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Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèÿ íåëèíåéíûõ îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ
âûðîæäàþùèõñÿ ïðè îïðåäåë¼ííûõ óñëîâèÿõ.

It is obtained su�cient conditions of stability of nonlinear inverse prob-
lems for the pharabolic equation in the degenerate case.

Ïóñòü D - îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn, Q = D × (0, T ),
0 < T < +∞ - öèëèíäð, Γ - ãëàäêàÿ (äëÿ ïðîñòîòû - áåñêîíå÷íî
äèôôåðåíöèðóåìàÿ) ãðàíèöà îáëàñòè D, S = Γ × (0, T ) - áîêîâàÿ
ãðàíèöà öèëèíäðà Q. Ôóíêöèè h(x, t), f(x, t) è µ(x, t) çàäàíû â Q̄,
ôóíêöèè u1(x), u2(x) çàäàíû ïðè x ∈ D̄ è K(t) çàäàíà ïðè t ∈ [0, T ].

Îáðàòíàÿ çàäà÷à: íàéòè ôóíêöèè u(x, t), q(x) è q0(x), ñâÿçàííûå
â öèëèíäðå Q óðàâíåíèåì

K(t)ut −∆u + q(x)u = q0(x)h(x, t) + f(x, t), (1)

ïðè÷¼ì äëÿ ôóíêöèè u(x,t) äîëæíû âûïîëíÿòüñÿ óñëîâèÿ

u(x, t) |S= µ(x, t), (2)

u(x, t1) = u1(x), x ∈ D, 0 < t1 < T, (3)
u(x, t2) = u2(x), x ∈ D, 0 < t1 < t2 ≤ T, (4)

Ðàçðåøèìîñòü îáðàòíûõ çàäà÷ ñ âûðîæäåíèåì, ïîäîáíûõ îáðàòíîé
çàäà÷å (1)-(4), íî ñ èçâåñòíîé ïðàâîé ÷àñòüþ è íåèçâåñòíûì ëèøü
êîýôôèöèåíòîì q(x) ðàíåå èçó÷àëàñü â ðàáîòàõ [1], [2], [3]. Çàäà÷è ñ
íåèçâåñòíûì êîýôôèöèåíòîì q(x) è íåèçâåñòíîé ïðàâîé ÷àñòüþ óðàâíåíèÿ
óêàçàííîãî âûøå âèäà, íî áåç âûðîæäåíèÿ â óðàâíåíèè, èçó÷àëèñü â
ðàáîòàõ [4], [5]. Â íàñòîÿùåé ðàáîòå óðàâíåíèå íàðÿäó ñ íåèçâåñòíûìè
ðåøåíèåì u(x, t) è êîýôôèöèåíòîì q(x) ñîäåðæèò â ïðàâîé ÷àñòè òàêæå
íåèçâåñòíóþ ôóíêöèþ q0(x). Îòìåòèì òàêæå, ÷òî â ðàáîòàõ [3]-[5] ôóíêöèÿ
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K(t) áûëà òîæäåñòâåííî ðàâíà åäèíèöå. Â ðàìêàõ ýòîé ðàáîòû ôóíêöèÿ
K(t) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

K(t) > 0, t ∈ (0, T ], K(0) = 0. (5)

Ìåòîä èññëåäîâàíèÿ äàííûõ îáðàòíûõ çàäà÷ áëèçîê ê ïîäõîäó [6],
îí îñíîâàí íà ðåãóëÿðèçàöèè, äàëåå íà ïåðåõîäå ê ïðÿìîé çàäà÷å,
ïóòåì èñêëþ÷åíèÿ ôóíêöèé q(x), q0(x). Äàëåå èññëåäóåòñÿ ïîëó÷åííàÿ
ïðÿìàÿ çàäà÷à, âûïîëíÿåòñÿ ïðåäåëüíûé ïåðåõîä è ñòðîèòñÿ ðåøåíèå
èñõîäíîé îáðàòíîé çàäà÷è.

Ïðîèçâåä¼ì ðåãóëÿðèçàöèþ ôóíêöèè K(t). Ââåä¼ì â ðàññìîòðåíèå
ôóíêöèþ Kε(t) = K(t) + ε, ãäå ε - íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî èç
ïîëóèíòåðâàëà (0, ε0], ε0 - ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî. Ïóñòü

V = {v(x, t) : v(x, t) ∈ L∞(Q)∩L∞(0, T ; W 1
2 (D)),

√
K(t)vt(x, t) ∈ L2(Q),

vxixi
(x, t) ∈ L2(Q), i = 1, ..n},

íîðìó â ýòîì ïðîñòðàíñòâå îïðåäåëèì ðàâåíñòâîì

‖v(x, t)‖V = vrai max
Q
|v|+ vrai max

0≤t≤T

n∑
i=1

∫

D

v2
xi
dx+

+

T∫

0

∫

D

[
n∑

i=1

v2
xixi

+ K(t)v2
t

]
dxdt,

äàëåå îïðåäåëèì ïðîñòðàíñòâî ôóíêöèé H:

H = {u(x, t) : u(x, t) ∈ V, ut(x, t) ∈ V }
ñ íîðìîé

‖u‖H = ‖u‖V + ‖ut‖V .

Ïóñòü âûïîëíåíî óñëîâèå:

∃U(x, t) ∈ H, U(x, t)|S = µ(x, t). (6)

Ââåä¼ì îáîçíà÷åíèÿ:

w1(x) = u1(x)− U(x, t1), w2(x) = u2(x)− U(x, t2),

h0(x) ≡ h(x, t1)[w2(x) + U(x, t2)]− h(x, t2)[w1(x) + U(x, t1)],

f̃(x, t) = f(x, t)−Kε(t)Ut(x, t) + ∆U(x, t),
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α0(x) =
−h(x, t1)(f̃(x, t2) + ∆u2(x)) + h(x, t2)(f̃(x, t1) + ∆u1(x))

h0(x)
,

α1ε(x) =
−h(x, t2)Kε(t1)

h0(x)
, α2ε(x) =

h(x, t1)Kε(t2)

h0(x)
,

β0(x) =
[w1(x) + U(x, t1)](f̃(x, t2) + ∆w2(x))

h0(x)
−

− [w2(x) + U(x, t2)](f̃(x, t1) + ∆w1(x))

h0(x)
,

β1ε(x) =
[w2(x) + U(x, t2)]Kε(t1)

h0(x)
, β2ε(x) =

−[w1(x) + U(x, t1)]Kε(t2)

h0(x)
,

a0 = vrai min
Q̄

(α0(x) + K ′(t)),

A1 = vrai max
0<ε≤ε0

{vrai max
D
|α1ε(x)|}, A2 = vrai max

0<ε≤ε0

{vrai max
D
|α2ε(x)|},

B1 = vrai max
0<ε≤ε0

{vrai max
D
|β1ε(x)|}, B2 = vrai max

0<ε≤ε0

{vrai max
D
|β2ε(x)|},

K1 =

vrai max
Q
|β0(x)ht(x, t) + f̃t(x, t) + α0(x)Ut(x, t)|

a0 −m0 − (B1 + B2)vrai max
Q̄
|ht(x, t)| − (A1 + A2)vrai max

Q̄
|Ut(x, t)| .

Ñ÷èòàÿ ôóíêöèþ v(x, t) èçâåñòíîé, ââåäåì â ðàññìîòðåíèå ñëåäóþùèå
ôóíêöèè

cvε(x) = α0(x) + α1ε(x)v(x, t1) + α2ε(x)v(x, t2),

Fvε(x, t) = [β0(x)+β1ε(x)v(x, t1)+β2ε(x)v(x, t2)]ht(x, t)+f̃t(x, t)−cvε(x)Ut(x, t).

Ðàññìîòðèì âñïîìîãàòåëüíóþ ïðÿìóþ êðàåâóþ çàäà÷ó, ñ ïîìîùüþ
êîòîðîé ìû â äàëüíåéøåì ïîñòðîèì ðåøåíèå èñõîäíîé îáðàòíîé çàäà÷è:
íàéòè ôóíêöèþ v(x, t), ÿâëÿþùóþñÿ â öèëèíäðå Q ðåøåíèåì óðàâíåíèÿ

Kε(t)vt −∆v + cvε(x)v + K ′(t)v = Fvε(x, t), (7)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

v(x, t) |S= 0 (8)

v(x, 0) = 0. (9)
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Òåîðåìà 1. Ïóñòü â óðàâíåíèè (1) ôóíêöèÿ K(t) ïðèíàäëåæèò
ïðîñòðàíñòâó C2([0, T ]), ôóíêöèÿ f(x, t) òàêîâà, ÷òî f(x, t) ∈ L∞(Q),
ft(x, t) ∈ L∞(Q), ftt(x, t) ∈ L2(Q), ôóíêöèÿ h(x, t) òàêîâà, ÷òî h(x, t) ∈
L∞(Q), ht(x, t) ∈ L∞(Q), htt(x, t) ∈ L2(Q). Êðîìå òîãî, ïóñòü ôóíêöèÿ
u1(x) ∈ W 2

2 (D) ∩ L∞(D), è ôóíêöèÿ u2(x) ∈ W 2
2 (D) ∩ L∞(D). Ïóñòü

âûïîëíÿåòñÿ íåðàâåíñòâî

h0(x) ≥ h0 > 0, x ∈ D̄, (10)

è óñëîâèÿ

a0 > vrai max
Q
|ht(x, t)|(B1 + B2) + vrai max

Q
|Ut(x, t)|(A1 + A2), (11)

α0(x) +
1

2
K ′(t) ≥ a0, (x, t) ∈ Q̄, (12)

u1(x) = µ(x, t1), u2(x) = µ(x, t2), x ∈ Γ. (13)
Ïóñòü òàêæå äëÿ íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà m0, òàêîãî

÷òî

m0 < a0 − vrai max
Q
{|ht(x, t)|(B1 + B2) + |Ut(x, t)|(A1 + A2)}, (14)

âûïîëíÿåòñÿ íåðàâåíñòâî

(A1 + A2)K1 ≤ m0. (15)

Òîãäà îáðàòíàÿ çàäà÷à (1)-(4) èìååò ðåøåíèå {u(x, t), q(x), q0(x)} òàêîå,
÷òî u(x, t) ∈ H, q(x) ∈ L∞(D), q0(x) ∈ L∞(D).

Äàëåå íàìè áóäåò äîêàçàíà òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé
çàäà÷è (1)-(4).

Äëÿ ôóíêöèé ui(x, t) ∈ H, i = 1, 2 îïðåäåëèì ôóíêöèè z(x, t), ϕ1(x, t),
ϕ2(x, t) è F2(x, t):

z(x, t) = u1(x, t)− u2(x, t),

ϕ1(x, t) = ht(x, t)β1(x)− u2t(x, t)α1(x),

ϕ2(x, t) = ht(x, t)β2(x)− u2t(x, t)α2(x),

F2(x, t) = ϕ1(x, t)zt(x, t1) + ϕ2(x, t)zt(x, t2).

Ââåäåì âñïîìîãàòåëüíûå îáîçíà÷åíèÿ:

Ki = vrai max
Q̄
|ϕi|, i = 1, 2.

4



Òåîðåìà 2. Ïóñòü {u1(x, t), q1(x), q01(x)} è {u2(x, t), q2(x), q02(x)} -
äâà ðåøåíèÿ îáðàòíîé çàäà÷è (1)-(4) òàêèå, ÷òî ui(x, t) ∈ H, qi(x), q0i(x) ∈
L∞(D), i = 1, 2 è âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ïóñòü âûïîëíåíû
ñëåäóþùèå óñëîâèÿ

qi(x) +
K ′(t)

2
≥ b0 > 0, qi(x) ≥ b1 > 0, i = 1, 2, (16)

vrai max
Q̄
|uit| ≤ K0, i = 1, 2, (17)

K(ti)

2
− (t1 + t2)K

2
i

b0
> 0, i = 1, 2. (18)

Òîãäà u1(x, t) ≡ u2(x, t), â Q̄ è q1(x) ≡ q2(x), q01(x) ≡ q02(x) â D̄.
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