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Abstract: In this paper, the inverse problem for determination of the function 

not depending on one of space coordinates of semi-linear parabolic equation in 

the right hand side is investigated. The additional condition given in the integral 

form characterizes the specification of a change of the total amount of heat in 

one of the directions. Moreover, theorems which are related to existence, 

uniqueness and stability of solution of considered problem have been proved. 
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Denote by D′ , bounded region of 1−nR  and ( ) nRbaDD ⊂×′= , , where 

ba,  are any real numbers, ( ) ( )nn xxxxxx ,,,..., 11 ′==′ −  are respectively any 

points of the regions D′  and D  and denote ( ],,0 TDQ ×′=′  

( ] [ ] constTTDSTDQ =<×∂=×= 0,,0,,0 . 

Let us consider the following problem to determinate the pair 

( ) ( ){ }txutxf ,,,′ : 

( ) ( ) ( ) Qtxugtxfuut ∈′=∆− ,,,                                (1) 

     ( ) ( ) ( ) ( ) ( ) StxtxtxuDDDxxxu ∈=∂∪=∈= ,,,,;,0, ψϕ       (2) 

( ) ( ) ( ) Qtxtxhdxtxxu
b

a
nn ′∈′′=′∫ ,,,,,                                              (3) 
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,,  - is a Laplacian operator, 

( ) ( ) ( ) ( )⋅⋅⋅⋅ hg ,,, ψϕ  - are  given functions. 

As known that this kind of problems are not well –posed  problems in the 

sense of  Hadamard and have been studied for example in [1-9]. 

The structure of right-hand side alloqs us to apply the obtained recelts to 

inverse problems of  determination of  

1) coefficient of ux( x,t) or u (x, t) 

2) coefficient of right-hand side of reaction-diffusion type system (sec 

Remark)  

 If the functions ( )txf ,′  are given in the equation (1) then naturally, the 

condition (3) will not be given. Investigation of existence of the solution of the 

problem (1)-(2) is obvious as generally. For example it has been observed in 

[10-12], etc.  

 We shall assume the following assumptions related to the data of problem: 

( ) ( ) ( ) ( ) mmgRLipg loc ,0,1 10 >≥⋅∈⋅⋅  - real number; 

( ) ( ) ( ) ( ) ( ) ( ) DxxxSCtxDC ∂∈=∈∈⋅⋅ +++ ,0,,,,2 2/1,220 ψϕψϕ ααα ; 

( ) ( ),,3 2/1,20 QCtxh ′∈′⋅ ++ αα  ( ) ∫=′
b

a
ndxxxh )(0, ϕ , Dx ′∈′ , ( ) ∫=′

b

a
ndxtxtxh ),(, ψ , 

( ) [ ]TDtx ,0, ×′∂∈′ . 

( ) ( )[ ] ( )( ) ( ) ( ) ( ) ( )[ ]×′+′−′∆−′=⋅∆−⋅ ∫ 0,,0,,0,0,0,40 axbxxhxhdxxgxx
nn xxt

b

a
nt ψψϕϕψ

( )( ) DxDxxg ′∂∈′∂∈× ,,ϕ  

Definitions of the spaces ( ) ( ),2/, ⋅++ αα kkC  ,2,1,0=k  10 <<α  and norms in these 

spaces are given in [10, p.16]. 

Definition 1. If the following conditions are satisfied, the pair 

( ) ( ){ }txutxf ,,,′  is called the solution of problem (1)-(3): 1) ( ) ( )QCtxf ′∈′, ;            

2) ( ) ( )QCtxu 1,2, ∈ ;  3) the functions f  and u  satisfy equalities (1)-(3). 
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 Let us denote ( ) ( ) ( ) ( ) ( ){ }QCtxuQCtxfufK 2/,12/, ,,,, αααα
α

+∈′∈′= . 

The problem of uniqueness of a solution is important in the coefficient 

inverse problems. Theorems on uniqueness of a solution guarantee the result of 

suitable physical experiments for this kind of problems. Moreover, if solution of 

inverse problem is searched in a compact set then also uniqueness theorems 

guarantee the stability of solution. For this reason, investigation of conditional 

stability for inverse problems that is evaluated of continuity module of inverse 

operator is important. 

Theorem 1. Assume that the conditions 00 31 −  are satisfied. Then if the 

solution  of the problem (1)-(3) exists and belongs to set αK , this solution is 

unique and satisfies the following estimate: 

[ ],
1,21,220100 hhggMffuu −+−+−+−≤−+− ψψϕϕ    (4) 

where kCk ⋅=⋅ . The pair  ( ) ( ){ }txutxf ,,,′  is a solution of the problem (1)-(3) 

belonging to the set αK  with the data  ( ) ( ) ( ) ( )⋅⋅⋅⋅ hg ,,, ψϕ ,   satisfying the 

conditions 10-30.  The number 01 >M   depends on the set  αK  and the data 

(especially, we will denote the constants which depend on the set of αK  and the 

data of problem by iM  and denote the constants depending  only on  the data of 

problem by iN ). 

 Proof. Integrating both parts of equation (1) by variable nx  on interval 

( )ba,  and taking into account conditions of theorem 1, for function ( )txf ,′  we 

get: 

( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) Qtxdxugtaxutbxutxhtxhtxf
b

a
nxxt nn

′∈′′+′−′∆−′=′ ∫ ,,,,,,,,, ,(5) 

Let us define the function  [ 11, p 87] 

( ) ( ) ( ) ( ) ( ) ( ) ( ) StxtxtxpDxxxpQCtxp ∈=∈=∈ ++ ,,,,,,0,,, 2/1,2 ψϕαα ,     (6) 

We put 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,,,,,,,, 1 ugugutxftxftxtxutxutxz −=′−′=′−= δλ            

( ) ( ) ( ) ( ) ( ) ( ),,,,, 32 txtxtxxxx ψψδϕϕδ −=−=  

( ) ( ) ( ) ( ) ( ) ( ).,,,,,, 54 txptxptxtxhtxhtx −=′−′=′ δδ  

    It is seen easily that pair of the functions ( ) ( ) ( ) ( ){ }txtxztxtx ,,,,, 5δυλ −=′  

satisfies the following system: 

( ) ( ) ( ) ( ) QtxtxFugtxt ∈+′=∆− ,,,,λυυ ,                         (7) 

                      ( ) ( ) ( ) StxtxDxx ∈=∈= ,,0,;,00, υυ ,                         (8) 

( ) ( ) ( ) ( ) ( )[ ] ( ) ( ),,,,,,,,, 44 txHdxugtaxztbxztxtxtx
b

a
nxxt nn

′+′+′−′∆−′=′ ∫δδλ      

( ) ,, Qtx ′∈′                                 (9) 

where ( ) ( ) ( ) ( )[ ] ( ) ( )txtxugugtxftxF t ,,,, 55 δδ ∆+−−′= ,  ( ) ( )[{ −′=′ txhtxH t ,,  

( ) ( ) ( )] ( ) ( )[ ] ( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡

⎭
⎬
⎫

−′+′−′∆− ∫∫∫
b

a
n

b

a
nn

b

a
xx dxugdxugdxugugtaxutbxutxh
nn

,,,,, . 

 When the conditions of the  theorem are satisfied, the functions in the 

right hand side of the equation (7) belong to Holder class. Therefore, classical 

solution of the problem (7)-(8) exists and it has the following representation [10, 

p.468]: 

( ) ( ) ( ) ( ) ( )[ ]∫ ∫ +′=
t

D
ddFugtxGtx

0
,,,;,, τξτξτξλτξυ                  (10) 

where ( ) ( ) ( )⋅=′==′ − Gddd nnn ,...,,,,..., 111 ξξξξξξξξξ  is a Green function of 

the problem (7), (8) and  satisfies the following inequalities [10, chapter IV]: 

( ) ( ) ( )( ),exp,;, 2
2

2
1 τξττξ −−−−≤ − txNtNtxG n  

( ) ( ) ( ) ,2,1,0,,;, 2/
3 =−≤∫ −− ktNdtxGD

D

kk
x

ατξτξ                 (11) 

and ⋅k
xD  represents the derivatives of the k -th order with respect to the 

variables ( )nixi ,1= . 

 If we consider  ( ) ( ) ( )txtxztx ,,, 5δυ −= , then we get from (10) that 
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( ) ( ) ( ) ( ) ( ) ( )[ ]∫ ∫ +′+=
t

D
ddFugtxGtxtxz

0
5 ,,,;,,, τξτξτξλτξδ                 (12) 

Let 
00 ffuu −+−≡χ . 

Using the conditions of the theorem,  the definition of the set αK  and the 

inequality (11) from (12) and (9) we get  

         ( ) [ ] ( ) QtxtMMtxz ∈++≤ ,,, 31,25012 χδδ                     (13) 

( ) [ ] ( ) ( ) QtxtMMtx ′∈′+++≤′ + ,,, 2/1
51,251,24014

αχδδδλ        (14) 

The inequalities (13), (14) are satisfied for all ( ) Qtx ∈, . For this reason, 

these inequalities will be satisfied for maximal values of the expression in the 

right hand side. Therefore 

         [ ] ( ) 2/1
71,251,24016

αχδδδχ ++++≤ tMM                   (15) 

Let us choose the number ( )TTT ≤< 11 0  such that ( ) 12/1
17 <+αTM . Then we 

get from (15) that the estimate (4) is satisfied for the solution of problem (1)-(3) 

for ( ) [ ]1,0, TDtx ×∈ .  

If we examine the problem (1)-(3) in the regions [ ]11 2, TTD × , 

[ ]11 3,2 TTD ×  and etc. after the finite number of steps we get that estimate (4) is 

satisfied in region  [ ]TD ,0× . 

Putting 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )txhtxhtxtxxxugug ,,,,,,, ′=′=== ψψϕϕ , 

in the estimate  (4), we obtain the uniqueness of the solution of the problem (1)-

(3). 

Existence of the solution of the problem (1)-(3) in the of concept given in 

Definition 1 is proved by the successive approximations. The  algorithm to find 

the pair of functions ( )( ) ( )( ){ }txutxf ss ,,,′ , ,...2,1=s   is as follows 

( ) ( ) ( ) ( ) ( )( ) ( ) Qtxugtxfuu ssss
t ∈′=∆− ++ ,,,11                       (16) 

( )( ) ( ) ( )( ) ( ) ( ) StxtxtxuDxxxu ss ∈=∈= ++ ,,,,;,0, 11 ψϕ            (17) 
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( ) ( ) ( ) ( ) ( )( ) ( )( )[ ] ( )( )∫ ++++ ′+′−′∆−′=′
b

a
n

ss
x

s
xt

s dxugtaxutbxutxhtxhtxf
nn

1111 ,,,,,,, ,  

( ) Dtx ′∈′,                         (18) 

Theorem 2. Let the conditions 00 41 −  be satisfied, where α+∈∂ 2CD . 

Then the problem (1)-(3) has at least one solution in the sense of  Definition 1.  

Proof. It is easu to show that if we choose  ( ) ( ) ( ),, 2/1,20 QCtxu αα ++∈  

( )( ) ( )QCtxf ′∈′ 2/,0 , αα , then under the conditions of Theorem 2 

( )( ) ( )QCtxu 2/1,21 , αα ++∈  [10, p.364]. Then, from (18) under the  conditions of 

Theorem 2, it follows, that ( )( ) ( )QCtxf ′∈′ 2/,1 , αα . Consequently, we can assert, 

that functions ( ) ( )txf s ,′  and ( )( )txu s ,  obtained from system (16)-(18) for 

,...2,1,0=s  belong to the functional spaces ( )QC ′2/,αα  and ( )QC 2/1,2 αα ++ , 

respectively. Let’s show the uniform boundedness of sequences 
( ) ( ){ } ( )( ){ },,,, txuDtxf sk

x
s ′  2,1,0=k . 

 Using functions ( )txp , , defined in (6), and representation of solution by 

Green function [4, p.468]  we get the following expression for the solution  
( ) ( )txu s ,1+  of (16) and (17).  

 ( ) ( ) ( ) ( ) ( )( ) ( )( )[ ]∫ ∫ −∆+′+=+
t

D

sss ddppugftxGtxptxu
0

1 ,,,,,, τξτξτξ τ .    (19) 

 Similarly, to the proof of Theorem 1, using the inequality (11) and the 

conditions of Theorem 2, we obtain: 
( ) ( ) ( ) ( )( ) ( )

( )( ) [ ] ( ) ( ) ,,,,,

,,,2,1,0,,,
)(2/)1(

71,21,26
1

2/2
51,24

1

QtxtxftNphNtxf

QtxktxftNpNtxuD
ss

sksk
x

′∈′++≤′

∈=′+≤

++

−++

α

α

 

or 
( ) [ ] ( )ss tNphN γγ α 2/

91,21,28
1 ++≤+  

where  ( ) ( ) ( )∑
=

+≡
2

0 00k

ssk
x

s fuDγ . 

From the last inequality: 
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( ) [ ]( ) ( ) ( ) 2/
9

0
1,21,28

1 ,11 αγγ tNqqqqphN sss =+−−+≤+  

 Let us choose the number ( )TTT ≤< 22 0  such that 12/
29 <αTN . Then we 

get that the sequences ( ){ } ( ){ } ,...2,1,0,, =kuDf sk
x

s  are uniformly (by norm C ) 

bounded for ( ) [ ]2,0, TDtx ×∈ . 

 As in the proof of Theorem 1, it is shown that the sequences ( ){ },sf  

( ){ } 2,1,0, =kuD sk
x  are uniformly bounded for all [ ]Tt ,0∈ . 

 Equicontinuity of the sequences ( ){ },sk
x uD  2,1,0=k  is obtained from the 

inequalities 
( ) ( ) ( )( ) ( )( ) ( )( ) ( )( ) −+−≤− +++++ txuDtxuDtxuDtxuDtxuD sk

x
sk

x
sk

x
sk

x
sk

x ,,,,, 11111  

( ) ( ) ( ) ( ) ( ) ( ) +−+−≤− + txpDtxpDtxpDtxpDtxuD k
x

k
x

k
x

k
x

sk
x ,,,,,1  

( ) ( ) ( )( ) ( )∫ ∫∫ ∫ −+⋅−+
t

D

k
x

s
t

D

k
x

k
x txGDddFtxGDtxGD

00
,;,,,;,,;, τξτξτξτξτξ  

( ) ( )( ) ( ) ( )( )∫ ∫+−
t

t D

sk
x

sk
x ddFtxGDddFtxGD τξτξτξτξτξτξ ,,;,,,;,  

(where ( ) ( ) ( )( ) ( )( ) t
sss ppugtxftxF −∆+′= ,, ). Using the uniform boundedness 

of the sequence ( )( ){ }txf s , , { })( sk
x uD ,  k=0,1,2 the continuity and boundedness 

of data, inequality (11) and the inequalities  [10, p.469] 

( ) ( ) ≤− τξτξ ,;,,;, txGDtxGD k
x

k
x  

( ) ( ) ( )( );/exp 2
11

2/2
10 τξτ αα −−−−−≤ ++− txNtxxN n  

( ) ( ) ≤− τξτξ ,;,,;, txGDtxGD k
x

k
x

( ){ } 2,1,0, =kuD sk
x  

( ) ( ) ( ) ( )( )τξτ αα −−−−− ++−−+ txNtttN nk /exp 2
13

2/22/2
12 . 

 Using uniform boundedness and equicontinuity of the sequence 
( ){ } 2,1,0, =kuD sk

x  and  continuity and boundedness of data, the equicontinuity  

of the sequence ( ) ( ){ }txf s ,′   is easily obtained from the following inequality: 
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( ) ( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ≤′−′+′−′≤′−′ txftxftxftxftxftxf ssssss ,,,,,,  

( ) ( ) ( ) ( ) ( )( ) ( )( )[ +′−′+′∆−′∆+′−′≤ ++ tbxutbxutxhtxhtxhtxh s
x

s
xtt nn

,,,,,,,, 11  

( ) ( ) ( )( ) ] ( )( )( ) ( ) ( ){ −′∆−′+′′−′+ ∫ +++ txhtxhdxtxxugtaxutaxu t

b

a
nn

ss
x

s
x nn

,,,,/,,,, 111  

( ) ( ) ( )( ) ( )( )( ) ( )( )( )[ ] /,,,,,,,, 1111

⎪⎭

⎪
⎬
⎫

′−′′+′− ∫ ++++
n

b

a
n

s
n

ss
x

s
x dxtxxugtxxugtaxutaxu

nn
 

( )( )( ) ( )( )( ) +′′∫ ∫ ++
b

a
n

b

a
n

s
nn

s dxtxxugdxtxxug ,,,,/ 11  

( ) ( ) ( ) ( ) ( )( ) ( )( )⎢⎣
⎡ ′−′+′∆−′∆+′−′+ ++ tbxutbxutxhtxhtxhtxh s

x
s

xtt nn
,,,,,,,, 11  

( )( ) ( )( ) ( )( )( ) +′⎥⎦
⎤′−′+ ∫ +++

b

a
nn

ss
x

s
x dxtxxugtaxutaxu

nn
,,/,,,, 111  

( ) ( ) ( )( ) ( )( ) ( )( )( )[
⎪⎩

⎪
⎨
⎧

−′′+′−′∆−′+ ∫ +++
b

a
n

ss
x

s
xt txxugtaxutbxutxhtxh

nn
,,,,,,,, 111  

( )( )( )] } ( )( )( ) ( )( )( )∫∫ ′⋅′′− +++
b

a
nn

s
b

a
nn

s
nn

s dxtxxugdxtxxugdxtxxug ,,,,/,, 111 . 

 Equicontinuity and uniform boundedness of the sequence ( ){ }s
tu  is 

obtained from (16). 

 We get from Arzela Theorem [11, p.84] that there exist  convergent 

subsequences of sequences of functions ( ){ } ( ){ }sk
x

s
t uDu , , 2,1,0=k , ( ){ }sf . 

Denote their limits by { } { }** , uDu k
xt , 2,1,0=k , { }*f , respectively. Therefore 

convergent subsequences to the functions ( ) ( ) ( ) ( )QCtxfQCtxu ′∈′∈ ,,, *1,2*  

exist. 

 Then if we pass to the limit in the expressions (16)-(18) when ∞→s , we 

can   easily show that the pair  ( ) ( ){ }txutxf ,,, ** ′  satisfies the conditions (1)-(3). 
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 So we have shown the existence of solution of the problem (1)-(3) in the 

sense of Definition1. 

 Remark. Analogiously to the problem (1)-(3), the inverse problems of 

determination of the functions ( ) ( ){ }mktxutxf kk ,1,,,, =′  

({ }mktxutxb kk ,1),,(),,( =′  or { }mktxutxc kk ,1),,(),,( =′ ) from the system of 

parabolic equations  

            ∈′=′+′+∆− Σ
=

),(),,.....(),(),(),( 1
1

txuugtxfutxCutxbuu mkkkkx

n

i
kkkt i

Q 

( ) ( ) ( ) ( ) ( ) StxtxtxuDxxxu kkkk ∈=∈= ,,,,,,0, ψϕ  

( ) ( ) ( )∫ ′∈′′=′
b

a
knnk Qtxtxhdxtxxu ,,,,,  

can be considered. 

 Results similar to those obtained above are obtained for this problem. 
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