DETERMINATION OF COEFFICIENT OF RIGHT SIDE
OF PARABOLIC EQUATION
A.Ya.Akhundov
Department of Mathematics and
Mechanics National Academy of Sciences
9, F.Agayev, Baku, Az-1141, AZERBAIJAN

e-mail: adalatakhund(@mail.ru

Abstract: In this paper, the inverse problem for determination of the function
not depending on one of space coordinates of semi-linear parabolic equation in
the right hand side is investigated. The additional condition given in the integral
form characterizes the specification of a change of the total amount of heat in
one of the directions. Moreover, theorems which are related to existence,

uniqueness and stability of solution of considered problem have been proved.
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Denote by D', bounded region of R"" and D=D’"x(a,b)cR", where
a,b are any real numbers, X'=(X,,...,X, ) X=(X,X,) are respectively any
points of the regions D’ and D and denote Q'=D'x(0,T]
Q=Dx(0,T], S=aDx[0,T], 0<T =const.
Let us consider the following problem to determinate the pair
{f(x,t), u(x,t)}:
u —Au=f(x,t)gu), (xt)eQ (1)
u(x,0)=p(x), xeD=DuwaD; u(xt)=w(xt), (x,t)eS (2)

b
Ju(x',x,,t)dx, =h(x,t), (x.t)eQ’ (3)



au ou " 9%u
where U =—, U, = =»—— - 1s a Laplacian operator,
et % ox gax P P

9(-), @(), w(), h(-) - are given functions.

As known that this kind of problems are not well —posed problems in the
sense of Hadamard and have been studied for example in [1-9].

The structure of right-hand side allogs us to apply the obtained recelts to
inverse problems of determination of

1) coefficient of uy( x,t) or u (x, t)

2) coefficient of right-hand side of reaction-diffusion type system (sec
Remark)

If the functions f(x',t) are given in the equation (1) then naturally, the

condition (3) will not be given. Investigation of existence of the solution of the
problem (1)-(2) is obvious as generally. For example it has been observed in

[10-12], etc.

We shall assume the following assumptions related to the data of problem:

1°-g()e Llp(loc)( ) lg(-) =m >0, m - real number;

20 -(p(-)e Cc e (5),1//(X,t)e C2+a,1+a/2(s )’ ¢(X): w(X,O), xedD:

b b
30-h(x’,t)eC““’”“”(@’), h(x',0)=[e(x)dx,, X'eD’, h(x,t)=[y(x,tdx,,

(x',t)e oD’ x[0,T].

49 [y, (x,0) - jg X)dx, )= [h, (,0) = Ah(X',0) -, (X,b,0)+w, (x,a,0)|x
x g(p(x)), x e oD, X' e oD’
Definitions of the spaces ck***+)2()  k=0,1,2, 0<a <1 and norms in these
spaces are given in [10, p.16].

Definition 1. If the following conditions are satisfied, the pair
{f(x,t)u(x,t)} is called the solution of problem (1)-(3): 1) f(x,t)eC(Q’);

2) u(x,t)eC>'(Q); 3)the functions f and u satisfy equalities (1)-(3).



Let us denote K, = {(f ,uj f(x,t)eC*2(Q"), u(xt)e C1+“’“/2(6)}.

The problem of uniqueness of a solution is important in the coefficient
inverse problems. Theorems on uniqueness of a solution guarantee the result of
suitable physical experiments for this kind of problems. Moreover, if solution of
inverse problem is searched in a compact set then also uniqueness theorems
guarantee the stability of solution. For this reason, investigation of conditional
stability for inverse problems that is evaluated of continuity module of inverse

operator is important.

Theorem 1. Assume that the conditions 1° —3° are satisfied. Then if the

solution of the problem (1)-(3) exists and belongs to set K, this solution is

unique and satisfies the following estimate:
Hu - UHO t Hf B f_Ho < Mlmg o g”o + H(D - a”z + Hl// o WHZ,I + Hh N HH2,1J’ 4)
where ||, =[x - The pair {f(x',t), m(x,t)} is a solution of the problem (1)-(3)

belonging to the set K, with the data g(), #(-), & (), h(-), satisfying the
conditions 1°-3°. The number M, >0 depends on the set K_ and the data
(especially, we will denote the constants which depend on the set of K, and the
data of problem by M; and denote the constants depending only on the data of
problem by N;).

Proof. Integrating both parts of equation (1) by variable X, on interval
(a,b) and taking into account conditions of theorem 1, for function f(x',t) we

get:

b

£ (¢.0)= [0 0¢.0) = A, 0)—uy (<.0,0) + U, (x',a,t)ng(u)dxn, (x.)<Q" (5)

a

Let us define the function [ 11, p 87]

p(x,t)eCH**2(Q) p(x,0)=p(x), xeD, p(x,t)=w(xt), (xt)eS, (6)
We put



2(x,t)=u(x.t)-u(x.t), Axt)= F (1) F(X,t). 6, (u)=g(u)-glu)
8, (%)= p(x) =9 (x), &; (1) =y (1) - 7 (x.t),
5,(x',t)=h(x,t) - h(x,t) &;(x,t)= p(x,t)— p(x,t)
It is seen easily that pair of the functions {A(X’,t)v(x,t)=z(x,t)—J,(x,t)}
satisfies the following system:

—Av=A(x,t)g(u)+F(xt), (x,t)eQ, (7)
v(x,0)=0, xeD; ov(x,t)=0, (xt)eS, (8)

b

Axt)= [54t (X',t)= A8, (X t) -z, (X.bt)+ 2z, (x’,a,t)] /Ig(u)dxn +H(x',t),

a

(x,t)eQ’, 9)
where F(x,t)= f(x,t) [g(u)-g(@)]- 85 (x.t)+ A (x,t), H(x,t)={n(x,t)-

_ AR(C) =0, (X.b.t)+ T, xatEgU }/Dg nig(ﬁ)dxn}.

When the conditions of the theorem are satisfied, the functions in the
right hand side of the equation (7) belong to Holder class. Therefore, classical
solution of the problem (7)-(8) exists and it has the following representation [10,

p.468]:

o'—,n—r

=[[G(xt:¢.7)[A(¢"r)glu)+ F(&.7)lds de (10)

where &'=(&,....& ), £=(&.¢,), dé=d&..d&,, G(-) is a Green function of
the problem (7), (8) and satisfies the following inequalities [10, chapter IV]:

‘G(X, t; &, Z'X <N,(t- r)_n/z exp(— N2‘X - cf‘z/(t - r)),
DXG(x, t; &, r)(dgs N, (t—z) 2 k=0,1,2, (11)
D

and DY . represents the derivatives of the k-th order with respect to the

variables X ( =1 n)

If we consider v(x,t)=z(x,t)— 5(x,t), then we get from (10) that



xt)+ [ [G(x.t:&,7)AE, )g(u)+ F (&, 7)ddr (12)
0D

Let ZEHU —UHO +Hf — f_HO.
Using the conditions of the theorem, the definition of the set K, and the
inequality (11) from (12) and (9) we get
2(tf Mol o], | +Mart (ct)eQ (13)
A <M, 0], + 165, ) + Mszth 2, (¢)eQ"  (4)

The inequalities (13), (14) are satisfied for all (X,t)ea. For this reason,

these inequalities will be satisfied for maximal values of the expression in the

right hand side. Therefore
P, 0, 105, ] My e (15)

Let us choose the number T,(0 <T, <T) such that M 7T1(1+“)/ ? <1. Then we
get from (15) that the estimate (4) is satisfied for the solution of problem (1)-(3)
for (x,t)e D x [0,T,].

If we examine the problem (1)-(3) in the regions D x|T,, 2T1],
D x[2T,, 3T, ] and etc. after the finite number of steps we get that estimate (4) is
satisfied in region D x[0,T].

Putting

gu)=g(u). e(x)=p(x). wxt)=w(xt) h(x.t)=h(x,t),

in the estimate (4), we obtain the uniqueness of the solution of the problem (1)-

3).
Existence of the solution of the problem (1)-(3) in the of concept given in

Definition 1 is proved by the successive approximations. The algorithm to find
the pair of functions {f (S)(X’,t),u(s)(x,t)}, s=1,2,... is as follows
) — AU = £ 0(x 1) gu®),  (xt)eQ (16)

u*(x0)=p(x), xeD; ut(xt)=p(xt) (x)es a7



b

£E(,0) = (,8) - ARG~ uE . but) + U at)l/jg(u“*”)dxm

a
(x',t)e D’ (18)
Theorem 2. Let the conditions 1° —4° be satisfied, where oD e C*™.

Then the problem (1)-(3) has at least one solution in the sense of Definition 1.

Proof. It is easu to show that if we choose u'®(x,t)eC2 e/ (6 ),
f(O)(x’,t)e cxe! 2(6 ’), then under the conditions of Theorem 2
u(l)(x,t)e CZW’“’Z/Z(@) [10, p.364]. Then, from (18) under the conditions of
Theorem 2, it follows, that f (l)(x',t)e coal? (C_Q '). Consequently, we can assert,
that functions f)(x,t) and u®)(x,t) obtained from system (16)-(18) for

s=0,1,2,... belong to the functional spaces C“’“/z((j') and C*** 1+“/2(6),
respectively. Let’s show the uniform boundedness of sequences
{00 Dl (xt), k=012

Using functions p(X,t), defined in (6), and representation of solution by
Green function [4, p.468] we get the following expression for the solution

u*(x,t) of (16) and (17).

—

UE(xt)= p(xt)+ [ [G(ot&, ) (e, r)glu® )+ ap - p, Jdedr. (19)
0D

Similarly, to the proof of Theorem 1, using the inequality (11) and the

conditions of Theorem 2, we obtain:

: (s+1)( , ) < N4H pHZ,l n Nst(2+“_k)/2 f(s)(x',t), k=0,12, (X,t)e Q,
1060 NG Il + ol Nt O Gn)]. - (D)@
or
P <Nl ] otz
where 7/

From the last inequality:



P <Nl + ol Ji-at ) 0-a)+ a0 =N
Let us choose the number T,(0<T, <T) such that N,T*'> <1. Then we
get that the sequences {f (S)}, {D)'fu(s)}, k=0,1,2,... are uniformly (by norm C)
bounded for (x,t)e D x[0,T,].
As in the proof of Theorem 1, it is shown that the sequences {f(s) },
{D)'(‘u(s)}, k =0,1,2 are uniformly bounded for all t €[0,T].
Equicontinuity of the sequences {D)'fu(s)}, k=0,1,2 is obtained from the

inequalities

“ut(x,t)— Dfu(s“)(i,f)‘ <

« p(x,t)- DY p(x.t)[+

Kut(x,t) = DXuCI(x,t)| + |DFut(x,t) -

- D)'fu(s”)(i,f)‘ <

il

p(x,t)- D p(%,f)| +

7

.7)-

DfG(x.t:£,7) - DYG(X,t:&,7)| - [F¥)(&.7)

b

- DfG(x.E:&,7)|[F(g,)

t DXkG(x,t;g,r)HF(S)(g,r)\dgdr
D

(where F©®(x,t)=f©)(x,t)gu® )+ Ap— p,). Using the uniform boundedness
of the sequence {f®)(x,t)}, {pfu ], k=0,1,2 the continuity and boundedness
of data, inequality (11) and the inequalities [10, p.469]
YG(x.t:£,7) - DIG(X. ;& 7) <

<Ny [x= K% (t = 7) 22 expl- Ny x - & At - 7))
KG(x.t:&,7) - DEG(x.F:&,7) < DU} k=0,1,2

—7) (n+2+a)/2 exp(— NU‘X — cf‘z /(t - r))

Using uniform boundedness and equicontinuity of the sequence

12"[ _t‘ 2+a k /2(

{Dtu(s)}, k=0,1,2 and continuity and boundedness of data, the equicontinuity

of the sequence {f (S)(X’,t)} is easily obtained from the following inequality:



O - F0(x,0) <[ 1P, 0) - 10(x)
< | (x.1) = h(x".1)

u(s+1)(x at s+1 ]‘ ‘J‘g s+1 X X, t)dx

+|Ah(X,t) - Ah(X',t)| + u)((z“)(x',b,t)— ul(x",b,t)

+1{ )— Ah(X,t) -

_ u(s”)(Y’,a t) s+1

/.Tg(u(“l)(x Xp, ))dxn_?g(u(s”)(x Xp,t ))dxn

Equicontinuity and uniform boundedness of the sequence {ut(s)} 1s

obtained from (16).
We get from Arzela Theorem [11, p.84] that there exist convergent

subsequences of sequences of functions {ut(s)}, {D)'fu(s)}, k=0,,2, {f(s)}.
Denote their limits by {Ut* }, {D)'fu*}, k=0,12, {f*}, respectively. Therefore
convergent subsequences to the functions u*(x,t)eCz’l((j ), f*(x’,t)eC(@)

exist.

Then if we pass to the limit in the expressions (16)-(18) when s — o0, we

can easily show that the pair {f “(x',t), u*(X,t)} satisties the conditions (1)-(3).



So we have shown the existence of solution of the problem (1)-(3) in the
sense of Definitionl.
Remark. Analogiously to the problem (1)-(3), the inverse problems of

determination of the functions {f.(x,t), u (x,t), k =1,m}
(fo (X, 0),u, (x,t),k=1,m } or {, (x,t),u(x,t)k=1,m }) from the system of

parabolic equations

U (x.0)=g, (x). xe D, u () =pi (xt), (xt)eS

b

Ju (%, t)dx, =h, (1), (x,t)eQ’

a
can be considered.

Results similar to those obtained above are obtained for this problem.
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