÿåòñÿ ñîîòíîøåíèå∣∣∣M(t, ϕ1(t))fz(t, a(t), b(t))−M (1)(t, ϕ1(t))ϕ2(t)f(t, a(t), b(t))

∣∣∣ ≥ δ > 0. (15)

Çäåñü δ � ïîñòîÿííàÿ.
Îòíîñèòåëüíî âõîäíûõ äàííûõ ïðåäïîëàãàåì, ÷òî îíè äîñòàòî÷íî ãëàäêèå (èìåþò âñå íåïðåðûâíûå

ïðîèçâîäíûå, âõîäÿùèå â ñëåäóþùèå íèæå ñîîòíîøåíèÿ) è óäîâëåòâîðÿåò ñîîòíîøåíèÿì :

|a′(t)|+ |b′(t)|+ |ϕ′
1(t)|+ |ϕ′

2(t)| ≤ C, (16)∣∣∣∣ ∂m

∂zm
Dα

xu0(x, z)
∣∣∣∣ +

∣∣∣∣ ∂m

∂zm
Dα

xf(t, x, z)
∣∣∣∣ ≤ C, |α| ≤ 4, m = 0, 1, . . . , 5, (17)

(t, x, z) ∈ G[0,T ].

Äîêàçàíû ñëåäóþùèå òåîðåìû.
Òåîðåìà 2.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (12)�(17). Òîãäà ñóùåñòâóåò ðåøåíèå u(t, x, z), λ1(t),

λ2(t) çàäà÷è (8)�(11) â êëàññå Z(t∗), óäîâëåòâîðÿþùåå ñîîòíîøåíèÿì

∑
|α|≤2

3∑
k=0

∣∣∣∣Dα
x

∂m

∂zm
u(t, x, z)

∣∣∣∣ ≤ C, (t, x, z) ∈ G[0,t∗], (18)

|λ1(t)|+ |λ2(t)| ≤ C, t ∈ G[0,t∗]. (19)

Çäåñü

Z(t∗) =
{

u(t, x, z), λ1(t), λ2(t) | u ∈ C1,2,3
t,x,z (G[0,t∗]), λ1(t), λ2(t) ∈ C([0, t∗])

}
,

C1,2,3
t,x,z (G[0,t∗]) =

{
f(t, x, z) | f, ft ∈ C(G[0,t∗]), Dα

x

∂m

∂zm
f ∈ C(G[0,t∗]),m = 0, 1, 2, 3, |α| ≤ 2

}
.

Òåîðåìà 2.2. Ðåøåíèå u(t, x, z), λ1(t), λ2(t) çàäà÷è (8)�(15), óäîâëåòâîðÿþùåå ñîîòíîøåíèÿì (18),
(19), åäèíñòâåííî â êëàññå Z(t∗).

Èç òåîðåì 2.1, 2.2 ñëåäóåò
Òåîðåìà 2.3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (12)�(17). Òîãäà ñóùåñòâóåò è åäèíñòâåííî ðåøåíèå

u(t, x, z), λ1(t), λ2(t) çàäà÷è (8)�(11) â êëàññå Z(t∗), óäîâëåòâîðÿþùåå ñîîòíîøåíèÿì (18), (19).
Òàêæå â îáëàñòè Ω[0,T ] = {(t, x, z) | 0 ≤ t ≤ T, x = (x1, . . . , xn), 0 ≤ xk ≤ π, k = 1, n,

0 ≤ z ≤ π} ðàññìîòðåíà çàäà÷à èäåíòèôèêàöèè òðîéêè ôóíêöèé
(
u(t, x, z), λ1(t), λ2(t)

)
, óäîâëåòâî-

ðÿþùèõ êðàåâîé çàäà÷å äëÿ ìíîãîìåðíîãî ïîëóëèíåéíîãî óðàâíåíèÿ

ut(t, x, z) = ∆u + uzz + λ1(t)M(t, u(t, x, z)) + λ2(t)f(t, x, z), (20)

3



u(0, x, z) = u0(x, z), (21)

u|xk=0 = u|xk=π = 0, k = 1, . . . , n, (22)

u|z=0 = u|z=π = 0, (23)

è óñëîâèÿì ïåðåîïðåäåëåíèÿ
u(t, a(t), b(t)) = ϕ1(t), (24)

uz(t, a(t), b(t)) = ϕ2(t), (25)

ãäå a(t) = (a1(t), a2(t), ..., an(t)). Ñ÷èòàåì âûïîëíåííûìè óñëîâèÿ ñîãëàñîâàíèÿ

u0(a(0), b(0)) = ϕ1(0), (26)

∂

∂z
u0(a(0), b(0)) = ϕ2(0). (27)

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ M(t, y) äîñòàòî÷íî ãëàäêàÿ (èìååò âñå íåïðåðûâíûå ïðîèçâîäíûå, âõîäÿ-
ùèå â ñëåäóþùåå íèæå ñîîòíîøåíèå) è∣∣∣∣ ∂k

∂yk
M(t, y)

∣∣∣∣ ≤ M0(1 + |y|p), k = 0, 1, . . . , 9, 0 ≤ t ≤ T, y ∈ E1. (28)

Çäåñü M0 � ïîñòîÿííàÿ, p � ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî, M (k)(t, y) = ∂k

∂yk M(t, y), k ≥ 1 � öåëîå,

M (0)(t, y) = M(t, y).
Ïóñòü ïðè âñåõ t ∈ [0, T ] âûïîëíÿåòñÿ ñîîòíîøåíèå∣∣∣M(t, ϕ1(t))fz(t, a(t), b(t))−M (1)(t, ϕ1(t))ϕ2(t)f(t, a(t), b(t))

∣∣∣ ≥ δ > 0. (29)

Çäåñü δ � ôèêñèðîâàííàÿ ïîñòîÿííàÿ.
Îòíîñèòåëüíî âõîäíûõ äàííûõ ïðåäïîëàãàåì, ÷òî îíè äîñòàòî÷íî ãëàäêèå, èìåþò âñå íåïðåðûâíûå

ïðîèçâîäíûå, âõîäÿùèå â ñëåäóþùèå íèæå ñîîòíîøåíèÿ (30), (31), è óäîâëåòâîðÿþò ýòèì ñîîòíîøåíè-
ÿì :

|a′(t)|+ |b′(t)|+ |ϕ′
1(t)|+ |ϕ′

2(t)| ≤ C, (30)∣∣∣∣ ∂m

∂zm
Dα

xu0(x, z)
∣∣∣∣ +

∣∣∣∣ ∂m

∂zm
Dα

xf(t, x, z)
∣∣∣∣ ≤ C, |α| ≤ 4, m = 0, 1, . . . , 5, (31)

(t, x, z) ∈ G∗
[0,T ] = {(t, x, z) | 0 ≤ t ≤ T, x ∈ En, z ∈ E1}.

Ôóíêöèè f(t, x, z) è u0(x, z) çàäàíû íà Ω[0,T ] è íå÷åòíûì îáðàçîì ïðîäîëæàþòñÿ ïî ïåðåìåííûì xk,
z íà En+1 :

u0(x, z) =
∞∑

k=0

αk sin kx1 sin kx2 . . . sin kxn sin kz, αk � ïîñòîÿííûå, (32)

f(t, x, z) =
∞∑

k=0

βk(t) sin kx1 sin kx2 . . . sin kxn sin kz, βk(t) ∈ C[0, T ]. (33)

Òàêæå ïðåäïîëàãàåì, ÷òî ñïðàâåäëèâî ñëåäóþùåå óñëîâèå ïðè
(t, x, z) ∈ G∗

[0,T ] :

M(t, v(t, x)) =
∞∑

k=0

Mk(t) sin kx1 sin kx2 . . . sin kxn sin kz, (34)
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äëÿ ëþáûõ v(t, x), òàêèõ ÷òî

v(t, x) =
∞∑

k=0

vk(t) sin kx1 sin kx2 . . . sin kxn sin kz.

Êîýôôèöèåíòû Mk(t), âîîáùå ãîâîðÿ, çàâèñÿò îò âûáîðà v(t, x).
Äîêàçàíû ñëåäóþùèå òåîðåìû.
Òåîðåìà 2.3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (26)�(34). Òîãäà ñóùåñòâóåò ðåøåíèå u(t, x, z), λ1(t),

λ2(t) çàäà÷è (20)�(25) â êëàññå Ẑ(t∗), óäîâëåòâîðÿþùåå ñîîòíîøåíèÿì (18), (19), ãäå

Ẑ(t∗) =
{

u(t, x, z), λ1(t), λ2(t) | u ∈ C1,2,3
t,x,z (Ω[0,t∗]), λ1(t), λ2(t) ∈ C([0, t∗])

}
.

Òåîðåìà 2.4. Ðåøåíèå u(t, x, z), λ1(t), λ2(t) çàäà÷è (20)�(29), äëÿ êîòîðîãî ñïðàâåäëèâî, ÷òî ôóí-

êöèÿ u(t, x, z) äîïóñêàåò ïðîäîëæåíèå íå÷åòíûì îáðàçîì ïî ïðîñòðàíñòâåííûì ïåðåìåííûì íà G∗
[0,t∗],

è óäîâëåòâîðÿþùåå ïðè (t, x, z) ∈ G∗
[0,t∗] ñîîòíîøåíèÿì (18), (19), åäèíñòâåííî â êëàññå Ẑ(t∗).

Èç òåîðåì 2.3, 2.4 ñëåäóåò
Òåîðåìà 2.5. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (26)�(34). Òîãäà ñóùåñòâóåò è åäèíñòâåííî ðåøåíèå

u(t, x, z), λ1(t), λ2(t) çàäà÷è (20)�(25) â êëàññå Ẑ(t∗), óäîâëåòâîðÿþùåå ñîîòíîøåíèÿì (18), (19).
Çàìå÷àíèå. Â ñëó÷àå âòîðîé êðàåâîé çàäà÷è (20), (21), (35), (36) ãäå

uxk
|xk=0 = uxk

|xk=π = 0, k = 1, . . . , n, (35)

uz|z=0 = uz|z=π = 0, (36)

ïðè âûïîëíåíèè óñëîâèé

u0(x, z) =
∞∑

k=0

αk cos kx1 cos kx2 . . . cos kxn cos kz, αk � ïîñòîÿííûå,

f(t, x, z) =
∞∑

k=0

βk(t) cos kx1 cos kx2 . . . cos kxn cos kz, βk(t) ∈ C[0, T ],

M(t, v(t, x)) =
∞∑

k=0

Mk(t) cos kx1 cos kx2 . . . cos kxn cos kz,

äëÿ ëþáûõ v(t, x), òàêèõ ÷òî

v(t, x) =
∞∑

k=0

vk(t) cos kx1 cos kx2 . . . cos kxn cos kz,

ñïðàâåäëèâû àíàëîãè÷íûå òåîðåìû.
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